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Abstract

Ground state solutions of elliptic problems have been analyzed extensively in the theory of partial
differential equations, as they represent fundamental spatial patterns in many model equations. While
the results for scalar equations, as well as certain specific classes of elliptic systems, are comprehensive,
much less is known about these localized solutions in generic system of nonlinear elliptic equations.
In this paper we present a general method to prove constructively the existence of localized radially
symmetric solutions of elliptic systems on R?. Such solutions are essentially described by systems
of non-autonomous ordinary differential equations. We study these systems using dynamical sys-
tems theory and computer-assisted proof techniques, combining a suitably chosen Lyapunov-Perron
operator with a Newton-Kantorovich type theorem. We demonstrate the power of this methodol-
ogy by proving specific localized radial solutions of the cubic Klein-Gordon equation on R?, the
Swift-Hohenberg equation on R?, and a three-component FitzZHugh-Nagumo system on R?. These
results illustrate that ground state solutions in a wide range of elliptic systems are tractable through
constructive proofs.

Key words. Semilinear elliptic systems, Unbounded domains, Radial solutions, Computer-assisted proof,
Lyapunov-Perron operator, Newton-Kantorovich theorem

1 Introduction

The study of solutions of semilinear elliptic partial differential equations (PDEs) on R¢ is vast and has
received a tremendous amount of attention since the middle of the twentieth century. The fact that these
PDEs are posed on all of R? often forces radially symmetric solutions to exist, that is to say solutions
of the form U(z) = u((#? + ... + 22)'/2). A canonical example of such a result is given by the scalar
equation

AU+UP =0, U=U(x)eR, zecR% (1)

for which it was proven in the case d > 3 and critical exponent p = (d + 2)/(d — 2) that all the positive
solutions are radially symmetric (e.g. see [ [2, [B]). Existence of radial solutions for more general scalar

models
AU +N(U) =0, U=U(z) eR, zeR?

with N nonlinear, was proven using variational methods [4, [l [6, [7], dynamical systems techniques [§],
shooting methods [9] [10] and moving plane techniques [I1], while uniqueness was also extensively inves-
tigated [12), 13}, 14} [15].

*VU Amsterdam, Department of Mathematics, De Boelelaan 1081, 1081 HV Amsterdam, The Netherlands.
janbouwe@few.vu.nl

TMcGill University, Department of Mathematics and Statistics, 805 Sherbrooke Street West, Montreal, QC, H3A 0B9,
Canada. olivier.henot@mail.mcgill.ca

¥McGill University, Department of Mathematics and Statistics, 805 Sherbrooke Street West, Montreal, QC, H3A 0B9,
Canada. jp.lessard@mcgill.ca



The generalization of these methods to systems of elliptic equations is hindered by the fact that
variational techniques, shooting methods and the maximum principle are in general only available for
scalar equations. Thus, it is not surprising that existence results for radial solutions of systems of
semilinear elliptic equations are more sparse. Nevertheless, there are several examples of existence results
for radial solutions on R? for systems with specific structures. For instance, cooperative systems [16]
or systems involving the notion of ¢-positive functions [I7] (in both case, a form of maximum principle
holds), Lane-Emden systems [I8] [19] and Hamiltonian systems [20]. It remains however a challenging
problem to obtain proofs of radial solutions for elliptic systems without any additional structure.

In this paper, we propose a general (computer-assisted) technique to constructively prove the existence
of localized radial solutions of elliptic semilinear systems of the form

AU+ N(U) =0, U=U(z)eR? zeR? (2)

where N is a nonlinear function. For the sake of clarity and uniformity of the presentation, we assume
that N is polynomial; although, as made clear in Remark this restriction may be lifted to study
certain non-polynomial elliptic systems via essentially the same methodology. Furthermore, since our
interest lies in localized patterns, we assume the existence of a zero of N, that is to say a constant
solution ¢ € R? of (2), such that the Jacobian matrix DN(c) does not have any eigenvalues in [0, co).
This hypothesis will be justified later. It suffices to say here that it corresponds to a well-defined notion
of hyperbolicity of the constant state. The condition is natural from that perspective, but does exclude
the case of a monomial nonlinearity like the one in .
We then look for solutions of the form U(z) = u(r(z)), where r(z) = (22 + ... + 22)Y/2, with
asymptotic behaviour
lim u(r) =c¢ and lim «/(r) =0. (3)
T—>00

r—00

The function u solves the second-order non-autonomous system of ordinary differential equations (ODEs)

E d-1d
dr? r dr

) u(r) + N(u(r)) =0, u(r) e RY, r €[0,00). (4)

Our strategy for proving existence of localized radial solutions of reduces to establishing solutions
of satisfying the boundary condition u/(0) = 0 and asymptotic behaviour . We subdivide the
domain [0, 00) of u into the three subdomains [0,11], [l1,l2] and [l2,00), with 0 < I3 < I3, on which we
solve with different methods, namely a Taylor expansion on [0, 1], a Chebyshev expansion on [l1, l3]
and a center-manifold parametrization (graph) on [lz, 00). Let us briefly describe each method separately,
as well as how they fit together.

For r € [0,1;] we substitute a Taylor series into and look for a solution (in the space of Taylor
series coefficients) of the resulting recurrence relation, where the leading Taylor coefficient u(0) is a priori
unknown.

For r > [y, we rewrite as a (2¢g + 1)-dimensional system of first-order polynomial autonomous
ODEs. This technique is commonly used in the literature (e.g. see [2I, § 3]). More explicitly, we
introduce w™, w® w® representing the maps r — r=1, 7 — u(r),r — %u(r) respectively. Denoting
w = (w®,w® w®), we obtain

d —wM(r)?
Zw(r) = flw(r) ¥ w® (r) . (5)
' ~(d = D (rw® (r) = N (r))

For a fixed Iy > 1, we solve on [l1, 3] using Chebyshev series.

Since the equilibrium ¢ = (0,¢,0) € R x R? x RY of represents the constant equilibrium ¢ € RY
of in the limit » — o0, a localized radial solution converges to ¢ in system . As explained in detail
in Section [2] the assumption that DN(c) does not have eigenvalues in [0, c0) implies that ¢ has a ¢ + 1-
dimensional center-stable manifold. Revisiting Chapter 4.1 of [22], we use a Lyapunov-Perron operator to
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Figure 1: Numerical localized radial stationary solutions of the cubic Klein-Gordon equation @ on R? at
parameter values 3; = B2 = 1. (a) This approximation is proven to be 2.9 x 10~7 close (in CY-norm) to
a strictly positive localized radial stationary solution. (b) This approximation is proven to be 5.5 x 1076
close (in C%mnorm) to a localized radial stationary solution with one zero.

control the center-stable manifold of ¢. In comparison with the estimates in [22], in Sectionwe leverage
our precise knowledge of the center manifold, and the dynamics therein, to widen the verifiable domain
of the local graph of the center-stable manifold and to improve control on the location of the manifold in
terms of (generalized) Lipschitz bounds.

The three strategies on the three subintervals are combined to define a projected boundary value
problem (BVP) with a boundary condition at r = I forcing the solution to lie in a center-stable manifold.
The final step is to solve the BVP with a Newton-Kantorovich type theorem of which the hypotheses
are verified with the help of a computer. This computer-assisted proof technique, referred to as the
radii polynomial approach, is set in a Banach space of the coefficients of some series representation of the
solution, see e.g. [23,[24, 25, 26] for some relevant works. As shown in Section[3] the (generalized) Lipschitz
bounds on the center-stable manifold that originate from the Lyapunov-Perron method fit seamlessly into
the estimates needed for the Newton-Kantorovich type method. This leads to a constructive proof and
yields a rigorous C%-error bound on a numerical approximation of the desired localized radial solution of
(2). To illustrate the efficacy of the method we present three examples, for which the details are provided
in Section Ml

Example 1. The cubic Klein-Gordon equation
Up =AU —U+ U+ 3U%,  U=U(t,z)eR, t>0, xeR (6)

with parameters 1, 82 € R, is a relativistic wave equation serving as a model in scalar field theory (see
e.g. [27]). Ground states of (6) solve (@) with ¢ =1, d =3 and N(U) = —U + ,U? + B,U?. It is known
that for any positive values of 83 and any given integer m > 0, there exists a localized radial stationary

solution of @ with exactly m zeros (see e.g. [8]). We prove the following constructive existence result,
see Section A1l

Theorem 1.1. For 31 = 8o = 1, there exist two distinct localized radial stationary solutions of the Klein-
Gordon equation @ on R3. Both solutions lie, respectively, within a distance 2.9 x 107 and 5.5 x 1076
(in the C°-norm) of their numerical approximation depicted in Figure .



Figure 2: Numerical stationary ring of the Swift-Hohenberg equation on R? at parameter values
(B1, B2, B3, B1) = (—2,V6,—15,1). This approximation is proven to be 2.4 x 107° close (in C%-norm) to
a true localized radial stationary solution.

Example 2. The Swift-Hohenberg equation on R?
Uy = —(Ba + AU + B1U + BoU? + B3U3, U=U(t,z) €R, t>0, xzcR? (7)

with parameters (1, 82, 3, 84 € R, was introduced in [28] to model thermal fluctuations. Notably, the
Swift-Hohenberg equation has been studied extensively in the field of pattern formation. Ground states
of @ solve with q = 2, d =2 and N(Ul,UQ) = (ﬁ4U1 — U27ﬂ4U2 — ﬂlUl — 62U12 — ﬁgU%) Small
amplitude existence results for localized stationary rings of were obtained in [2I]. We prove the
following constructive large-amplitude existence result, see Section

Theorem 1.2. For (81, (2,83, 84) = (—%, V6, —%, 1), there exists a localized radial stationary solution
of the Swift-Hohenberg equation on R2. This solution lies within distance 2.4 x 10~ (in the C°-norm)
of the numerical approzimation depicted in Figure[3.

Example 3. Consider the three-component FitzHugh-Nagumo type equation

(Uh)e = EAUL + Uy — U} — e(B1 + faUs + B3U3),
T(Uz)t:AU2+U1—U2, Uz:Uz(t,Cw fori:1,2,3, t>0, ,’L‘ERQ,
0(Us); = BIAU;3 + Uy — Us,

(8)
with parameters, 7,0,¢ > 0, 1, 52,03 € R and 4 > 0. Originally, the FitzHugh-Nagumo model was
introduced in [29] as a simple excitable-oscillatory system to describe nerve impulses in an axon. For the
three-component variant ground states solve with ¢ = 3, d = 2 and N(U) = (e 2(U; — U}) —
e Y(B1 + BaUsz + B3Us), Uy — Us, /3;2(U1 — Ug)). For 0 < € <« 1 there exist stationary planar radial spots
of , see e.g. Theorem 1.3 in [30]. This result requires € to be asymptotically small. Our method does
not impose any condition on the smallness of € which, to the best of our knowledge, constitutes a novel

result. We prove the following constructive existence result, see Section [4.3]

Theorem 1.3. For ¢ = 1% and (B1, Po, B3, B1) = (%, %, 1,3), there exists a localized radial stationary
solution of the three-component FitzHugh-Nagumo type equation on R2. This solution lies within
distance 9.8 x 1077 (in the C°-norm) of the numerical approzimation depicted in Figure @

All computational aspects are implemented in Julia (cf. [3I]) via the package RadiiPolynomial.jl
(cf. [32]) which relies on the package IntervalArithmetic.jl (cf. [33]) for rigorous floating-point computa-
tions. The code is available at [34].
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Figure 3: Numerical stationary planar radial spot of the three-component FitzHugh-Nagumo type equa-
tion on R? at parameter values € = 13—0 and (S, B2, 83,04) = (%, %, 1,3); the three components are
represented in the subfigures (a), (b) and (c), respectively. This approximation is proven to be 9.8 x 10~7
close (in C%mnorm) to a true localized radial stationary solution.

Remark 1.4 (The case of non-polynomial nonlinearities). If the nonlinearity N appearing in (4)) is
non-polynomial and involves elementary functions (namely, exponentials, logarithms, algebraic functions
or compositions thereof ), then a change of coordinates may be introduced to transform into a higher
dimensional system of polynomial ODEs (e.g. see [35, [30], [37]). The approach proposed in the present
paper may be readily adapted, although with some additional work in extending the construction of the
center-stable manifold.

The paper is organized as follows. In Section [2| we obtain a Lipschitz error bound for the center-stable
manifold via Lyapunov-Perron’s method. In Section [3] we present the projected boundary value problem
on [0, 3], which connects at 7 = Iz to the center-stable manifold. This boundary value problem is then
split into two subintervals, as explained above, and subsequently solved using a Newton-Kantorovich
type theorem. Section [4] presents applications where we rigorously compute localized radial solutions of
the cubic Klein-Gordon equation on R?, the Swift-Hohenberg equation on R? and a three-components
FitzHugh-Nagumo type equation on R2.

2 Local enclosure of the centre-stable manifold

In this section, we employ the Lyapunov-Perron method to find a Lipschitz bound for the local graph

of a center-stable manifold of the equilibrium ¢ = (0, ¢,0) of . We note that we could have opted to

apply the results in Chapter 4.1 of [22], which are valid for general local invariant manifolds, directly to

our situation. However, for the center-stable manifold in our setting we can obtain improved bounds by

incorporating the specific splitting of the center direction and the stable directions in the estimates.
Linearizing (5)) about c yields

0 0 0
Dfey=(0 0o I
0 —DN(c¢) 0

Evidently, 0 is an eigenvalue, which originates from the removal of the non-autonomous term r~! in .
Hence, a localized solution to (4)) is, in the context of , a trajectory in a center-stable manifold of c.

The other eigenvalues of D f(c) are the square roots of the eigenvalues of —DN(c). Since we assumed
DN(c) has no eigenvalues in [0, 00), the Jacobian D f(c) has no eigenvalues on the imaginary axis, apart
from the simple 0 eigenvalue already mentioned. Furthermore, when 0 # A € C is an eigenvalue, so is —\.
To reduce technicalities and simplify notation, we continue the analysis under the assumption that all
stable and unstable eigenvalues of D f(c) are simple. This is the generic case. We stress that the analysis
below can be generalized in a relatively straightforward manner to the case of eigenvalues with higher
multiplicity and associated generalized eigenvectors.



Let A : C? — C? denote the diagonal matrix of eigenvalues Aq,..., A\, of Df(c) with positive real
part, and let I : C4 — C? be the matrix satisfying —DN(c)I' = T'A2. Tt follows that

0 0 0
Dfe)| T |=(ra |=| T |A
TA A2 TA

For the corresponding eigenvalues —A with negative real part we have

0 0 0
Dfey| T | = -ta | =( 1 |(=n).
~TA A2 ~TA

Therefore, the matrix of eigenvectors of D f(c) is given by

1 0 0
M=|0 T r
0 -TA TA

and its inverse is

Since

M~ f(c+ M(x,y,2))
= M 'Df(c)M(x,y,2) + M~ (f(c+ M(z,y,2)) — Df(c)M(x,y,2))

0 2
=|-Ay| +M7! 0 ’
Az —(d—1)aTA(—y+2) — N(c+T'(y+2)) + DN(c)I'(y + 2)

the transformed “normal” form of reads

d [* —?
% Yy = —Ay+¢($ay7z) ) (9)
z AZ - w(‘ra Y, Z)
where = € R is the center variable, y, z € C?, and
et 1 11
bl@,y2) 2 5 (= Da(-y+2)+ AT (N(e+T(y+2) - DN@L(y+2))) €T (10)

The domain of the local graph of the desired center-stable manifold is a bounded connected subset
of [0,00) x C? containing the stationary point 0 of @ We note that the positive z-axis is invariant,
corresponding to the equilibrium state v = ¢. The function space modeling the local center-stable
manifold is given by

Gomzae, = {ai {(z.y) € [0,00) x T @ €[0,0], lyles <u} - C7 -
a(z,0) =0,
la(z1,y) — a(z2,y)|ce < Lolylea|zr — 22|,
la(z,y1) — a(z,y2)|ce < Lylyr — y2lca



The positive parameters ¢ and p controlling the size of the chart, as well as the Lipschitz constants £,
and the “mixed term” Lipschitz constant L£,, will be chosen later, and the choice will depend on the
application. Notably, Gs ...z, c, equipped with the norm

lguyes e, 2 sup 200
by z€[0,0], Ylca
0<|ylca<p

is a Banach space (cf. Chapter 4.1, Proposition A of [22]).

Remark 2.1. Throughout this paper, we always endow C? with the infinity norm, which we keep denoting
by lylca = max;—1_, |yi|. Also, we denote by B(X,Y) the set of bounded linear operators from X to
Y and by |- |@(x,y) the induced operator norm.

In the following, we will need estimates on the linear flow. To this end, defining

A Y min R(\), (11)

i=1,...,q

we recall that )
|6_TA|33(©1 cay < e, for all r > 0.

Under a set of explicit constraints on 9, u, L4, Ly, the following proposition guarantees that Gs . ¢, r,
contains the local graph of the center-stable manifold of the stationary point 0 of @[) The trajectorles
in this forward invariant manifold converge to 0 as r tends to oo.

Proposition 2.2. Let d,p, Ly, Ly > 0. Let )= 1/3(,u,£y) > 0 be a bound satisfying

L1
> = 3 AT (DN(c+T(y + 2)) — DN(c) )T ) 12
> memomgw\ (PN(e+ Tty +2)) = DN@)r|_ (12)
Assume that the following three inequalities hold:
A> (L5 +P) 1+ L), (13a)
. | . (20 +9) 1+ )
T (D)4 Ly @2 - B0+ 20)(1+ £,)) (2N — (55 + ) (1 + L))
(dT L+ L)+ (L0 +9) L), (13b)
N1+ L
£,2 ( 2d Sr9)I+L,) (13¢)
— (G5 + )1+ Ly)

Then, Gs u,c,.c, contains the local graph & of a center-stable manifold of the stationary point 0 of (]E[)
Additionally, for any initial condition (x(0),y(0), 2(0)) = (&,n,&(&,n)) such that £ € [0,8] and |n|ce < u,
there exists a unique solution (z(r),y(r),z(r)) of (@) for all v > 0 which satisfies z(r) = a(z(r), y(r)),
for all v >0, and lim, o (z(r), y(r), 2(r)) = 0.

Proof. We follow the proof strategy of [22], §4.1] adapted to our context. Given a function o € Gs ., c,
we denote by (x(7;&), ya(r; €, n)) the unique solution of the initial value problem

dx 9

ar -
dy

% = —Ay + 1[)(1'7y, a(x, y))’

((0),4(0)) = (§,m),



where £ € [0,0] and |7]ca < p.
The proof essentially consists in showing that the Lyapunov-Perron operator, defined formally by

[Grp(a)](é,m) = /Ooo e‘A%(aﬁ(r;5)7ya(r;fvn),a(ﬂf(ﬁf),ya(r;6,77))) dr, (14)

satisfies the assumptions of the Banach Fixed-Point Theorem on Gs . ¢, ¢, -
On the one hand, the flow of = is known exactly to be (with initial condition z(0) = & > 0)

_ £
-5 20 (15)

z(r;€)

In principle, one could carry on this expression throughout the estimates. However, the resulting expres-
sions involve exponential integrals and are laborious to work with in practice. Henceforth, we resort to
the bounds

z(r;€) < ¢ and lz(r; §1) — 2(r;&2)| < |61 — &2, for all £,&1,& € [0,9].

On the other hand, the flow of the y-variable (with initial condition x(0) = & and y(0) = n) is only
accessible through an implicit variation of constant formula

alri&om) = [ e (a5 8),palsi6n) o (ol5:),vasi ) ) (16)
0

We will now derive a series of estimates which will help to establish that Gpp is a contraction on
Gé,p,Co,c,- We start with an estimate on the change in ¢ when taking different initial conditions (&1, 7:)
and (&2, 72) for the same (but arbitrary) o € Gs ., ¢, - Indeed, an application of the Mean Value Theorem
yields, after some bookkeeping and by using also the triangle inequality, that, as long as |y (7, &, 7:)|ce <
w for i = 1,2, we have

‘d)(ﬂﬁ(?’; 51),ya(r;517171),04(f€(7“;€1)7ya(7";€1,Th))) - 1/}(%(7";52), Yo r; &2, m2), o (2(r; £2), ya (1 fz,m)))

< G+ Ly)|yalr; Ea,m2)|calz(r; &) — 2(r; &) N
+ (4520 4+ B) lya(ri&,m) = ya(ri e me)les
(45264 9) la(a(rs ), ya(rs 61, m)) = (s ), a5 2, 0) e
< G+ L) |ya (73 &2y m2) o |2(r 1) — (75 &)
+ (204 9) a3 €1,m) = ya (i 2. 7) e
(45256 + 0) (Lalyalrs &, m)leao(rs €0) = (53 &)| + Lylyia73 €1, m) = a3 €2, o)
< (204 L) + (520 +9) £2) alrs&om)lerlés — €
+ (%5 + ¢) (14 Ly) [y (75 €1,m) = Yo (75 €2, m2) |ca- (17)

Similarly, we estimate the change in ¢ when taking different ay,a2 € Gs . c, with the same
initial condition (£,n). Again, an application of the Mean Value Theorem implies that, as long as



[Ya; (1, €,1)|ce < pfor i = 1,2, we have
(& o (7561, 1 (6 s (136) ) = (& s (13 € m), 02 (€, s (3 6,m))
< (45204 ) 1pon (15 6.) = Yaa (13 €0
(55204 ) 01 (6 Yo (7 6,) = @26, Y (736,
< (526 +9) o (13 €)= Yaa (13 &, m) e
+ (%5 + w) (ﬁylyal(r;&n) = Yao (156, m)|ca + |on — azlgs .z, o, Yoo (r;«S,n)ICq)

= (%5 + 1/)) ((1 + LYoy (1:€6:1) = Yas (1§, m)[ca + o1 — q2lg, 2, 2, Ve (T;f,n)lca) - (18)

Then, from the variation of constant formula , we have

Ca

. .
eM|ya(T;§,77)‘<Cq < |nlca +/ e
0

0 (2(5:€),alss & m). a(als: ), yalss&m) )| ds

Ca
d—1 n " s
< [nlca + 0TV (AHLy) [ e 1Yo (r;€,m)|ca ds,
0

where the last inequality follows from with & =& =& m =1, n2 = 0, so that yo(r;&2,72) = 0
since o € Gs i, 2,2, and ¥ (x,0,0) = 0 for any x € [0,9]. By Gronwall’s inequality, we obtain

Yo (€, 0)lcs < [nleael(FH DAL =A)r, (19)
Therefore,
RS 1
—Ar
e ya(r; € m)lce dr < — — = n]ca- (20)
/ 25— (5526 +9)(1 + L,)

Due to the constraint (13a)), we conclude from that y, decays to 0 at exponential rate, and
[Ya (€M) |ca < |nlce < p for all » > 0. We infer that the estimates and hold for all » > 0.

It then follows that 1/)(5, Ya(r;6,m), (& yalr; §,77))> tends to 0 as 7 — oo, hence the Lyapunov-Perron

operator Gpp in is well-defined.

Next, we estimate the difference between two solutions of Z—i{ = —Ay + ¢¥(z,y, a(z,y)) with different
initial conditions. We first take initial data with different values for £ only. From the variation of constant
formula we have

[y (13 €1,1) = Ya s €2, m)lcs
< [ (50 )+ (25264 0) £) lnolri o mlenls — &

+ (%5 + 1/)) (14 Ly) lyalr;&.n) — ya(r; &2, n)lm} ds
(D) (1+L,)r _

(4510 + D)1+ L,)

(2520 0) 14£) [ N lnlrian) = o les ds,

< (GH+ L)+ (520 +9) L) nleslés — &l

where the first inequality follows from with 71 = no = n and the second inequality is inferred from
(19). By Gronwall’s inequality, we obtain

[Ya (75 61,m) = Ya (73 §2,1)|Ca
(DAL _ (

) (2 5+0)(1+£,)-A)r
(Gro+ )1+ Ly)

< (L) + (20 +8) L) Infeslér - &l



Therefore,

/ (s 60,1) — o (s 2, ) co
0

L1+ L) + (G +9) L,
T 2A - (B 20) (14 £,)(2A — (4526 + ) (1 + L))

Inlcalér — &2l (21)

Similarly, for initial data with different values for 7, the variation of constant formula (16 gives

M ya(r: €& m) = ya(ri & m)les
< lm = mples+ (42 48) (14 £) [ Mlyariom) - valrsém)les d,
0

where the inequality follows from with & = & = £. By Gronwall’s inequality, we obtain

d=1g5. 7 ~)r
W75 671) = Yo (736, m0) o < |1 — malcael T OFDAFLN =),

Therefore,

RS ! -
/Oe (7€) = s €l dr < G~ e (22)

Repeating this process one last time for two solutions with the same initial data but different a, from
the variation of constant formula we have that

s (15 6) = Yon ()l < [ (4220 48) (44 £l (r3601) = v il
0

+ |041 - O‘2|g§,u,1:1,,1:y ‘ya’z (T;f,ﬂ)\@ ds

(2L 5+)(A+Ly)r _

< (4320 zz)( Ty ST
(dT(Hz/’) >/0 Yo, (76,10) = Yoo (13 €,1) o ds,

| ay — a2‘95,“,ﬁm,z:y |77‘<Cq

where the first inequality follows from and the second inequality is inferred from . By Gronwall’s
inequality, we obtain

Yo, (15€,M) = Yoo (1:€,1) |ca

d=1s1 .0 Ly)r _ - 3
T LT 1 (aisidyate,)-A)r

(L6 + D)1+ L)

< (4556 +9) loa ~ sl .o, il
Therefore,

/ M s (11 €,1) — Yo (13 6.1 o
< +1&
T A - (3R ”6+2¢)( ))(X (G525 + ) (1 + Ly))

We are now ready to show that GLp is a contraction on Gs . ¢, c,. We start by establishing that Grp
maps Gs ., c,.c, to itself. Since o € Gs 1, ¢, and ¥(x,0,0) = 0, we have that y, = 0 whenever n = 0. It
follows that

(Gup()(£,0) = / T e M (a(rs€),0,ale(r; ), 0)) dr = / e M ya(r: ), 0,0) dr = 0.

|a1 - O‘2|95,u.ﬁw.ﬁy |77|C‘1' (23)

10



Furthermore, we have that

[[GLp(@)](61,m) — [GLp(@)](£2, 1) ¢
< (SR04 + (G0 +8) L) & - 52\/0 ¢ [ya(r: €2, m)lca dr

+ (2o + ) (1+£,) /0 € ya (73 €1,1) = Y73 €2, o dr
| (25 +9) (1+£,)
d-1g

L)) (23— (BS54 20)(1+ £,))(2) - (45
(4520 +9) Lo ) Inleslé1 — &l

+9)(1+Ly))

< Le|nlcaléy — 52|,

where the first inequality follows from with 71 = 12 = 1, the second inequality follows from and
, while the last inequality follows from the constraint (13b]). Similarly,
[Gre(@](€m) — [Cre(@)(Em)|c, < (“F25+4) (1+£,) / €N [y (r:€:m) — Ya(r; € m2)lce dr
0
(G5 + )1+ L)
T2A— (SFe+d)(1+Ly)
S £y|771 - 772|Cq7

|771 - 772|Cq

where the first inequality follows from with & = & = &, the second inequality follows from and
the last inequality follows from the constraint (13c|). Hence, GLp maps Gs .z, c, to itself.
Next, we prove that GLp is a contraction on Gs . 2, £,

[[GLp(a)](€,n) — [Grp(a2)](€,m) |
< (5254 0) 4 L) [Ny (5600 = ol dr
+ (%5 Jrq[}) |a1 o a2|g5wuw£z.ﬁy /0 675\T|y(¥2 (T§§777)|Cq dr

(%&Lqﬁ) (14 L,) 1
(24 — (BS6 +20) (1 + £,))(2A — (4526 + ) (1 + L)) "o (2o + )1+ L)

IN

X ( 3 +7/}) |041 - O‘2|gsuﬁl Ly|17|(cq
d
—1 L
ll_ (1+L,)

IN

|041 - a2|gé,u,LI,Ly |"7‘Cq7

Loy

where the first inequality follows from , the second inequality is inferred from and , while

the last inequality follows from (13b)).
Therefore, we can apply the Banach Fixed-Point Theorem to Gpp, which yields a unique fixed-point
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a e 957“,ngy. Since

L (e a(e(ri&) wa(ri.n))

dr
d
= %(e*A’“[GLP(&)](Iv(T;5),1/&(7“;&,?7)))
- % 0°° e*MS“)?/J(:c(s +7:6)yals +r3€m), a(z(s +1:6),yals + “5’7’))> ds
- % e ((s:€), yas:€m), G (0(5: ), yals: &) ) ds

= —e*A”w(ﬂc(r;f)vya(r;&n),d(x(r;ﬁ),ya(r;&??)))a

we have that

d . - -

—a(2(r:6), ya(ri&m) = MG (0(ri ©),yalri&m) — ¥ (205 ). valr: €M), &(2(r:€), ya(ri&,m)) )
Hence (x(r; &),ya(r;&,m), d(x(r; &), yal(r; &, 77))) solves @D for all » > 0, which shows that the local graph
of & is an invariant manifold. As mentioned before, it follows from (19) and the constraint (13al
that ya(r;&,m) decays to 0 as r — oo. Likewise, lim, o x(r;€) = 0 by (15). Finally, by continuity
lim, o0 2(r) = limy 00 & (2(r;€), ya(r; €, m)) = @(0,0) = 0. O

In conclusion of this section, we highlight that Proposition 2.2 not just provides bounds on the local
graph of the center-stable manifold, but also describes the dynamics inside this invariant manifold: it is
comprised of solutions of @D which converge to the stationary point 0. Therefore, a localized solution
of , limiting to the equilibrium ¢, yields a trajectory in this local center-stable manifold.

3 The Newton-Kantorovich argument

We begin this section by assuming that there exist d, u, £, £, > 0 such that the hypotheses of Proposi-
tion are verified, yielding the existence of a local graph & € Gs . ¢, ¢, of a center-stable manifold of
the stationary point 0 of @ As presented in Section this allows introducing a nonlinear zero-finding
problem whose solution corresponds to a localized radial solution of . Constructive existence of a zero
of F, defined in , is proven using a Newton-Kantorovich argument which we now briefly overview,
see Section [3.2] for details.

The starting point of the argument is a general nonlinear map F' defined on a Banach space (X, | - |x)
for which a proof of existence of a zero is desired. Considering a finite dimensional projection, one
computes a numerical approximation Z such that F(Z) ~ 0. An injective linear operator A is then
constructed such that AF : X — X and such that |[I — ADF(Z)|sx,x) < 1 (hence, A serves as an
approximate inverse for the Fréchet derivative DF(z)). Next, one defines the Newton-like operator
T(x) = x — AF(z), and proves that there exists a radius g > 0 such that T : cl(B,(Z)) — cl(B5(Z))
is a contraction, where cl(B;(Z)) is the closed ball of radius p centered at z. The Banach Fixed-Point
Theorem yields the existence of a unique Z € cl(B;(z)) such that £ = T(z) = & — AF(Z). By injectivity
of A, the fixed point Z of T is the unique zero of F' in cl(B5(Z)). For this to work in practice, sufficient
and computable, explicit conditions for the verification that T'(cl(Bz(z)) C cl(B;(z)) and that T is
a contraction need to be derived, see the Newton-Kantorovich Theorem The hypotheses of this
theorem are finally verified with the computer, yielding a (computer-assisted) proof of existence.

The above general framework falls in the field of computer-assisted proofs (also called rigorous com-
putations or rigorous numerics) in nonlinear analysis. Examples of early pioneering works in the field of
computer-assisted proofs in dynamics is the proof of the universality of the Feigenbaum constant [38] and
the proof of existence of the strange attractor in the Lorenz system [39]. Several computer-assisted proofs
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of existence of solutions to PDEs have also been presented in the last decades, including eigenvalues en-
closure methods [40, [41]), self-consistent a priori bounds [42] [43], a priori error estimates for finite element
approximations combined with the Schauder fixed point theorem [44], and topological methods based on
Conley index theory [45] 46]. We refer the interested reader to the survey papers [47, [48| [49] 50l 51], as
well as the recent book [52].

Let us now introduce a zero-finding problem of the form F(-;&) = 0 whose solution corresponds to
a localized radial solution of .

3.1 Formulation of the zero-finding problem

For the formulation of the zero-finding problem we will split the domain [0, 00) of the function u into
subintervals. First, near r = 0 we set out to solve by taking advantage of the analyticity of the
solution. Let ¢ > 0 represent an anticipated (lower bound on the) radius of convergence of the power
series representation of the localized radial solution. We rescale [0, ¢] to [0, 1] by setting u(r) = v(¢r) and
write

o(r) = {vlo + Z{v}nr", for all r € [0, 1].

n>2
Solving () with the initial condition (u, %u)(0) = (¢,0) for ¢ € RY, is equivalent to finding the Taylor
coefficients {v},, € RY, for n > 0, satisfying
{U}O - ¢ = Oa
{v}1 =0, (24)

nn+d—2){vi, + {N@)}, 2=0, n>2.
We will solve for the sequence of Taylor coefficients in
T = {a e CNHOY ; jg|, & Z {a}n| < oo},
n>0
which is a Banach algebra with the Cauchy product
axgb ™ {Z{a}nm{b}m} : (25)
m=0 n>0

We denote w = (w™, w®,w®) with w) = wy, w? = (w,, ... , Witq) and w® = (Watq, - Wit2q)-
Transforming the coordinates of the “normal” form (9 to the variables (w™®),w(),w(®), the local graph
of the center-stable manifold of the equilibrium ¢ of (5 is given by

0 1 0 0 ¢
En)w—lc|l+|0 T r n ,
0 0 —-TA TA/J \a(,n)

where & € Gs . c,,c, Was obtained in Section In principle, there could exist r. € (0, 1) such that v(r,)
already connects to this local graph, but in general one should not expect this. Thus, we solve on
[0, L] for some L > 0, subject to the initial condition (w™,w® w®)(0) = ((fr.)~, v(r.), £ Lo(r,)) to
ensure that the solution connects smoothly to v. Although the first intuition might be to set r, = 1, we
will need to choose r, < 1 to guarantee differentiability at » = r, of the power series v with coefficients
in 7. In a nutshell, this requires bounding the sequence nr? for all n > n4; this sequence is strictly
decreasing when r, € (0,e~ /(7 +1)],

For the boundary value problem for w we favour, in the spirit of [53], the use of Chebyshev polynomials
of the first kind given by

T.(s) = cos(narccos(s)), n=0,1,2,... and se€[-1,1]. (26)
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Since these are defined on [—1, 1], we rescale the domain of w from [¢r,, ¢r,+ L] to [—1,1]. Integrating
using the initial condition mentioned above, yields

(¢r,)

vd / f(w(s"))ds" —w(s) =0, for all s € [-1,1]. (27)
0~ 1=

The rescaling implies that w® (s) = u(fr, + L) for s € [—1,1]. Expanding w as a Chebyshev series
w(s) = {w}o +2 Z{w}nTn(s), for all s € [—1,1],
n>1

the integral equation is equivalent to

oy = (7o — 5 Z
m>01Y mry" + =S 0o— 51f(w
S m ) 2

}m)—{w}o_o n=0

L{f( )}n 1= {f(w)}nm
2n

—{w}, =0, n>1

(28)
We look for Chebyshev coefficients {w;}, i = 1,...,1 4 2¢ solving in the sequence space (for some
weight v > 1)

%, = {aeC 1 aly, = {a}ol +2) Hatalv" < 00
n>1

This is a Banach algebra with the discrete convolution product

a*gb = {Z{a}n—m{b}m} ; (29)

meZ

which corresponds to the natural convolution in Fourier space through .
At s =1 (i.e. 7 = ¢r, + L) we need the solution to lie in the local center-stable manifold, hence

{w®o+23, >1{w(2)} c r r U
3) 3) - ~ -1 =0, (30)
(w®+25 0 w®},) o) ~\era ) a(er. + 1))
with w™M (1) = (fr, + L)~! being satisfied automatically since w™ (1) = (¢r,)~*. Consequently, when

{v} and {w} solve (24), and (30), then the function
Z{U}n(ﬁflr)", r e [0,0r,],

det ) n>0
un = {w}o +2) {wTu(3(r - tr) = 1), 7€ (bra, bro + L],

n>1

represents a localized radial solution of : its orbit connects at r = fr, + L to the center-stable manifold
of ¢ and converges to ¢ as r — oo by Proposition
To formulate the above in the framework of a single zero-finding problem, we define, for some v > 1,
the product Banach space
X ECIxCIxTIxEH™N,

equipped with the norm

|z x &of max{|n|¢jq, |¢|lca, max |v;|z, max |wi|<gy}, for all x = (n, ¢, v,w) € X.
i=1,...,q 1=1,...,14+2q
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Given & € Gs ., ., , the local graph of a center-stable manifold of the stationary point 0 of @, we
define F(-;&) on X, Wlthout specifying the co-domain for now, as

{w}o +23, 5 {wP}, —c =T+ a((lre + L)"')
F(z;d) def {w(s)}o +2 Zn21{w(3)}n —TA(=n+a((tr. +L)"",n)) (31)

g9(x) ’
h(x)

where g(z) € (C*+20)NA0} s given by

{v}o — ¢, n =0,
{g}n = {7)}1, n=1,
n(n+d—2){v}, + 52{N(v)}n—27 n>2,

and h(z) € (C*20)NAO} 5 given by

(br,)~1
B [ D R M I (00 P T o) F@)hn) ~ fwlo,  n=0,
{h}n = Zmzl %{’U}mraﬁm m>2
L {f(w)}tn—1 — {f(w0)}ns1 ~ {w) n>1
2 2n " -

Here,

e N is understood as a mapping from .7? to itself by identifying each multiplication with the Cauchy
product x4 defined in ;

e f is understood as a mapping from %}*27 to itself by identifying each multiplication with the
discrete convolution *¢ defined in .

Furthermore, we introduce the notation F(-;0) to mean the mapping F'(-; &) where the terms involving
a are removed.
To conduct the computer-assisted proof, we will approximate a finite number of Taylor and Chebyshev

coefficients of the solution numerically. Formally, given nm.x € NU{0}, we define the truncation operator
Mmax - CNU{O} N (CNU{O} by

o a n<n
{rnmexgl, = {akn, 7 < M, for all a € CNV{0},
07 n > nmaX?

Given n#,ne € NU{0}, this operator extends in a natural fashion to .79, €}*2¢ and X as follows:

def

m"7u = ("7 vy,. ., T 0g), for all v = (v1,...,vq4) € T9,
ey (7w, ..., T wWiyag), for all w = (w1, ..., wi42,) € €L,
e g (¢, T v, T W), for all z = (n, ¢, v,w) € X.

The complementary operators representing the tail of the coefficients are denoted by

Oo(nmax)a def a — e, for all a € (CNL_J{O}7

o)y & (goona)y, ,ﬂoo(”g)vq), for all v = (v1,...,vq) € T9,

go(ne),, & (7-[-00("‘5)

™

¢ — 1+2
Wi, ... ,7r°°("5’)w1+2q), for all w = (w1, ..., Wiy2) € 6,79,

goena).eolne) gy (0,0, 7M7)y, roonely), for all z = (1, ¢,v,w) € X.
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3.2 The Newton-Kantorovich Theorem

In this section, we formulate the Newton-Kantorovich Theorem which gives sufficient conditions to prove
the existence of a localized radial solution of . In the estimates we will need the monomial coefficients
of the polynomials, hence we fix their notation in the next remark.

Remark 3.1. Recall that N = (Ny,...,N,): 79— T9 and f = (f1,..., fi42q) : €121 — €1T27 are

polynomials of the same order K > 2. That is to say, there exist coefficients a,(c)
that

...........

N;(v) = Z agl) ..... ey U]fl xg . *905‘1, forve 71 1<i<g,
ki1,...,kqeNU{0}
0<k1 A kg <K
i k k 142 .
fi(w) = Z b,(;),m’klﬁqwll X ... ke wlfsz, forwe €, 1<i<1+2q.
kl,...,k1+2q€NU{O}
0<k+ kg <K
We denote by Nabs = (Nabs,15- - - Nabs,g) : R = R? and fans = (fabs 15 - - » fabs14+2¢) : R1T29 — RIT24
the polynomials given by

Nabsﬂ(() = Z ’a’kl ’’’’’ kg ’ H CJ s fO’f'C S Rq, 1< < q,
k1,....k, €NU{0}
0<k1+...+ks <K

142¢q
k; .
fabs,i(C) = > 2 I ¢ for C€RY21<i< 142
k1,....k1424€NU{0} 7=
0<k1+...4+k, <K
We denote by
cl(By(7)) = {z € X : |z —z|x < p}

the closure of the ball of radius p > 0 in X, centered at £ € X. In the computer-assisted proof it is
natural to take T € 7™7°"¢ X for some choice of ns,ny € N.

Theorem 3.2 (Newton-Kantorovich). Denote by K > 2 the order of the polynomial N and fix ¢, L >
0,ng >2,ng>1,7r,€(0,e /o] v > 1 £, L,>0and 0> 0. Let T = (£,7,,0,w) € 777 "¢ X
and let A : 77 "¢ X — "7 "¢ X be an injective linear operator.

Suppose Proposition holds true for § = (bro+ L)%, u = |j|ca + 0 and the chosen Lipschitz constant
Ly, Ly such that Gs . o, c, contains the local graph, denoted by &, of the center-stable manifold of the
stationary point 0 of @D \

Define

Y = |Ar"T e F(

+ max

X,
{ ZZ'WOO (M DN(0)| o L + 07 )[a0 0 ()| 2420 }
(ng + 1)( ng—l—d—l)’ 4(ng + 1) )
Zy = |77 — Ax" T DF(z;0)n" T e g x x
{ €2|DN |,@(§q T9) L(V +v- )|Df( )|%(%1+2q @1t2ay }
(ng +1) ny—i—d—l) 4(ng + 1)

9 L|Df( )|,3 142q 1429

ng+1 (%ﬁ by )
+ A z(x, x) maX{W,T 7 max{1, 07 (ny + 1)} + vret2((ng +2)2 — 1) }’
Zy & (|A|<93(X7X) + 1) max{€2|D2Nabs(|171|9 +0,...,|0l7 + 0)|z(Ca,cay,

L(1+4v)

5 |D? fabs (|01, + 0, .- ., [W142q]6, + Q)|38(C1+2<1,C1+2‘1)}-
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If there exists p € [0, o] such that the two inequalities

A
Y + |A(T,TA, 0,0)|(@(Cq,x)£y|ﬁ|cq —(1- 2 — |A(I',TA, 0, 0)|{@(cq’x)£y),5+ 7252 <0, (32a)
|A(F, I'A, 0, 0)|gg(Cq’X)£y + 714+ Zop < 1, (32b)

hold, then there exists a unique & € cl(B3(Z)) such that F(&;&) = 0.

Proof. Consider the bounded linear operator A & Axg™7m¢ 4 A with Ay : X — qoonz)oolne) x
given by
AooSC dof (0, O,Uooa *ﬂ'oo(n(g)w)a for all z = (77’ ¢a ’U,’w) € X’

where
» 0 forn <ng,
{veotn = {v}n
m for n > nNg.
Define T(-; &) : cl(B,(Z)) = X by
T(z;6) = z— AF(x;d), for all x € cl(B,y(Z)).

This operator is well-defined since, for any = = (n, ¢, v,w) € cl(B,(Z)), we have that |n|cs < |f|ca+o0=p
and it follows that &(d,n) is well-defined. By construction, specifically the action of A, the operator
AF(-;&) maps cl(B,(#)) into X. Moreover, T'(2;0) = x — AF(x;0) is twice Fréchet differentiable for
all z € cl(B,(z)).

Let p € [0, 0] be such that and hold. Tt is enough to show that T'(-; &) satisfies the
assumptions of the Banach Fixed-Point Theorem in cl(B;(Z)). Indeed, A is injective in view of its
definition and injectivity of the matrix A, which implies that a fixed-point of T'(-; @) is a zero of F(-;&).

Assume for now that

Y > [T'(2;0) — z|x, (33a)
Z1 > |DT(7;0)| z(x,x)5 (33b)
Zy> sup  |D*T(x:0)|m(x2 x)- (33¢)

zecl(B,(T))
Let x = (n, ¢,v,w) € cl(Bs(z)). From Taylor’s Theorem we have that

T(x;0) — Z[x
:|T(gz;0)—£+[DT(:E;0)](x—5c)+/O (1 —)[D*T(z + t(x — 2);0)](z — 7,2 — 7) dt|x
< |T(:z;())—f\X+|[DT(f;0)](x—:f)|X+/O (1 —t)|[D*T(z + t(x — 2);0)](x — &,z — T)|x dt
§Y+le+Z2p2/1(1—t)dt
0
=Y+ Zip+ %ﬁz.

Since F'(z;«) is affine linear in «, it follows from ([32a]) that

T(z;a) — 2|x = |T(2;0) — 2 + A(F(2;0) — F(x;0)|x
< |T(x;0) — Z|x + |A(F(z;0) — F(z; &)|x
= [T(z;0) — z|x +|A (Ca(d,n),TA&(S,7),0,0) | x
<Y + Zip+ 522p° + |A(T,TA, 0,0)[ (e, x) Ly (|71l co + p)
<p

Y
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which implies that T'(-; &) maps cl(Bz(Z)) into itself.
Next, let 2 = (n, ¢,v,w), 2" = (0, ¢, v, w’) € cl(B;(Z)). By the Mean Value Theorem, we have that
|T'(2;0) — T(2";0)|x

< sup [DT(h)|acxx)le —2'lx
hecl(By(x))

1
< sup (|DT($)|§3(X7)() -‘r/ |D2T(:i‘+t(h—f);0)|@(X27X)|h—.CE‘X dt) |$—.%'/|X
hecl(Bs(Z)) 0
<(Z1 + Zzp) |v — 2'|x.
We infer that

T (a3 &) — T(e'; &) x )

(2;0) = T(";0) + A(F(;0) - F(x;0) — (F(2'50) - F(2;0)))|x

=|T
< |T(2;0) = T(2";0)|x + [A(F(2;0) — F(x;6) — (F(2';0) — F(2';
= |T(x;0) — T(a;0)|x + A (F(&(0,n) — &(6,7')), FA(&(d,m) — &(
< (Z1 + Zap + |A(T,TA,0,0)| z(ca,x) Ly) 2 — 2| x,
which, in view of ([32b)), shows that T( &) is a contraction on cl(Bj(Z)).

Therefore, provided the bounds , (33b) and (33c) are valid, the operator T'(-; @) satisfies the

Banach Fixed-Point Theorem Whenever (32a]) and (32b)) hold.
The proofs of the inequalities (33al), (33b)) and (33c]) can be found in Appendix O

There is a subtle technicality arising from our definition of X. Indeed, we choose to work in C to

seamlessly allow A to be comprised of complex eigenvalues. Consequently, we must ensure that T =
(71, ¢, 0, ) € cl(B,(Z)), obtained from Theorem [3.2} satisfies ¢ € R%, 5 € (RNH0H)a 4 ¢ (RNU{O})HQ‘I
Fortunately, this property is “inherited” from the numerlcal approximation .

Lemma 3.3. Let & = (7, ¢, 0,w) and & = (7, ¢, 0,0) as in Theorem. If g € R9, 5 € (RVWHOHa 5 ¢
(RNVA0}) 1429 gpen, deERL e (RNV10H) e 4 ¢ (RNVHO}) 1424,

Proof. Suppose there are 2¢’ (< ¢) complex eigenvalues. Without loss of generality, A and " = (F1 e I‘q)

;a)))|x
5,1')),0 ) |x

satisfy A;; = A1T+1,i+1 and I'; = FIH for all ¢ = 1,3,...,2¢' — 1 where { denotes complex conjugation.
Consider § : X — X given by

S(x) = (So(n),¢h vl wh),  forall z = (n,6,v,w) € X,
where Sy : C? — C1? is defined by

m, ie{1,3,...,2¢ — 1},
(So(m)), =l ie{2,4,...,2¢}, for all n € CY.
nl,  ie{2¢+1,....q},
It is straightforward to see that ¢ € R%, v € (RNAON4 o e (RNHON 1424 whenever z = (1, ¢, v, w) € X
satisfies z = S(z). Hence, the lemma claims that if Z = S(Z), then & = S(Z).
Observe that for € cl(Bz(Z)) we have S(z) € cl(Bs(z)) since [S(z) — Z|x = |S(z) — S(@)|x =
S(z —)|x =z —Z|x <p.
Furthermore, our ordering of ' and A yields I'Sy() = (I'n)" and ASy(n) = So(An) for all 5 € C¥; in
particular, nt = (I'T~'n)t = I'Sy(I'~'7). Thus, for all y, z € C?, we have that

b(w, So(y), So(2)) = %((d — 1)2So(—y +2) + AT (N(c +TSo(y + 2)) — DN(e)[So(y + z)))
- ; ( — 1)a8y(—y +2) + AT (N(c £ T(y+2)) — DN(e)I(y + z))T>
_1 (d—1)xSo(—y + 2) + A1Sy (T (N(c + T'(y + 2)) — DN(c)['(y + 2)
5 (r( )))
= So(Y(2,y,2)).
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Recall that we place ourselves in the context of Theorem Hence we consider & € Gs,.c,,c, to be
the local graph of the centre-stable manifold as in the theorem. Define [S;(&)](£,7) = So(@(&, SO( ))) and
observe that Si(&) € Gs ..z, .c,- We shall follow the notation introduced in the proof of Proposition
Namely, we denote by (a(r; f) ya(r; &, 1)) the unique solution of the initial value problem

di = —Ay+¢(x Yy, (x7y))7
(x(0),9(0)) = (&),

where £ € [0,0] and |n]ce < p. Fix n € C9, then

© Sosy(0)(r: 1) = S0 Ay, (73 €,m) + 9 (2(75€), v ) (116, 1), 51 (6 (201, 5, (13 ) )
= —ASo(ys, (39 (3 € 1) + ¥ (15, Sowis, ) (73 €, & (2, Solyis, () (73 6,m) ).

Since So(ysl(a)(O £,m)) = So(n), it follows, by definition, that So(ys, (a)(r; €, 1)) = ya(r; €, So(n)). Hence,
Ysi(@) (r;6:m) = So(ya(r; € So(n))). Thus,

[S1(@)](€,m) = So(a(€,So(n)))
= So([GLp(@)](&,So(n)))

=0 [ e (030,00 (€. So ). 8 003,06, ) )
= /OO 67/\”/)(«’13(7‘;5)’So(y&(r;5750(77)))750(&(17(7’;f)ayd(T;&So(??)))D dr

0

/ Y (@(r:€),ys, () (13 €,m), [Si (@ )}(w(r;f)’ysxd)(?“%éﬂ?))) dr

_/ _Mw(l‘ ), Ys (a) (15 6,m),So (6 (x (7“;5)7502/31(&)(7“;5’77)))) dr
= [GLp(S1(a))](&,n).

However, according to Proposition [2.2, & is the unique fixed-point of Grp in Gs . c,,c,, Which implies

tha%ﬁl(df) = @&. In particular, &(&,So(n)) = [S1(&@)](€,So(n)) = So(a(&, So(n))).
(@@ 42,5 {0 @}, — ¢ = T(So(i) + &((r. + L), Sol
F(S(a) — | 1O+ 250 (801 - PAC-So(i) + a((6r. + L) (i)
9(8(2))
h(S(Z))
[{111(2)}0 +23 s {08}, — e =T+ a((tre + L)Y, fl))}T

| [+ 25,2 0, - TAC- + (e + 0 )]

=]
N’
Nt
N

g(2)f
h(@)!
= F(#;a)!
=0.
Since Z is the unique zero of F(-; &) in cl(B;(Z)), it follows that & = S(&) as desired. O
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To end this section, we retrieve an a posteriori C%-error bound for a localized radial solution of .
To formulate the result, we first need an expression for the solution in the local center-stable manifold.
We set g def lry+ L and & o=f rgl and

7 (0o 4 25,50 (0] — ) ~ I ({80} + 25,5, (80},),
Then the solution in the local-center manifold is given by

~ def

da(r) = e+ T (yalr = r0:€0) + a(gimy valr —r0i€i) ), forall v e (ro,00),
where vy, is given implicitly by the variation of constants formula .

Corollary 3.4. Letx =

il, ¢, 0,) € cl(B5(z)) be the zero of F(-; &) obtained by applying Theorem |3.2
to a case where T = S(T).

(
Z). Consider the resulting localized radial solution r € [0,00) — @(r) of (2]

satisfying
> ikl r e [0,0r,
n>0
a(r) = § {oP}o + 2> {@@ 1T (2(r — 0r,) = 1), 1€ (r.,70],
n>1
t(r) r € (ro,00).
Define
ng
> Ao, r e [0,0r.],
n=0
ﬂ(r) = —(2 - —(2 2
(@@} +2> (@@}, To(2(r — r.) — 1), 7€ (r., 7o),
n=1
¢+ Te Ar=rolg, r € (rg,00).
Then,
sup_ (1) = @(r)les < max{p, [T|z(cs,co)(p + Lyl +p))}- (34)
re|0,00

Proof. On the one hand,

sup |i(r) — a(r)|cs < max (|6 — B g, 0@ — w<2>|<gg) < |7 —z|x < p,
rel0,ro]

since the supremum norm of a Taylor or Chebyshev series is bounded by the weighted ¢! norm of its
coefficients (namely, the norm of .7 and %, respectively).
On the other hand,

sup |a(r) —a(r)lce = sup |ta(r) — a(r)|ca
ré€rg,00) ré€[rg,00)
<IT|zca,coy sup  |yalr —ro; 3 M) — e Aol 4 54(71+£~(§7T0) JYalr —ro; £, 77))

r€[rg,00)

< T a(ca,cay(p + Ly(|7]ca + p))s

where we used the variation of constant formula to derive the uniform bound |ys(r — ro;g, ) —
e~ AMr=mo)f|cqs < pin a similar vein as we did to obtain in the proof of Proposition O
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4 Applications

We begin this section with a practical note on Theorem In Section |3] we demonstrated that a zero
of F( ;&) yields a localized radial solution of which reaches the local centre-stable manifold & of the
stationary point 0 of @ The main result, Theorem revolves around a contraction occurring in a
vicinity of a numerical approximation Z = (7, ¢, U, @) of a zero of F(-;0). In other words, we pursue a
zero of F(-;&) by hunting with F'(-;0), and in particular its finite dimensional truncation.

The ingredients involved in Theorem [3.2] are correlated. The larger ¢ and L, the smaller the center-
stable coordinates § and p will be and the smaller we may choose £, L,. On the other hand, larger ¢
and L results in higher truncation orders ng and ne¢ for the Taylor and Chebyshev series to represent
the desired functions sufficiently well.

To shed some light on applying Theorem [3.2] in practice, we list the main steps of the procedure:

1.

(A numerical approzimate solution). By some suitable method, which depends on the PDE under
consideration, compute numerically a localized solution g : [0,79] — R? of @), with ug(ro) = c for
some zero ¢ of N. Set ¢ = uo(0).

(The eigenvalue problem). Solve rigorously —DN(c)[' = I'A? for A, T : C? — CY such that A is a
diagonal matrix whose diagonal entries have strictly positive real parts; in other words, the diagonal
entries correspond to the unstable eigenvalues of D f(c). If there are 2¢’ (< ¢) complex eigenvalues,
organize the columns of A and I' = (Iy -+ T) such that A;; = Al,, ;. and I; = ], for
all i =1,3,...,2¢" — 1. Then, compute a numerical solution 77 € C? of ug(rg) = ¢ + I'fj. Enforce

7 = So(7)-

(Series representation). Fix £ € (0,79] and approximate r € [0,¢] — wuo(r) by a Taylor series
r € [0,1] = o(r) = ug({~'r) of order ng > 2. Then fix r, € (0,e~/(7+V] and approximate
r € [lr.,ro] — ug(r) by a Chebyshev series s € [=1,1] — w(s) &~ ug(520r. + £trg) of order
neg > 1; in particular, L = rg — fr,.

(Refine the approzimate solution). At this stage, we have obtained (7, $,v,w) € 7"7""% X such
that z lies in the scope of Lemma [3.3] As explained at the beginning of this section, one may refine
the constructed approximate zero Z of the mapping x € 7”74 X — 776 F'(.;0) by applying
Newton’s method. As a rule of thumb, the truncation orders n o, ne¢ are chosen such that the last
coefficients of the series expansions are of the order of machine epsilon (e.g. ~ 1076 in double
precision). Nevertheless, in practice, higher truncation orders may be required to bring about the
desired contraction.

(The center-stable manifold). Retrieve X as defined in (11). Compute § = (ér, + L)~'. Fix an a
priori maximal error bound ¢ > 0 and set p = |7j|cs + 0. Determine v satisfying the inequality (12)).
2.2,

Choose L, L, > 0 and verify the inequalities (13a)), (13b) and (13c) to prove that Proposition
holds.

(Choose A and check the Newton-Kantorovich inequalities). Compute a numerical inverse A of
a7 DF(Z;0)n™7 "¢ . Choose a decay rate v > 1 for the Chebyshev sequence space. The
approximate Chebyshev coefficients w guide this choice: v cannot exceed their decay rate. Finally,
compute rigorously Y, Z; and Zs. Note that to satisfy inequality , then the a priori maximal
error ¢ must necessarily be greater than Y + |A(T',T'A, 0,0)|z(ca, x)Ly|7|ca. Verify the inequalities

(32a)) and (32b)) to prove that Theorem holds.

In the following applications, all the computations have been performed in Julia [31] via the pack-
age RadiiPolynomial.jl (cf. [32]) which relies on the package IntervalArithmetic.jl (cf. [33]) for rigorous
floating-point computations. The code is available at [34]. All figures have been generated via the package
Makie.jl (cf. [54]).
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4.1 Example [1; cubic Klein-Gordon equation

Our first example consists in proving localized radial stationary solutions of the cubic Klein-Gordon
equation as described in Theorem Recall that the equation @ under study reads

Uy = AU — U + B1U? + BoU3, U=U(t,z)eR, t>0, zcR3
with parameters 1, f2 € R. Hence, the stationary solutions solve with ¢ =1, d = 3 and
N(U) = —U + B1U? + U3,

For 51 = (B2 = 1, we compute numerical approximations of two distinct localized radial stationary
solutions about the constant equilibrium ¢ = 0.

Since DN(0) = —1, the equation —DN(0)I' = AT is satisfied for I' = A = 1; it follows that A = 1.
Moreover, for any p > 0, the inequality is satisfied for

b= (18114 31000+ £,00) 1+ £

Figure [4] shows the numerical approximations of the two localized radial stationary solution of the
cubic Klein-Gordon equation @ We successfully verified Proposition and Theorem and obtained
a CY-error bound for each numerical approximation depicted in Figures [1] and 4t 2.9 x 107 and
5.5 x 1076, respectively. For both proofs, we chose the Lipschitz constants of the local graph of the
centre-stable manifold to be £, = 1 and £, ~ 0.05. The domain of the local graph is contained in
[0,0.068] x [—2.3 x 1077,2.3 x 10~7] and [0,0.066] x [~5.1 x 1075,5.1 x 1079], respectively.

The proofs show a disparity between the order of the Taylor and Chebyshev series expansions needed
to have a good approximation of the solutions and the order required to trigger the contraction involved
in Theorem [3:2] Specifically, the truncation orders nz,n¢ used for Theorem [3.2] are split as follows.
The numerical truncation orders N num, % num mark the limit beyond which the Taylor and Chebyshev
series coefficients, respectively, are judged negligible (these coefficients are approximated by zeros). The
padding orders Nz pad, e pad correspond to the integers n.# num, n% num such that nz = ng yum+n17 pad
and ¢ = N num +N% pad are sufficiently large to satisfy all assumptions in Theorem [3.2] This dichotomy
is especially noticeable for the Chebyshev series expansion of the second solution o. For the proof
of the first solution depicted in Figure we used N7 pum = 60, N7 paqd = 100 and Ne pum = 85,
N pad = 200, whereas for the proof of the second solution depicted in Figure we used N7 num = 150,
N7 pad = 100 and ne num = 200, ne paa = 15,000.

As noted in Example[l} for any given integer m > 0, there exists a localized radial stationary solution
of @ with exactly m zeros. Here, we only looked at the case m = 0 and m = 1. While in principle
our methodology seamlessly applies for larger m, the profile of these solutions warrants caution. Indeed,
numerical simulations suggest that as m grows, the height of the solution at » = 0 and its steepness
increase. This transpires in Theorem [3.2] as a drastic growth of the Z; bound which is mitigated by
taking ne¢ much larger. In such cases, we emphasize that combining the present methodology with the
domain decomposition strategy in [55] should relieve the burden of having only one Chebyshev series
representing such a “wild” profile.

4.2 Example [2; Swift-Hohenberg equation

Our second example consists in proving localized radial stationary solutions of the Swift-Hohenberg
equation as described in Theorem Recall that the equation under study reads

Uy = —(Ba + AU + LU + BU? + B3U3, U=U(t,z)eR, t>0, zcR?

with parameters (1, 82, 83, 84 € R. Observe that if U is a stationary solution of , then (Uy,Us) =
(U, (Bs + A)U) solves

AUy + U — Uy =0,

AU; + 84Uz — p1Uy — BoUT — B3UF = 0.
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(a) (b)

Figure 4: Numerical localized radial stationary solutions of the cubic Klein-Gordon equation @ on R?
at parameter values 3; = B2 = 1. (a) This approximation is proven to be 2.9 x 10~7 close (in C°-
norm) to a strictly positive localized radial stationary solution. (b) This approximation is proven to be
5.5 x 1076 close (in C%-norm) to a localized radial stationary solution with one zero. Panel A shows the
approximation as a cut-out in R3. Panel B shows the approximation as a function of the radius r.

Conversely, if (U, Us) is a solution of the previous system, then U is a stationary solution of @ Hence,
the stationary solutions of @ correspond to solutions of with ¢ = 2, d = 2 and

BaUy — Uy
BaUs — Uy — BUE — BsUE ) -

Following the parameter values studied in [21] (note that in the cited article, the authors consider 84 = 1
and use p,v, k instead of —p1, B2, —f3, respectively), for (51,02, 83, 04) = (—g,\/é,—l—lo,l), we com-
pute a numerical approximation of a localized radial stationary solutions oscillating about the constant
equilibrium ¢ = (0, 0).

The equation —DN(0,0)T" = T'A? is satisfied for

A= V_\/ﬁ?_ﬁ4 0 and F( 1 1>
0 VB3 — Ba —VBs VPB3)’

and it follows that \ = R(\/—+/Bs — B4). Moreover, for any p > 0, the inequality is satisfied for

N(U1,Us) = (

. 3 o
Y= <|52| + §|53|(1 + ﬁy)ﬂ) (1+ L)l AT gc2,c2) T m(c2,c2)-

Figure [5| shows the numerical approximation of a localized radial stationary solution of the Swift-
Hohenberg equation @ We successfully verified Proposition nd Theorem and obtained a C°-
error bound for the numerical approximation depicted in Figures [2] and [5} 2.4 x 107>, For the proof, we
chose the Lipschitz constants of the local graph of the centre-stable manifold to be £, = 1 and £, ~ 0.03.
The domain of the local graph is contained in [0,0.031] x {y € C : |y| < 1076}2.

4.3 Example three-component FitzHugh—Nagumo type equation

Our third example consists in proving localized radial stationary solutions of the three-component FitzHugh-
Nagumo type equation as described in Theorem [1.3] Recall that the equation @ under study reads

(U1)e = EAUL + Uy = U} — e(B1 + B2Us + B3U3),
T(Ug)t:AUQ+U1*U2, Ui:Ui(t,.I) fori:1,2,3, tZO, .TERQ,
Q(Ug)t = BEAUg + U, — Us,
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Figure 5: Numerical stationary ring of the Swift-Hohenberg equation on R? at parameter values
(B1, B2, Bs, B1) = (-2, V6, —-,1). This approximation is proven to be 2.4 x 107° close (in C°-norm) to a
true localized radial stationary solution. Panel A shows the approximation as a graph over R%. Panel B
shows its variation on the domain [—(¢r, + L), fr. + L)?; the dashed grey circle marks the boundary of the
validated local centre-stable manifold. Panel C shows the approximation as a function of the radius r.

with parameters, 7,6,¢ > 0, 81,082,083 € R and 84 > 1. Hence, the stationary solutions solve with
qg=3,d=2and
€ (U = U}) — e 1(B1 + B2Us + B3U3)
N(U1,Us, Us) = Uy —Us
812U — Us)

Following the parameter values studied in [30] (note that in the cited article, the authors use 7, «, 3, D
instead of 1, B2, B3, B4, respectively), for e = % and (1, B2, B3, B4) = (%7 %7 1,3) we compute a numerical
approximation of a localized radial stationary solution about the constant equilibrium ¢ = (e, €y, Cx)
where ¢, is the smallest oot of the cubic polynomial v — v® — €(f; + Bov + B3v). For the prescribed
parameter values, we find c, = 720*1(5 + \/ﬁ)

To circumvent tedious algebraic manipulations, we solve —DN(c)I" = I'A? via a rigorous numerical
method (also based on a Newton-Kantorovich type theorem) whose details is developed in Appendix
It follows that A € 0.3687766247191 + [~10714,10~]. Moreover, for any p > 0, the inequality is

satisfied for 3
w = ?((20* + (]. + Ey)u)(]. + ‘Cy)//f'A_lF_lle@(C?',C?')|]-—‘|35’((C3,(C3)~

Figure [6] shows the numerical approximation of a localized radial stationary solution of the three-
component FitzHugh-Nagumo type equation . We successfully verified Proposition and Theo-
rem and obtained a C°-error bound for the numerical approximation depicted in Figure |3 and @
9.8 x 10~ 7. For the proof, we chose the Lipschitz constants of the local graph of the centre-stable mani-
fold to be £, = 1 and £, ~ 0.02. The domain of the local graph is contained in [0,0.023] x [-10~7,1077]3.
Similarly to the proof of the second solution of the cubic Klein-Gordon equation, there is a sizeable gap
between the numerical truncation order and the padding order. To prove the existence of the solution
depicted in Figures @(a—c), we used N7 num = 60, NF pad = 100 and ne num = 250, ne pad = 10, 000.
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Let us now point out the difficult aspects of this computer-assisted proof. The success of Theorem [3.2]
depends on the roots of the left-hand-side of (32a)), which are real if

(1 - 21— ‘A(erAa Oa 0)|%’(C‘1,X)£y)2 > 2Z2(Y + |A(F7FA707 0)|%(CG7X)£y|77|<C‘I)~

In particular, both the product Z>Y and the product Z>L,|7|cs needs to be sufficiently small. As
explained at the beginning of Section [d] successive Newton iterations allow the ¥ bound to be as small
as we need (provided the Taylor and Chebyshev series expansions include enough modes). However, the
values of |f|cs and L, are controlled by L: the larger the latter, the smaller the former. In turn, this
worsens the Z; bound such that we need to take a larger ne.

Unfortunately, for our choice of parameters, the real part of the slowest eigenvalue \is fairly small
which impedes the asymptotic convergence of the localized radial solution to the constant equilibrium c.
In other words, L must be substantially increased to overcome Zs. Then, large ns needs be chosen in
order to attain Z; < 1, which is necessary for inequality to hold. Once again, we believe that
combining the domain decomposition method developed in this paper with [55] should alleviate this
difficulty.

A

40 30 20 10 0 10 20 0 40 40 30 20 10 0 10 20 30 40 40 3 20 10 0 10 20 30 40
T g )

o 6 12 18

(2f + 23
(a) (b) (c)

Figure 6: Numerical stationary planar radial spot of the three-component FitzHugh-Nagumo type equa-
tion on R? at parameter values ¢ = 13—0 and (S, B2, B3, 04) = (%, %, 1,3); the three components are
represented in the subfigures (a), (b) and (c), respectively. This approximation is proven to be 9.8 x 10~7
close (in C%-norm) to a true localized radial stationary solution. Panel A shows the approximation as
graphs over R2. Panel B shows its variation on the domain [—(¢r, + L), fr, + L]?; the dashed grey circle
marks the boundary of the validated local centre-stable manifold. Panel C shows the approximation as

a function of the radius r.

20 30 36 a2 0 6 2
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A The Newton-Kantorovich bounds

In this appendix we present the proofs of the inequalities (33a)), (33b)) and (33c]) in the proof of Theo-
rem We will use the notation from that proof without reintroducing it here.
Firstly, by the triangle inequality,

|T(z;0) — Z|x = |AF(z;0)|x < |An"7 "¢ F(Z;0)|x + |AxF(Z;0)|x.
Since 7o°(n7).00(n%)z — (), we have

Ao (7)220) F(20) = (0,0, goo, hoo),
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where

0’ n S n,
{goo}n = KQ{N(@)}”_Q
m, n>ng,
B 0’ n S N,
{hootn = L{f(@)}n1 = {f(@)}ns1 n > neg.

2 2n ’
We infer that

[ Ao F'(7;0)[x = max(|g| 74, |hlg+2q)

R IN@D) 7o L+ v )70 f(@)] 4142
< max , “ .
(ng+1)(ng+d—1) d(ng + 1)

By definition of Y, this proves (33al).
Secondly, by the triangle inequality,
|DT(Z;0)|(x,x) = |[I — ADF(Z;0)|2(x,x)
= I = (An"7"¢ + Ao ) DF(Z;0)|x,x)
< |I — Ax"7"6 DF(;0)x"7 Knetl — A DF(z;0)roc (o )oena)| 5 o o)
+ |AOODF(§T; O)Fva,n%|@(X7X) + |A7r"9’n<gDF(i‘; O)Woo(n.v%oo(Kn(g-&-l) L@(X,X)-

We then have

0
0

(n7),00(n%)
ﬂ_oo(ng)v oc(ng),0(ng .'L',

Aooﬂoo("y)’oo("“ﬁ)DF(i‘; 0)7700(%(7),00(%5)33 - -

7Too(n<g),w
for all x = (n, ¢, v, w) € X, which implies

I — Ar"7 "¢ DF(z;0)7" 7 Knet — A DF(z;0)r>(7):00€)]| 5

_ |7_rny,n<g _ ATr"g’n(gDF(f;0)7Tny7Kn(g+1|93(X,X)~

Moreover,
Ao DF(z;0)7n" 7"z = (0,0, 927 , hl?), for all x = (n, ¢, v,w) € X,
where
0, n<ng,
ng def 2 =
n = DN "Tu}a—
{957} ¢*{DN(v)7"7 v} 2 s,
nn+d—2)
def 0, n < neg,
{5t = § LADf(@)7"¢why 1 — {Df(@0)7" ¢ whn i1
5 m , N >nNg.

We infer that

02|DN (v q Faq Lv+v! wa 142q o142
|AooDF(i‘§O)7Tn9’n(g|@(X’X) < max( | (U)|.%(:7 ,Tq) ( )| ( )|@(‘€V 1, git29) .

(ng-i—l)(ng-l—d—l)’ d(ng + 1)
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Furthermore,

Aﬂ-ngynchF(j; O)TrOO(ng)’OO(Kncngl)x =A <2 Z {w2}n7 2 Z {w3}n7 07 i”) )

n>Kneg+1 n>Kneg+1

for all z = (n, ¢,v,w) € X, where

0
{B} _ Zm>ng {U}mrln - L Z {Df(’lD) oo(ang-‘rl)w}m’ n= 07
" s Zm>n9 m{v}mr:n m>ng+1
0, n>1,
since, according to , ADf(w)r*Ere ), = 0 for all n < ng + 1. As it was assumed that

(0 6*1/(”9“)} we have that nr} is a decreasing sequence for all n > n . It follows that

| A" 7 ¢ DF (z; 0)m > 7)o time ] g

9 L|Df(w )\@ 142q cpl+2q
ng+1 -1 e, "% ")
S |A|98(X,X) max (M,T*g max(l,f (nﬂ + 1)) + Vn%)_,'_Q((n(g ¥ 2) 1)

By definition of Z7, this proves (33b)).
Thirdly, by the triangle inequality,

sup |D2T($; 0) |.%’(X2,X)

sup |AD2F($,O)|.@(X2)X)

zecl(B,(z)) z€cl(B,(z))
<|Algx,x) sup  |D?F(;0)|mx2,x)
zecl(B,(T))
We have )
<|A 1) =1A 1.
|Alz(x,x) < |Alz(x,x) + max <(n9 Dy Td=1) > |Alzx,x) +
Additionally, R
[D?F(z;0)](2',2") = (0,0, Z[D*N(v)](v',v"), h),
for all x = (9, ¢, v,w), 2’ = (', ¢,V W), 2" = (n",¢",v",w") € X, where
{h}n &
L 2 / " 1 2 / " /
3 (D2 @)@, w")}o = S{IDFw)) (!, w") @)W, w" )} ). 7 =0,

LD F(w))(w, 0" s — (D2 @) (00" s

2 2n ’
Subsequently, by extensively applying the triangle inequality and the Banach algebra property, we obtain

[D2N@)| (', v")|7s = m7ax’q Z 8v]8vk (v) * v * v | 7
<, Z 3%% Nus,i([01]7. . [vg] )10 | 7 0] |7,
1+2q 2
DSl w gy = o, 52 Iawjaw w) # )+ wfle,
= m?xﬂ Z (9w]8w ——— fabsi(|Wile,, - s [Wiy2gle, ) W]le, Wi, -
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Then, introducing ¢ = [D?f(w)](w’,w") for convenience, for any i = 1,...,1 + 2¢ we have

|hils, :§<|{Q}o {C1}1 22 {Cz} |+Z HéGtn-1 —{G}tn+1l » )

n
n>2 n>1

:%(HQ}O {Cz}l ZZ Yol + v Z|{Cz}n {Ci}n+2|yn)

n>2 = n+1

V L 1
Sg((1+u)|{9}o|+l+ \{@hwgl{@} ‘( njl))
= 20 (ol + >'{9}1‘+2Z s 1 nzji)( JyHa)
< 2089 (1ol + 204Gk b+ 23 HGhl)
_ L(1+V)

‘Cz|<5

It follows that (with the infinity norm on both C? and C!'+29)

S(up( . |D*F(2;0)|g(x2,x) < max <€2|D2Nabs(v1|9 + 05, |9l7 + 0)|z(ca,cays
zecl(By(x
L(1+v)

2 ‘DQfabsﬂwl

€, +05..., |’lj}1+2q %, + ‘Q):@(C1+2q,((:l+2q)> .

By definition of Zs, this proves (33c]).

B Rigorous computation of eigenvalues and eigenvectors for
FitzHugh-Nagumo

For the three-component FitzHugh-Nagumo type equation , we show how to rigorously compute A € C
and g € C3 satisfying

DN (cy, Cxy €a)g + g2\ = 0, (35)
where
“2(1-3c2) —e 1By —e1p3
DN(cy, Cy, ) = 1 -1 0
61?2 0 _5;2

It is straightforward to verify that if holds, then the first component g; of g cannot vanish. A pair
(A, g/g1) € C x C3 solving forms an isolated zero of the mapping Fyy : C x C* — C x C3 given by

def g1 — 1 3
Feg(X,9) = (DN(C*7C*7C*)Q +g)\2) , for all (A\,g) € Cx C”.

Fix geig > 0. Let Zeig = (), ) be a numerical zero of Feig and Aeig a numerical inverse of DFiig(Zeig)-
Define Yiig et | Acig Feig (Teig)|cs and Zeig &t SUDyecl(B,,,, (Teie)) |I — AcigDFeig()|s(cs,c3). Observe that
Yeie and Zgg can be rigorously computed using interval arithmetic.

If Zeig < 1 and peig = cig/ (1 — Zeig) € [0, 0eig), then the operator Teig L g AcigFeig is a contraction

in cl(By,;, (Zeig)). Consequently, peig is an a posteriori error bound on Zejg.
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