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Abstract—The proposed Extended Couple Dipole Model
(ECDM) is a trilinear component model that can be used to
analyze multiple, related MEG data sets simultaneously. Related
MEG data sets are data sets that contain activity of the same
sources or activity of sources that have proportional source am-
plitudes. The simultaneous model uses a set of common sources
and a set of common source time functions (wave shapes) to
model the measured data in each data set. The set of common
sources contains all sources that are active in at least one of the
data sets to be analyzed. The number of common spatial and
temporal components is specified by the user. The model for each
data set is a linear combination of these common spatial and
temporal components. This linear combination is estimated in
a coupling matrix. Unlike the Coupled Dipole Model, where the
user selects certain entries of the coupling matrix to be zero, the
entire coupling matrix is estimated in the ECDM. This yields a
more objective and statistically transparent estimation method, of
which the identifiability constraints do not depend on the user’s
chosen design as in the CDM. Cramèr–Rao Bounds are derived for
the ECDM, and the significance of the estimated source activity is
computed and illustrated by confidence regions around estimated
source time functions.

Index Terms—Component model, confidence intervals, con-
strained Cramèr–Rao Bound, coupled dipole model, MEG,
spatiotemporal covariance, trilinear model.

I. INTRODUCTION

THE idea of describing measured magnetoelectroen-
cephalogaphy/electroencephalogaphy (MEG/EEG) data

as a linear combination of common (basic) components has
been elaborated in many ways. Main examples are Principal
Component Analysis (PCA) [19], Parallel Factor Analysis
(PARAFAC) [22], a special case of which is the Topographic
Component Model (TCM) [1], [23], [30], and other trilinear
models, as in [3], [7], and [34]. These models make use of
common spatial and temporal components, which all have a
certain level of generality (parametrization). In the TCM, each
data set is modeled as a weighted sum of parametric spatiotem-
poral components of which the weights depend on subject and
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condition. The other models cited decouple the spatial and
temporal components by placing a coupling (loading) matrix
between the common spatial and common temporal component
matrices, specifying for each data set the linear combination of
common components.

Recently, the Coupled Dipole Model (CDM) [3] was pre-
sented. The CDM is a trilinear model in which multiple, related,
MEG data sets (e.g., different conditions) are analyzed simulta-
neously. It is assumed that certain sources and source time func-
tions are equal or proportional across data sets, which relatively
increases the signal-to-noise ratio (SNR). For each data set, the
coupling matrix specifies the combination of common sources
and common source time functions that models the data in that
particular data set. Thus, this matrix couples the common spatial
to the common temporal components, hence, the name ”cou-
pling matrix.” This matrix is designed by the user; the entries
corresponding to the chosen combination are estimated from the
data, whereas the remaining entries are set to zero. Although the
CDM was shown to improve the stability of the Inverse Problem
(IP) in MEG, this matrix design is subject to the a priori infor-
mation and assumptions of the user because fewer or more as-
sumptions about the similarity of the data sets are reflected in
different coupling matrices. On the one hand, it is this exploita-
tion of prior knowledge that is the most important asset of the
CDM, although, on the other hand, this also causes subjectivity.

In order to resolve this subjectivity, the currently proposed
Extended Coupled Dipole Model (ECDM) estimates the cou-
pling matrices entirely. At the same time, the exploitation of
prior information changes: Only the dimension of the coupling
matrix is chosen, whereas all entries are estimated from the data.
An important advantage of the (E)CDM over most of the other
component models cited is the statistical clarity within the Max-
imum Likelihood (ML) paradigm (cf. [7]). Moreover, whereas
the identifiability constraints on the CDM parameters depend
on the precise design of the coupling matrices, the identifia-
bility of the ECDM parameters is guaranteed by constraints that
only depend on the number of common components. In addi-
tion, this enables computing error bounds of estimated source
parameters (cf. [7], [9], [14], [24], [25], and [32]) by means of
the Cramèr–Rao Bound for constrained parameters [29].

In Section II, the model is explained, and the maximum
likelihood estimators for the ECDM parameters are presented.
Furthermore, identifiability constraints for the parameters are
given, and the constrained Cramèr–Rao Bound is computed
for all parameters. Finally, an expression for the confidence
region around the estimated source time functions is given.
Computational details of this section are moved to the appen-
dices and may be skimmed over by the reader. In the section
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on the results, two experimental applications of the ECDM are
considered. In the first section, the CDM and the ECDM are
compared, and in the second section, the importance of the
confidence regions is investigated. In the last section, the results
are discussed, and conclusions are drawn.

II. METHODS

A. Model

In the ECDM, multiple MEG data sets are modeled in one
simultaneous analysis using a set of common stationary dipole
sources and a set of common source time functions (STFs). This
integrated model is, like the CDM, applicable when MEG data
are measured in different though partly similar experimental
conditions such that in the various data sets (conditions), the
same sources are activated, and/or proportional STFs occur. An
example would consist of different data sets in which the so-
matosensory cortex is activated using electric pulses on the me-
dian nerve in a stimulation frequency that varies across data sets.
The thus-obtained MEG data sets will show certain similarities,
although they will be different.

The following notational convention is used: Matrices are de-
noted by capital letters that are either Greek or Latin (e.g., ,

, ); vectors are written either in boldface Latin or in lower-
case Greek letters (e.g., , ); scalars are, in general, denoted
by lowercase Latin letters; however, for indices, the lower and
upper cases of one letter are used, e.g., ; finally,
the th entry of a matrix is written as .

Suppose there are data sets , each of which
contains trials. Following the Signal-Plus-Noise model for
evoked response data, the measured response in trial of
data set is assumed to consist of two components: a fixed re-
sponse (that is, fixed within data set ) and additional noise

[2], [5], [21]

(1)

The ECDM models the fixed responses as linear combina-
tions of the common spatial and temporal components, which
are specified by coupling matrices. In the model equation for
the fixed response, this is expressed as

(2)

where is the common dipole field matrix, the
coupling matrix for data set , and the

common source time function matrix. Here, is the number
of sensors, the number of time samples, the number of
source time functions belonging to the common sources, and

the number of common source time functions. Note that it
may be assumed that has full row rank and, in particular, that

. To see this, assume that rank and that and
. Then, there exists a matrix , and a matrix

, such that , and rank rank .
The model can then be written as

, where is now a matrix, functioning
as a coupling matrix, and is the new common STF matrix
with full row rank. The matrix in (2) is parameterized by the

nonlinear source location parameters and by the linear source
orientation parameters :

(3)

If all common sources are single dipoles with fixed orientations,
then equals the number of common sources. This is because
the forward field of a single dipole source is represented by one
column in and is parameterized by one location and one ori-
entation. In the case of symmetric sources, that is, sources con-
sisting of two dipoles having symmetric locations and orienta-
tions with respect to the midsagittal plane, equals twice the
number of common sources. The forward field of a symmetric
source is a set of two columns in (one for the left and one
for the right dipole) because each dipole has its own amplitude
function and is parameterized by one location (the other is the
mirrored location) and one orientation.

The orientations of the common sources in and the common
times series in are normalized, whereas the magnitudes of
activation are estimated in the coupling matrices . For a full
overview of all symbols used globally in this paper, see the Ap-
pendix.

In the CDM, the coupling matrices are designed by the user:
The user specifies the dimension of the coupling matrices (i.e.,
the number of common components) and selects the zero en-
tries. In the ECDM, the subjectivity of this zero selection is cir-
cumvented by estimating the entire coupling matrices, whereas
the dimension is still set by the user. The first, immediate, con-
sequence is the nonuniqueness

(4)

for any nonsingular matrix . Therefore, constraints on the pa-
rameters will be necessary to obtain a unique solution. More-
over, whereas in the CDM the common temporal components
bear a physiological meaning (e.g., contralateral STF), in the
ECDM, the direct physiological meaning of the matrices and

has been changed into a more abstract one, depending on the
choice of , although the product is still meaningful. This
illustrates the tradeoff between objectivity and interpretability
in the ECDM and the CDM. Finally, the ECDM is more general
than the CDM because the ECDM solutions include all CDM
solutions, although the converse is, in general, not true.

B. ML Estimators for the Parameters

The model parameters to be estimated are

• the location parameters of the common sources, con-
tained in the vector ;

• the orientation parameters of the common sources, con-
tained in the vector ;

• the entire coupling matrices , for ;
• the common STF matrix .

In order to apply the ML method to estimate these parameters,
the likelihood of the data has to be derived. The noise is assumed
to have a Gaussian distribution with a known spatiotemporal
covariance following the Kronecker product model [4], [13].
This can be denoted by

vec (5)
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where and are the temporal and spatial covariance matrices,
respectively, which are assumed to be known or estimated, as
described in [3]. Furthermore, different trials are assumed to
be independent, and different data sets even more so (which
are contained in different trials in practice); thus, and are
independent of and . These matrices are decomposed as

(6)

(7)

The following definitions are convenient:

(8)

(9)

(10)

(11)

Using these prewhitened matrices, we define the arrays

...

...

and ... (12)

so that the joint model of (1) for all becomes

(13)

Matrix is still parameterized by . Furthermore, since
and are nonsingular matrices, an equivalent set of

model parameters is given by . From (5), the distri-
bution of vec is derived:

vec vec (14)

yielding the marginal likelihood for

(15)
and the log likelihood

tr (16)

The ML estimators for are defined as

(17)

The estimators are found by equating the corresponding
first-order derivatives of (16) to zero and solve for the parame-
ters. Owing to the prewhitening, this is equivalent to the Least
Squares method.

The expressions for the estimators are derived in three steps.
In the first step, , , and are assumed to be known, and is
estimated as

(18)

requires the inverse of a
matrix, and requires a

inverse. Substituting (18) into (16) yields the concentrated log
likelihood function

(19)

In the next step, is estimated, under the assumption that
is known. First, write

(20)

with , and diag , with
. Because is orthogonal, there

exists a -matrix such that

(21)

Now, maximizing the concentrated log likelihood in (19) is
equivalent to

tr (22)

In Appendix B, the optimal is determined:

(23)

where is any nonsingular matrix. For , this implies

(24)

where denotes the matrix containing only the first
columns of the matrix defined in (20). The matrix exhibits
the nonuniqueness of the model, as mentioned above. The
imposed constraint is

which is equivalent to (25)

Note that the rows in (the prewhitened STFs) are normalized
by this constraint. Again, the log likelihood function can be con-
centrated, yielding :

(26)

where denotes the th biggest eigenvalue of matrix .
In the last step, the source parameters are estimated.

In order to find these parameters, the expression in (26) has to
be maximized using a nonlinear iterative algorithm (e.g., Mar-
quardt).
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Finally, the procedure of estimating , , , and is run in
reverse order:

1) Estimate the location and orientation parameters and
in a nonlinear iterative method maximizing (26).

2) Derive from (24).
3) Calculate from (18).

As a remark, see an alternative to the first step, which was
presented in [6]. In that study, the linear dependency of on
the orientation parameters is exploited, and only the locations
in are estimated in the (time-consuming) nonlinear search. In
this faster approach, the first step is replaced by the following
scheme, which is iterated until convergence of the cost function:

1) Obtain a starting value or update value for using the
nonlinear algorithm.

2) Set the orientations in to default values, e.g., (1,0,0).
3) Iterate until convergence of the maximization of (26):

a) Estimate the optimal matrix and using (18) and
(24).

b) Estimate the optimal orientations by

(27)

(see Appendix C for the meaning of and ).

For this fast approach, the starting values for the location pa-
rameters are obtained by a global search.

C. Parameter Testing

Due to noise in the data array , all estimated entries of
in (18) will be nonzero with probability 1. Consequently, all
common sources will have nonzero estimated activity in all data
sets. To test the significance of the estimated activity of a cer-
tain source , in a certain data set , its estimated amplitude over
time is tested against the null hypothesis of being zero. This am-
plitude is the vector-matrix product of the th row in and
the matrix ,

. Because the common moments and
common STFs are normalized, the amplitude of the source ac-
tivity over the entire time window is assessed by considering the

th row in . In other words, the null hypothesis
can be written as a test on a subset of the ECDM parameters

Below, the statistical distribution of these amplitudes is derived
first, and then, the tests on the null hypotheses are described.

Using the ML paradigm, the estimators are asymptotically ef-
ficient [18], [27], i.e., the covariance of the estimated parameters
approaches the Cramèr–Rao Lower Bound for infinitely many
trials (observations). The calculation of this bound utilizes the
Fisher Information Matrix [16]

(28)

where is the vector containing all model parameters, and
is the log likelihood function. The Cramèr–Rao inequality for
the covariance of the estimated parameters is given by [26]

Cov (29)

where means that is positive semi-definite, and
denotes the true value of the parameter vector. Furthermore, the
covariance matrix of an ML-estimated , based on finitely
many observations, is estimated by [18]

Cov (30)

For the ECDM, the parameter vector is defined as

vec vec (31)

with . The symmetric information matrix can then be
partitioned as

(32)

From (16) and (28), an arbitrary entry of is given by

tr

vec vec
(33)

Therefore, the following derivatives are sufficient to compute all
the submatrices in (32):

vec
vec

(34)

vec vec
(35)

vec
vec

(36)

The information submatrices are

vec

vec vec

vec

(37)

To compute the estimated covariance matrix (30), the inverse
of the information matrix is required. However, the information
matrix given by the submatrices in (37) is singular, which can
be easily seen using the determinant formula for the partitioned
matrix [31]: For a nonsingular symmetric matrix , a
symmetric matrix and any matrix , we have

(38)



BIJMA et al.: SIMULTANEOUS ESTIMATION AND TESTING OF SOURCES IN MULTIPLE MEG DATA SETS 3453

Setting and matrices and correspondingly, the
term becomes a block diagonal matrix having
the following two matrices as blocks on the diagonal:

vec

vec

and

of which the second is singular, because is
a projection.

This singularity implies that the CRB cannot be calculated
straightforwardly, which, indeed, characterizes the over-
parametrization (4). Sufficient identifiability constraints on the
parameters for MEG data are as follows [11], [12]:

1) normalized source orientations ( constraints);
2) tangential source orientations ( constraints);
3) , see (25) ( constraints).

See Appendix D for the explicit formulas. In [29], the CRB
under parametric constraints is derived. All constraints are
written in one vector , of which the
derivative is defined as

(39)

(see Appendix D) is a
matrix, where is the length of the source parameter vector ,
i.e., . is assumed to be of full row rank,
that is, the linear approximations of the constraints are linearly
independent. Then, there exists a

matrix , having orthogonal columns,
so that , i.e., the columns of span the nullspace of

. The Constrained Cramèr–Rao Bound (CCRB) is now given
by [29]

(40)

This bound is based on the nonsingularity of ; the
columns in span the same space as the column (or row) space
of . In other words, the linear approximations to the con-
straints span the space perpendicular to the row space of the
information matrix.

The first columns in , which is the derivative of
with respect to vec , are zero because there are no con-

straints on . Therefore, we can choose to be

(41)

where the ’s present null matrices of appropriate dimensions,
and is an matrix with
orthonormal columns, such that

(42)

in (40) then becomes

(43)

The derived CCRB is now used to test the significance
of the estimated activity, as discussed above. For a certain
source in a particular data set , the null hypothesis is

To test such a subset of the estimated parameters, a Fisher F-test
is performed [27], which is based on a linear approximation of
the nonlinear model (see Appendix E). Taking into account the
constraints on the ECDM parameters, the -statistic
in (69) is used to calculate the significance of the activity of
the th source in the th data set over the entire time window,
which is indicated by a -value.

Although the activity of a certain source may be significant
over the entire time window in a certain data set, its activity
need not be significant at each time sample. Hence, another in-
teresting statistical feature is the confidence interval around the
estimated STF for each source in each data set. These STFs are
contained in the matrix product , which is a nonlinear func-
tion of the ECDM parameters. In [27], testing a nonlinear null
hypothesis is performed
through linear approximation. This same strategy is applied in
the present study to compute the confidence regions around the
STFs (see Appendix F). The resulting -statistic in
(70) determines the confidence region (74).

III. RESULTS

The ECDM was applied in two different experimental MEG
designs in order to examine its performance. In the first appli-
cation, MEG data obtained in a Visual Evoked Field (VEF) ex-
periment were studied. These VEF data had also been analyzed
by the CDM [3], thus allowing for a comparison between the
performances of the CDM and the ECDM. Second, the ECDM
was applied to Somatosensory Evoked Field (SEF) data, which
enabled investigation of the accuracy and importance of the sig-
nificance tests and confidence regions.

A. VEF Data

VEF data were obtained in three different experimental con-
ditions; a 6-ft checkerboard pattern was shown to the subject in
either the left or the right visual hemi-field, or full field. Using a
151-channel CTF Omega system, data of five subjects were ac-
quired at a sample rate of 625 Hz. Each data set contained 400
trials, and the time window of analysis was set to 80–112 ms
post stimulus.

As outlined in [3], describing the activity evoked by this
check size in this time window requires two common sources
and two common STFs. Although, in the CDM, the two STFs
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TABLE I
ESTIMATED SOURCE PARAMETERS OF THE SEMI-SYMMETRIC SOURCES FOR

SUBJECT 5. THE POSITIONS OF THE SOURCES ARE RELATIVE TO THE CENTER

OF THE SPHERICAL VOLUME CONDUCTOR. THE DIRECTION OF THE x-AXIS IS

FORWARD, THE y-AXIS IS TO THE LEFT, AND THE z-AXIS POINTS UPWARDS

are given physiological meanings (contra- and ipsilateral STF)
in the ECDM, the common STFs are orthogonal and, therefore,
lack such a direct physiological meaning. As a model for
the two sources, a semisymmetric dipole pair was employed,
that is, two dipole sources having symmetric locations, al-
though they have arbitrary orientations. This generated three
(2 2) coupling matrices for each subject. In the CDM, both
hemi-field data sets were modeled by an ipsi- and contralateral
source (with ipsi- and contralateral STFs, respectively), and
the full field data set was modeled by both sources having the
contralateral STF.

In general, the estimated ECDM parameters are very close
to estimated CDM parameters. Over the five subjects, the av-
erage distance between the ECDM and the CDM estimated lo-
cations is 0.11 cm ( 0.09 cm), and the average rotation be-
tween estimated left orientations equals 1.6 1.9 and right
1.3 1.5 . The ECDM solutions, like the CDM solutions,
show nearly symmetric orientations. A slight difference was
found in the shapes of the estimated STFs, i.e., the rows of ;
however, the magnitudes are comparable for subjects 1, 2, 4,
and 5. For subject 3, the magnitude in the ECDM solution is
approximately 1.9 times the magnitude in the CDM solution,
whereas the shapes are similar. The explanation for this distinc-
tion lies in the difference between the estimated sources: The
ECDM sources are located closer to the medial plane than the
CDM sources (ECDM: 0.4 cm; CDM: 0.8 cm), and the orien-
tations (both ECDM and CDM) are mainly lateral (the angle
between orientation and pure lateral direction is 17 (left) and
9 (right) for the ECDM). In other words, the ECDM, which is
less restrictive than the CDM, yields slightly canceling sources,
as was discussed in [3]; two sources that are close together and
have opposite orientations are vulnerable to counterbalancing
each other. The data of this subject were in any case the most
troublesome of all because separate analyses of all three data
sets could not yield an interpretable solution (see [3]). Neverthe-
less, in general, the ECDM and CDM solutions resemble each
other reasonably for the uncomplicated data sets.

The results of subject 5 are representative for the type of shape
(all subjects) and magnitude (subject 1, 2, 4, and 5) dissimilari-
ties between the ECDM and the CDM. In Table I, the estimated
source parameters are presented, and Fig. 1 shows the estimated
STFs, together with the 95% confidence intervals. From this
figure and table, it is seen that the ECDM magnitude is slightly
bigger than the CDM magnitude at most instants, and corre-
spondingly, the CDM sources are slightly more superficial than
the ECDM sources, although not significantly.

B. SEF Data

In circumstances where a certain source is not expected to be
active in one (or some) of the data sets, the estimated coupling

Fig. 1. Estimated STFs of the semi-symmetric sources resulting from both the
ECDM and the CDM analyzes of subject 5. The solid (dashed) line presents
the ECDM estimated STF of the right (left) source, and the dotdashed (dotted)
line presents the CDM estimated STF of the right (left) source. The vertical
error bars indicate a 95% confidence region around the ECDM amplitudes.
The horizontal axis represents the post-stimulus time in milliseconds, and the
vertical axis shows the amplitude in nano ampere centimeters (nAcm). (a) Left
hemi-field stimulation. Right hemi-field stimulation. Full field stimulation.

parameters in the ECDM will, nonetheless, be nonzero with
probability 1. This is the case, for example, when the number of
common sources is too large for one of the data sets; the entire
coupling matrix is estimated, producing nonzero estimated ac-
tivity for all common sources. To investigate the performance of
the ECDM in cases of these expectedly silent sources, the model
was applied to the N20 response in SEF data of the left and right
median nerve. Typically, one would analyze these two data sets
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separately, using single source models. However, it is a plau-
sible assumption that the somatosensory cortices on the left and
right have symmetric locations. Therefore, the ECDM can be
applied, assuming semi-symmetric sources. Nevertheless, the
authors want to stress that the purpose of this SEF study is not
to find the optimal SEF source localization method but rather to
test the robustness and correctness of the proposed model.

The design of the ECDM for the two SEF data sets SEF
and SEF used a semi-symmetric source pair. The two sources
permit both contra- and ipsilateral activity. The number of STFs
was varied from 1 to 4; one STF forces the ipsi- and contralat-
eral amplitudes to be proportional, and two STFs allow for dif-
ferent wave shapes. By extending the number of STFs even fur-
ther to at most 4 (then is square), the difference between the
ECDM design and the separate analyses is reduced to only the
assumption of symmetric source locations. In the present study,
the number of common STFs was varied from 1 to 4; there-
fore, the dimensions of the coupling matrices varied from 2 1
to 2 4 for each data set.

Using a 151-channel CTF Omega system, data of five sub-
jects were collected at a sample rate of 2083 Hz. For each sub-
ject, the frequency of the median nerve stimulation was set to 2
Hz for both data sets, each of which contained at least 500 trials.
For each subject, a narrow interval of 2 ms around the N20 peak
was selected as time window of analysis, functioning both for
the SEF and the SEF data set.

For all subjects, the estimated contralateral activity clearly
dominates the ipsilateral activity. Figs. 2 and 3 show the esti-
mated STFs together with the corresponding confidence inter-
vals for subjects 3 and 5 for . The values for both data
sets, which are computed according to the above outlined tests,
are reported in Table II. As can be seen from the table, the
values generally increase with , whereas the estimated source
parameters (not shown) hardly change with . Moreover, not
all -values exceed the common 5% limit; in other words, some
ipsilateral activity is estimated as significant. Examples of this
significant activity are shown in Fig. 3(a) and (b) .
From these figures, the importance of the confidence regions be-
comes clear: For all samples, the activity balances on the verge
of significance, apparently yielding a value just below 5%. Fi-
nally, the values of the contralateral activity were calculated,
yielding values ranging from 10 to 10 .

IV. DISCUSSION

The ECDM is an extension of the CDM, analyzing multiple
MEG data sets simultaneously, in which the subjectivity of the
coupling design has been erased. The ECDM can be regarded
as an extension of the CDM in the temporal domain: The wave
shapes in , i.e., the estimated source time functions for the
sources in all data sets, are more general in the ECDM. Spatially,
there is no noteworthy difference between the models.

The crucial enhancement by this temporal extension is the
statistical transparency; identifiability constraints are indepen-
dent of the user’s design, and the covariance of the parameters
is accessible by using the Constrained Cramèr–Rao Bound. An-
other advantage of the ECDM over the CDM is the ease of de-
sign: Only the dimension of the coupling matrices is chosen by

Fig. 2. ECDM estimated STFs of the semi-symmetric sources in the SEF data
sets of subject 3. The black (grey) line indicates the estimated amplitude of
the left (right) source. The vertical error bars indicate a 95% confidence region
around the amplitudes. The horizontal axis represents the post stimulus time in
milliseconds, and the vertical axis shows the amplitude in nAcm. (a) SEF left
median nerve. (b) SEF right median nerve.

the user. The price to be paid for this benefit is the loss of direct
physiological meaning of and ; however, the product
remains meaningful. Furthermore, the prior information cannot
be exploited, which can be either a favor or a drawback, de-
pending on the user’s desire.

An alternative estimation method for the ECDM is the Gen-
eralized Multivariate Analysis of Variance (GMANOVA) model
[8], [17], [28], [31]. The GMANOVA (or growth curve) model,
which is the trilinear extension of the common
MANOVA model , was used to describe a single
MEG/EEG data set in [7]. In that study, the spatial noise co-
variance was estimated simultaneously with the model parame-
ters, having the advantage that the spatial covariance can capture
modeling errors. In the more complicated ECDM, this benefit
can not be achieved for the general spatiotemporal noise covari-
ance because the GMANOVA model admits this favor only for
either the spatial or the temporal noise covariance. Hence, cap-
turing modeling errors in the ECDM should be performed by
iterative estimation of the noise covariance and the model pa-
rameters.

By applying the ECDM to the same VEF data to which the
CDM had been applied, a direct comparison between estimated
parameters was made. Spatially, no noteworthy differences were
found. Regarding the temporal parameters, the extra freedom of



3456 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 53, NO. 9, SEPTEMBER 2005

Fig. 3. ECDM estimated STFs of the semi-symmetric sources in the SEF data
sets of subject 5. The black (grey) line indicates the estimated amplitude of
left (right) source. The vertical error bars indicate a 95% confidence region
around the amplitudes. The horizontal axis represents the post stimulus time
in milliseconds, and the vertical axis shows the amplitude in nAcm. (a) SEF left
median nerve. (b) SEF right median nerve.

TABLE II
P VALUES OF THE ESTIMATED IPSILATERAL ACTIVITY IN BOTH THE SEF DATA

SETS OF THE FIVE SUBJECTS FOR THE DIFFERENT VALUES OF Z

the ECDM was manifested by different wave shapes. For one
of the five subjects, somewhat different results were reported:
The semi-symmetric sources were closer together in the ECDM,
and the magnitudes were higher. This leads to the phenomenon
of canceling sources, as discussed in [3]. Apparently, the some-
what problematic data of subject 3 need a very strict model, en-
abling a plausible solution: The separate analyses of the three
data sets yield unlikely solutions; the ECDM yields a better pa-
rameter estimate, which is still a little doubtful, and the CDM
generates the most plausible solution comparable with solutions
of other subjects. In these kinds of circumstances, model selec-
tion procedures [33] are helpful to decide on the correct model.

The estimated activity of supposedly silent sources was in-
vestigated in the SEF data analysis. The N20 response to an
SEF stimulus has been reported, arising from the contralateral

SI area only [15], [20]. Activity of both contra- and ipsilat-
eral sources was estimated by fitting a semi-symmetric source
model to SEF data of left and right median nerve stimulation
of five subjects. Computed values of estimated ipsilateral ac-
tivity were generally high, although some of the values turned
out to be significant. A closer look at the confidence interval for
each time sample revealed that this significance can change from
sample to sample. A few remarks can be made here. In general,
the Ordinary Least Squares method underestimates the standard
errors of the model parameters, while the Generalized Least
Squares method, which is performed through prewhitening in
the ECDM, yields a correct estimate of the standard error (and
thus of the confidence intervals) (e.g., [13]). Nevertheless, it
seems tenable from Fig. 3 that the ECDM confidence intervals
are still slightly underestimated. This can be interpreted in line
with a feature reported in [4], where it was shown that the source
localization suffers from comparable frequencies in source time
functions and the temporal covariance. In such a case, not only
noise, but signal as well, is removed by prewhitening. In a sim-
ulation study, which is not reported here, this phenomenon was
studied and confirmed; the ratio between estimated standard er-
rors and sample variances of the estimated amplitudes equalled
approx. 0.70 for frequencies below 15 Hz and 0.92 for frequen-
cies above 20 Hz. As a final remark, the liberal way of testing
may have produced confidence intervals that are too optimistic;
a correction (e.g., Bonferroni) might indicate nonsignificance.
Bearing these remarks in mind, the existence of ipsilateral ac-
tivity is neither approved nor disapproved by this ECDM study.

Summarizing, the ECDM is an alternative to the CDM, which
is statistically more convenient, but does not allow for exploita-
tion of prior information. It is up to the user’s careful consider-
ation whether to use the CDM or the ECDM.

APPENDIX

A. Dimensions and Variables

The dimensions are defined as

• —# sensors;
• —# time samples;
• —# trials data set ;
• —# trials all data sets;
• —# source parameters;
• —# source time functions of common sources;
• —# data sets;
• —# common STFs;

and the variables as

• — vector with all source parameters;
• — vector with source orientation parameters;
• — vector with source location param-

eters;
• — vector with all parameters;
• — dipole field matrix of common sources;
• — matrix ;
• — common STF matrix, (STFs as rows);
• — prewhitened STF matrix;
• — constraint vector;
• — coupling matrix data set ;
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• — stacked coupling matrices;
• — derivative

matrix of ;
• — noise matrix trial data set ;
• — identity matrix;
• — data matrix trial data set ;
• — model matrix data set ;
• — average data matrix data set ;
• — temporal covariance matrix;
• — orthogonal matrix with singular vectors of

;
• — first columns of ;
• — spatial covariance matrix;
• — constained

CRB matrix.

B. Estimator for

In this Appendix, the ML-estimator for is derived from
(22). Define the matrix , which is a pro-
jection with rank rank rank . Therefore,

can be decomposed as , with a matrix
having orthonormal columns. If the th row vector
of is written as , the trace in (22) becomes

tr tr

tr ...

(44)

with . Now, the trace of a projection
matrix equals its rank, and therefore

tr tr (45)

Defining the vectors with and
, the maximization problem in (22) is reduced

to

subject to
for

(46)

Obviously, the optimal vector is given by
, of which only the first elements

equal 1. In case of less than nonzero , this optimal solution
for is not unique. Yet, exceeding the number of nonzero

, in (20), indicates overparametrization; hence, it may be
assumed that is unique. This implies that for

for
for .

(47)

Writing

(48)

with , a matrix and a matrix, (47)
implies that is orthogonal, and equals the null matrix.
The projection then becomes

(49)

Recalling , the estimator for is

(50)

being the null matrix and any nonsingular
matrix.

C. Linear Estimator for the Source Orientations

In this Appendix, we derive an estimator for the source ori-
entations, which exploits the linear dependency of the model
on the orientations. First, is decomposed using the linear de-
pendency in , where is the

prewhitened unit dipole field matrix in the three Eu-
clidean moment directions, and is the block
diagonal matrix containing (3 1) moment blocks on the di-
agonal. Next, this decomposition is substituted in (15), which
then is maximized with respect to , or equivalently

tr (51)

for known , , and . This quadratic function of is mini-
mized when the derivatives with respect to all the orientation
parameters , , are zero, i.e.,

tr

(52)

for all , where and denote the th column in and ,
respectively. Defining

for (53)

(54)

and noting that , (52) can be rewritten
as

(55)

for all . Finally, stacking the scalar (55) for all as entries in
one column, the following equation is obtained:

(56)
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and the estimator in (27), which requires a inverse,
follows. An alternative expression for the linear system in (56)
can be found in [3].

D. Derivative Matrix of the Constraints

In this Appendix, the derivative of the constraint vector
with respect to all parameters is computed. Define the number of
common sources to be . Then, the number of source location
parameters is and that of source orientations is , together
yielding . The constraints are

for normality constraint

for tangentiality constraint

for

where in the tangentiality constraints is chosen such that the
th STF corresponds to the th source. Furthermore, de-

notes the Kronecker Delta function. The dimension of in
(39) is . The first rows of

are straightforward. For the last rows, we have

(57)

(58)

In [18], the eigenvector of matrix corresponding to eigen-
value is differentiated with respect to the corresponding ma-
trix :

(59)

stands for the Moore–Penrose inverse. Applying (59) and
the chain rule to (58) substituting ,
which is a function of and with corresponding
eigenvalue , yields

(60)

Employing the product rule, , and
(60), the matrix can be calculated.

E. F-Test on Estimated Coupling Parameters

In this Appendix, the F-test on a subset of the estimated pa-
rameters under constraints is derived, following the derivation
in [27]. First, the test of unconstrained parameters is recalled,
and after that, the case of constrained parameters is described.

The following vectors are defined:

vec (61)

vec (62)

(63)

with indicating the true value of . For the unconstrained
parameter vector , we have the statistic

(64)
where , indicates the length of

, and indicates the Euclidean vector norm. To test a subset
of the estimated parameters, write

(65)

(66)

As outlined in [27], testing the subset of parameters in is
performed by the test statistic

(67)

where .
In the case of the constrained ECDM parameters, a parameter

transformation

(68)

of length is used. This new pa-
rameter is unconstrained, because is nonsin-
gular. Therefore, the above test statistics in (64) and (67) can be
applied to . Choosing the parameter subset consisting of the
entries of a certain row in , which are left unchanged by (68),
the final test statistic becomes

(69)

where denotes the submatrix corresponding to the parame-
ters in .

F. Confidence Regions Around Estimated STFs

In this Appendix, the confidence region around the estimated
STFs for each source in each data set is computed. The same
notation is used as in Appendix E. In [27], testing the -dimen-
sional nonlinear hypothesis is outlined using a linear
approximation. Defining , this yields the
following test statistic:

(70)

The estimated STF at a certain time sample in a certain data
set is a hypothesis vector . The derivative matrix

is now a vector. Furthermore,
is the product of the th row in the th coupling matrix and the
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th column of the common STF matrix. Hence, for a given , ,
and , is determined by

(71)

(72)

(73)

with , and . Using the threshold value
, the (1- ) confidence

region for a certain is given by

(74)
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