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Abstract

We develop a rigorous numerical method to compare local minimizers of the Ohta-Kawasaki
functional in two dimensions. In particular, we validate the phase diagram identifying regions
of parameter space where rolls are favorable, where hexagonally packed spots have lowest
energy and finally where the constant mixed state does. More generally, we present a method
to rigorously determine such features in problems where optimal domain sizes are not known

a priori.
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1 Introduction

1.1 Overview of the problem

In recent decades, the mathematical study of pattern formation has often been motivated by
computer simulations of specific partial differential equations (PDEs) modelling physical, chemical
and biological phenomena. These computations have provided much inspiration and intuition.
However, little attention is usually paid to the validity of the numerical computations. Do the
images on the computer screen reflect the true behaviour of solutions of the PDEs or are we
observing artefacts of the algorithmic implementation? These issues become more important the
more interesting the results are and, typically, the more mathematically difficult the problem.

In this paper we address this concern of spurious numerical solutions in the context of the
Ohta-Kawasaki [25] energy. This is a variational problem for an order parameter u with fixed
proportion m € (—1,1). Specifically, we want to minimize:

1 1 1 1
E(u) — 20 21 —u2)24 = 2 1.1
() = 17 | gl Tl + 10—t 5Vl (1)

where u is a periodic function on the domain Q, m = ﬁ Jo u(x)dz is its average, —A¢ = (u—m)
and v is a model parameter related to physical properties of the system. This non-local non-convex
energy has three competing elements. The first two are familiar from the Ginzburg-Landau energy
and are minimized by smooth connections between the two preferred states u(z,t) = +1. The
third however is nonlocal and penalizes deviations from the mean m. This additional term prefers
mixed-phase regions of space wherein u is essentially constant.

The competition between the three terms leads to oscillations about the mean with an intrinsic
length-scale not set by the domain size or boundary conditions. The relative strengths of the three
terms are determined by the parameters (m and «) and, on a sufficiently large domain, these alone
determine the energy minimizing patterns.

The Ohta-Kawasaki energy was originally derived in the context of diblock copolymers [25].
These are linear-chain molecules consisting of two sub-chains joined by a covalent bond. The
two sub-chains are made of monomers which weakly repel each other causing the sub-chains to
segregate. This tension between attraction and repulsion induces large scale separation into regions
containing only one type of monomer [25]. The geometric form of the energetically favourable states
depends on system parameters. Because of this self-organization these materials are widely studied
in material science, see [4, 21] for overviews.

It was shown by Choksi and Ren [12] that the energy 1.1 can be formally derived from an
appropriate mean field theory connecting this simple mathematical model directly to the physical
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Figure 1.1: A previous approach to constructing the bifurcation diagram was done by simply
evolving (1.2) from random initial conditions and randomly chosen parameter values and then
identifying the final state. In this figure the crosses represent stripes, the circles represent spots
and the diamonds represent the mixed state. The solid lines are asymptotic approximations to the
bifurcation curves and the dashed lines indicate changes in linear stability (these are not relevant
to the current discussion). Figure reproduced from [8].

problem in a quantitative way. Thus we may consider this as a mathematical paradigm for pattern
formation when there are competing short-range attractive interactions and long-range repulsive
Coulomb interactions or as a simplified description of an important physical system valid in a
certain realistic limit.

Whether one is trying to predict the states formed by a specific diblock copolymer at a specific
temperature or trying to understand the abstract mathematical problem the fundamental question
is the same:

For a given set of parameters what pattern minimizes the energy overall possible patterns?

While some work has been done numerically [28, 11, 8, 19, 24, 30, 31], formally [8, 25] and
analytically in certain limits [9, 10, 7, 12] this is in general an open and seemingly impossible
problem. Of these [19] is the only prior work to attempt to determine an optimal domain size as
part of the solution procedure.

The energy 1.1 is highly non-convex and known to be extraordinarily flat in some regions of
parameter space. One previous approach to studying minimizers has been to start with random
initial data and evolve the time-dependent PDE. Performing the gradient descent in H ! makes
the PDE local and mass preserving:

uy = —A (;AquuuS) — (u—m). (1.2)

However, the long-time PDE evolution is very difficult as one is plagued by stiffness [20] and meta-
stability issues [29, 8]. Moreover, a sensible domain size is not known a-priori. Direct minimization
of the energy from arbitrary initial conditions has similar problems [28§].

In this paper we consider only the two dimensional problem. In some regions of parameter space
the optimal solutions in three dimensions are lower dimensional but the full physical problem is
truly three dimensional. The 3D problem is even more computationally challenging and has fewer
exploitable symmetries. It will be addressed in future work.



Figure 1.2: Solutions computed with m = 0.11,y = 2.5. Energy increasing from left to right. The
leftmost two solutions are solved with optimal domain size (for that pattern). The right three are
not. For these parameter values the hexagonally packed spots have lower energy than the stripes
but it is easy to find a spot pattern with higher energy than the stripes. Each spot solution is
presented by copying the unit cell twice in each direction. The solutions have very different values
of k (defined in Section 3) and thus correspond to different physical domains.

By considering |m| < 1 Choksi et al [8] constructed asymptotic solutions in the limit m —
0,7 — 2. The following picture emerged (cf. Figure 1.1). There are curves I'y(m),'2(m) such that
if ¥ > T'1(m) then the stripe solutions are energetically favourable, if T';(m) < v < T'y(m) then
hexagonally packed spots have lowest energy and if v < I'y(m) the mixed state (u = m) is lowest.
The authors explored these curves numerically for parameter values away from the bifurcation
point by evolving the PDE from random initial data, see Figure 1.1; over this region of parameter
space the problem was solved on a fixed grid with no attempt to optimize the domain. Rigorous
bounds on I'y were computed in [9] and [28]. The first rigorously in the limit v — oo and the latter
using a novel numerical algorithm.

The domain size has been seen experimentally to scale with various physical parameters and
also proven to scale with y~2/3 as v — oco. However, its significance has been largely ignored in
previous numerical studies. Indeed, little to no optimization of the domain size was considered for
m significantly away from the bifurcation point (m = O(1)). As mentioned before, the choice of
domain size is nontrivial. Ideally one would like to work on arbitrarily large domains; at the very
least one would like to work on domains that are much larger than the intrinsic length scale of the
patterns, so that boundary effect are negligible.

Figure 1.2 illustrates that ignoring the domain size is indeed an oversight. Here we present
three solutions with fixed parameters and two on optimal domain sizes. The right three spot-like
solutions were all solved on fixed domain sizes and found to have higher energy than the stripes.
However, when we optimize over spot solutions with respect to domain size we find that the best
pattern are the hexagonally packed spots and that it has considerably lower energy than any of
the solutions with fixed arbitrary domain size.

To overcome these obstacles we take the following approach:

1. Start from the known bifurcation point where all patterns can be found analytically and
ordered energetically and the optimal length scale determined exactly.

2. Include the length scale as an unknown in the problem.

3. Continue in parameter space on curves where the energies of different patterns are equal.
This means solving for the coefficients of the solution expansions, the parameters m and ~
and the domain sizes simultaneously.

4. Rigorously prove that the computed curve of finite numerical approximations is “close” to
that of the true continuous curve of solutions. Close here means that we have a computed
bound on the size of the cylinder containing the true curve centred on our numerical curve.

The latter point is an important step as we show that our solutions are true solutions independent
of discretization method, size of finite approximation or any other numerical detail that can plague
such delicate calculations. For instance, suppose we have what appears to be a static solution
to the evolutionary PDE (and hence a local minimizer of the energy). When considering only
the numerical approximation it can be difficult to distinguish between the effects of numerical



error and those of an exponentially small eigenvalue of the linearized problem of either sign. By
considering the linearization about our numerical solution in the full infinite-dimensional setting
we categorically rule out fictive purely numerical solutions (cf. the spurious solution of the Emden
equation on a rectangle [27]).

1.2 Overview of relevant rigorous numerics

We develop a rigorous numerical method to efficiently explore the parameter space by identifying
those curves along which different patterns have the same energy. Rigorous numerics are hybrid
numerical /analytical schemes where each computation is truly an existence proof as we compute a
solution to a truncated problem, but also show that the numerical solution is at the centre of a ball
in which there is, by fixed point arguments, a unique solution to the infinite dimensional problem
and that this holds along the path connecting all computed solutions. Computations involving
floating point numbers are performed rigorously through the use of interval arithmetic.

We use a functional analytic approach, as opposed to a more geometric one (see e.g. [1, 38]),
to rigorous computing. In particular, given an abstract nonlinear problem

find € X such that F(z) =0

posed on some Banach space X, we proceed as follows:

e Obtain a numerical approximation Zx such that Fy(Zy) &~ 0, where Fly is a finite approxi-
mation (truncation) of F.

e Form a Newton-like fixed point operator T'(z) = x — AF (z) such that = T'(z) = F(z) = 0.
Here A is a conveniently chosen approximation of (DF)~(Zy).

e Determine analytical estimates on 7" to test if it is a local contraction map.

e Use interval arithmetic to rigorously verify that these conditions hold in an infinite dimen-
sional ball around the numerical approximation Ty .

The result of this procedure is then an existence proof as we determine a rigorous bound on
the radius of the ball centered on Zy which contains the solution Z of F(z) = 0. Note that this
approach uses interval arithmetic only once an approximate solution has been generated and is
thus not plagued by the artificial growth of intervals caused by some iterative schemes. In the
entire analysis we treat the radius r of the ball B,.(ZTx) as a parameter (not fixed a priori) that is
chosen in the final step of the algorithm only. Choosing r small leads to the best bounds on the
location (in X) of the solution, whereas large r give the best region of uniqueness.

Although the particular application leads to several novel aspect (which we outline in more
detail in Section 2), we stress that such an functional analytic, rigorous numerical approach in
itself is not new, and we refer to [2, 3, 37, 23, 13], and the references therein, for a host of
applications of these techniques (see also Section 6 for additional references). Furthermore, in [36]
the one dimensional Ohta-Kawasaki equation was studied using similar, although more Sobolev
space based, methods.

The following theorem formulates precisely which bounds we need in order to prove that T is
a contraction mapping on B,.(Ty), see Section 6 for more details.

Newton-Kantorovich type Theorem. Let F be a map from X to X’, where X is a Banach
space with norn || - ||x . Let A and A" be linear operators mapping X’ — X and X — X',
respectively. Assume T : X — X, defined by T'(x) = x — AF(z), is Fréchet differentiable. Assume
that A is injective. Fix r* > 0 and let Yy, Zy, Z1 and Zs be constants such that
[AF(@)||x < Yo
11— AAT|pex) < Zo
|A(AT = DF(@)|p(x) < Z1
|A(DF(b) — DF(c))|lpx) < Zallb—c[[x  for allb,c € By«(Tn).
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Figure 2.1: Curves of equal energy in the (m,~y)-plane. Along the left curve spots and stripes have
equal energy, whereas along the right the spots and mixed state are energetically equal. These
curves are rigorous and the rigorous error bounds are much smaller than the line width, in the
sense explained in the main text.

If there exists and r € (0,7*) such that
p(r) =Yy — (1= Zoy — Z1)r + Zor? < 0, (1.3)
then there exists a unique Z such that
Z € B (zy) and F(z)=0.

The proof of existence of a solution is thus “reduced” to carefully choosing the operators A
and AT, obtaining explicit bounds Yp, Zy, Z1 and Z defined above, and verifying the polyno-
mial p(r) in 1.3 is negative for some r € (0,7*). The choices of A and AT are discussed in detail
in Section 6, while the estimates are carefully outlined in Section 7, calculated in detail in the
Appendices and then verified in the accompanying matlab code.

2 Main contributions of this work

In this paper we use rigorous numerics to construct the curves I'y and I's defined thus: a pair
(m,~) lies on the curve I'y if there are stripe and hexagonal spot solutions at this point with
equal energy, these patterns are both optimal with respect to their respective domain sizes, and
the point lies on the unique continuous curve of such points that emanates from the bifurcation
point (m,7y) = (0,2). The curve I'y is defined similarly except now the hexagonal spot pattern
and mixed state must have the same energy. These curves are presented in Figure 2.1. We obtain
smooth parametrized curves in the parameter plane with rigorous error bounds of size 2- 1077 for
the stripes-spots curve I'; and of size 1075 for the mixed-spots curve I's. These errors are dwarfed
by the line width.

In terms of the practical realities of applying the rigorous numerics ideas, this work represents
a significant step forward past clean-cut test problems to more elaborate variational problems in
pattern formation.

On the applied side, this is the first paper to carefully and fully consider the impact of domain
size optimization in the Ohta-Kawasaki problem. If we believe that any physical system is “large
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Figure 2.2: Optimal distances between subsequent maxima of stripes and spots along the stripes-
spots curve I'; (yellow and blue) and the mixed-spots curve I'y (red).

enough” to avoid finite size effects, we must compute on very large domains to replicate this.
However, this quickly becomes impractical. To overcome this obstacle we focus on the two patterns
that appear exclusively in simulations on large domains: stripes and spots. We consider the
distance between stripes as well as the distance between the spots as unknown variables that we
have to optimize for as part of the variational problem.

One of our findings is that the domain size is critically important. Indeed, we note that
the curves in Figure 2.1 deviate substantially from the ones in Figure 1.1 which were reported
previously [8] (and which were supported by asymptotics in the limit m — 0). The rigorously
computed curves lie much lower in the parameter plane, meaning that the transitions to spots
and stripes occur for lower values of 7 or higher values of p (depending on which parameter is
varied) than could be predicted from those earlier simulations. Besides, Figure 2.2 shows both
the distance between the stripes and the distance spots as a function of m, see also Remark 3.2.
The optimal distances decrease by 40% from their asymptotic (m = 0) values for the stripes-spots
curve, while this is around 10% for the mixed-spots curve. We note the similar shapes of the
curves for the optimal distances in the stripes-spots energy balance. The distance between spots
has a multiplicative factor (dictated by the geometry) of \/m compared to the distance between
stripes. When taking this geometric factor into account the ratio between these distances varies
only by 3% along the depicted stripes-spots curves.

On the algorithmic side, we work in a weighted space where the weights are chosen algorith-
mically in order to make the computations as efficient as possible. Indeed, while simpler imple-
mentations of these rigorous numerics techniques for continuation problems have been developed
previously [34, 5, 14, 17], due to the complexity of the system of equations under consideration,
we had to develop a novel weight-choosing algorithm.

To trace the curve in parameter space rigorously, we need weights that vary over four orders
of magnitude (see Figure 9.3). We explain this procedure in Section 9 and also show that we have
close to the optimal weights at all times, see Remark 9.2.

Finally, to trace the curves I'; and I'y all the way into the bifurcation point (m,~) = (0,2) we
need to perform an asymptotic “blowup” analysis near the bifurcation point. Since essentially all
patterns originate from this point, the rescaling is subtle and a notable advance beyond a somewhat
analogous treatment of the Hopf bifurcation point in Wright’s delay equation [22]. In Section 8 we
derive this desingularized problem and then in Section 9 show how to connect a solution branch
coming out of the bifurcation point to a “global” branch of solutions.



The paper is organized as follows. We focus on the detailed analysis of the stripes-spots curve
throughout the paper and indicate briefly the changes needed to adapt this analysis to the mixed-
spots curve. First, in Section 3 we write the differential equations under consideration in Fourier
space and then detail the necessary Banach spaces in Section 4. The contination problem is
outlined in Section 5 and the functional analytic setup is presented in Section 6. The structure of
the estimates is explained in Section 7. We identify the crucial terms needed for the bounds, but
defer their individual determination to Appendix A. Indeed, once the problem has been carefully
formulated, each term (and there are many in our problem) requires careful consideration, but
the individual estimates are less illuminating and would break the flow of the main text. Next, in
Section 8 we give the analogous analytical and computational details of the hybrid construction for
the asymptotic limit problem (at and near the bifurcation point g = 0, v = 2). The construction of
the rescaled problem at and near the bifurcation point is delicate, although the detailed estimates
are in fact somewhat less gruelling than in the general case, see Appendix B. Finally, in Section
9 we discuss extensively the main computational and algorithmic issues. The reader wishing to
recreate the proof of the full problem is referred to the appendices and the matlab codes available
at [35].

3 Formulation of the Ohta-Kawasaki problem

We consider the functional
1 1 1 1
E = — — 2 (1 — 2\2 - 2d
() = 17 | gl Tl + 10—+ 5V,
1

where w is a periodic function on the rectangular domain 2 = [0, L1]x [0, Lo] and m = a Jo u(z)da
is its average. The function ¢ is the unique solution of the elliptic problem

—Ap=u—m (3.1)

with periodic boundary conditions and [¢ = 0. Taking the H~! gradient of E gives us the
Euler-Lagrange equation
Ay 2Au+u—u?) —o(u—m)=0

for the critical points of E. We aim to find the minimum of F for fixed m, but varying L,
and Ly. As explained in the introduction, we only consider stripes and hexagonal spot patterns.
In particular, we would like to find the curve in parameter space for which stripes and spots have
equal energy and the energies are optimized over the domain sizes.

To fix the domain and to simplify the algebra in the formulas somewhat, let us change variables
= Y72 u = m? and 4; = Lir. We introduce the rescalings u — mu, ¢ — my~'p, z; — Lix;

27 2
and m™2(E— 1) - E:
1 2w 27 1 1
B =g [ [ 51Vl - Gutef + fu@? + 5V o
. —-1 8 —-1 T . 1 2w p2m
with V, = (Zl 320002 872) . We require that ;= [, [, u(z)dr = 1 and the rescaled ¢(z),
solves
—Apod(z) =u(x)—1 onz€|0,2n] x [0,27], and /(b =0,

where o o

A=V, V=075 +6;°—.

¢=Ve- Ve b oa? th 03

The differential equation becomes AZu + Agfu — pu®] + B(u — 1) = 0. To compare stripes and
hexagonal spots we need to solve for both simultaneously. The stripes solve the 1D problem

uy” + kfug — pud]” + k3B (ur — 1) =0



1/2

where ¢; = k" and 5 = 1 and there is no dependence on x2. The energy in these variables is

1 [ 1 Lo, M m,é’
E = 2_ & “Z1 12 d
1(u1) 277/0 2/-£1| 1| 2 "‘ 4 1+ |¢1‘ L1

where ¢ (once again rescaled, namely ¢ — k1¢1) solves —¢f = u; — 1. To optimize over k; we
require gEl =0, i.e.,

27
1 /12 ﬁ /(2
—|uh)? = Z|¢ |2 dwy = 0.
/0 2l€%|u1| 2‘¢1‘ L1

We look for a symmetric solution and pose
o0 o0
up =1+2 Z ay cos kry = Z apetr (3.2)
k=1 k=—o0
with the convention a_j = ag, and ag = 1. This transforms the equation into Fourier space:
Eray, — r1k?lag — pla®)g] + w3Bag = 0, kE>1, (3.3)

where (-) denotes the convolution in both one and two dimensions:

~\  def
E :ak JG‘J and <bb my,mo = E b, — —Jj1,ma— J2bj1,]2
JEL J1,J2€Z

These represent the Fourier coefficients of the product u(z)i(z). We also denote (a?) = (aa) and
(a®) = ((a®)a), etc. For algebraic simplicity later on, we rewrite the optimal domain size condition

as
> (K = KiBk™?)aj = 0. (3.4)
kEZ\O
Clearly this can also be written as 2"~ (k* — k3 8k~?)ai = 0, but the notation (3.4) will be more
convenient since it mirrors the two-dimensional setup below. For the 2D hexagonal spot problem,
we set {1 = Hé/2 and fy = 3_1/2,%;/2, and solve

0? 9?2
A%UQ + KQAQ[UQ — ,uug’] + Iigﬁ(@@ — 1) =0, with Ag = =3 + 372 (35)
Oy O3
The energy is now
27 27
1 K
Bawn) = 7 [ | g Ve - jualel + Luate)* + L (Tavalo)] ds
with Vy = (Bxl \/§6‘2 )T and —Ag¢s = up — 1. Hence gf"’ = 0 corresponds to
27 27 1 B
/ / ﬁlVQUQ(JZ)F — §|V2¢2($)\2 dridxs = 0.
0 0 2
Writing
Uy = Z Z e 1m1xleim2x2 (36)
mi1=—00 2=—00
with by me = bmy,—my = b—my,—m, = bml,m27 we obtain the equations
(m% + 3m§)2bm1,mz - "52(7”% + 3mg)[bm1,m2 - N<b3>m1,m2} + ”%ﬂbml,mz =0 (3.7)

for the Fourier coefficients with (mq,ms) € N2\ (0,0), and by o = 1, as well as the optimal domain
size condition
S 3+ 3md) - k3B(m3 +3m3) B2, Ly = 0. (3.8)
(m1,m2)€Z?\(0,0)



Finally, to determine for which value of the parameter u stripes and hexagonal spots have the
same energy we require that

Ea[a7ﬂ,u, /fl] _Eb[baﬂa/‘ﬂ‘{?] = 07 (39)

which in Fourier coefficients can be expressed via

Lo —2| 2, Hr, 4
B= Y le Lt Bk }ak+2[<a o — 1],
KEZ\O
1
E, = Z [@(m%—k?)m%)—l—kmgﬁ(mf—k?)m%)1 bfnl’m2+g[<b4>o,0—1].

(m1,m2)€Z2\(0,0)

Here we have introduced a multiplicative factor 2 for algebraic convenience. Moreover, we have
subtracted the energy of the uniform state. Hence, energies are calibrated to the reference energy
of the uniform state, see also Remark 5.1.

Our problem is to solve the system (3.3)—(3.9) with variables (5, i, K1, K2, Gk, Dy ms), With
k > 1 and (mi,m2) € N2\ (0,0), recalling that ag = 1 and bgo = 1. This problem has a
one parameter family of solutions. To find a numerical approximation of the solution curve, we
need to choose a finite dimensional truncation of the problem and perform a pseudo-arclength
continuation. Additionally, we need to choose a functional analytic framework to validate these
numerical computations.

Remark 3.1. The hexagonal spot pattern has additional symmetries beyond the ones expressed by
the cosine series (3.6). Namely, let
H - ( ) ’

and let Z3;, = {m € Z* : my+my = even}. Then H is a linear operator on the sublattice Z3;. When
we introduce By = {(bym)mez> = bm = 0 for m ¢ 2%}, then we may define the linear operator H
on By by (ffb)m =bym.- The action offl on By in Fourier space corresponds to a rotation over
/3 around the origin in physical space. The hexagonal spot patterns are described by b € By with
the symmetry Hb = b (as well as the periodicity and up-down and left-right symmetry inherited
from the cosine series).

We do not use this additional rotational symmetries in the present paper. We do not attempt to
prove that the solutions that we find have this additional symmetries either, but rather leave such
an analysis for future research.

[MIEERNIES
N|=
N

Remark 3.2. Tuaking into account the rescalings of the spatial variables in this section as well
as the geometry of the hexagonal packing, it is not hard to derive that the distance between the
stripes is 27r/<;}/2ﬂ1/2, while the distance between two nearest neighbor spots is (4/3)1/27mé/261/2.
Both distances are depicted as a function of m in Figure 2.2. We note that at the bifurcation point
(m,B) = (0, 1) we have k1 =2 and ky = 8.

4 Functional analytic setting: an analytic Fourier space

Rigorous numerics requires a careful balance between computational and analytical simplicity. In
this regard we work in an exponentially weighted Fourier space as this will give us the computational
advantage of using Fourier methods, control of the tail remainders of our truncated approximations
and a good way to bound convolution terms.

The expression

def

m = (m% + 3m§)1/2

appears throughout in the analysis as the multiplier in Fourier space corresponding to the differ-
ential operator Ag, see (3.5).
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We restrict to Fourier spaces of analytic functions by using exponential weights in the norms:

lally =3 Ja € and  [Bll2 ST (b mal €7 (4.1)

keZ meZ?

with decay rates &, > 1 and & > 1 to be chosen later (see Section 9). The norm |m| on Z?
(appearing in || - |2 above) is chosen to have the symmetry |(my, ma)| = |(—m1, ms)|, that fits
well the cosine series (3.6). Specifically, we have used both the 1-norm |m| = |m1| + |ms| and the
oo-norm |m| = max{|my|, |mz|}, ultimately settling (somewhat arbitrarily) on the l-norm in the
final proof.

The Banach spaces corresponding to the norms in (4.1) are denoted X" and X5, Since the
weights are exponentially growing, any point in X7™* or X35™ correspond to a smooth symmetric
function via (3.2) or (3.6), respectively.

The norms on X735’ behave nicely under the convolution namely as a Banach algebras:

l(a@)[l < llalh-lallh — and  [[BB)[l2 < [1Bll2- 1Bl (4.2)

Here we have used that |m|, being a norm, satisfies the triangle inequality.
We work in affine subspaces and define the symmetric spaces
X" fa e XPPa_y, = ay for all k € 7},
X = {b € X5 1 by my = bjny|,mo for all m € Z2}

and

X)X X )
1 def {b c X;ym bo — 1} XO def E Xsym . ’[}8 _ O}

The spaces X} are the (affine) spaces where our variables live, whereas the variations live in the
linear spaces X?. The spaces X7, X? and X2, X9 are hyperplanes in X;*™ and X;*™ respectively.
These hyperplanes have ag and by fixed due to the mass constraint in our problem. We define
the sets

def

Ng ©N\0, Zo=Z\o, N2 N2\ (0,0),  Z2=17Z2\(0,0).

It will also be useful to interpret a € X" and b € X3 as linear operators, i.e., as elements of
the dual space. Since X3 are weighted [! spaces, their dual spaces are weighted [ spaces. We
will need the following Varlants:

x def

lall; sup|ak|£“ s that |, ardk| < [lali-[lo)1  for all ¢ € X7,

e — k} B
lali* = sup 5 (Jax| + lakl)& ™ sothat |Yycpantn| < lalli* gl for all g € XP™,

[af|;0 & sup2(|ak|+|a WEH so that |5, 0y and| < [lallf0- ¢l for all ¢ € XY
kEZ

We note that |al|7* < [lal|{® < [lal} < [lal}x-

For a € X{"™ the factor % (|ax| + |a—y|) reduces to |ai|. Hence ||a|;* = ||a|} for a € X7*™ and
lall3%° = ||al|% 0 for a € X{¥™, where for convenience we introduce the notation
lalli® = sup [axlé; "
keNy

The definitions of ||b]3, ||bl3, [[b]|3° and [|b]|5° are entirely analogous, with & (Jag| +[a_|)&; ™
replaced by

|m|

%(|bm1,mz| + |b7m1,mz| + |bm1,fm2‘ + |b7m177m2|)§27 )
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sym

which reduces to |by,| for b € X5

The variables that we will use are x = (8, u, K1, K2, a,b), where a = (ag), k € Ny and b =
(b)) = (bmy.m,) With m = (my, m2) € NZ. The space of such collections of variables is denoted by
X =R* x X{ x X3. Throughout the paper we will use the notational conventions ay = ajy for
all k € Zo and ag = 1, as well as by, my = bjm,|,jmy| for all m € Z3 and boo = bp = 1. We use
projections 7 = (7§, 7Sz, w5z, 7§T) = (B, 1y K1, K2), @ = 7w, a = wiw, 7°
On X we use the L*° product norm:

r=0b, tlx = by

)l = mas{ |7z le, oy Hlm |1, wp  Im0wll2},

|mez||. = max{w;rll |mrx| : n=1,2,3,4},

where wq, wp and we n, 1 = 1,2, 3,4 are weights. When clarity is more important than compactness
we will use the alternative notation

(wc,l yWe, 2, We 3, wc,4) = (Wﬂa Wy Wk y wHQ) .

Since we are working in an affine Banach space, it pays of to introduce notation for variations
in X, and in particular for the ball of radius 1 in the tangent space TX = R* x X) x X§,
ie. B={veTX : |v| <1}, which is characterized by

[ve| < wem, n=1,2,3,4
v = (UC,UG,Ub) cBe Ug =0, v:—k = vg7 Hva”l < Wq (43)

US =0, Vi my = v\bmll,lmz\v HvaQ < Wp-

Throughout we use the notation

a a b b c
Ty = v®, v =v°, TV = (U8, Uy, Uy  Ury )

b

; a  _ a — b
and assume the symmetries v%, = viand vy, = Vp, -

Furthermore, we use the convention
v =0 and v} = 0.

Remark 4.1. The characterisation of the dual spaces is helpful when estimating convolution terms
of the form (ay®)x and (by®),, uniformly for and ||y®||1 <1, ||y®|]2 < 1.

(i) Let a,y® € X7P with ||y®|l1 < 1. Then [{ay®)o| < ||allf, which improves to |{ay®)o| < ||la||}®
and [{ag®)o| < ||a||%0 for y* € XP™ and §* € X9, respectively. If a € X{¥™ then the
expression for ||a||® reduces further, as mentioned above.

(i) To estimate (ay®)y for k # 0 we first note that (ay®)r, = ((o_ra)y®)o, where the shift operator

is defined via
def def
(opa)p = ap—k and (0mb)m’ = b/ —m -

We then use the estimates from part (i) of this remark to obtain |{ay®)x| < ||o—ral|] for all
y® € X7V with ||y®]|1 < 1. This improves to |(ay®)o| < |lo—kall;® and [{ag®)o| < ||o—ra||;°.
for y* € XP™ and §° € XY, respectively. We note that ||o_ra||;° = ||oral}° Jora € X
and any of the three dual norms (xo = x,xs,xs0). However, clearly o_ga ¢ X°™ for k # 0.
The estimates for |{by®)o| are analogous.

(#i) Finally, we note that

*S * * —|k
lokalli* < llowalli® < llowall} < llafa&; ™, (4.4)
and similarly for 0,,b (using the triangle inequality for |m|). This gives rougher, but compu-
tationally simpler, estimates. In Remark A.1 we return to the issue of balancing computation
time and sharpness of the estimates.

(i) For notational simplicity we will use the estimates |ag| < |lal[1£7" for all k > 0 and |b,,| <
||b||2§2_Iml for all m € N? throughout. Clearly, for a € X*™ this could be improved to
lax| < %Ha”lffk for k > 1, but not for k = 0. A similar improvement can be made for
b € XY™, However, in the present paper, which is heavy on notation already, we choose to
give up some sharpness in the bounds in favour of notational convenience.

12



5 The continuation problem in Fourier space

With the formulation and the spaces well in hand we are now able to set up the problem for
numerical solution. We look for a curve of solutions x € X such that f(z) =0, where

FEF5, 0505, 14 1),
with f¢, n=2,3,4 and f* = (f?)ken, and f* = (fTbn)meNg defined below. To perform continuation
we will append an equation f¢ = 0 to foie f (ff,f) = (f¢, f&, f4), so that the problem
f(z) = 0 has a locally unique solution.
To be precise, for k € Ny

fi = kray, — mk?[ag — p(a®)e] + K3Bar,

and for m € N2

b = mib,, — kom?[by, — p(b®) ] + K2 Bbp,.

Furthermore

e 1 -
S B, - E=) le21+mﬂk 2} a + £ [(a%)o — 1]
k€Zg

_ { Z [;mQ -1+ nzﬁm_ﬂ by, + g[<b4>0 —1] }’

mez

and

£ (k2 — Rkl
k€EZo
= Z (m? — k3Am~2)b2,.

mez?

We will do our computations in the context of pseudo-arclength continuation. In particular,
we assume we have two numerical zeros x; and x5 of f and set
_ def L1 + x2

def L2 — X1
T = and x ,
2 2

)

so that

z(s) T tsz= 1;sx1 + 1;‘%2 with s € [-1,1],

interpolates linearly between T — x = 1 and T + z = z2. We also assume we have two numerical

~

tangent vectors d; and Jy (approximately tangent to the solution curve {x : f(z) = 0} at z; and

Ty, respectively). We define § = (§; + d2)/2 and § = (65 — 61)/2, as well as the interpolation

8(s) =8 +s8=1526 + 24, (5.1)
Then the continuation equation is given by
[ = (@ —2(5),0(5))F =0, (5.2)

where (-, -)r denotes the standard inner product in the finite dimensional computational subspace
Xp of X. In particular (z,%)r = (zp,Zr)F in the notation introduced below. We collect all these
equations in f = (f¢, f¢, f*) and we want to solve

f(z(s);s) =0e€ X

for some z(s) € X. Here s acts as a parameter (not a variable/unknown), and we will often
suppress it in the notation. The derivative D f denotes derivation with respect to = only.

13



Remark 5.1. When comparing spots to the uniform state, i.e., the mized-spots transition described
by the outer curve in the bifurcation diagram in Figure 1.1, we still have f°, f{ and f§, we drop
f$ and f*, and we simply take f5 = E} instead of f5 = E, — Ep.

Choosing two computational parameters K and M we define the finite dimensional projections:
ap = (ak)le, bp = (bm)m€N871§mo@§M7 where we choose

Moo = max{|m1|,|mal|},

since it fits well with the matrix data structure. We set xp = (8, u, k1, ke, ap,bp) € Xp =
R* x RE x RM*+2M and similarly f%, f% and fr. The dimension of Xp is Np = 44K + M2 +42M.

To transfer from computational space to the full space, we will need the extensions by 0, namely
a% € X! is defined by

(a%)k = (ap)g for 1 <k < K, (%) =0 for k > K,

and similarly for b%, and 2%. Note that 7, z, § and § are all essentially finite dimensional: T% = 7,
etc.

For the approximate solution ¥ = (B, o, k1, ks, a, B) we will use in all formulas concerning
convolutions the following notational convention: the symmetries a_; = a; and Eiml,imz =
biny msys as well as @ = 1 and by o = 1. For z we use the same convention.

To conclude this notational agony, we introduce the complementary infinite dimensional pro-
jections as = (ar)7l g 4,, and similarly by, and z,. The extensions by 0 in the finite part are
denoted by a2, b%, and z%,. In particular, a = a% + a2, etc.

6 The fixed point formulation
We now introduce the fixed points operator in X
T(x;s) = x— Af(x;s).
Here A is a linear operator of the form
(Ax)p = Apzp
(AZ)oo = AN 2.

The Nrp X N matrix Ap is determined via a computer calculation, namely a numerical (i.e. not
exact) inverse of the Jacobian Jp of the finite dimensional map xp — fr(2%)). Furthermore, A is
the diagonal operator on X, given by

Th(ATo) = AT Too,
ﬂfn(Axoo) = )\l,’nwfnzoo,
for k> K+ 1 and ms > M + 1, with
N R k2 4R
A= m* — ®om? 4R35
Remark 6.1. We note that A} and )\21 do not depend on the variables, hence A is a constant
linear operator (independent of ).

Note that we will always suppress the dependence of T on s and write T'(z) rather than T'(x; s).
The derivative DT denotes derivation with respect to x only.
To set up the fixed point (contraction) argument on a small ball

B.(2(s)) = &(s) + rB,
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we will construct positive constants Y = (Y, Y5, V¥, YE, Y9 Y?) € X and polynomial functions
7 =(2¢,25,75, 75, Z%, Z°)(r) € X that provide the bounds

|me (T(Z(s)) — Z(s))| < Y,¢ n=1,234 (6.1a)

(T (z(s)) — 2(s)) [ < Y* (6.1D)
I7*(T'(@(s)) — Z(s))[l2 < Y* (6.1c)
SU£B|7TZ(DT(§(S) + rw)rv)| < Z5(r) n=1,2314 (6.1d)
vs:ulgBHﬂ“(DT(a?(s) + rw)rv)”l < Z%r) (6.1e)
US;IEBHWIJ(DT(./%\(S) + rw)rv)“2 < zb(r), (6.1f)

for all s € [-1,1].

Remark 6.2. The estimates (6.1d)-(6.1f) contain a “trivial” multiplicative factor r compared to
the formulation in Section 1.2. We use the above formulation to be consistent with earlier work,
see the references below.

Remark 6.3. In Sections 7 and 9 it may be convenient to think of Y and Z(r) as polynomials
in |s|. The coefficients of these polynomials are all positive, hence the uniform estimates for all
s € [=1,1] are obtained via Y(s) < Y(1) =Y and Z(r,s) < Z(r,1) = Z(r). For compactness of
notation we will not stipulate the dependence of the bounds on s.

We need to find a radius r that satisfies the six inequalities

Yo+ Z5(r) <wenr n=1,2,34 (6.2a)
Y+ Z%r) < wer (6.2b)
Y® 4 Zb(r) < wpr. (6.2c)

The six inequalities can be verified rigorously via interval arithmetic. Since we will find bounds Z
that depend quadratically on 7, the information in (6.2) can be reformulated in terms of so-called
radii polynomials, see Section 9. We stress that this approach is not new and has been adopted
for a variety of problems in both dynamical systems [13, 33, 32, 18] and PDES [15, 16, 6].

The line piece interpolating the “numerical solutions” x; and x5 represents a solution curve in
the following precise sense:

Lemma 6.1. Assume there exists an r > 0 such that the inequalities (6.2) hold for all s €
[-1,1]. Then there exists a smooth map x : [—1,1] = X such that f(x(s);s) = 0. In particular,
X parametrizes a continuous curve of zeros Off, i.e. f(x(s)) =0 for all s € [-1,1]. Furthermore,
X s unique in the sense that for each s € [—1,1] the only solution of f(z;s) = 0 in B,(Z(s)) is
given by © = x(s).

Proof. Tt is not hard to infer that the inequalities (6.2) imply that for each s € [—1,1] the map
T is a contraction on B, (Z(s)), with contraction rate uniform in s. The uniform contraction
theorem then implies the existence a unique smooth map x of fixed points of T' given by = = x(s),
s € [-1,1]. More details can be found in e.g. [34, 5]. The fixed points correspond to a solution
curve of f, and hence of J?, since A (and especially Ap) is injective. Indeed, the inequalities (6.2)
imply that ||DT(Z)|| = ||I — ADf(Z)|| < 1, hence in particular ||In, — ArpJp| < 1, from which
we infer that Ag is invertible. Here we have used that Jg, which is defined as the Jacobian of
zr — fr(2%;0) evaluated at xr = T, is also characterized by D f(Z)v% = Jpvp for allv € B. O

We need to verify an additional inequality to conclude that the solution curve is smooth and
hence no bifurcation occurs. We define

4
TLE Y wenmh|0] + wall 81T + willm a3,

n=1

7o & min{ (2,5 - )., (2,5 +4), },
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which can be computed using interval arithmetic. We note that 71 = Qf, where the latter is defined
in (A.6). The values of 71 and 72 are both expected to be on the order of the step size, since x and
6 £ 4 are almost parallel.

Lemma 6.2. Assume there exists an r > 0 such that the inequalities (6.2) hold for all s € [—1,1].
If, in addition, rm — 1o < 0, then the solution curve x obtained in Lemma 6.1 is a smooth curve:
% £ 0 for s € [-1,1]. Furthermore, the curve is locally unique in the sense that for any s € (—1,1)

o~

all solutions of f(x) = 0 in a sufficiently small neighborhood of x = x(s) lie on the curve x. The
dimension of the null space of Df(x(s)) is 1 for all s € [-1,1].

Proof. We adapt the construction in [34, Lemma 10] to our setting. By differentiating the identity
f£(x(s),s) = 0 with respect to s we obtain

The terms in the right hand side can be estimated by

(&,6(5))}7 > T and (X(s) — ZLT(S)7§)F <rm,

since x(s) € B,(Z(s)). Here we have used the characterization of the dual space of X{,. Combining

these estimates with (6.3) and using that 72 — 7 > 0, we conclude that % # 0. For additional
details on the assertion about regularity of the curve we refer to [5, Corollary 2]. O

We now glue two piece of curve together. Let z1, z2 and x3 be three numerical approximations
of solutions, with corresponding predictors 01, d2 and 5. Let 1 (s) be the interpolation between
and x9, and let Z2(s) be the interpolation between x5 and z3. Let x1 and x2 be the parameterization
of the solution curves for the interpolations T; between Z, respectively, using the corresponding
interpolations of the predictors. We define the union

(s) wt | xa(s—1) for s € [-2,0],
S) =
X12 x2(s + 1) for s € (0,2].

Lemma 6.3. Let x1 and x2 be obtained through Lemma 6.1 as described above. Then xi,2 s
continuous. If, in addition, Lemma 6.2 is applicable for both x1 and x2, then x1,2 defines a smooth
curve.

Proof. Let Ty (x;s) = x— A1 f1(x; s) and To(x; s) = x— A fo(x; s) be the fixed point maps for the two
interpolations. Then the fixed points of T (z; 1) and T2 (z; —1) coincide, since fi(x;1) = fa(x; —1).
It follows immediately from the uniqueness statement in Lemma 6.1 that x1(1) = x2(—1), since
the two balls around zo on which 77 and T3 are contractions are necessarily nested. Hence the
union of the curves is continuous. Smoothness of the union then follows from Lemma 6.2 and the
fact that the solution curves can be extended to open intervals slightly larger than [—1,1] due to
the strictness of the inequalities (6.2). These slightly extended smooth curves x; and x2 have an
overlap with nonempty interior, hence the union is smooth. For a detailed proof we refer to [5,
Theorem 6] O

Remark 6.4. Let us discuss what to do when the computational parameters are different for the
two steps in which the pieces of parametrized solution curves x1 and X2 are determined.

1. If the weights w are different for the two steps, then an additional check has to be performed
to guarantee that x1(1) = x2(—1). In particular, one needs to check that there are nested
balls around x5 on which T' and T? contract. Namely, let the inequalities (6.2) hold on
intervals r € [rl. vl 1 andr € [r2,, , 2. for x1 and x2, respectively. Let w! = (wjl) and

2

w® = (w?-), j =1,...,6 be the weights used for x1 and x2. Then one needs to verify that
either the six inequalities

1.1 2,2 - 1.1 2 9 .
wjrmin < wj/rmax7 J = 17 .. '36 or wjrmax > wjrmirﬂ J = ].7. .. ,6 (64)

hold.
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2. Furthermore, if the above direct verification fails, one may perform an extra intermediate
computation at xo with the two different sets of computational parameters. Namely, one may
set up a contraction problem T at T = x5 with x = 0. One then works for a single T with the
two sets of parameter values used to find x1 and x2. This leads to (relatwely large) intervals

7 E [Tl Thax) (md r e [, 72| where the inequalities (6.2) hold for T* = T? = T with
weights w! and w?, respectively. One may then verify (6.4) with these rmfn maxs 0 conclude

that there are nested contracting balls for T and T?. Since the contracting balls for Tt (x;1)
and TV are necessarily nested, as are those for T?(z;—1) and T2, one then concludes that
x1(1) = x2(—1). We note that in practice we never needed to perform this intermediate step
in our final computation of the solution curve.

3. An analogous check should be performed when changing &1 2 between steps, but we did not
pursue that here.

4. The computational constants K and M may change from step to step as long as at the
“midpoint” the smaller of the values are used for xo and ds.

7 Structure of the estimates

In this section we discuss the structure of the estimates that are need to find the bounds in (6.1).
Explicit expressions for the constants defined here are given in Appendix A.

7.1 bounds Y

For the componentwise estimates we use the notation

[T (T(E(s)) = Z(s))| <Yy n=1,2,3,4
T (T(@(s)) —2(s))| <V k=1

o (T(@(5)) = Z(s))| <Yy m e NG,

8]) 8)

all uniform for s € [—1,1]. The finite part 1 <n <4, 1 <k < K and 1 < me < M of Y is
denoted by Y. In particular, ;¢ = Y,¢ = (Yr)C.
We first note that for f(Z(s )) =0for k> 3K +1and fb (%(s)) = 0 for me, > 3M + 1. Hence
we may simply set
Yi=0, Y.=o.

m

The first component of f is the only one that depends on s explicitly, and it needs separate
treatment in the estimates. We recall that Z(s) = T + sz, and note that, by definition,

f{(@(s)is) =0 foralls. (7.1)

The other components of f do not explicitly depend on s. The strategy is to expand these as

f(@(s)) = f(@) + sDf (@) + 35°C(s), (7.2)

with

C(s) = 2s72[f(Z(s)) — f(z) — sDf(T)z].
Note that, in view of (7.1), the first component of f(Z), Df(Z)z and C(s) in (7.2) should be read
as 0. Furthermore, by the choice of z the term D fr(Z)z will be small (and clearly fr(T) is also

small).
We now want an estimate of the form

|[A-C(s)| < S for all s € [-1,1], (7.3)

where S is obtained componentwise via the remainder formula for Taylor series:
S = max A.D? z,z)|. 7.4
x4 DPf )z o) (7.4
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Note that the above formula, and similar formulas throughout the paper, should be interpreted as
finding some S € X such that the estimate

max |A-D*f(n)(z,z)] < S

nE[T—z,T+z]

holds componentwise.
Let us make this more explicit. The finite part

Sp=_ max |Ap-D?fp(n)(z,z)| (7.5)
nE[T—z,T+z]

can be determined by simply evaluating D? fr(n) with n £ [T — 2, T + x], since these intervals are

reasonably small. We then write for the finite part
Vi = |Ap - fr(@) + |Ar - Dfr(T)z| + 1 SF,

where the matrix
~ ] ifj=1,
(Ar)ij = { (Ap)y; ifj > 2,

has vanishing first column in view of (7.1). Note that replacing Ap by Ap in (7.5) is irrelevant,
since D? f{ vanishes anyway.
For the intermediate part K +1 < k < 3K and M + 1 < m,, < 3M, we obtain

S =—  max D22 (n)(z, z 7.6a
ET N e |D* fit(n)(z, )| (7.6a)
Sy max | D?f},(n)(z, z)], (7.6b)

"o )\}fn neE[ZT—z,T+z]

where each component involves convolution terms only (see Section A.2 for explicit formulas), each
of which is a finite sum, and an estimate on the maximum can again be obtained using interval
arithmetic with n = [ — 2,7 + z]. Hence

v a 1 a (= 1 a (= a
Yy = Flfk @)| + F'ka (T)z| + 5 S,
k 2

- 1 _ 1 _

Yy, = m|fgm($)| + wa%(x)@ + 5 S
for K4+1 <k <3K and M +1 < my < 3M, where evaluating f{(Z) and D f{(T)z again involves
convolution terms only, each of which is a finite sum (and similarly for f}).

Since Y* and Y have only finitely many nonzero components, we just compute
Ye=Y°¢ and Yo=Y and Yo = ||Y?,.

Remark 7.1. Using the explicit formulas for the first and second derivative of f in Section A the
Y can thus be computed directly (without additional estimates) using interval arithmetic. Indeed,
interval arithmetic is used not only to control rounding error (this involves very small intervals), but
also to efficiently determine (upper bounds on) the mazima in (7.5) and (7.6) rigorously (involving
intervals  of intermediate size).

7.2 bounds 7

In this section we explain how to find bounds on DT(Z(s) 4+ rw)rv uniform for s € [—1,1] and
v,w € B (defined in (4.3)). We write

Df(x(s) +rw)rv = Jrv+ [Df(Z(s) + rw) — J]rv,
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where J is an approximate Jacobian defined by
(Jv)p = Jrup,
T (JV) oo = ALTRv,

7 (J0)oo = A2 7 0.

Hence, J is block-diagonal and purely diagonal in the tail ¥ > K + 1 and mo > M + 1. We
recall that Jp is the (exact) Jacobian of the finite dimensional map zp — fp(ac%; 0), i.e. Jpop =
D fr(7;0)v%. In this notation we have

DT (Z(s) +rw)rv = [I — AJ)rv + A[Df(Z(s) + rw) — J]rv, (7.7)
where

([I — AJ]U)F = (I — AFJF)’UF
(- AJv)se = 0.

Since Ap is an approximate, numerical inverse of Jg, the term (I — ApJp)vp will be small. In
Section A.3 we derive explicit estimates

sup7y ([I — ApJrlvr) < Oy,

vEB
Sug |7 (I = ApJrlvp)| < O°
ve
sup |7 ([I — ApJplvp)|2 < O.
S

We move on to the second term in (7.7). Let us again first consider the first component. It is
the only one depending explicitly on s:

Dfi(z(s) + rw;s)rv — niJv = r(v, 5(3))F — T’(UF,S)F = rs(v,@F, (7.8)
since D f¢(z;0)v = (v,6)r = (vr,d0)r. For all other components we write
[Df(z(s) +rw) — JJrv = [Df(Z(s)) — JJrv +r*R(r,s) = r[Df(T) — Jjv + rs Q(s) + r*R(r, s),
where

Q(5,v) = s Df(T + sz) — Df(@)]v
R(r,s,v,w) = r[Df(T + sz + rw) — Df(T + sz)]v.

We now want estimates of the form (notice that we omit A compared to (7.3))

[Df(x) = Jjv < P,
1Q(s,v)] < Q,
|R(r,s,v,w)| <R,

for all s € [-1,1], 0 < r < 7, and v, w € B. Here r, is an a priori bound on r. The bounds @ and
R are once again obtained componentwise via the (integral) remainder formulas:

P = max |[Df(z) = Jvl, (7.9a)
Q= max _ [D*f(n)(z,v), (7.9b)
nez—z,z+z],veB
RYE max 1 / D2 f(n +rw)(v,w)dr|. (7.9¢)
0

NE[T—z,T+z],v,weEB T
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The choice for the integral remainder formula allows for additional flexibility in obtaining the
estimate on R, which we exploit to get slightly better control on the dependence on r,, see Sec-
tion A.7. These estimates are noticeably harder than (7.4) because of the presence of v,w € B. In
view of (7.8) one should read the first components as

Pr=0 QS = sup | (v,é)F| and R{ =0,
veB

where an explicit estimate for Qf will be given in Section A.6.

The main part of the analysis is finding good bounds P, @ and R. Each of these splits along a
finite and infinite dimensional part, i.e., U = Up+UY, for U = P, Q, R. For the infinite dimensional
parts we set for |k| > K and mo, > M

PN 1 PN 1
U = ngUoo and U} = /\—bwf’nUm
k m

for U = P, @, R, and, rather than obtaining component-wise bounds, we bound the norms
[0y <Us and 07 < UL
Once we have those, we can write
Z¢ =7 (0°+7°(|Ap| - Pr)) +r°(|Ar| - Qr) +r* 7°(|Ap| - Rp), (7.10a)
as well as

2% =1 (0" + || (|Ar[ - Pr)l + P) +r ([7*(|Ar] - Qr) 1 + Q%)

+72 (|7 (|Ap| - Rp)|1 + R%),  (7.10b)
72 =r (0" + |7°(|1AF| - Pr)lla + P%) + 7 (I7°(|AF| - Qr)ll2 + Q%)
+77 (|7 (JAr| - Rp)ll2 + RY). (7.10c)

Remark 7.2. In this approach we never need to compute more than two derivatives of f. However,
to improve the estimates, we occasionally, namely for convolution terms, implicitly use a third
derivative, see Section A.7.

Remark 7.3. We use the triangle inequality to split the estimate of, for example, (A[Df(Z)—J]v)F
into an estimate Pp for |([Df(T)— JJv)r| and a componentwise estimate |Ap|. One could postpone
using the triangle inequality until after the multiplication by Ap, thus sharpening the estimate, but
we did not pursue this in the present paper.

8 Setup for the limit © — 0

The problem is highly degenerate at © = 0. We need to rescale to obtain a sensible problem in the
limit 4 — 0, i.e., a problem with a nontrivial isolated solution at p = 0. In this section we describe
how to set up the desingularized limit problem. We focus on the differences with the general case
only, and do not go into details about the parts of the construction that are completely analogous.

8.1 The rescaled variables
We rescale

def 1

K1 (p, R1) = 2+ piy
~ def

Ko, Ro) = 8+ pka.
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Note that we will keep using both x; and &1, etcetera, in the notation, since this makes the notation
more compact, hence one has to read carefully to distinguish between them. In this scaling there
are a few special modes in the singular limit, which we identify by

7t = {-1,0,1}
I2 = (0 0) ( ) (_17_1)a(_171)v(17_1)3(2’0)7(_2,0)}7

and we define their complements

7, =7\ T N; £ZNN
72 =72\ 1* N? =72 N N2,

Since we need to rescale the components ax — pay for k € Z; and b,, — ugm for m € Z2, but
not the components with index in Z! and Z2, we introduce the orthogonal splitting

a=a+ pa and b:5+ul;,

where

g>
I
jem)

for k ¢ ' and ap =1
for k € T*

for m ¢ T2 and by = 1
0 form e T2

@x c~> o
|| |
oS O

We assume symmetry throughout, and we write
51 = 8(171) and 82 = 8(270).

Instead of pseudo-arclength continuation, we simply perform a single parameter continuation Step
in the parameter u, starting from p = 0. Since p is thus a parameter, the variables are r =
(ﬁ, F1, R, a1, b1, be,a b) which form a Banach space with norm

)l = max{||(5, &1, o, a1, by, bo) oo, w5 Hlally, g Iz}
||(Ba ’%17 "%27 d17 i)la BQ)HOO = max{wﬁjl|/5)‘7wgll|"%1‘aw,;;|"%2|7w¢;1|d1|)w1‘:1|61|;wi)—1|i)2|}-
In this limit problem we have decided to use the norm |m| = |m1| + [m2| in the decay rates

for the || - ||]2. The correspondmg projections are denoted by w¢x = (ﬂ, ﬁl,ng,al,bl,bg) € RS,
mlr=ac¢ X? and mz =b e XO. The ball of radius 1 in the tangent space is given explicitly by

- |vn|<wcn7n—234567
U:('()&,v&’vb)g[j’@ UO =0, Ul =0, 02 k*ﬁuka HU Il <wa (8.1)

08 =0, 001 1) =0, o002 Yoms ma) = Yjomal oty 10112 < 5,
where (wzn)l_o = (Wg, Wiy » Wiy s Wa, Wiy wp). We will write v = v® + pv® throughout, where
v8 = 7y and v® = 7, and similarly v® = v + pv®. For v € B we have
lo?lle = llo® [l + gl = 2lotfér + pllv® [ (8.22)
[l = Pl + pllo?llz = (4f0F] + 2108DE3 -+l (8.2b)
where choosing the norm |m| = |my| + |ma| in the decay rates for the || - ||2 leads to the factor &3

(it would be slightly different for the choice |m| = max{|m1| |mal}).
We introduce norms on the duals of X 9 and X2

lali* % sup Jarler™  and b)Y E sup [bale; ™.
kEN meN?
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Hence, for v € g,

[av®)i| < [av®)k| + pl{av®)r| < wallalé®)r + pwslloxallt',
(00" Y| < [(00") | + 41l (00") | < wi([b16° ) + pwgllombll5

where

gader )1 k=1 and b )1 mETINO (8.3)
Tl k=0keZy ™0 m=0,meZ2

Finally, by using ||6¢]|; = 2¢; and ||6°]|2 = 6€2, one obtains estimates in terms of norms (for v € B):

{av*)lh < 2waéillally + pwallall,  and  [[(bo") |2 < 6w€3[1Bll2 + e [b]]- (8.4)

8.2 The rescaled equations

We rescale the equations, starting with

fo=pf*  and P =pf’

where for k =1

fi= {1 — k1 w2B)an + ripla®) )

= {K%B + %/},fiﬂ ay + m<a3>1,

while for £ € Ny o
= [k* — k1k? + k18] an, + k1k*(a®)y.

Similarly, for the special modes m = (1,1) and m = (2,0) we set

f::l = M_l {[16 — 4Ky + /‘Q%B]i)m + 4K2M<b3>1}
def [5%3 + i,u,%g} bom + 4£9 (%)
whereas for m € N? we have

o= [m4 — kom? + ﬁgﬁ] b + kom?(b3),,.

Next, the energy needs to be rescaled: f§ = ,ufzc with

~ e ~ —_ ~ A - - a 1
$ 22 B+ dunt R ad Y [T = L m B2 a5 [(at)o — 1]
kE€Zy
) ) o . . B o~ 1
{3 o )it ] 4 o <1 a4 %01
kezZ2

Finally, the energy optimisation (with respect to domain size) equations (3.4) and (3.8) also need
to be rescaled by a factor p:

i & 2[Ryt wdB o+ uRt| 0t Y (K - sk )},
k€Z1
N > - 02 4% )b
¢ L[R2 b3 [27 03] 4 Y (m? — s36m) B2,

mez?
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We will do parameter continuation in p, hence there is no ff. We set
At -2k 41
At — 8m? + 16,
and we define the fixed point map analogously to the general case, i.e.,
T(w;p) < o — Af(; ),

where A is a linear operator of the form

(AJZ)F = AFZ‘F
(Az)oo = Az

8.3 The bounds Y and 7

We focus on the differences with the general case only. We will verify a single step starting at
# = 0. We decompose

f(@;p) = g(x) + ph(z; p),
and compute Dg, D?g and Dh(z; i), but not the second derivative of h. To find the bounds Y we
write, componentwise,

1
9(F + pa; p) = 9(7) + pDg(@)z + 5p* D9 () (2, )
WT + p; ) = ph(T;0) + p? Duh(T; 1) + p? Dah(n's )z,

for some n,n" € [T,T + pzx] and ¢’ € [0,u]. Here T is an (approximate) zero of gp, whereas the
predictor z is approximately a solution of Dgp(Z)z = —hp(T;0). As in Section 7.1, it is better
to include multiplication by Ap before using the Taylor estimate. In particular, for fixed a priori
bound p. on u, we define componentwise

S = max{D?*gr(n)(z,z) : n € [T,T + p.z]}
Sk max{D,hp(T; ) : p € [0, ]}

Sp =max{Dyhp(n; )z : 0 € [F,7 + pz], p € [0, 1]},
computed using interval evaluation with intervals n = [Z,7 + u.z] and p = [0, ). Then
Yr = ‘AF gF(f)’ +pu ‘AF - [Dgr(T)z + hp(7;0)) ’ + 1 ’AF (38 + Sp+ §F] ‘

Here p can still be viewed as a free parameter, although a priori bounded by p.. The term linear
in y is small due to the choice of the predictor z. For K +1 < k < 3K and M + 1 < my < 3M
we set

1
Yi=% max{|g(n) + phi(m; w)| : 1 € [F,7 + paz], 1 € [0, ]}

k

1 _
Yo =33 max{|g%, (n) + phl, (n; )| = 0 € [B, T + paz], p € [0, ]},

m

where the evaluation, which involves the convolution term only, is done using interval arithmetic.
As before, Y}# = 0 for k > 3M, and Yb =0 for ms, > 3M. Finally, we compute

Ye=Y® and Y@=|V%; and Y®=|¥P|s.
For the Z bounds, we write (again componentwise)

(Do f(Z + pz + rw; p) — Jjrv = [Dg(®) — Jlrv + prD?g(n) (v, z) + r*Dg(¢) (v, w) + prDyh(C; v,
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with ¢ =n + 70, where n € [T, T + p.z] and 0 € B. In particular, we set
P < max{|[Dg(z) — J]v| : v € B}
Q & max{|D?g(n)(z,v)| : n € [, T + psz],v € B}

~ def

(
Q = max{|Dyh(n +7.0; w)v| : 7 € [T, T + pai], 1 € [0, ], 0,9 € B}
RE max{|D*g(n + r.0)(v,w)| : n € [T, T + p.z], w, v, € B}.

The computation of O, bounding (I — AJ v, is easily adapted from Section A.3 to the present
setting.

As we will see explicitly in Section B.1, when we choose K > 3 and M > 6, then gr depends
on zp only (and not on z,). This implies that Dgp(T)v — Jup = Dgr(7)v?, = 0. Furthermore,
see Section B.2, Dg¢(z) = Alay, for k > 3 and Dgl, (x) = AL, by, for me, > 6, hence Dgo, = A. We
conclude that P vanishes.

Moreover, D?g¢ = 0 for k > 3 and D2%gb =0 for ms > 6. We choose K > 3 and M > 6,
hence D?g., = 0. In particular, this implies that Q%’ and R%’ vanish.

The remainder of the setup is the same as in the general case and we obtain

Z¢ =10+ ru. 7°(|Ar| - [Qr + Qr)) + 72 7°(|AF| - Rr),
as well as

2% =70 +riw. (|7 (| Ap| - [Qr + QF))lh + Q%) + r* Ix*(|Ar| - Rr)1,
2" =10 +rp. (|7 (|Ar| - [QF + QF])ll2 + Q%) + r* I7°(| Ak - Rp)||o-

Remark 8.1. If one chooses to use analytic expressions for T (see Section B.7) and one takes
Ap as the exact inverse (rather than a numerical approzimation) of the Jacobian of xp — gr(z%)
at T, then gp(T) = 0 and O = 0. This would come at the cost of Ap being a matriz of intervals
rather than a matrixz of floats, and we do not pursue that approach here.

9 Computational and algorithmic aspects

In this section we first present key implementation details, grouped into three lists: general com-
putational matters, issues related to the bifurcation at p = 0, and considerations associated with
continuation of the solution curve. Continuation in the context of rigorous numerics has been im-
plemented previously, and we refer to [34, 5] for a general description. Here we comment on special
features of our particular problem only. We finish the section with two remarks about choosing
the weights, as well as a short discussion of the computation of the mixed-spots branch.

We start with the main general comments.

1. The algorithm was implemented in MATLAB. All interval arithmetic computations were
performed using INTLAB [26]. The code is available at [35].

2. All computations were performed on a standard MacBook Pro laptop. We halted the com-
putation after 25000 continuation steps. It took about 3 days to complete and used approxi-
mately 1.5Gb of memory. This is of course not an insurmountable limitation in the approach.
For example, while the scope for parallelizing the computation and verification of the solution
branch is large, that is beyond the goals of the present paper.

3. As can be seen from the appendices, coding the bounds is a laborious task. In part this is due
to the complexity of the problem. In particular, in deriving the estimates, the three energy
equations f2, f3 and f* require the majority of the effort in comparison with the infinite
sets of equations fi and fb . corresponding to the differential equation, which have a more
easily accessible structure. Besides, analyzing the bifurcation essentially doubles the coding
effort. Clearly, we need to develop more general approaches to reduce the coding overhead
in the future.
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4. Several computational parameters have to be chosen. After some experimentation we choose

the exponential weights &; = & = 1.02. The choice of weights w changed from step to step,
see Remark 9.1. The sizes K and M of the finite dimensional projections varied along the
solution branch as described below.

For convenience we did include ag and by in the data structures in the computations, but these
are never considered as variables on the formal level (and the terms have no contribution to
the values of the bounds).

. The convolution products are computed using the discrete Fourier transform and zero-

padding. In combination with interval arithmetic this gives exact results and it is compu-
tationally cheap. A disadvantage is that the wrapping effect causes the size of the intervals
to grow, which is especially harmful in the computation at the bifurcation point since there
we are computing with a rather large interval of p-values. We combat this by “manually”
setting some of the coefficients of the convolution products to zero, e.g., if ar, = 0 for |k| > ky
and a, = 0 for |k| > ko then clearly (aa), = 0 for |k| > k1 + ko — 1.

Next, we note the principal issues in proving the branch coming out of the bifurcation point.

1.

The continuation starts at the bifurcation point, where we solve the rescaled problem from
Section 8 with p, = 1.2-107°.

. To obtain a proof with a single step in the rescaled problem, we choose weights

(wa,wg,wé,wgl,wgg,wd,wi)) = (10,50,1,1,1,0.1,0.3).

after some (manual) optimization.

. Recall that the rescaled (bifurcation) problem is written as fla;p) = g(a) + phiz; p) = 0.

At p = 0 we have the exact solution T = zg of f(x;0) = g(z) = 0 given in Appendix B.7. A
conspicuous choice for z would be the solution of Dg(Z)z = —h(7T;0). However, to facilitate
the connection to the “main” continuation branch, i.e. the problem described in Section 5
in the “original” variables, we solve f (x; 11+) = 0 numerically to obtain a point z; that lies
approximately on the solution curve. We then set x = (z1 — xo)/ .

. Since we need to connect the bifurcation branch, which is essentially continuation in the

parameter pu, to the pseudo-arclength continuation on the main branch, we slowly change
the vector ¢ used in (5.1). In particular, for the first point (the end point of the bifurcation
branch) we choose § to be exactly in the p-direction. In the first 200 steps of the continuation
we then gradually change ¢ to the direction tangent to the solution curve (numerically, for
the finite dimensional projection). From then on we take § to be the approximate tangent
at every point along the branch.

. To make sure the main continuation branch connects to the bifurcating branch, we need to

perform some checks analogous to Remark 6.4. Let r2 be the maximal radius for which we
can verify the step out of the bifurcation, and let r£%% be the minimal radius for which we
can verify the first piece of the main continuation branch. Then we check that the following
six inequalities hold (cf. (8.2)):

fn@a < o R {261wa, p1awa }

bif : 2
Icr?ixrll m]ax mln{2£2 wE’ M*wl;}

con bif
TminWei < TmaxM+Wi,

con bif
TminWee < TmaxM+Wis,

r

retu, < T

con
min

Tainwg < rﬁféxu*w/;.

These inequalities verify that the “verification neighborhoods” are nested, hence it guarantees
that the solution at the end of the bifurcation branch is the same as the one at the start of
the continuation branch.
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The continuation of the solution curve leads to another set of computational considerations.

1.

Since the three terms in (7.2) that contribute to the Y-bound are essentially treated sepa-
rately in Section 7.1, and since the Z-bound is split into several pieces in Section 7.2, the
inequalities (6.2) can be condensed into a problem of finding an r > 0 for which the quadratic
polynomials, often called the radii polynomials,

pi(r;|s)) = Y§ + [s|YZ + 82Y3 4+ rZ) 4 r|s|Z7 + 1223 — wir, i=1,...,6 (9.1)

are negative simultaneously. Here Yg,zg' are positive, computable numbers. To rigorously

prove a piece of solution curve parametrized by s € [—1, 1], we set a; = Z?, b; = fwiJrZ} +Z12

and ¢; = Y} 4+ Y? + Y3, and compute
/1.2
i —b; +1/b; — 4aici. 9.2)

; —bi - \/b? — 4aici
min 24, max ~_ %24,
i i

r = and r

and Tmax = Max;—1,_ ¢ Thay, and we check that

Finally, we compute 7min = maX;—1,. 67 axs

7
min

Tmin < Tmax-

. If a step is successful, then we have strict inequalities p;(r;1) < 0 for all ¢ = 1,...,6 for all

7 € (Tmin, "max). Hence we could have taken |s|, and thus the step size, slightly larger. In
particular, we choose 79 = (T'min + Tmax)/2 and interpret p(ro; |s|) as a quadratic polynomial
in s to obtain an estimate on how big a step size could have been taken. Hence, we set
di = Y3, e; = Y7 41027, f; = —wiro + Y| +70Z; + 13723, and compute

vt —€i + /2 —Ad;E;
max — < > 1. 9.3
s 5, (9:3)

The idea is that the step size can roughly be increased by a factor sy.x. However, we note
this does not take into account that the coeflicients in (9.1) have been obtained assuming
|s] < 1.

. After a successful step, we may change the step size. Based on the discussion above, if

Smax > 1.1 we increase the step size by a factor (1 4+ 28max)/3, whereas if Spax < 1.05 we
decrease the step size by factor a (1 + smax)/2. Besides, we also halve the stepsize after a
change in the number of modes, see below. Finally, we decrease the step size by a factor
0.9 if a step is unsuccessful (but this rarely happens as we already decrease the step size if
our estimate Spayx is less than 1.05). One cannot interpret the step size in absolute terms,
since there is no proper global normalization (even the weights in the norm in the Banach
space X change from step to step, see below). In Figure 9.1 we depict the step size in terms
of u, B, k1 and ko versus the iteration number. They all have a similar behaviour (with g
decreasing rather than increasing). We see that the step size is small at first (the problem
being ill-conditioned), reaches a maximum and then starts to decrease (since the values of
the bounds grow as the number of modes needed to describe the solution increases).

. After each successful step we adapt the weights to try to increase the step size that can be

verified, see Remark 9.1. We also allow the weights to change immediately after changing
the number of modes in the finite dimensional projection (see below). We can monitor how
good the weights are by using the Perron-Frobenius eigenvalue, see Remark 9.2. The latter
information is not used in the continuation algorithm or the proof, but gives an indication
that we have chosen the weights reasonably well.

. After each successful step, we check the inequalities (6.4) to guarantee that each two succesive

pieces of curve connect continuously. Furthermore, we check the inequality in the assertion
of Lemma 6.3 to verify smoothness of the parametrized solution curve.
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Figure 9.1: The step sizes for p (left, upper graph), 8 (left, lower graph), x; (right, lower graph)
and ko (right, upper graph) versus the iteration number.
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Figure 9.2: The number of modes N (i.e. K = M = N — 1, the total number of variables is
N2 4+ N +2) versus the parameter v = 3~/2 for the stripes-spots branch (blue) and the mixed-
spots branch (red).

6. We choose K and M to be equal throughout the computation, say K = M = N — 1. In the
calculation for the bifurcation and in the initial phase of the continuation we set N = 8. To
monitor the size of the (tail of the) residue AF(Z) we compute

a (= b (7
Ea d:CfmaX |fk<x)‘ and Eb dch max |fm<.'1})‘
k>N A¢ Im|>N  Ab

We increase N by 1 whenever max{Z,&, =562} exceeds 1078, We then simply pad the finite
parts of @, b and § appropriately by zero(s). In other words, we do not change the center of
the ball in the space X, nor do we change the continuation equation (5.2) at that point, but
we simply increase the dimension of the finite dimensional projection. Notice that we only
ever increase N along the solution curve, since the solution requires a growing number of
Fourier modes to be described accurately as we move up (in terms of v = g=Y 2) along the
branch. In Figure 9.2 we depict N as a function of ~.

Remark 9.1 (Choice of weights). Initial weights have been chosen after some experimentation.
After each successful iteration we adapt the weights. Our goal is to increase the step size, and we
take Smax defined in (9.3) as its proxy. However, we do not want to make the interval (Fmin, "max),
see (9.2), too small. Therefore we add 10g(Tmax/Tmin) a$ a second target quantity. We use the
gradient functionality of INTLAB to compute the derivative of both Smax and 10g(Tmax/Tmin) with
respect the siz weights w. We set

W1 = Vo, Smax and @o = V, 1og(Tmax/Tmin)-
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Figure 9.3: The log of the six weights w as a function of the iteration number (the first few iterations
are blown up on the left). From top to bottom (on the right) are wy (normalized at 1), wg, wy,,
Wy, Wy and wg.
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Figure 9.4: The log of the radii 7!, (bottom six graphs) and r?,  (top six graphs) as a function
of the iteration number. The color coding is: a blue; b red; 8 orange; u purple; k1 green; ko cyan.
On the right is the full picture, with on the left a blowup of (most of) the graphs for small iteration

numbers, showcasing the frequent “switching” behaviour.

We want to increase both target quantities, hence we select Wy = 1 /|&1] + P2 /|@2| as the direction
for changes in w, since this would indeed increase both quantities if the dependencies were linear.
We then take a small step in direction &y, allowing the individual weights to change by no more
than 2% per iteration, except we are more lenient in the first few iterations after the bifurcation
point mode and after each change in the number of modes, since then we are potentially far away
from optimal step sizes and optimal weights. In Figure 9.3 we depict the six weights versus the
iteration number. We see that after an initial transient phase, they are fairly stable.

We note that 10g(Tmax/Tmin) does not depend smoothly on w, since Tmin and rmax may be
attained by different radii polynomials for different values of the weights. This is illustrated on the
right in Figure 9.4. The switching between radii polynomials that determine ryin and rmax can be
clearly seen in the blowup on the left. By only allowing the weights to vary relatively cautiously
from step to step, the (potential) problem related to this nonsmoothness does not cause (m)any
unsuccessful steps.

Finally, when increasing the number of modes (see above) leads to a failed continuation step be-
cause the intervals where the radii polynomials p; are negative have empty intersection (i.e. T'man <
Tmin ), then we change the weights in the direction g to try to obtain overlapping intervals.

Remark 9.2 (Optimal weights). The bounds @ in (7.9b), see also Section A.6, are linear in
weights w. These bounds correspond to to the term 77 in (9.1) through (7.10). Therefore, the term
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Figure 9.5: The upper bounds spr for any possible choice of weights (red, upper graph) and $pax
for the particular weights used (blue, lower graph) versus the iteration number. The peaks are
located at the iterations where the number of modes changes; the algorithm decreases the step size
by 50% at these steps, hence the step sizes are temporarily far from optimal there. The algorithm
keeps Smax between 1.05 and 1.1. The weight-independent “Perron-Frobenius” bound spr on the
maximum step size gain varies between 1.2 and 1.6.

72 can be interpreted as a 6 x 6 matriz Q with non-negative coefficients working on the weights
vector w = (w;)$_;. A necessary condition for the inequalities p;(r;1) < 0 (and equivalently (6.2))
to hold for some range of r is thus that

$(Qw); < w; fori=1,...,6.

This implies that if we ignore the other terms contributing to the bounds Y and Z, we may optimize
the (predicted) mazimal step size by solving the minimax problem

. (Qw)i
min max .
w>0i=1,....6 W;

This minimax problem is solved by the Perron-Frobenius eigenvalue-eigenvector pair, since this
is essentially the Collatz-Wielandt formula. In particular, the minimum value is the dominant
eigenvalue App of Q (it is attained at weights corresponding to the positive eigenvector of Q). An
upper bound for the factor by which the step size can be increased is thus given by

spp = b
PE Apr(Q)

Since these considerations take just one term of the bounds Y and Z into account, the actual
maximal step size gain will be less than this mazimal factor spr. The point is that spr is an upper
bound no matter what weights one would choose. In Figure 9.5 we depict this (over)estimate spr
of the mazimal step size, together with the estimate Smax, see (9.3), that takes all terms in the
radii polynomial into account. We see that the (algorithmically) chosen weights lead to step sizes
that are roughly within a factor 1.5 of the rigorous upper bound on the step size. The calculation of
spr does not influence the bounds or the algorithm, but it gives us confidence that the algorithmic
optimization of the weights works reasonably well.

Remark 9.3 (The mixed-spots branch). For the mized-spots branch we pragmatically minimized
the amount of changes to the code (compared to the stripes-spots branch). In particular, we just
solve for (ax)ken, even though we know they are trivial. The only somewhat subtle issue is that
K1 is arbitrary for the mized (homogeneous) state. Hence the derivative of f with respect to k1
vanishes, and when we invert the Jacobian we thus have to exclude the column corresponding to
k1 and the row corresponding to f5. With this modification, which appears in several places in the
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algorithm, we can run the code with a fixed (arbitrary) value of k1. To prevent overestimation we
simply set wy, = 0, and in Ap we set the column corresponding to k1 and the row corresponding
to f3 to 0. The starting point at p = 0 for the mived-spots solution curve is given by the same
formulas as in Section B.7, but with By = 37/30 and a; = 0.

A Analytic details of the estimates
We will write v = (vg, Uy, Vs, Vsp, ¥4, 0°) and w = (wg, Wy, Wy, , Wy, w?, wP) throughout. In the

notation for the first and second derivatives we use, in the convolution terms, the symmetry

conventions for the variation v and w: v%, = vj and ’Uftmhimz = vfm)mz. Moreover, since no

variations occur in the average, v§ = 0 and v} = 0.

A.1 The first derivative

The derivative of f{ is the only one depending on s explicitly:
Dffv = (v,0(s)), = (v,0 + sé)F.
Next, we compute

DfSv = vgry Z k~2a3 + Tu, [<a4)0 —1] + v, Z (—k %k + Bk~ )a?

k€Zg k€Zo
+2 Z (k71 k2 — 14 k1 B 2)apvl + 2u(a®v®)o
k€Zo
- {vﬁﬁg Z m~ b2, + %vﬂ[<b4>0 — 1] + v, Z (—ky?m? + Bm~2)b2,
mez mez3

+2 Z (kg 'm? — 1+ ko fm~2)b,, 00, + 2u<b3vb>0},

meZ3
and
Dfsv=—[vpri + 20, k18] D k2aj +2 ) (K* — kB~ )arvy,
k€EZo k€EZo
Dfiv = —[vgk3 + 20, k2] Z m2p2, +2 Z (m? — k28m = 3)b,, 00, .
mez mez3
Finally

Dfiv = (vgki + 2vx, k18 — v, k) ag + (k* — k1k? + K3 B)vg
+ (vuk1 + v, 1)k (@) g + 3k pk? (a®v®)y,
nyl;ﬂ) = (Uﬁﬁg + 2”/{2’{/25 - vnzmz)bm + (m4 - "{2m2 + H%B)Ufn

+ (Upkz + Ve )M (b3, + kg pm?® (B0,

A.2 The second derivative

We shall need the formulas for the second derivative, which we denote by (the symmetric bilinear
form)

D?*f = D*f(z)(v,w) = D(Df(x)v)w. (A1)

Then, since ff is linear,
2 rc
D*fi =0.
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This also means that D?f does not depend on s explicitly, hence D?f(z;s) = D?f(x). Next up is

D2 f§ = 2(vgk1 + vy, B) Z k2 apwg + 2(wgky + wy, B) Z k™2 agvf
k€Zo k€Zo

-2 2 a -2 2 a
— 22Uy, K] g kEapwy — 2wy, K] g k*aivy,
kE€Zo kEZg

+ 20,0, W, K] Z k?ai + (vpwe, + v, wp) Z k2a2
k€E€Zo k€E€Zo

+2 Z (kK2 = 14 51 B ) 0lw?
k€Zo
+ 2v,(a*w™)o + 2w, (a*v®)o + 6p{a®w v®)g

- {Z(Uﬂlﬁg + vy, ) Z m2b,wh, 4+ 2(wska + Wy, ) Z m 2,0,
mez2 meLy

—2 2 b -2 2 b
— 204, Ky E m-bpw,, — 2Wg, Ky E m-b,,v,,

meZ3 mEZ3
-3 272 272
F 20y, Wiy Kig Z m-b;, + (VaWsk, + Uk, W) Z m~-b;,
mEZf) mEZg
—1 —
+2 Z (k5 'm? — 1+ kefm =)0l wh,

mEZ3

+ 20, (B3wb)o + 2w, (bPv®)o + 6,u<b2wbvb>0}.

Furthermore
D2 f$ = —[2upK? + 4v,, k1 O] Z k™ 2apwf — [2wgk? + 4wy, k1] Z k2apv}
keZo kEZo
— 2[(vpWy, + Vi W) K1 + Uy W, ] Z k2a3 42 Z (k* — 3Bk~ )viwy,
k€Zo k€Zo
D2 f§ = —[2upK3 + 40y, k2] Z m b, wh, — [2wsk3 + dw,, ko] Z m~2b,,00,
mEZS mEZg
— 2[(vpWky + Vky W) K + Uy Wi, B] Z m~2p2, + 2 Z (m? — k3Bm~ )l wl,,
mezZs mez
and

D?fe = (vgkT + 2up, K18 — Ve, k2wl + (wgkT + 2wy, k1B — Wi, k? )Vl
+ 2[(VaWs, + Vi WE)KE1 + Uiy We,y Blak
+ 3(Vey pt + vk K2 (@PW ) g + (Wi, 4wy k1)K (@20,
+ VWi, + Ve W]k (@) g + 6k pk? (aw ™),

D?fb = (vlgng + 20, k28 — v, k)Wl + (wgng + 2wy, Ko B — W, k20,
+ 2[(VaWsy + Vi W) K2 + Vky Wiy Blbm
+ 3(Vp i+ Vi) M2 (BP0, + 3(wiy p + Wy k2 )M (B700),,

+ [0 Wsy + Viepw, ]2 (), + 6roum?® (buwo?),,

A.3 Estimates for O

To estimate the term [I — AJ]v in (7.7), we introduce the following notation: for any (k’,m’) in
the index set
Tr = {(k;m) €Ng xN2: 1<k <K,1<mq <M}, (A.2)
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we define sy € Xp = RNF to have all its components equal to 0 except for the six positive
components

Tk m/ = Wen forn=1,2,3,4
Tk = Walp " for k =k
ﬂ-lr)nwk/,m’ = waglml for m = m'.

By the characterization of the dual space, we obtain “componentwise” estimates

sup |me ([[ — ApJplop)| < max  wo (|l — ApJp]| - Yrm) = O, (A.3a)
veB (k,m)eZr
sup |[7*([I = ApJplp)|s < max ||7*(|[I = ApJp]| - Yrm)li = O, (A.3Db)
vEB (k,m)EZR
sup [|7"([I — ApJplop)lla < max ||7°(|[I = ApJp]| - rm)l2 = O (A.3c)
vEB (k,m)€eZr

By exploiting linearity, these maxima are computed efficiently as follows. Let My be the matrix of
absolute values |In, — ArpJr|. Let My be the diagonal Np x Np matrix such that

7o (Mivp) = Tovp
mh(Myvp) = & Frfop
an(Ml’UF) = f;lml’frfnﬂp.

Let My be the 6 x Np matrix given by

(Mavp), = movp forn=1,2,3,4
(Mavp)s = Z Ehnivp

1<k<K
(Myvp)e = Z glzmlﬂfnUF'

1<moo <M

Let M3 = MyMoM; and decompose it as Msvp = M{m%vp + M?l;ﬂb’l)p + MS§nvp. Let My be the
6 x 6 matrix given by, for each j =1,...,6,

(Ma)jn = (M3)jn forn=1,...,4
(Ma)js = max (Mg)jk

P by
(M4)36 1§g:§M(M3)]m-

Then we find for the maxima in (A.3)

1 We,1
O% We,2
O§ _ We,3
o | = My

4 We,4
o° W
Ob Wy

A.4 Estimates for P

The first tail-term estimate for the bounds Z is to find a bound on the linear term (in r):
P = Df(@0) = T,
which for the finite part gives

Pr = Dfr(Z;0)v — Dfp(T;0)v% = Dfr(T;0)v2
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term constant | value of constant

(@y2)0 cl 1@)3 [ = max{|{@)e | : K +1< ¥ < 3K}

B yt0 ¢ 1B 13 = max{ | ) lé; ™ - m! € N2, M +1 < |m’| < 3M)
(@y20)s ez, (GG

0"y m o ERGS

1@y ] c: 1@

13" y")% 2 c TG

||(§i< > )ooHl C;l EK+1<|k'\<3K ,\a \(a >k ‘5‘ = 22K+1<k’<3K ,\a |<a >k’|§1

1 B )m)% 2 | € S arer<mi<anr Tl 8 )5

Table A.1: Constants C used in the expressions for the estimates P. On each row, the term in the
left column is estimated by the expression in the right column, which is computable and defines
the constant in the middle column. Here we have assumed that y* € X? with [|y?||; < 1 and
y® € X9 with [|y®|l2 < 1. The constants C2  and C7, . are needed for (k,m) in the finite index
set Zp, see (A.2), only.

and for the infinite part gives -

Py = Dfo(T;0)v — Avoo.
Both of these expressions now only involve the convolution terms ({a®); and (a*)o, etc.) since the
linear terms cancel due to the choice of A, and the quadratic terms (in the finite part) vanish. Let
us be explicit:

P =0

_ 00 -3

Py = 20((@*vsd)o — (b v)o)

Pe—0

P =0

P = 3R ik* (@00 1<k<K
P = (v, 1 + v, F)K (@) + 3Rak? (@0 K <k <3K
Py = 3R ik? (@0 k> 3K

Pt = 3R,um?2(50%),, 1<me <M
Pl = (vp, i+ vR2)m?(B ) + 3Fopm? (0 oY), M < moo < 3M
PP = 3F,im? <52vb>m Moo > 3M.

Note that in the finite part v0, appears, whereas in the infinite part the full v appears. The
convolutions are all finite sums; for the finite part they involve intermediate values (K < k < 3K
and M < mqy, < 3M) of vy only.

The estimates for the convolution terms are based on Remark 4.1, and they are summarized
in Table A.1. Obviously, all estimates are linear in ||y?||; and ||y®||2, hence it is straightforward to
incorporate the fact that [[v?||; < w, and |[v°|]2 < wy, for v € B.

Before we can write down the tail estimate for P, we introduce

a_ def
a

(K +1)* =7 (K +1)2 + &35’
b def

MT (M) — Ro(M + 12+ 725

which is used in the following elementary lemma.
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Lemma A.1. Let

G(B) d:ef{ e (A4)
g forB>1
Assume that
(K 4+1)* > 7G(B) and (M +1)* > ®%G(B). (A.5)

Then for any c1,co > 0

k2
% <[er 4+ o K+ 1)%L%  forallk> K +1
k
Cl+62m2< M+ 12120 I > M1
T_[CNL@( +1)%1L%  for all mee > M + 1.
Provided (A.5) holds, this leads to the estimates

Pr=0 n=134
P§ = 27[waCy + weCy]
P = 3Rk w.C2 ), 1<k<K
P2 = [fiw,, +Fiw,|CE + 3m (K +1)°LEw,c3
P = 3Rapm*wCy 1<me <M

Pb, = [fiwy, + Faw,]Cy + 3Fafi(M + 1)2L} w,C}.

A.5 Additional convolution estimates

Before we proceed with the estimates for Q and R, we derive additional convolution estimates
based on Remark 4.1 and (4.2). To compute the bounds D¢, £, F¢, G¢ and H' in Tables A.2, A.3
and A.4, we perform interval computations using

ng = [B— 5,8+ B

N = [ — p, B+

Ny = [El—ﬁp/ﬁ +§1]

Ny = [R2 — Ko, Ko + Ko

e =[x —ap.ar +a;,] for1 <kE<K

1 = o — by b + byn] for 1< moy < M.

When calculating with n® and 7°, one needs to use

ng =1 and ng =0 fork>K+1,

778:1 and nfn:() for mooc > M + 1.
Remark A.1. In the bounds D?, £ and F? we use the weaker estimate (4.4) from Remark 4.1 (%ii)
to reduce the computation time, which amply compensates the slightly smaller stepsize resulting
from the larger constants. We note that in the bound C? we use the sharper, computationally more

expensive, estimate from Remark 4.1(i), since the need for small P and PP easily outweighs the
longer computation.

Remark A.2. There is an opportunity to battle the adverse influence of the wrapping effect in
the interval arithmetic. Namely, since we are merely after estimates that are uniform in the
continuation parameter (not the variable) s, one may replace the constants £2, €3 F?, F3, H!
and H?, which are all in essence norms of linear interpolations in the parameter s, by variants
where the evaluation is in the endpoints of the interval only, e.g. for £3:

In“a)lly = max{[|{(@ - a)a) |1, [{(@+ a)a) |1 }-

However, for clarity of exposition and code, we did not pursue that line here.
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term constant | value term constant | value
<(n:)?’y§>o D, ||<(TI‘;)3>||’I0 <(n:)2gyb">o & [{(n")?a)[[;°
((1")*y")o Dy 1{(n")*)15° ; ((n°)*by")o & [{(n )217>||’*0
()Y ) D, [{(n*)*) & (nay®)x Eak [(n°a) & "
()" )m | D, K 6™ | | o) m Em 1(n°B) 12€5 ™
||<(TI:) y:>oo||1 DS ||<(7IZ)2>||1 [(n*ay™)2IIx & [{(n“a)[|x
{(")*y") %2 173 (")) [[{n"by")2 |2 & [(n°0)[]2
> kg D, 1k 2ni) 17 > ko s (k%) |11°
k€eZo k€EZo
> m7pbyh, | D [(m~?n,)15° > m b | &) [(m=2b,,,)|[5°
meZ meZL
> Eniy D; (B> i) 17 > Kayyp & 1(k?ay,)[17°
k€eZo k€EZo
> m’byb, | D [(m®n5,) |5 > m?bb | & [(m?b,,,)]|5°
mEZS mEZg

> ai H a3

kEZo

> bth, & 15115

mezZ3

Table A.2: Constants D and £ used in the expressions for the estimates @ and R. On each row,
the term in the left column is estimated by the expression in the right column, which is computable
via a finite interval arithmetic computation and defines the constant in the middle column. The
intervals involved are n® = [@ — a,a@ + a] and n° = [b — b, b+ b]. In the estimates we have assumed
that y® € X9 with [|y?|1 < 1 and y* € X9 with ||°||2 < 1. All the estimates in this table are
linear in the norm of y* and y°.

term constant | value

{(n° )be§b> fi [{(™)*) Iz
(""" | Fy 1{(n")? >U§
"y 5" ) Fak In®l: &0
P | Fe |0l
[y 5)Se Il | Fo (IR
[y ll2 | Fp 7112

Table A.3: Constants F used in the expressions for the estimates R. In the estimates we have
assumed that |ly®||1, |71 < 1 and [|y°||2, |§°]]2 < 1. The estimates in this table are quadratic in
the variations y and ¢, and once again exploit the characterization of the dual space in Section 4.
See the caption of Table A.2 for additional information.
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constant | value constant | value
Ga > k)’ M | >k niay
1<|k|<K I<|k|<K
G, Yo omTm)’ | | H Y mTb,
1<mo <M 1<mo<M
Gz Y K H: | Y Kuia
I<|k[<K 1<|k|<K
3 > mP(nh,)? 5 Y mPlb,|
1<moeo <M 1< moo<]w
Gok (")) How () ?a)x]
G m (") )m] H [{(n")*b)m|
Ga ||<(n:)3>20||1 H, H<(?7b) a)% 1
Gy 1{(n°)”) S 2 Hy [1{(n );@oollz
H, [{(n :)3@ ol
Hp [((n”)"b)ol

Table A.4: Constants G and H used in the expressions for the estimates @@ and R. The constants
should be interpreted as upper bounds, computed using interval arithmetic, for the corresponding

eXpI‘ebblOHb appearing in the second column. The intervals involved are given by n® = [@ —a,a+ d]
and n® = [b—b,b+b].

A.6 Estimates for ()

These terms vanish for the non-continuation case z = 0. since they are the coefficients of the rs
term. For the first component we obtain, with the notation from Section A.3,

Q(lz = max (wk,mv ‘QD

(k: m)Elp

= ch nTeld] —|—wa1max & 7Tk|§| + wyp <max & Il b mldl. (A.6)

n=1

For the other components we need to estimate the second derivative of f. We start with

Q5 = 2(wpnw, + WmnB)Hl + 2|ﬁ77m + Kynglw.D
+ QwHIr]m HE + 2|,‘<;1|77,€1 waD?
+ 2w, | 0,2 G + (Wl |+ wey [B)G,
+ 2w, {0 E2 + EC + nnsEl}
+ 2|plwa Dy + 2w, HE + 61w
+ 2(Wshy +wWianp)Hy + 2|81, + Kanplws Dy
+ 2wy ) i+ 2]t |0 wn Dy
+ 2w, | |1 G+ (wpla] + wi, |B1) Gy
+ 2wy {1, &) + €5 + a1 €y }
+ 2|ﬁ\wbDb + 2w, Hj + 61,WpEL

Also

ch’, = [2001377,%1 + 4“#@1 Mk nﬁ]Hi + |2én:1 + 4@177»@1 7]/3|waD
+ 2[(wg s | + Wiy | BTy + Wiy |51 18]G0 + 2wa {EF + 02 mpEl}
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and

QACL = [QWM,QW + 4“&27711277,3]%1% + |2§77,2g2 + 4ﬁ2nm2nﬁ|wbpl;4
+ 2[(wpl k| + Wy |B) Ny + wWio o 181Gy + 2wy {E) +12,m5E } -

Furthermore for 1 <k < K

Qf = (wami, + 2wn, MM + Wi k2| + 1802, + 2611k, 18 — £ kP waly
+ 2[(wg sy | + wiey B0y + wiey [£1|ma] 0|
+ 3|8y + 110y [KPw0a D g 4 3(Wny My + Wity )EPH ),
+ (Wl | + Wiy [NIKPGS 1, 4 61, 1, kP00 EL -

For k > K + 1 we split into terms with and without k? and define

T8 = walBnz, + 260,18
T = walky | + 3|67 + e, [wa Dl + 3w, My + Wy, | Ha

+ [wylkq | + wi, |HHQ3 + 67, nuwa527

so that, incorporating the division by A, we find from Lemma A.1 that
Q% = [I +T1(K + 1)L,
where and we have assumed, as before, that (K + 1)2 > &, G(f).
Finally, for 1 < my < M
an = (WBU,QW + 2“&277&277[3 + wnzm2)|bm| + |§77;2g2 + 2@277&2775 - ﬁ2m2lwb§;|m|
+2[(wplta| + Wiy |B1) ey + Wi a6 177,
+ 3|ﬁ27711« + HU@ |m2wbIDg7m + 3(WH277M + wﬂnﬁz)mQHg,m
+ [wll|ﬁ2| + w"iQ |H‘]m2gl§,m + 677&277um2wb5172,m7

and in the tail we set

T = wl B0z, + 267,715
1—\117 = wb|ﬁ2| + 3|ﬁ27]u + 377&2|wb7)1?; + [wﬁznli + WHURQ]HZL
+ [wu|@2| + Wiy |H|]g;)1 + 677@77/wa‘€5’
so that
Q% =[5+ T1(M +1)%)L5,

where have assumed, once again, that (M + 1)? > %oG(B).
Remark A.3. As already remarked upon in Remark 7.3, there is an opportunity to combat the
overestimation that results from using the triangle inequality “too early”, which, among others, leads
to multiplication by |Ar|. Namely, one may exploit linearity to carry through the multiplication by
Ap first, collecting terms that are linear in the components of v, and only use the triangle inequality
afterwards. Moreover, it is possible to exploit the characterization of the dual to estimate the terms

that are linear in v® in v® by extending the construction of Section A.3 to the much more complex
context of these estimates Q. We did not explore either of these possibilities.

A.7 Estimates for R

Our goal in this section is to find an explicit estimates

1
max —
NE[T—z,T+z],v,weEB Tx

/T* D2 f(n+ rw)(v,w)dr| < R.
0
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For each term, say g, appearing in f we will find explicit constants U§ and UY.

max |D2g(n + rw)(v,w)| <UE +rUY,  for all 7 € [0,7.], (A7)
nE[z—z,7+z],v,weEB

which then contributes U§ + %r* U{ to the corresponding component of R. We note that for many
of the terms we will just put Uy = 0 at the cost of cruder estimate UJ, but for the convolution
terms we use the slightly more refined splitting in (A.7). To give an example:

(" +rg*)*y ol < K@)y ol + 3r(lIn [l +7)?

for all [|y*[l1, [|7°]l» < 1.
As discussed before,
R =0.

To estimate the nonzero components of the second derivative we will perform computer-assisted
evaluation using interval arithmetic. In particular, we will compute with intervals (for fixed r,)

8,8+ 8]+ [-1

— i+ p) + =1
1 — K1 R+ )+ (1, w74
]+ [=1, oy -

) }wﬁr*|

wprs

.—..E‘..—.—.

&
Iz
|
’ Ko — K2, R2 + Ko
Taking absolute values above is somewhat superfluous, since r, is small and all values /3, 77, & and
Ry are positive (but 7 may be quite small). We have chosen to incorporated the absolute values
directly in these expressions for (, rather than putting absolute values in the formulas below. This
does not make a difference in the present situation (in general one may suffer a loss of possible
cancellations), since the estimates below are term by term anyway (in contrast, in the limit problem
in Section B.5 we proceed a bit more prudently)

The intervals nf = [ax —ay, ar +a;] and 15, = [by, —b,y,, b +1,,] are as before (see Section A.5).

We write
TY = TrWg and ri = 7.Wp.

Additionally, we derive directly from the dual space formulation

Skem VRTE < &7
> omezz YmUm < %
ez KU < &7
> mezz m~2yb b, < &0
> kezo kyige < (&)
Y omez? m?y), g, < £2(E2),

for all y*, ¢ € X9 with [ly[|1, 5] < 1, and y?, 5 € X3 with [[y?]ls, [§*]}> < 1, where

-2 3 def 2
noE{ T RS0 wee{E9T 50wy

Remark A.4. The multiplicative factor 4 in ly in (A.8) is for the norm |m| = max{|m|, |m2|}
in the decay rates for the || - ||2 in (4.1). If one uses |m| = |mq| + |ma| instead, this factor is 3.
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Using estimates similar to the ones involved in P and @, we find

RS = wa{ 2(wsGey +wi, Cp) [2D4 + 12677 + 2, G2 [2D5 + 124(61)] }
+2w5, G [Ga + (Il + r)eE)] + 2wmyws [Ga + 1210l + 7))
+202{CleE) + €72 + G ot
+ 2wy [2Dg + 3rE(In® [l + )] + 66,07 [Fa + ri(lnll + %)
o { 2w + wnaCa) [2D5 + 12657 + 2wa (2 2D + 1h0()] |
+ 207, G2 (G + (I 2+ r)e(E2)] + 2wiws [Gh + r2(lln’llz + r2)é5 ]
+ 203 {CleE) + €% + Culots® )
+ 2wy [2D5 + 3r2(|In°ll2 +r2)*] + 6Cuwp [Fy + 20"l +12)] -

We note that the expression in the (complicated) righthand side is an interval and we interpret

the above expression to mean that R$ is an upper bound for this interval.
Also

RS = w, [2wsC2, + 4wy, (e, Co] [2D5 + 126777
+ [dwpwe, Goy + 202 Cs) [Gh + r2(Inll1 + r2)Er?] + Qwﬁ{é(&) + CﬁléﬂSIQ}a
and
RS = wy [2wpC2, + 4w,y CenCa) [2D) + 10657
+ [ty Gy + 202,G5] (G + 721" lo + r)5%) + 20 { (82) + 22, Coez |-
Furthermore, for 1 < k < K:

# = 2wali " [waC2, + 2we, Cuy G + Wiy k7]
+ [2wpwe, ey + w2, Ga] (20| + 7€)
+ 6wak? [wie, Cu + WGy ] [D2 s + (I [l + 72)E")
+ KPwuwe, [2G2 4 3r8(|In®]l + 18] 4 3G, Guwlk® [2F2  + 1060

In the tails (k > K + 1), we split in terms with and without k2. We set

AY = 2w, [w[g(,fl + Qw,ﬂ(nlgﬂ] +rd [legwmgm + w,%lgg]
AT = 2wawy, + 6w, [wK1ClL + w#cﬁl] [Di +re(In®l + Tf)]
+ Wiy [Ga 438 (0%l +78)%] + 3¢, Guwa [2F3 + 18],

and we obtain (analogous to Section A.6)
R = [AG + AT(K +1)%] L%,

where we have assumed, as before, that (K + 1) > &, G(B).
Similarly, for 1 < mgy, < M

an = 2wb§2_|m| [wﬂcgz + 2wﬁ2<’€2 CB + wﬁ? 1’1’12]
+ [2wpwns ey + w2, o] [0 + 725 ™|
+ 6wbm2 [wlw(lt + w#C"Q] [Dl%.,m + Ti(”anQ + Tg)€2—|m‘:|

102,00, |26+ 30" 2 + 12026 ™| 4 8 Gudm? [27E , +rhes ™
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Finally,
A = 2wy [wpCE, + 2w, G ] + 172 [205Wi, Gy + Wi, (5]
A} = 20w, + 6wy (Wi G+ W] [Py + 2100 |2 +172)]
+ Wty [Gy + 300"l +72)%] + 3Ce, Guwi [2F5 +17]

and
def
RE, = [Af + AT(M +1)°]LY,

where we have assumed, as before, that (M + 1)2 > RoG(3).

B Analytic details for the limit problem

B.1 Splitting of f

We write f(z;pu) = g(x) + ph(z;p). For convenience we introduce the notation 7F(z;u) =
wHF (z; ) — F(2;0)], so that, in particular, 7f = h. More importantly,

7{a’)y = 3(a%a) + 3u(aa’®) + p*(@®)
7la*y = 4(a®a) + 6p(a’a®) + 4p®(aa®) + pd(a*),

which are used below, and analogous expressions hold for the convolutions of b.
The explicit expressions for the splitting are

g5 = 45ad + § [(ahho —1] - {43 268+ + 5 [0 1] }
95 o [gl + 48} a2
5 o [r@ + 163} [213% + Eg]
gi = ABay +2(a)
gr = [k* — 2k + 1] a + 2k% (@%),
68 X 648b + 32()
b, [m* — 8m? + 16] by, + 8m>(b%),,,
for k € Ny, m € N3, m’ € {(1,1),(2,0)}, and

hg = 2 [mﬁ + 1kt } a2 + Z (7' — 1+ k1 Bk 2] @5, + 37 (a*)o
kEZy

- {; [mﬂ + try 'R 2} {2b2 + bQ} Z [k3'm? — 1+ ko Bm 2] b2, + ;%<b4>0}
kez?
hg & def [(4/{1 + ,uml)ﬁ + ’{1] ? + Z (kQ _ /g?ﬂk_2) a2
k€Zy
B i 1 [(16/%2 + ui3)B + iag} [ziﬁ n zag] + 3 (m? - k36m %) P2,
mez?

B (4R + pRd)E + 372 dn + Fafa®)s + 27 (0%

he 4 [ Rk 4 Ry + K25+ imﬂ g + Rk (a®)g + 2627 (a®),,
R, (167, + pi2)B + iﬁ;g} bt + AFen (b3 s + 327 (H%)

Rt 2 [ Rym? + 4Ry + k26 + iukg} by + f2om?(b3),, + 8M2F (6°),,
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B.2 The first derivative

We use notation as before, in particular v§ = 0 and v} = 0, and in addition we write
a _ b a b b a
v = v 4+ pv and v’ =" 4+ .

We compute the derivative of g:
Dygsv = 4v3d3 + 8Barvf + 2(a%v®) — {4% [213% v 63} 185 {zélvi’ n 62U§:| n 2<B3v5>0}

Dy = —2 [v;ﬂ + 4%] a2 —4 [&1 + 45’} vl

Dy = —2 {% + 16%} [213% + 133] 4 [/?;2 + 165} [21@% + z,zvg}
Dgfv = 4vzay + 4B + 6(a”v%),

Dgiv = [k* — 2k* + 1] vf + 6k*(a%v™),,
Dgb. v = 64@58m/ + 64311?”/ + 96(1;21)i’>m/

Dgb,v = [m* — 8m? + 16] v,él + 24m2<l;2vi’>m.
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Next, the derivatives of h are, for k > 2, m € N? and m’ € {(1,1),(2,0)},

D hSv = 2[1},“5 + Rivg + Lk g, R — dog, kTR 6T + [471 3 + k] 'R2)a 0l

— Vg, Ry Z ka3 + u(vz, B+ v5k1) Z k2a3
keZy keZy

+2 3 (5 'R = 1+ k1 BE2)agvg + 27 (a®0%)o
keZy

_ {é[’l}%zﬁ + %2’05 + %,432_1’1}/%2,‘2‘,2 — %URQKJQ_QM/%%] [2[)? + B%] + [IZJQ,B + iﬂ;lkg][2i)lvllj + ZAJQ’US]

— vy iy 2 > WP, + (v, B+ vgR) Y mTh,
mEZ% mEZ%

+2 Z (kg 'm? — 1 + koffm™ )mv + 27 (b%0%) }
mez?

Dyho = —2[vg, (4 + 2uf1)B + (471 + /ml)vg + 0k, Ralat — 4[(4R1 + piT)B + jRT]arof

— H[Ugfﬁ + 20z, k1 0] Z k~2a3 +2 Z (k* — w38k~ %) agvl,
kE€Zy k€E€Zy

Dyh§v = —3[vz, (16 + 2ufi2) B + (1672 + pi3)vg + Svs, o] 207 + B3]
— (1672 + )5 + 375 [2b107 + bov)]
— ,u[vﬁ%% + 20z, k2] Z m_2l~)fn +2 Z (m? — m%ﬁm_2)5mv7§1.
mez; mez?
Dyhfv = [vg, (4 + 2uf1) B + (41 + pi})vg + Svr, falan + (4R + pif) B + R7l0®
+ vz, (a®)1 + 3R1(a®v®)1 + 67 (a*v)1,
Dohv = [—vz, k? + 20, 518 + Kjvglak + [—Fik® + Fa + K18 + Juii]of
+ vz, k2 (a®) ), + 3R1E% (a*0®)y, + 6K T (a® v,
Dbl v = [vg, (16 + 2ufiz) B + (16Fs + pi)vg + S0z, Falbny + (1672 + pi3) 5 + ikg]vf;/
+ 4z, (b%) s + 1282 (b?0°) s + 967 (0%00)
Dyhl v = [—vg,m? + 20z, k20 + Hgvﬁ]i) + [—Rom? + 4Ry + K25 + TpuR3Jl,
+ vz, m*(b%),,, + 3kom?(*0?),,, + 24m*7(b?0°),,,

b

where we have used the identity 2x18 = (1 + 2;“{15 + %/u%l), as well as the shorthand notation

(a®v®) = 2(aav®) + p(a*v®) + (a®o) (B.1a)
T{av®) = 3(a%av?) + 3u(aa’v®) + (@) + (a®v®). (B.1b)
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Finally, the derivative of h with respect to u are

Duh§ = =tk Elal + ) [—mf2f%1k2 + (R1B + k1 B)k 2| @} + 1[6(a%a%)o + 8u(aa®)o + 3u2 (a*)o)
k€Zq
— {515/@2 112 [21)2 + bZ} ng [f@_zf-@ng + (ko8 + KQB)mi2:| Efn
1
+ 316(0°0%)0 + 8u(bb®)o + 3> (b*)o }}

Dyh = —2R30aT — 2Rk +#16) Y k%a;
k€Z1

Dyl = — 333 |26 + 1] — (2RanaB+ k36) Y m 2B,
mez?
D, h$ = R2Bay + 3R1[(a%a); + 2u(aa®); + p?(@®)] + 2[3(aa?); + 2u(a))
Db = (261715 + Ya)ay, + 3162 [(a%a), + 2u(aa®)y, + p2(@%)y] + 2k2[3(aa®)k + 2u(a®)x]
Db, = R&3Bbmr + 1279 [(62b) s + 20 (b0%) s + 2 (6%) ] + 32[3(00?) o + 20(0%) ]
Dyuhb, = (262728 + Li3)by, + 3R2m>[(0%0) 1 + 20(b0%) 1 + 12 (03) 0] + 8M2[3(00%)., + 200(D%) ]

B.3 The second derivative

Only the second derivative of ¢ is used, which is quite compact (using the notation (A.1)):
D?g5 = 8[1)510? + wﬁv‘f]&l + SBwfvf + 6(a%v%w®)g
- {8% [25110% + ngg} + 8w; [25111% + 1321)2} + 86 {211}%1}? + wgvg} + 6(52vi’w5>0}

D2g§ =—4 [v;ﬂ + 41}&] dlwf —4 [w;{l + 4w5} dlv‘f —4 [/?;1 + 45} v‘fu}‘f

D%g$ = —4 [vh + 16@5} {QZ;lw% + Z)ng] -4 [wgz + 16w5] [2511111; + Bgvg}
4 {;@2 + 165} [2v§w§ + vgwg]
D?*g¢ = 4115111? + 4wﬁ~vf + 12(avw®),
D?gf = 12k*(av®w®)y,
D2gb, = 641)511) 4 64wﬂ P+ 192<bvbwb>
D?gb, = 48m? (bv w >m

We note that D2g¢ = 0 for k > 3 and D%g%, = 0 for ma > 6.
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B.4 Estimates for @)

We deﬁne intervals 77 = [ac 7 + p.z) with the appropriate symmetry in the components of 7%, 176,
n® and n°. With 6% and 5 defined in (8.3), we find the estimates

([{(n")*a)|6%)o

Q5 = 8w Inf | + 8wa |Fnf +na | + 6w

+ {8005 ’277%’&1 - 77352’ + 8wy (2 ’éni’ + 773&1’ + ‘@73 + ngﬁzD + 6wz;<|<(17b)23>|5b>o}

[+ 48] i + [1e, + 4n5] @

Q5 = 4 [wr, + ] Inf la | + 4w
Qi=14 [Wgz + 16&{@} ‘277%1 + 77362’
o+ duy (2| [Bo + 168] o + [1es + 16m5] | + | [ + 168] 0 + [e, + 1605 b )
Qf = dwplay | + dwalB| + 12wa (| (n*@)[5*)1
Qi = 12k*wa (| (@) |6%)
Qb = 64wglb,,, | + 64w |B| + 192w
(B0}

(1°5)|6)

@b, = 48m’w;(

B.5 Estimates for R

Let us introduce, analogously to Section A.7, the intervals

(5 = (B, B+ paf] + wpra]—1,1]
Cy = (R, Rt 4 iy ) + Wiy 7 [—1,1]
Ci:éz = [E '%2 + :u‘*/%Q] + OJ[%QT*[_]., 1]
]‘3 1of [a ak + M*ak] +war*[ 1, 1] for k = 41
Cl; = [gmazm + M*bm] + Wy« [-1,1] for m € 7° \ O,

with appropriate symmetry in the components of Cg and Cfn, while

g and (=0 fork¢T!
8 = and Cb =0 form ¢ 12

With 6% and 6 defined in (8.3) we obtain
51 + 62 (((C*)2(6%)2)o
+ {16w5w5 21631+ 1G31] + 240251 + ng<|<(<6>2>|<58)2>0}

RS = 16wﬁ~w@|Cf\ + 8wy

e
R§ = 8w;, {wr@ + 16w5] {2|C%| + \Céﬂ + 1203
R{ = 8wjwa + 1203 (|¢*](6%)%)

Ry = 12k°w3 (| (6) %)

RY, = 128w;w; + +19202(|C|(67)%)

R, = 48m2w?(|¢"|(6")%)

RS = 8wq [% + 4%;} 1C8] + du?

Gra + 160
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B.6 Estimates for @

We fix a priori bounds r, and p. on r and p respectively, and we use the notation
rf = r.wg and r:lz = rywj.
For all v € B and all y € [0, 1,], we derive the following bounds from (8.2):

”Ua”l S da d:ef 20}&51 + MxWa (B2a)

def

[0°]l2 < g = 6wy3 + prawy. (B.2b)

Furthermore, analogously to (A.8), see also Remark A.4, we introduce

(B.3)

7 def 1 -2 .f 1/2 7 def 31 -2 f
ma{fé_ofg) feso  d @(&)—{326_20“) oot

which bound Zkezl kaggjg and Zmezf mzyf’ngf’n, respectively. Having already introduced n £

[T, + paz], we write n% = n? + [0, p]n® and n® = 77?J + [O,M*]n;’. We note that
ny =0 fork>K and nl =0 for me, > M.

The (computable) constants M and A that appear in the estimates below are listed in Table B.1.
The expressions for N, N'® and N7 are derived from (B.1).
With ¢ as in Section B.5 and additionally (to shorten the expressions)

(= 141011
Cor = 24 [0, 1] iy

def

Cﬂz =8+ [0’ :u*] (7%2’
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term constant | value of constant

Dokez, KA +riyn)? M, Sokez, K22+ 2r 2[R )T + (P82 36"
Domezz M 2(m, +10G0)0 | My Dmezz M 2(n)* + 27"53||(m”?ﬂfn)llé1 + (rh)%;?
2kez, k2 (i + ngg)? M; D okez k2(n2)~2 + 2rg(|(RPn@) 11" + (r 3)241(51)

> mezz 0 (1, +7257,)° M R U 27‘l’||(111277$’n)||§1 +(r2)26y(&)
dokez k=2 (0} + o) M3 l|(k~ 277k)||1 + 7 151

Dmezz (00 + 1000 )y | M [(m=2h )||3! +rié5?

> okez, K +rigd)yi Mg (K25t + rien (&)

Drezz (0, + 1000y, | M [(m?nh,)|[5* + 22 (&)

> kez, U+ r300)vp M, [ngllit +rig®

> ezz (o, + 7050 ) Y, b b lI5" + 2652

((n* +7.0°)°) ak {(n™)3)k] + 3reqalInlls + reqa)® "

(0" + 725°)%)m b | 0Pl + 3 (172 + reg) 6™

[{(n* +r.0)°)% 1 N2 (™)) 21 4 3reqa(In* 1 + reqa)?

[ + 0% 2 b (")) Iz + 3reqp(In° |2 + regs)?

((n* +7.0%) %0y, Nk wa ([((n*)?)16%)x +u*wa||<(n“)2>|\1€f’“

+2r.q5 (0”1 +74q0) & "

(0 + 755 N [ ({05 + ()], ™

(0 + o)) Il Na wa[[{[{(n*)*)0)S Ml + pewall((n)*) [

(
)
+ww<wnb+r%ﬁJW
ay?
+2r.q2(|In*|li + 74qa)

[{(n° + re0)20") % |l N wil[ ({2 6%) % Ml2 + ey [ {(n°)?)]]2
+2r. g2 (In°ll2 + 72 q)

T((n® +7.0%) 0% )k Nk 2wa ([{¢n™)0%)k + 4T~wa||§‘i||1§117k
+2p.wa (Il + 78 )25

|
—ww«>nml+mmwmmm+m%x
(0 + ra8®)20b),, NP 203 (| (PP [8%) 1 + 1200y [1CP 12651
61y (0P| + 72)2es ™

e (1 02126 ™ + 2r e (In°ll2 + rea)&s

|m|

17 {(n* + r.0%)?0")S N2 2wa (¢ n®)16%) % I1x T wallCt (1
+2M*Wa(||77 ||1 +7)%6
Fwal (")) + 2rgawa(ln®ll1 + r4ga)

17 ((n° + . 5°)*0") Il2 Ny 2w [{1{CPn)[0") &l + 1203w [1C° 1263
61w, (0”2 + 72)%63
+wp (")) |l2 + 27 gpewp ([0°]]2 + 7qn)

(" +7.0%)%v")o N7 3wa ([((C*)*n™)[6%)0 + 6riwall((C*)*) 1 &
+6swa ¢l (%[l + rd)*&
+2piwa ([0 Hl + 7‘5)351

twall((?) )it + 3regawa(lIn®lls + 7+0)?
(1 +7.0°)%0%)0 Ny 3w; (1{(¢")2n")[6)0 + 187 wb||<(C”) Y283
+ 1811y [|CPlla (1" 12+ 72)2€3

+6M*wb(||nb |L2 +1’I"*> 62 b 9
+wpll{) 15" + 3requw; ([0°[l2 + 7 gp)

Table B.1: Constants M and A used in the expressions for the estimates @ On each row, the
term in the left column is estimated by the expression in the right column, Whlch is computable
and defines the constant in the middle column. Here we have assumed that y*,y* € X O with
21, [|7%]]1 < 1 and Wi € X9 with Hy ll2 Hy |2 < 1. Furthermore, v, € B. The constants ¢,
and g, are given in (B.2), whereas ¢, and /5 are defined in (B.3).
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we obtain

Q5 = 2[ws, [C5] + w5l G | + 5w, G IGR | + Fwr, (2GR ] (1) + waldGr, G5 + GG ICH
+ Way G P M A (Wi, [Ca] 4 w5l Crr DM + 208 (16 MG + MG+ [y [1GsIME) + 2N

+ {%[wkz% + wilCral 4 5wr 1G5 ICRa | + §wry ol 1CE, ] 2(¢h)? + (D)
+ w3 Ca s+ ¢ [21CH + 1G] + waa a2 ME A+ iy Cs] + w5l N M
+ 20 (G MG + M3+ |Gy 1€ M3) + 2/\/5},

Q5 = 2lwr, (4 + 201G, IG5 + w5 (41Cr ] + 1aCE) + Sy |G, 1(CF)?
+ dwa (4G, | + 1 C2)IG] + 11
+ palws R, + 2wk, [y [1C8IMG + 2wa (2 [¢aI M + 2wa MG,
Q5 = lwry (16 + 2] Gy DIC5 ] + w5(16]Ch, | + 1C2) + 2wy Cra 2(CH2 + (52
+ wp[161Ci, | + 1=C21ICH1 + 12 1121CE] + IGBI]
+ paw5CE, + 2wk, [, [1CaIMG + 2w3C2, [Ca| MG + 2w M,
Q% = [wr, (4 + 20lCi, DI + w5 (AlGk, |+ pCE) + Swi, [CGa €T ]+ wal(4lCk, | + 12C2)IC5] + 2¢2)
+ Wi, al,l + 3¢z, |N51 + 6'/\/';),17
Qf = [wa, k? + 2wz, |G, |1Cal + w5C2 1(Imf] + r267%) + wallGr, [(6% — 1) + C2 IG5] + 1R 1ET"
+ Wi, KN g, + 3[Cr, |[KNZ 4 6KPND
Qb = wry (16 + 201G, ) IG5l + w5 (16]Ca, | + 11:C2,) + 35, |G
+ Awz, Ny s + 12(Ci, NS 4+ 96N 0,
@, = [wiam® + 205, |G [1Ca] + w321 (105 + 265 ™) + wyllCa, 1M — 4] + (2,151 + L, )eg ™
+ w,mesz{m + 3¢z, |m2/\/}im + 24m2Nlim.

11C8 | + w161k, | + G2, )IC5] + L¢2)]

For k > K and ms, > M we split into terms with and without k2 and m?, and we define

05 = [20r, |Gy 1Ga| + w3CR e + wallGa, | + G, 1651 + §4CE)]
0 = (205, | Gia G| + w5C2, 1% + wildlGs | + €2, 1651 + 11CE,)
OF = wi, ¥ + walCr, | + wr, N7 + 3[Cr, IV + 6N
@l{ = wfizré + wE'wa‘ + wﬁszQ + 3|CF€2 |'/\/‘lj1 + 24'/\/1)6
so that, incorporating the division by ;\2 and S\i;n, we find from Lemma A.1 (Section A.4) that
Jo — 6+ Of(K +1)?
= (K+1)2-1)2

S0 O0+ O (M +1)°
T (M +1)2—4)2

B.7 Explicit solution for =0

Let

3 aer 57+ 18V/6
T 10
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Then the solution for p = 0 is given by

whereas the “slaved” modes are

B =—Bo
F1 =4
Fo =160
ay=1/2B0—1
by = -+

o= -3 @)

a5 = —35 (@)
bao) = —31201)° + (b1)?]
bso) = —35(b1)°
Z(3,1) = *9[@1)3 + (51)2]

Z(0,2) = —9[(51)3 + (b1)?]
bagy = —3[2(b1)* + (b1)?)
biaz) = —%(E1)3
bug = —L(b)°

and all other elements of @ and g vanish.

References

[1] CAPD: Computer assisted proofs in dynamics,

http://capd.ii.uj.edu.pl/.

[2] G. Arioli and H. Koch. Computer-Assisted Methods for the Study of Stationary Solutions
in Dissipative Systems, Applied to the Kuramoto-Sivashinski Equation. Archive for Rational

Mechanics and Analysis, 197:1033-1051, 2010.

[3] G. Arioli and H. Koch. Integration of dissipative partial differential equations: a case study.

SIAM J. Applied Dynamical Systems, 9:1119-1133, 2010.

[4] F.S. Bates and G.H. Fredrickson. Block copolymers - Designer soft materials. Physics Today,

52:32-38, 1999.

[6] M. Breden, J.P. Lessard, and M. Vanicat.

plicandae Mathematicae, 128:113-152, 2013.

[6] R. Castelli, M. Gameiro, and J.-P. Lessard. Rigorous numerics for ill-posed PDEs: periodic

orbits in the Boussinesq equation, 2015. Preprint.

48

a package for rigorous numerics.

Global bifurcation diagram of steady states of
systems of PDEs via rigorous numerics: a 3-component reaction-diffusion system. Acta Ap-



[7]

8]

R. Choksi. Scaling laws in microphase separation of diblock copolymers. J. Nonlinear Science,
11:223-236, 2001.

R. Choksi, M. Maras, and J.F. Williams. 2D phase diagram for minimizers of a Cahn-Hilliard
functional with long-range interactions. SIAM J. Applied Dynamical Systems, 10:1344-1362,
2011.

R. Choksi and M.A. Peletier. Small volume fraction limit of the diblock copolymer problem:
I. Sharp-interface functional. SIAM J. Mathematical Analysis, 42:1334-1370, 2010.

R. Choksi and M.A. Peletier. Small volume fraction limit of the diblock copolymer problem:
I1. diffuse-interface functional. STAM J. Mathematical Analysis, 43:739-763, 2011.

R. Choksi, M.A. Peletier, and J.F. Williams. On the phase diagram for microphase separation
of diblock copolymers: an approach via a nonlocal Cahn-Hilliard functional. SIAM J. On
Applied Mathematics, 69:1712-1738, 2009.

R. Choksi and X.F. Ren. On the derivation of a density functional theory for microphase
separation of diblock copolymers. J. Statistical Physics, 113:151-176, 2003.

S. Day, J.P. Lessard, and K. Mischaikow. Validated continuation for equilibria of PDEs. STAM
J. Nummerical Analysis, 45:1398-1424, 2007.

M. Gameiro and J.-P. Lessard. Analytic estimates and rigorous continuation for equilibria of
higher-dimensional PDEs. J. Differential Equations, 249:2237-2268, 2010.

M. Gameiro and J.-P. Lessard. Rigorous computation of smooth branches of equilibria for the
three-dimensional Cahn-Hilliard equation. Nummerische Mathematik, 117:753-778, 2011.

M. Gameiro and J.-P. Lessard. Efficient rigorous numerics for higher-dimensional PDEs via
one-dimensional estimates. SIAM J. Numerical Analysis, 51:2063—2087, 2013.

M. Gameiro, J.-P. Lessard, and A. Pugliese. Computation of smooth manifolds via rigorous
multi-parameter continuation in infinite dimensions, 2016. To appear in Mathematics of
Computation.

A. Hungria, , J.-P. Lessard, and J.D. Mireles James. Rigorous numerics for analytic solutions
of differential equations: the radii polynomial approach, 2016. To appear in Mathematics of
Computation.

D. Jeong, J. Shin, Y. Li, Y. Choi, J.-H. Jung, S. Lee, and J. Kim. Numerical analysis of
energy-minimizing wavelengths of equilibrium states for diblock copolymers. Current Applied
Physics, 14:1263-1272, 2014.

A K. Kassam and L.N. Trefethen. Fourth-order time-stepping for stiff PDEs. SIAM J. Sci-
entific Computing, 26:1214-1233, 2005.

L. Leibler. Theory of microphase separation in block co-polymers. Macromolecules, 13:1602—
1617, 1980.

J.-P. Lessard. Recent advances about the uniqueness of the slowly oscillating periodic solutions
of Wrights equation. J. Differential Equations, 248:992-1016, 2010.

M. T. Nakao. Numerical verification methods for solutions of ordinary and partial differential
equations. Numer. Funct. Anal. Optim., 22(3-4):321-356, 2001.

Y. Nishiura and I. Ohnishi. Some mathematical aspects of the microphase separation in
diblock copolymers. Physica D, 84:31-39, 1995.

T. Ohta and K. Kawasaki. Equilibrium morphology of block copolymer melts. Macromolecules,
19:2621-2632, 1986.

49



[26]

[27]

[28]

S.M. Rump. INTLAB - INTerval LABoratory. In Tibor Csendes, editor, Developments in Re-
liable Computing, pages 77-104. Kluwer Academic Publishers, Dordrecht, 1999.

S.M. Rump. Verification methods: Rigorous results using floating-point arithmetic. Acta
Numerica, 19:287-449, 2010.

D. Shirokoff, R. Choksi, and J.C. Nave. Sufficient conditions for global minimality of
metastable states in a class of non-convex functionals: a simple approach via quadratic lower
bounds. J. of Nonlinear Science, 25(3):539-582, 2015.

X.D. Sun and M.J. Ward. Dynamics and coarsening of interfaces for the viscous Cahn-Hilliard
equation in one spatial dimension. Studies in Applied Mathematics, 105:203-234, 2000.

T. Teramoto and Y. Nishiura. Double gyroid morphology in a gradient system with nonlocal
effects. J. of the Physical Society of Japan, 71:1611-1614, 2002.

T. Teramoto and Y. Nishiura. Morphological characterization of the diblock copolymer prob-
lem with topological computation. Japan J. of Industrial and Applied Mathematics, 27:175—
190, 2010.

J.B. van den Berg, C.M. Groothedde, and J.F. Williams. Rigorous computation of a radially
symmetric localized solution in a ginzburg-landau problem. SIAM J. Applied Dynamical
Systems, 14:423-447, 2015.

J.B. van den Berg and J.-P. Lessard. Chaotic braided solutions via rigorous numerics: chaos
in the Swift-Hohenberg equation. SIAM J. Applied Dynamical Systems, 7:988-1031, 2008.

J.B. van den Berg, J.-P. Lessard, and K. Mischaikow. Global smooth solution curves using
rigorous branch following. Mathematics of Computation, 79(271):1565-1584, 2010.

JB. van den Berg and JF. Williams. MATLAB code for “Valida-
tion of the bifurcation diagram in the 2D Ohta-Kawasaki problem”, 2016.
http://www.math.vu.nl/~ janbouwe/code/ohtakawasaki/.

T. Wanner. Computer-assisted equilibrium validation for the diblock copolymer model, 2015.
Preprint.

N. Yamamoto. A numerical verification method for solutions of boundary value problems with
local uniqueness by Banach’s fixed-point theorem. SIAM J. Numerical Analysis, 35:2004-2013,
1998.

P. Zgliczynski. Rigorous numerics for dissipative partial differential equations. II. Periodic
orbit for the Kuramoto-Sivashinsky PDE—a computer-assisted proof. Foundations of Com-
putational Math., 4:157-185, 2004.

50



