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Abstract

In [6] Fiedler and Mallet-Paret proved a version of the classi-
cal Poincaré-Bendixson Theorem for scalar parabolic equations. We
prove that a similar result holds for bounded solutions of the non-
linear Cauchy-Riemann equations. The latter is an application of an
abstract theorem for flows with an (unbounded) discrete Lyapunov
function.

1 Introduction

The classical Poincaré-Bendixson Theorem describes the asymptotic behav-
ior of flows in the plane. The topology of the plane puts severe restrictions
on the behaviour of limit sets. The Poincaré-Bendixson Theorem states
for example that if the a- and the w-limit set of a bounded trajectory of
a smooth flow in R? does not contain equilibria, then the limit set is a pe-
riodic orbit. Several generalizations of this theorem have appeared in the
literature. For instance, there are generalizations of the Poincaré-Bendixson
Theorem to two-dimensional manifolds, cf. [3]. In [7] an extension to con-
tinuous (two-dimensional) flows is obtained, and [4] provides a general-
ization to semi-flows. The remarkable result by Fiedler and Mallet-Paret
[6] establishes an extension of the Poincaré-Bendixson Theorem to infinite
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dimensional dynamical systems with a positive Lyapunov function. They
apply their result to scalar parabolic equations of the form

Us = Uz + f(z,u,uz), x €S, feC? (1.1)

In this paper we establish a version of the Poincaré-Bendixson Theorem for
bounded orbits of the nonlinear Cauchy-Riemann equations in the plane.
Abounded orbit of the nonlinear Cauchy-Riemann equation in the plane is
a (smooth) bounded function u: R x ST — R?, which satisfies the equation

us — J(ug — F(t,u)) =0, (1.2)

withu(s,t) = (p(s,t),q(s,t)), s € R, t € St = R/Z. Here F(t,u) is a smooth
non-autonomous vector field on R? and J is the symplectic matrix

J:<2‘01>.

We prove that the asymptotic behavior, as s goes to infinity, of bounded
solutions of Equation (1.2) is as simple as the limiting behavior of flows
in R?. Equation (1.2) arises in many different contexts, in particular in the
Floer homology literature, where the vector field has the form F(t,u) =
Fr(t,u), i.e., Fyg is Hamiltonian, cf. [9]. The latter implies that there ex-
ists a time-dependent Hamiltonian function H(¢, ) : R? — R, such that
Fy(t,u) = JVH(t,u). In the Hamiltonian case the Cauchy-Riemann equa-
tions are the L?-gradient flow of the Hamilton action and as such bounded
solutions of (1.2) will, generically, be connections orbits between equilibria.
The Hamilton action is an R-valued Lyapunov function for the Cauchy-
Riemann equations. In this paper we obtain a result about the asymptotic
behavior of orbits for general vector fields F' in the Cauchy-Riemann Equa-
tions.

The main result for the Cauchy-Riemann equations in this paper con-
cerns the asymptotic behavior of bounded solutions. A bounded solution
of the Cauchy-Riemann equations is a smooth function v with |u(s, t)| < C.
Let X be the set of solutions bounded by a fixed (but arbitrary) constant
(in the present work we will always choose C' = 1). Endowed with the
compact-open topology X is a compact Hausdorff space. The translation
invariance of the Cauchy-Riemann equations in the s-variable defines an
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induced flow on X by translating solutions in the s-variable. A bounded
solution u can be identified with its orbit y(u), and a(u) and w(u) are well-
defined elements of X . In Section 2 we given a detailed account of the space
X and the induced translation flow in the context of the Cauchy-Riemann
equations.

Theorem 1.1. Let u be a bounded solution of the Cauchy-Riemann Equations
(1.2). Then, for the w-limit set w(u) the following dichotomy holds:

(i) either w(u) consists of exactly one periodic orbit, or
(i) a(v) C Eand w(v) C E, for every v € w(u),

where E denotes the set of 1-periodic solutions of the vector field F'(t,x). The same
dichotomy holds for the a-limit set a(u).

As in the classical Poincaré-Bendixson Theorem, alternative (ii) al-
lows for w(u) (or a(u)) to consist of homoclinic and/or heteroclinic solu-
tions joining equilibria. An important reason why a generalization of the
Poincaré-Bendixson holds for the Cauchy-Riemann equations is that there
exists a continuous projection onto R?, which is defined as follows. Let
to € S* be arbitrary, then define

Tty X - R?
u = (p, q) — Wto(u) = (p(07t0)7Q(0’t0))'

Theorem 1.2. Under the assumptions of Theorem 1.1 the projection

(1.3)

Tt w(u) — mow(u)
is a homeomorphism onto its image.

In general, if a flow allows a continuous Lyapunov function, then limit
sets of orbits consist only of equilibria. Such flows are referred to as
gradient-like flows. Theorem 3.1 in this paper gives an abstract extension
of the Poincaré-Bendixson Theorem to flows that allow a discrete Lyapunov
function. In particular Theorem 3.1 implies Theorem 1.1. Note that The-
orem 1.2 together with the classical Poincaré-Bendixson Theorem also im-
plies Theorem 1.1. Theorem 1.2 is proved in Section 5 as an abstract version.

The main differences between the results in [6] for parabolic equations
and the results in this paper, are that the Cauchy-Riemann equations do not
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define a well-posed initial value problem and, more importantly, the dis-
crete Lyapunov functions that are considered in this paper are not bounded
from below. Furthermore, the results obtained in this paper do not assume
differentiability of the flow, nor does the flow need to be defined on a Ba-
nach space. We believe that most of the results in this paper can be ex-
tended to semi-flows, cf. [4].

In Section 2 we analyze the main properties of the Cauchy-Riemann
equations (1.2), with additional details given in Section 6. In Section 3, we
set up an abstract setting which generalizes the properties of the Cauchy-
Riemann equations. In Sections 4 and 5 a full proof of the Poincaré-
Bendixson Theorem is given, adapted to the abstract setting introduced in
Section 3.

2 The Cauchy-Riemann Equations

Since the initial value problem of Equation (1.2) is ill-posed, we restrict
our attention to bounded solutions, i.e., functions u € C'(R x S';R?) that
satisfy Equation (1.2) and for which

lu(s,t)| < oo, forall(s,t) € R x S (2.1)

Since we can consider each bounded solution separately, it suffices to con-
sider the space X of functions u € C'(R x S1;R?) satisfying Equation (1.2),
and for which

lu(s,t)] < C, forall (s,t) € R x ST,

for some fixed arbitrary constant C' > 0. Note that, without loss of gener-
ality, we can choose C' = 1. On X we consider the compact-open topology,
ie.

0
loc

C;
W Ny = o U, (2.2)

where the latter indicates uniform convergence on compact subsets of
St x R. Since C°(R x S';R?), endowed with the compact-open topology, is
Hausdorff (see [10, §47]), and X Cc C°(R x S';R?), also X is a Hausdorff
space.

Proposition 2.1. The solution space X is a compact Hausdorff space.

Proof. See Section 6. O



Identify the translation mapping (s,t) — (s+o,t) by o € R and consider
the evaluation mapping

R x CO(R x S1;R?) = COR x SL;R?), (o,u) — ¢°(u) =uoo. (2.3)

Lemma 2.2. The evaluation mapping (o, u) — ¢°(u) is continuous with respect
to the compact-open topology on C°(R x S*; R?).

Proof. Since R x S is a locally compact Hausdorff space, the composition
of mappings

COR x SR x §1) x CO(R x SY;R?) — CO(R x S} R?),

is continuous with respect to the compact-open topologies on C(R x
SLR x St and CO(R x S1;R?), see [10, §46]. The translation o, as de-
fined above, is a continuous mapping in C*(R x S1; R x S!), which proves
the lemma. O

Since the Cauchy-Riemann Equations are s-translation invariant we
have that u € X implies that ¢7(u) € X. We therefore obtain a continu-
ous mapping R x X — X, again denote by ¢7(u). Also,

97 (¢” () = (wo o'y oo = o (o +0') = 67 (u),

which shows that ¢? defines a continuous flow on X. A continuous flow
on X is a continuous mapping (o,u) + ¢°(u) € X, such that ¢°(u) = u
and ¢7 7 (u) = ¢ (¢ (u)), for all 0,0’ € R and for all u € X.
Consider the evaluation mapping « : C°(R x SL;R?) — C%(S1;R?),
defined by
u(-, ) — u(0,-).

By a similar argument as in Lemma 2.2 it follows that the mapping ¢

is a continuous mapping with respect to the compact-open topology on
CO(SH;R?).

Proposition 2.3. The mapping ¢+ : X — 2, with 2~ = +(X), is a homeomor-
phism.

Proof. See Section 6. O



For ¢? we have the following commuting diagram:
Rx X — v X
idxe L

Rx Z i

Z,

with (0, -) = T7(u(0,-)) = u(o, ), and T defines a flow on 2.

The principal tool in the proof Theorem 1.1 is the existence of an un-
bounded, discrete Lyapunov function, which decreases along orbits of the
flow ¢°. Let u', u? € X be two solutions, with u! # u?, such that the func-
tion t — ul(s,t) — u?(s,t) is nowhere zero. Then define w := u! — u? €
CY(R x S';R?). The s-dependent winding number # of the pair (u', u?) is
defined as the winding number of w about the origin, i.e.

1
W(ul(sv')alﬂ(’s")) = W(’U)(S, ),0) = / w*ea (24)
2T S1
where 6§ = % is a closed one-form on R?\ {0}, cf. [11]. A pair of solu-

tions (u!,u?) € X x X is said to be singular, if they belong to the “crossing”
set defined by

Yx = {(uhu?) e X x X :Is € R : u'(s,t) = u®(s,t) forsomet € S'},
and W: (X x X) \ ¥x — Zis defined by
W(ut,u?) := W(A(ul),L(UQ)). (2.5)

The Lyapunov function W is continuous on (X x X) \ £x and constant
on connected components. The set X x is a closed in X x X, since uniform
convergence on compact sets implies point-wise convergence. The function
W is a symmetric:

W(ut, u?) = W(u?,ub), forall (u',u?) ¢ Zx.
The diagonal in X x X is defined by

A= {(u'u?) € X x X :u! =u?},



and A C Y. The flow ¢° induces a product flow on X x X, via (u!, u?) —
(¢7 (u'), ¢° (u?)), and the diagonal A is invariant for the product flow. For
the action of the flow on W we have

W (67 (u'),¢7(u?) = #(to¢”(u'),to¢”(u?))
= W (T7(u(u')), T ((u?))) = # (u'(0,-),u*(0,)).

In [11] it is proved that the set X x \ A is “thin” in X x X, which is the
content of the following proposition.

Proposition 2.4 (see [11]). For every singular solution pair (u',u?) € Xx \ A,
there exists an g9 = e(u',u?) > 0, such that (¢°(u'), ¢7(u?)) & Sx, for all
o< (—80,80) \ {0}

Orbits which intersect ¥ x “transversely” (and thus are not in the diago-
nal) instantly escape from X x and the diagonal A is the maximal invariant
set contained in X x. The following proposition indicates W is a discrete
Lyapunov function.

Proposition 2.5 (see [11]). For every pair of singular solutions (u',u?) €
Yx \ A, there exists an eg = e(ut,u?) > 0, such that W(¢° (ul), ¢ (u?)) >
W (o7 (ub), ¢ (u?)), for all o € (—eg,0) and all o' € (0, ep).

For a given u € X define the a- and w-limit sets as:

wu) = {weX:¢(u) B w, for some o, — oo},

afu) = {we X : ¢ (u) X, w, for some o, — —oo}.

The sets a(u) and w(u) are closed invariant sets for the flow ¢?, see [7,
Lemma 4.6 Chapter IV]. Since X is compact, also a(u) and w(u) are com-
pact. Compactness of X also implies that «(u) and w(u) are non-empty, see
[7, Theorem 4.7 Chapter IV]. The Hausdorff property of X and the conti-
nuity of the flow ¢? imply that a(u) and w(u) are connected sets, see [7,
Theorem 4.7 Chapter IV]. Define the equilibria of ¢7 by

E:={ue X:¢?(u) =u forall o € R}.

Equilibria are functions v = u(t) which satisfy the stationary equation u; =
F(t,u).



3 The abstract Poincaré-Bendixson Theorem

The concepts introduced so far can be embedded in a more abstract setting,
which generalizes the work by Fiedler and Mallet-Paret in [6]. Let ¢ be a
continuous flow on a compact Hausdorff space X. In the case of the Cauchy-
Riemann equations the flow ¢? is defined in (2.3), where the space X is
either the full solution space, or the space which consists of the closure of a
single entire (bounded) orbit.

The notions of a- and w-limit sets, defined in Section 2 remain un-
changed, and a(u) and w(u) are non-empty, compact, connected, invariant
sets. We denote by £ C X the set of equilibria of ¢“.

Let A = {(uv!,u?) € X x X:u! = u?} be invariant for the product
flow induced by ¢?. We assume that there exist a closed “thin” singular
set 3, with A € ¥ € X x X, and functions W: (X x X)\ ¥ — Z and
m: X — m(X) C R?, which satisfy the following five axioms:

(A1) the function W : X x X \ ¥ — Z is continuous and symmetric;

(A2) the mapping 7 : X — 7(X) C R? is a continuous projection onto its
(compact) image;

(A3) theset {(u!,u?) € X x X: 7(u') = n(u?)} is a subset of ¥;

(A4) for every (u',u?) € X\ A, there exists an g9 > 0, depending on
(u',u?), such that (¢° (u'), ¢° (u?)) € %, for all 0 € (—eq,20) \ {0};

(A5) for every (ul,u?) € ¥\ A, there exists an ¢y > 0, depending on
(u',u?), such that

W (g7 (u), 67 (u?)) > W(g” (u'), 67 (u?)),
forall o € (—¢¢,0) and all o’ € (0, ).

Axioms (A1)-(A5) are modeled on the properties of the non-linear Cauchy-
Riemann Equations discussed in Section 2, with 7 = 7, defined in (1.3).
The above axioms also generalize the conditions in the work of Fiedler and
Mallet-Paret in [6]. Note that the function W is a priori unbounded in the
present case and the flow ¢? does not necessarily regularize. Under these
assumptions we prove the following theorem.



Theorem 3.1 (Poincaré-Bendixson). Let ¢ be a continuous flow on a compact
Hausdorff space X. Let 3 be a closed subset of X x X, and let W: (X x X)\¥ — Z
and 7 : X — 7(X) C R? be mappings as defined above, and which satisfy Axioms
(A1)-(A5). Then, for w(u) we have the following dichotomy:

(i) either w(u) consists of precisely one periodic orbit, or else
(ii) o(w) C E and w(w) C E, for every w € w(u).
The same dichotomy holds for o(u).

As in [6], the proof of Theorem 3.1 will be divided into the three Propo-
sitions listed below.

From this point on we assume the hypotheses of Theorem 3.1.

Proposition 3.2 (Soft version). Let u be in X and let w € w(u), then w(w)
contains a periodic solution or an equilibrium. The same holds for a(w).

Proposition 3.2 implies that, since w(w) and a(w) are both subsets of
w(u), also w(u) contains a periodic solution or an equilibrium.

Proposition 3.3. Let u be in X and let w € w(u). Then either,
(i) a(w)and w(w) consist only of equilibria, or else
(ii) ~(w) is a periodic orbit.

Proposition 3.4. Let u be X. If w(u) contains a periodic orbit, then w(u) is a
single periodic orbit.

The proof of Proposition 3.2 is given in Section 4 and the proofs of
Propositions 3.3 and 3.4 are carried out in Section 5.2. Section 5.2 also pro-
vides the proof of Theorem 1.2, with a formulation adapted to the abstract
setting. Propositions 3.3 and 3.4 together imply Theorem 3.1, while Propo-
sition 3.2 will be used to prove Proposition 3.3. Theorem 3.1 can be ap-
plied directly to the Cauchy-Riemann equations and therefore implies The-
orem 1.1. Subsection 5.1 contains a number of technical lemmas. Finally,
Section 6 provides the proofs of Propositions 2.1 and 2.3.



4 The soft version

This section deals with the proof of Proposition 3.2. The hypotheses of
Section 3 will be assumed for the remainder of the paper.

Lemma 4.1. For every pair (u',u?) € (X x X)\ A, the set
Ay = {o € R: (67(ul), 67 (u2)) € 3}
consists of isolated points only. Moreover, the mapping
o = W (g7 (u'), ¢ (u?)),

defined for o € R\ A1 ,2), is a non-increasing function of o and constant on the
connected components of R \ A1 ,2).

Proof. Suppose there exists an accumulation point o,, — o4, with o,, €
A1 2)- By definition (¢ (u'), ¢7"(u?)) € X\ A, since A is invariant and
(ut,u?) & A. By the continuity of ¢ we have that

(07" (uh), 07" (u?)) "= (¢7 (u!), 67 (u)) € %,

since ¥ is closed. This proves that o, € A(,1 ,2). The invariance of A implies
that (¢7* (u'), 97 (v?)) € £\ A. By Axiom (A4) there exists an gy > 0,
depending on (¢7* (u'), ¢7*(u?)), such that (¢7**(u'), 97+ 4 (u?)) ¢ %, for
all € € (—¢p,€0) \ {0}. This contradicts the fact that o, is an accumulation
point.

The set A1 ,2) is a discrete and ordered set. Let ¢/ < ¢” be two con-
secutive points in A1 ,2y. By Axiom (A1), W is continuous and Z-valued,
and therefore W (¢? (u'), 7 (u?)) is constant on o € (0’,0”). The fact that
W is non-increasing then follows from (A5), since W (¢ (u!), ¢7 (u?)) drops
at points in A1 ,2). O

Lemma 4.2. Let u € X and w € w(u). For every w',w? € cl(y(w)) with
w' # w?, it holds that (w!, w?) ¢ ¥.

Proof. We argue by contradiction. Suppose (w!,w?) € ¥\ A, then, by the
Axioms (A4) and (A5), there exists an gy > 0, such that (¢7 (w'), ¢ (w?)) ¢
Y, forall o € (—ep,¢0) \ {0} and

W (¢7 (w'), ¢ (w?)) > W (e (w'),¢” (w?)),
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for all 0 € (—¢0,0) and all ¢/ € (0,g9). Set 0 = —e and o/ = ¢,
with 0 < & < g. Since w',w? € cl(y(w)), there exist s1,s9 € R,
such that (¢°1%¢(w), $*2*¢(w)) ¢  and (¢*1*(w), ¢*2%¢(w)) is close to

(¢ (w?), $*°(w?)). The continuity of W (Axiom (A1)) then implies

W), 625 (w) = W(07(w), 0% (w?)
W (o= (w!), 0~ (u?) @1)
= W(EE ), 6 (w).

Since y(w) C w(w) is an invariant subset of w(u), the definition of w-limit

A

set and the continuity of ¢ imply that there exists a sequence o, — oo, as
n — 0o, such that

¢0n+81—82i€(u) N ¢81:|:€(w)7 and ¢an:|:€(u) N ¢s2i€(’w). (42)
Since o, is divergent, we may assume
On+1 > 0n +2¢,  forall n. (4.3)

Inequality (4.1), the convergence in (4.2), Axiom (A1) (continuity) and the
fact that W is locally constant (see Lemma 4.1), imply, for o, — oo, that

W (g7 T2 (), 97 5 (u) = W(G™ T (w), 6™ (w))

W (615 (w), 6 (w))
= WGt ), 6 (w),

N

By combining the latter with (4.3) and the fact that W is non-increasing, we
obtain

W (67 IS ), 7S ) < W (97T ), 67 ),

for all n. From this inequality we deduce that o — W (7751 752(u), ¢7 (u))
has infinitely many jumps and therefore

W (¢751752(u), ¢7 (u)) — —00, as o — o0.
On the other hand, by continuity of W and (4.2) we have, for o,, — oo, that
W (@7 ), 67 ) = W (67 (), 67 ) > o0,

which is a contradiction. O
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Lemma 4.3. Let u € X and w € w(u), then

7: ol (y(w)) = 7cl(y(w)) C R?

is a homeomorphism onto its image. Hence, m o ¢° o 7~}

mcl(y(w)).

is a continuous flow on

Proof. By Axiom (A2), the projection 7: cl (y(w)) — mcl(y(w)) is continu-
ous. Since cl (y(w)) is compact and = cl(y(w)) is Hausdorff, it is sufficient
to show that 7 is bijective, see [10, § 26, Thm. 26.6]. The projection 7 is
surjective and it remains to show that 7 is injective on cl(y(w)). Suppose ©
is not injective, then there exist w!, w? € cl(y(w)), such that w! # w? and
m(w') = 7(w?). Axiom (A3) then implies that (w!,w?) € ¥\ A. On the
other hand, Lemma 4.2 implies that (w!, w?) ¢ %, which is a contradiction.
This establishes the injectivity of 7. O

For the projected flow on 7 cl(y(w)) we have the following commuting
diagram:

R x cl(v(w)) —— cl(y(w))

idxm m (44.)

o

R x mel(y(w)) —— mel(y(w)),
where 17 = 70 ¢° o (id x 7)1

Corollary 4.4. The equilibria of the planar flow ¢° := 7 o ¢° o (id x 7)~! on
mcl(vy(w)) are in one-to-one correspondence with the equilibria of the flow ¢° in
cl(y(w)).

Following the natural strategy in proving a Poincaré-Bendixson type
result, we now would like to find a transverse curve at a non-equilibrium
point and invoke a flow box theorem, ultimately leading to contradiction
arguments involving the inside and outside of a Jordan curve made up of
a flow line and the transversal. Transversals do exist for a continuous (but
not necessarily smooth) flow in R? [7, section VII.2]. However, our flow is
defined on the closed invariant subset 7 cl(y(w)) C R2. This set has empty
interior, and this prevents us from finding a section, as defined below, that
isalso a curve (i.e. a so-called transversal). Roughly speaking, we overcome
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this difficulty by adapting the usual Jordan curve arguments to a slightly
“less local” version.

Let (o,z) — 97(x) be the (local) continuous flow on the subset ¥ =
mel(y(w)) of R%. A subset ¥ C Z is a section for 1, if there is a § > 0, such
that

YUE)NYo2(E) =2, forall0 <o <oy <.

The following lemma shows that for non-equilibrium points z € Z there
exists a section for the flow in an e-neighborhood of x.

Lemma 4.5. Let © € 2 be a non-equilibrium point of 1)°.

(i) For sufficiently small § > 0 there exists a section ¢ containing x such that
the set
U = {@Z)g(y) HEVAS %70' € [_57 5]}

is homeomorphic to € x [0, 6] via the map 1, and for € > 0 sufficiently
small

e B.(x)N9 C,

o ho(B-(x) N %) € (~6,9).

where h is the second components of the inverse homeomorphism h : % —
€ x [—0,08],i.e, hot?(y) = (y,0) forally € €,o € [-0,].

(ii) For 8o < & sufficiently small the three balls B = B, (z), B~ =
B, (¢¥%(x)) and BY = B, (v%(x)) are, for eg < ¢ sufficiently small,
disjoint subsets of B.(x) such that h,(B~ N %) < =% < ho(B°N%) <
%0 < he(BT N ). Furthermore, for e1 < &g sufficiently small, we have
Y*%(y) € BE forall y € €y = € N B, ().

Proof. The first part follows from the construction of sections in [7, section
VI1.2]. The second part then follows from continuity of ¢ and its inverse h.
O

The situation described by Lemma 4.5 is illustrated in Figure 1.

Remark 4.6. In fact, as we will see later, we need to apply a variant of the
above lemma to forward invariant closed subsets of the form

c(y(w) U{¢7(u),0 > 04}),
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Figure 1: Sketch of the flow in % (and the subset B.(z) N ) through the
section ¥. The time section o = +Jy/2 separate the balls BY and B*. We
note that the section %" (and its forward and backward translates in time)
are not (necessarily) curves.

where u € X, w € w(u),0, € R. On cl(y(w) U{¢?(u),0 > 0.}) we have a
commuting diagram similar to (4.4). In order to have a bi-directional local
flow, we define the slightly smaller set

V= rmcl(y(w) U{¢? (u),0 > o, + 25}), (4.5)

for 6 > 0 small. Then, if x € ¥ is not an equilibrium for 7, Lemma 4.5
continues to hold with % replaced by 7.

Remark 4.7. (i) The second part of Lemma 4.5 is used to construct a set
that replaces the role of the transversal. Let y; and y2 be two points in %p.
Consider the line segment Ly connecting y; and . Then Ly C BO. It
may happen that L intersects the flow lines of 47 (y12) at some o # 0,
but this can be overcome by slightly varying o. Indeed, let the line seg-
ment {; be a subset of Ly with endpoints ¥1(y1) and ¥72(y5) for some
aV,09 € (=00/2,680/2), such that £y does not intersect the flow lines 17 (y1)
and 97 (y2) at any other o € [—§, §]. We still have ¢, C BY, see Figure 2.
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J=JinJr

Figure 2: On the left an illustration of the construction of /y and /. On the
right a sketch of the interiors Jy and J+ of the Jordan curves ¢, and 7+
(as well as their exteriors J§ and J}). Note that Jy = int(J_ U J3).

We repeat this construction in the balls B~ and B to obtain line seg-
ments ¢_ and /., respectively, with one end point on each flow line and no
other intersections with the flow lines.

Then we obtain three Jordan curves

Jo={v"(n) 07 <o <o yU{Y(1) 05 <o<of UL ULy,
I =% (y) o] <o <oV} U{Y(ya) 10y <o <av} UL ULy,
v ={07() 0} <o <o PU{Y(y) 108 <o <oy} UL ULy,

lying in B.(x), see Figure 2. We denote the interior of _#; by J;, and its
exterior by J¥, j € {—,0,+}. Clearly, J. C Joand J_ N J; = @.

(ii) By Lemma 4.5 any flow line in Jy must leave J; in forward and
backward time. By flow invariance of the other boundary components, a
flow line can only enter or leave Jy through ¢, or /_. Moreover, no flow line
can (in forward time) enter .J; through ¢, and then leave it through ¢_. In
this sense, the set Jy plays the role of a transversal. Analogous statements
holds for J and J_. In particular, this implies a slightly stronger statement
for the flow in J, C Jy: if a flow line is in J, then must leave Jy through
(4. Similarly, if a flow line is in J_ then must have entered .Jy through ¢_.

(iii) The flow lines {¢?(y12) : o € (O’iZ, 0]} and {¥%(y12) : o €
[—6,015)} lie in the exterior Jg. This follows from the fact that by con-
struction they cannot cross ¢ and £_, respectively, and 1% (y; ») all lie in
Jg by the second bullet of Lemma 4.5(i).
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Proposition 4.8 (Soft version). Let ube in X and w € w(u), then w(w) contains
a periodic orbit or an equilibrium. The same holds for a(w).

Proof. Suppose w(w) does not contain any equilibria. Choose ¢ € w(w) and
¢* € w((), then

w(¢) € ww(w)) = w(w) € wy(w)) = c(y(w)). (4.6)

Since ¢* is not an equilibrium, then 7(¢*) is not an equilibrium for ¢7 =
7o ¢ o (id x m)~! by Corollary 4.4. According to Lemma 4.5 there exists
a section ¢ for ¢° through z = 7(¢*). Since (* € w((), there exist times
on — 00, such that ¢?7(¢) — ¢*. By Lemma 4.5 these times can be chosen
such that 7 o ¢77({) € %y, as defined in Lemma 4.5(ii), for o, sufficiently
large. Moreover, 7 o ¢7(() & %o for o € (o, 0p+1). We consider two cases.

Case 1. For some n # n’, we have mo¢?" ({) = mo¢?' (). Then, since  is
a homeomorphism on cl(y(w)) (see Lemma 4.3) and since w(() C cl(y(w))
(see Equation (4.6)), it follows that ¢7»({) = ¢?»'(¢), and thus ¢“(¢) is a
periodic orbit.

Case 2. All 7 o ¢?7(() are mutually distinct. Take n sufficiently large
so that y; = 7o ¢?7*1({) and y2 = 7 o ¢?»*+1(({) both lie in . Denote
0 = Opt1—0n, SO thatys = wa(yl). Apply the construction of Remark 4.7(i)
to these y; and y». In addition to ¢, we obtain two more Jordan curves

G ={Y7(y):0; <o<o+o, UL
G ={ (1) 0f <o<T+oy Ul

Both curves separate R? into two open sets, say A} and A%, see Figure 3.
Here, to fix notation, we require that Jy C A}F and Jy C A2 (recall that Jy
is the interior of _#;), so that A2 N Al = @. It follows from the property of
Jo described in Remark 4.7(ii) and flow invariance of {¢)?(y1) : 0 < o <
o + o5 } that once a flow line is in A% it can never enter A! (in forward
time).

Finally, we note that Remark 4.7(iii) implies that 1 = Vv 0(y) = mo
¢ 79(C) lies in AL, while 25 = ¢°(y2) = 7 0 ¢7n+1+°(() lies in A2. Now
consider the orbit 7 o ¢(w). Since ( € w(w) and 7 is continuous, 7(¢) is
an w-limit point of 7(w) under ¢?. Consequently, the orbit 7 o ¢ (w) keeps
(in forward time) visiting arbitrarily small neighborhoods of 21 € Al and
To € Ai . However, as argued above, once a flow line is in Ai it can never
enter A!. This is a contradiction. O
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Figure 3: Sketch of the construction of 42 and Al. Whether Al is a
bounded region and A% an unbounded one (as depicted here) or the other
way around, is irrelevant for the argument.

Remark 4.9. In [6, Proposition 2] the “soft version” was proved using both
smoothness of the flow and fact that there exists a non-negative discrete
Lyapunov function. The extension given by Proposition 4.8 makes it appli-
cable to the Cauchy-Riemann equations, for which a Z-valued Lyapunov
function exists.

5 The strong version

This section is subdivided into two subsections. In the first subsection we
show some preliminary lemmas that will be used to prove the strong ver-
sion of the Poincaré-Bendixson Theorem. The proof of Proposition 3.3 oc-
cupy the second subsection. Proofs are as in [6], but worked out in more
details, and eventually adjusted to our setting.

5.1 Technical lemmas

Lemma 5.1. Let u € X, then for every w € w(u) there exists an integer k(w),
such that
W(w', w?) = k(w),
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for all wh, w? € cl(y(w)), with w' # w?.

Proof. See also [6, Lemma 3.1]. Since we consider two distinct w!, w? €
cl(7(w)), we may exclude the case that w is an equilibrium. We therefore
distinguish two cases: (i) v(w) is a periodic orbit, or (ii) o — ¢7(w) is in-
jective. Lemma 4.2 implies that (w!,w?) ¢ ¥, and therefore (w!, w?) —
W (w!, w?) is a continuous Z-valued function on (cl(y(w)) x cl(y(w))) \ A.

(i) If v(w) is a periodic orbit, then, cl(y(w)) = v(w), which is homeo-
morphic to S1, and v(w) x v(w) is therefore homeomorphic to the 2-torus
T2. Therefore (w!, w?) — W (w!, w?) induces a continuous Z-valued func-
tion on T2 \ S!. Since the latter is connected, it follows that I is constant
on (7(w) x 7(w)) \ A.

(i) If ¢ — ¢7 (w) is injective, then (v(w) x y(w)) \ A has two connected
components given by (¢7' (w), ¢72(w)), with 01 > 02, and 01 < 09, respec-
tively. Since W is symmetric (Axiom (A1l)) we conclude that W is con-
stant on (y(w) x v(w)) \ A. Note that (cl(y(w)) x cl(y(w))) \ A is the
closure of (y(w) x v(w)) \ Ain (X x X) \ A. Since W is continuous on
(cl(y(w)) x cl(v(w))) \ 4, it is also constant, which proves the lemma. [

Lemma 5.2. Assume that v € X and w € w(u). Let k(w) be defined as in Lemma
5.1. If a(w) Nw(w) = @, then there exists a o > 0, such that

W(u, w') = k(w) (5.1)

for every ut € cl{¢°(u), o > 0.} and every wt € cl(y(w)), such that u' # w'.
In particular, if T(u') = w(w!) for some u' € cl{¢°(u),0c > 0.} and w' €
cl(y(w)), then u' = w'. Hence

o ¢?(u) & mcl(y(w)) forall o > o,. (5.2)

Proof. See [6, Lemma 3.2]. We start by observing that it is enough to prove
that (5.1) holds for u* € ¢7(u),o > o,. Then by continuity of W, the state-
ment follows for all u! € cl{¢? (u),o > 0.}

Suppose there exist sequences o,, — 00, w,, € cl(vy(w)), with

7 (u) # wn,y Ky 1= W(O7 (u), wn) # k(w).

We may assume, passing to a subsequence if necessary, that for all n we
have that either &, > k(w) or k, < k(w). We will split the proof in two
cases.
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Case 1: k, < k(w). Again passing to a subsequence if necessary, we
may assume that either w,, € a(w) for all n or else w,, € cl(y(w)) \ a(w)
for all n. Since a(w) and w(w) are disjoint by assumption, it follows that
c(y(w)) \ a(w) = v(w) Uw(w). Choose now w! € w(w) in case w, € a(w),
and w! € a(w) in case w, € v(w) Uw(w). In both cases we have w! € w(u),
hence we can choose a sequence ¢, with &,, > oy, for every n such that

w = nILH;o @™ (u).
In case w, € y(w) U w(w) we may assume that &, — oy, is so large that
%= (wy,) € cl{¢?(w),o > 0}. For a further subsequence, we have con-
vergence of ¢7» =" (wy,). Call

w? = lim ¢7" 7" (wy,).
n—oo

Note that w!, w? € cl(y(w)), and w! # w? since a(w) N w(w) = @. In fact,
by construction it follows that either w! € w(w) and w? € a(w), or else
w! € a(w) and w? € cl{y(w),o > 0} = {¢?(w),0 > 0} Uw(w). By Lemma
5.1 there exists k(w) € Z such that

W(w', w?) = k(w).
Now, for n big enough, by continuity of W we obtain

kn < k(w) = W(w',w?) =W(¢™ (u), 6™ (wn))
W (¢7nTon=om) (u), g7 = (w™))
< W(67 (u), wn) = kn,

which is a contradiction.

The final assertion (5.2) follows from the following observation. Sup-
pose, by contradiction that there exist a u! = ¢°1(u), for some oy > o, and
w! € cl(y(w)), such that 7(u!) = m(w'). By what we have just proved, we
then have u! = w!. Since w! € cl(y(w)) and, by assumption, the sets a(w),
v(w) and w(w) are disjoint, there are only three different possibilities.

(@) w' € w(w). Then ¢7t(u) € w(w). By invariance w(u) C w(w(w)) =
w(w). Since a(w) C w(u) C w(w), this contradicts a(w) Nw(w) = @.

(b) w! € a(w). Then ¢! (u) € a(w). By invariance w(u) C w(a(w)) =
a(w). Since w(w) C w(u) C a(w), this contradicts a(w) Nw(w) = @.
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(c) w
a(w

€ v(w). Then ¢?'(u) € 7(w). By invariance w(u) = w(w). But
) C w(u) = w(w), again contradicting o(w) Nw(w) = @.

Case 2: k, > k(w). This case is analogous to the previous one. It is
enough to exchange the roles of o(w) and w(w). See [6, Lemma 3.2] for

further details. O

Remark 5.3. Lemma 5.2 implies that the commutative diagram (4.4) ex-
tends from cl(y(w)) to cl(y(w) U {¢7(u),0 > o4}), if a(w) Nw(w) = @.

Additionally, by Remark 4.6, the assertions of Lemma 4.5 hold for every
x € ¥V (defined in (4.5)) that is not an equilibrium.

Lemma 5.4. Let u € X and let -y, and -y, be (not necessarily distinct) stationary
or periodic orbits in w(u). Then, there exists a k = k(y1,72), k € Z, such that

W(p',p*) =k, (5.3)

for every p’ € ~;,p' # p*. In particular, the projections of disjoint periodic orbits
are disjoint.

Proof. See [6, Lemma 3.3]. We consider the case where v; and 7, are both
periodic, the others are analogous or even simpler. We first claim that
W (p',p?) is defined for every p! € ~! and every p? € 2 with p! # p2.
Suppose, by contradiction, that there exist p! € v! and p? € 42 with p! # p?
such that (p!,p?) € X\ A. Then, by Axiom (A4) and (A5) there exists an
go > 0, such that (¢7 (p'), ¢° (p?)) € T for every o € (—ep,50) \ {0} and

W (o7 (), 07 (%) < W (7 (p"), 6 (), (5.4)

for o’ € (0,¢0) and o € (—¢¢,0). Set o' = £ and 0 = —%. By continuity of
W there exists an 7 € (0, %) such that W is constant on the set

U={(¢"(P"),¢7P")| —F -—n<o1,00<F+n}.

By periodicity of v* and 4?2 there is a o3 > ¢¢ such that (¢72(p'), ¢72(p?)) €
U (both in the periodic and the quasi-periodic case). Now, by (5.4)

W (@2 (p'), 62 (p%)) < W (¢~ (p), o~/2(p%)) = W (&7 (p"), 07 (p°)).

Since o3 > <, this contradicts Lemma 4.1. Hence (p',p?) ¢ ¥ and W (p', p?)
is well defined for every p! € 4! and every p? € 42, with p! # p*.
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This implies, by continuity of W, that the map
(', p°) = W(p',p?)
is locally constant on
{0, p*) € m x 72 | Pt # p*}.
This set is connected, which proves (5.3). O

Lemma 5.5. Let u € X and e € E. For every w € w(u) with w # e it holds
(w, e) & X. If, furthermore, e # w(u) then there exists a ¢ € R such that the map
o — W(¢?(u), e) is constant for o > &.

Proof. The proof resembles the one of Lemma 4.2. We repeat the argument.
Let w € w(u). Since w # e, we can assume that (w,e) ¢ A. Suppose, by
contradiction, that (w,e) € 3 \ A, then by Axioms (A4) and (A5), there
exists an g9 > 0 such that (¢7(w),e) ¢ X, for all o € (—¢eg,€p) \ {0} and

W (g7 (w). e) > W(¢” (w),e),

forall o € (—&p,0) and all o’ € (0,2¢).Set 0 = —c and 0/ = £, with 0 < & <
€g. Then we have
W(¢™(w),e) > W(¢"(w),e). (5.5)

By definition of the w-limit set and the fact that w is invariant, we have that
there exists a sequence o,, — 00, as n — oo such that

¢7 (1) = ¢ (w). (5.6)
Since o), is divergent we assume that

Ont1 > 0, +2e, foralln € N. (5.7)

Inequality (5.5), convergence in (5.6) and Lemma 4.1 imply, for 0, — oo,
that
W(¢0n+€(u>v e) = W(¢+E (w), e)
< W(o ™ (w),e)
= W(¢7™ =(u),e).

Combining the latter with (5.7) and the fact that W is non-increasing, we
obtain
W (7175 (u), €) < W(¢7 % (u), €),
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for all n. From this, we deduce that 0 — W(¢?(u), €) has infinitely many
jumps and therefore

W(¢? (u),e) - —oc0 as o — 0.
On the other hand, continuity of W and (5.6) imply, for o, — oo, that
W (¢ (u),e) = W(¢" (w), ) > —o0,

which is a contradiction.

To prove the final assertion, suppose, by contradiction, that such a &
does not exist. Then there exists a sequence o,, — oo such that (¢ (u), e) €
Y. Now choose a w € w(u) \ {e} # @. There exists a sequence &,, — o0
such that ¢ (u) — w. By the first part of the lemma, W (w, e) € Z. We may
choose 7,, > o, without loss of generality. By continuity of W and axiom
(A5) it follows that

W(w,e) = lim W(¢°"(u),e) = —o0,
n—oo

a contradiction. This concludes the proof. O

Lemma 5.6. Let u be in X. There exists an integer ko € Z such that
W(w,e) = ko (5.8)
for every w € w(w), and for every equilibrium e € w(u) such that w # e.

Proof. Fixe € ENw(u). Letw € w(u)\{e}. According to Lemma 5.5, W (w, e)
is well-defined. Since ¢°"(u) — w for some o, — 00,

W(w,e) = nlglgo W(¢7"(u), e)
= lim W(67(u),€) = ke,

where the second limit exists by Lemma 5.5. Since the above statement
holds for any w € w(u) \ {e}, this implies that W (w, e) is independent of

w € w(u) \ {e}.

We still need to show that W(w,e) is independent of e € E N w(u).
Therefore let e, € ENw(u),e # é. Then, by Axiom (A1), by the fact that
e, € € w(u), and by Lemma 5.5 it holds that

ke =W(w,e) =W (é,e) =W(e, €) = W(w,€) = k.
This shows (5.8) and concludes the proof. O
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5.2 Proof of the strong version

In this section we prove Propositions 3.3 and 3.4. This completes the proof
of Theorem 3.1. We finish by proving Theorem 1.2 (in the abstract setting
of Section 3).

Proof of Proposition 3.3. Let u € X and w € w(u). Suppose, by contradiction,
that there is a non-equilibrium w* € w(w) and that v(w) is not periodic.
Lemma 4.3 implies that 7 o ¢ is a planar flow on the set w(w) C cl(y(w)).
By Corollary 4.4, the point 7(w*) is not an equilibrium for o ¢?. According
to Lemma 4.5 there exist a section ¢ through 7(w*). Consider first 7o ¢? (w)
and recall that by Lemma 4.3 the map ¢ — 7 o ¢?(w) is one-to-one since
v(w) is not periodic. Let o,, = co denote those positive times for which 7 o
¢ (w) € €. Note that {mo ¢ (w)}>2, are all distinct, and for n sufficiently
large y1 = 7o ¢?*(w) and y2 = 7 o ¢+ (w) both lie in €y. Denote 7 =
Ont1 — Op, S0 that y2 = ¥ (y1). We apply the construction of Remark 4.7(i)
to these y; and y». In addition to _#y and ¢ we obtain three more Jordan
curves (the first two are the same as in the proof of Proposition 4.8)

These three curves separate R? into two open sets, say Ajl- and Ajz, with
j € {—,0,+}. To fix notation, we require that Jy C A}F and Jy C A2 and
J4 C A}, see Figure 4. In particular, this implies that A2 C A3 C A% and
Ai N Al = 2, as well as Ai N A(l) = g@and Al N A% = @&. It follows from
the properties of Jy and J+ described in Remark 4.7(ii) and invariance of
{79 (y1) s oy <o <o+ a; } that in forward time once a flow line is in Ai
it can never enter A(l), while in backward time once a flow line is in Al it can
never enter AZ. We note that Remark 4.7(iii) implies that 2, = 7o 7 (w)
lies in AL, while x5 = 7 o ¢7n+179(w) lies in A2. We therefore conclude
that, as illustrated in Figure 4, mw(w) C A2, while ma(w) C A}, hence
mw(w) Nra(w) = &. We infer from Lemma 4.3 that o(w) Nw(w) = @.
Now consider the orbit of u. The assumptions of Lemma 5.2 are satis-
fied and hence there exists a time o, such that the curve {mo¢?(u) : 0 > 0.}
cannot cross the curve 7 o ¢ (w). Furthermore, it follows from Remarks 4.6
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Figure 4: Sketch of the construction of A} and A2. Note that J, = A% N A2
and J_ = Al N A}.

and 5.3 and the above construction, that once the flow line 7 o ¢7(u) is in
Ai it can never enter A} (in forward time). Moreover, by Remark 4.7(ii),
once a flow line is in A3 then it must enter A2 in forward time, after which
it can no longer enter A}. On the other hand, since both w(w) and a(w) are
contained in w(u), the forward orbit 7o ¢7 (u) will have w-limit points when
o — oo in both Ta(w) C A} and 7w(w) C AZ. This is a contradiction. [

Proof of Proposition 3.4. See [6, Proposition 2]. Suppose that w(u) strictly
contains a periodic orbit y(p). Let V' C X be a closed tubular neighborhood
of v(p). Choose V small enough such that it does not contain equilibria and
such that w(u) still has elements outside V. Since there are accumulation
points (for ¢?(u) when o goes to infinity) both inside and outside V, then
¢? (u) must enter and leave V infinitely often. Let o,, — oo be a sequence
such that

p= lim ¢7"(u)

n—oo
and such that ¢7(u) leaves V' between any two consecutive times o,,. Let
I, := [0y, — o, 00 + Br] be the maximal time interval containing o, such
that
¢’ (u) €V forallo € I,.

Since 0V is closed, we may assume convergence (passing to a subsequence,
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if necessary) of ¢?»~“"(u). Note that 0,_1 < o), — o, thus o, — @, — 0.
Let
g := lim ¢" " (u) € w(u).

n—o0

We have that ¢ € 0V. Moreover we may assume that o, + 3, — oo (at least
for a subsequence) since w(u) contains a periodic orbit in the interior of V.
We have thus

w(q) € cl(¢?(q)) €V, o >0.

By Proposition 3.3 we have that v(g) is periodic. By construction v(g) and
v(p) are distinct and 7(g) is contained in V. By continuity of the flow and
the projection 7, and compactness of V, 7y(p) and 7v(q) are close to each
other with the standard topology of R?, provided that we take the tubu-
lar neighborhood V' sufficiently small. From this it follows that 7y(¢) and
77y (p) are nested closed curves. Reducing V' to separate v(p) from v(q), a
periodic solution (r) can be constructed in the same way. Note once more
that 7y(q), 7y(p) and 7y(r) are nested closed curves. Applying Lemma 5.4
to the trajectories v(p) and ~(¢) we conclude that there exists a k € Z such
that
W(p',q') =k,

forall p! € v(p) and ¢! € ¥(g). By continuity of W (Axiom (A1)) this implies
that
W(p', 7" (u)) = k,

for all p' € ~(p) when n is big enough, since ¢°» " (u) — ¢ € v(q). By
Assumption (A5) we get m o ¢ (u) € my(p) for every o in the open interval
with endpoints o,, — o, 0, — vy, provided n, m are chosen large enough.
Since 0y, — @y, — 00, as m — o0, it follows that 7 o ¢7(u) & 7y(p), for
any o large enough. In an analogous manner we can prove that, for o large
enough, the curve 7 o ¢?(u) can never intersect 7y(q) and 7y(r), but this
is a contradiction since 7 o ¢?(u) has w-limit points as ¢ — oo in the three
nested curves 7y(p), 7y(q), 7y(r). O

Proposition 5.7. Let u € X then
7 w(u) = m(w(u))

is a homeomorphism onto its image. Hence m o ¢“ is a flow on 7(w(u)).
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Proof. See also [6, Theorem 2]. By Axiom (AD) it is enough to show that
there exists a ky € Z such that

W (w',w?) = ko, (5.9)

2 € w(u),w! # w?. We now apply Theorem 3.1 (Poincaré-

for all w', w
Bendixson). If w(u) consists of a single periodic orbit, then (5.9) holds
by Lemma 5.4. We may therefore assume for the remainder of the proof
that for every w € w(u) we have a(w),w(w) C E. If either w! or w? is an
equilibrium then (5.9) holds with k¢ defined in Lemma 5.6. We may there-
fore assume that w! ¢ E. Suppose now, by contradiction, that there exist
(w!,w?) € £\ A. By Axioms (A4) and (A5), there exists an ¢y > 0, such that

(67 (wh), ¢7(w?)) € %, forall o € (—&g,20) \ {0} and

W(g” (w'),¢7 (w?)) < W (g (w"), ¢ (w?))
for all o € (—¢0,0) and all ¢’ € (0,e0). Set ¢ = —¢ and ¢’ = ¢, with
0 < & < g. Since w' € w(u), there exists o, — oo such that

w' = lim ¢ (u),
n—oo

and
0<opy1 —op — 00, @S N — 00.

Define 6,, := (0,41 — 0y,) — 00 then, passing to a subsequence if necessary,

the limits

e:= lim ¢ (¢ *(w?)) and é:= lim ¢°"(¢°(w?))

n—oo n—oo

exist, and e¢,é € E, since a(w?) C E and w(w?) C E. By Axiom (A1),
Lemma 4.1, Lemma 5.6 and the fact that w' ¢ E we infer that, for n suffi-
ciently large (slightly shifting ¢ if necessary to make W well-defined for all
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relevant pairs)

W (g (w'), ¢ (w?) < W(p~*(w'), ¢~ (w?))
= W (), o~ (w?)
< W(g7mH1 =5 (u), ¢~ (w?))
= W(¢*(u),e)
= W(p=(w'),e)
= W(p—=(w'),e)
= W(¢(w'),e)
W (¢7m+175 (u), €)
= W(¢7 ot (u), o7 (w?))
< W(p7 e (u), ¢°(w?))
= W(¢(wh),¢*(w?)),
which is a contradiction. In the sixth and in the seventh equality we used
Lemma 5.6. ]

Since the Cauchy-Riemann Equations satisfy the Axioms (A1)-(A5) The-
orem 1.2 follows from Proposition 5.7.

6 Proofs of Propositions 2.1 and 2.3

In this section we give the proofs of Propositions 2.1 and 2.3. Consider the
operators
0 =0, — JO; and 5263+J6t,

and recall the following regularity estimates:

Lemma 6.1. Let g be a function in € C>°(R x S*;R?). For every 1 < p < oo,
there exists a constant Cy, > 0, such that

IValle@xsty < CollOgllrrmxst)- (6.1)
The same estimate holds for 0 via t — —t.
Proof. See [1], [5] [8], [9, appendix B]. O
Proof of Proposition 2.1. For a solution u € X, we can write

Oou = —JF(t,u) = f(s,t), (6.2)
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where F, and therefore f, are uniformly bounded since for every u € X we
have |u(s,t)| < 1forall (s,t) € R x S!,i.e. u satisfies the a priori estimate

Jul[ oo Rx 51y < 1. (6.3)

Extend f and u via periodic extension in the ¢-direction to a function on R?.
By (6.3) we obtain the existence of a constant M > 0, such that

[ f]|poo 2y < M. (6.4)

We use (6.1) to obtain the interior regularity estimates for the Cauchy-
Riemann operators.

Let K, L, G be compact sets contained in R? such that K € L € G C R?,
and let ¢ be positive such that ¢ < dist(L, dG). By compactness, L can be
covered by finitely many open balls of radius /2 :

Ne

Lc | B. ().
=1

Consider a partition of unity {p.. }i=1,..~. on L subordinate to
{Be(%i)},—1.n. In particular the supports of p. ,, are contained in B (z;),
for every ¢ = 1...N.. Then, for every u, every small ¢ > 0 and every
i=1...Ng, the function v, ; := p. o, u belongs to Wg’p(RQ), for every p > 1,
and every k£ € N. Using the Poincaré inequality and Lemma 6.1 we get
(with C changing from line to line)

veillwrr@ey = l[veillwirb.(z) < Cllveillyir g, @)
< CHa'Ua,iMLP(BE(Ii)) - (65)
< C|’£€71‘iauHLp(Ba($i)) + CHuapa,xiHLP(Bg(xi))
< Cl|0ullpr(a) + CllullLr(q)-

As {pez; };—, _n. is a partition of unity it follows that

Nc Ne
lellwrowy = || vei <D eillwags. o) - (6.6)
i=1 wie(L) =1
By (6.5) and (6.6) we obtain
ullwiry < Cpra (10ull o) + ull o)) - (6.7)
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Combining (6.7) with (6.2), (6.3) and (6.4) yields

ullwrory < Cprc (1fllze) + ulle@) < Cpras (6.8)

where the constant C]; 1.c depends on p, L, G, but not on u. By the Sobolev
compact embedding WP(L) — C%L), cf. [2], which implies that se-
quences {u"} C X have convergent subsequences in CP, (L). Since the lat-
ter holds for every L C R?, the convergence is in Cp, (R?), and the limit
is a continuous function. It remains to show that the limit u solves Equa-
tion (1.2). Consider a partition of unity of K € L, denoted {pc 5, }i=1,..N.,

where 0 < ¢ < dist(K,JL). On balls B.(x;) we obtain

||Ps,xiu||W2’P(BE) < CHP&,riuHngP(BE(zi)) < C‘@(Pe,xiu)HWl’P(Bg(mi))

<C (Hga,xﬁUHWIm(Bj(zi)) + |[udpe ;|| wre(B. (2:)))
< C ([0ul|poo(ry + 10ullwrery + [|ul[Loo(zy + ullwrery) -

As in (6.6), using (6.2), we obtain

lallweniaey < Cpe .6 (11 llzoe(y + I lwragey + lullzeey + lullwrngey)

(6.9)
To estimate the three terms || f|[ oo (1), |[u|| 1o (r) and ||u|y1.0 (1) We use (6.3),
(6.4), and (6.8). In order to control || f|[yy1.»(1), differentiate the smooth vec-
tor field F*

o
—~
)
~
N—
Il

(F(t,u))s = D X (t,u)(0,us)
ft(S, t) = (F(t, u))t = DtuX(t, u)(l, 'LLt).

Both right-hand sides lie in LP(L) and hence Df = (fs, f;) is in LP(L). By
(6.9) there exists a constant ng, k.1,- independent of u, such that

w2y < Chk.p.c-

By taking p > 2 the compact Sobolev embedding W??(K) — C*(K) im-
plies that u € X. O

Proof of Proposition 2.3. As in the proof of Lemma 4.3 if suffices to show
that ¢ is injective. Suppose there exist u;,us € X such that ¢(u;) = ¢(u2). By
definition of . we have

u1(0, ) = UQ(O, ) (610)
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Define v(s,t) := ui(s,t) — ua(s, t) for all (s,t) € R x S1. By (6.10) we have
v(0,t) = 0 for all t € S'. By smoothness of the vector field F we can write

F(t,ul) = F(t, UQ) + R(t, U, Ug — ul)(uQ — ul),
where R is a smooth function of its arguments. Upon substitution this gives
vs — Jug + A(s,t)v =0, v(0,t) =0 forallt € S, (6.11)

and A(s,t) = R(t,ui(s,t),v(s,t)) is (at least) continuous on R x S*. Evalu-
ating (6.11) at ¢ = 0 we obtain,

vs — Jug + A(s,t)v =0, ©(0,0) =0. (6.12)
Introducing complex coordinates z := s + it, (6.12) becomes
0zv+ A(z)v=0, v(0)=0, (6.13)

where the operator 0z := 05 — 10, is the standard anti-holomorphic deriva-
tive. We used the identification between the complex structure .J in R? and
i in C. Multiplying (6.13) by elo A and defining

w(z) = elo AQdCy (),
gives

ozw =0, w(0)=0,

which implies that w is analytic. The latter yields that either 0 is an isolated
zero for w, or there exists a § > 0, such that w(z) = 0,on Us := {z € C:
|z| < é}. By (6.11) we conclude that 0 cannot be an isolated zero for w,
hence w = 0in Us := {z € C : |z| < ¢}. Repeating these arguments we
obtain that w(s,t) = 0 for all (s,t) € R x S and hence v = 0. This implies
u1 = uz, which concludes the proof. O

Remark 6.2. The same proof can be carried out in case .J is a smooth map
R x S* — Sp(2,R) such that J? = —Id. In this case one can prove that the
equation us — J(s,t)(us — F(t,u)) = 0 can be transformed into (1.2) using
[8, Theorem 12, Appendix A.6].
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