CHAOS IN ORIENTATION REVERSING
TWIST MAPS OF THE PLANE

J.B. van den Berg , R.C. Vandervorst , and W. W ojcik

Abstract.  We study forcing of periodic points in orientation reversing twist maps. First,
we observe that the fourth iterate of an orientation reversing twist map can be expressed as
the composition of four orientation preserving positive twist maps. We then reformulate the
problem in terms of parabolic ows, which form the natural dy namics on a certain space
of braid diagrams. Second, we focus our attention on period- points, which we classify
in terms of their corresponding braid diagrams. They can be ategorized in two types. If
an orientation reversing twist map has a period-4 point of ore type, then there is a semi-
conjugacy to symbolic dynamics and the system is forced to behaotic. We also show that

this result is sharp in the sense that the remaining type doesiot necessarily lead to chaos.

1. Introduction

Orientation preserving twist maps have been studied by manguthors over the past
decades. In particular we mention the important contributons by Moser 22, 23],
Mather [20], Aubry & Le Daeron [4], Angenent [L, 2], Boyland [8] and Le Calvez 10].
Most of these works consider area and orientation preserginiwist maps and make use of
the variational principle that comes with it. This is a poweful tool for studying periodic
points, in particular when the domain of the map is an annulus

In this paper we are interested in dynamical systems geneedt by orientation reversing
twist maps that do not necessarily preserve area and that ae ned on the whole plane.

Speci cally, we are interested in periodic orbits and the nmimal dynamics they force. We
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postpone a discussion of related work to the end of this intdoictory section. First, we give
the necessary de nitions and introduce a topological pringle for such orientation reversing
maps.

A well-known example of a two dimensional orientation revemg twist map is the family
of Henon maps. The discrete time dynamics that are obtainedby iterating such maps
have emerged as models from various applications in the plga sciences. Orientation
preserving (twist) maps of (sub-regions of) the plane are often obtaimeas time-1 maps in
non-autonomous Hamiltonian systems in the plane, or as rsteturn maps to a Poincae
section in three dimensional dynamical systems. On the othéand, maps that reverse
orientation do not occur as such section maps.

In this paper we are mainly concerned withdi eomorphisms of the plane, i.e. bijective

C! maps.

Definition 1.1 A dieomorphism f : R?! R?is called anorientation reversing twist
di eomorphism of the plane if there exist global coordinatesx(y) 2 R? such thatf is given
by (x%y9 = f (x;y) and satis es the assumptions: (i) det@f) < 0, and (ii) %’3 > 0. Due to
the latter condition, which we will refer to as thetwist property, f is said to havepositive
twist. If the bijectivity assumption is dropped but f is still C' and satis es properties (i)

and (ii) then f is called an orientation reversing twistmap.

In the following, to indicate the coordinate functionsx®andy®off , we use the composition
with the orthogonal projections x and , onto the x- and y-coordinate respectively, i.e.
x0= ,f(x;y) and y°= f (x;y).

As will be explained in Section 3 (see alsd%]) (compositions of) orientation preserving
(positive) twist maps have a natural topological structure which is less straightforward in
the orientation reversing case. There exists an easy procee to circumvent this obstacle
and nd a useful topological tool for orientation reversingwist maps. Note that even powers
of f are orientation preserving maps, but compositions of twishaps are in general not twist
maps. The second composite iterate? can be written as a composition of two orientation
preservingtwist maps as follows:f?2=f, f ,withf, =f R,,andf = R, f, where

Ry is a linear re ection in the y-axis. The drawback is thatf . is a positive twist map and
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f a negative twist map. If we consider the fourth iteratef  we have the decomposition
fi=1fs f, f1 fo (1)
where the mapsf; are de ned as follows:
fo= f; fi= fo (id); f,=f (id); and fz=f,:

One can easily verify that all four maps are orientation presving maps with positive twist.
The theory of parabolic recurrence relations inlb] (summarized in Section 3) is now appli-
cable since it applies to compositions of orientation preséng positive twist maps. Using
this formulation we can study periodic points of perioch = 4k (for other periods symmetry
requirements could be imposed, but we will not pursue thissae here).

Recall that a point z = ( x;y) is a periodn point for f if f "(z) = z, wheref " denotes the
n-th iterate of f. The periodn is assumed to beminimal, i.e. fX(z) 6 zforall0<k <n .
Instead of describing a period-4 point in terms of the imaged f , i.e. (z;f (2);f 2(2);f 3(2)), a
natural way to describe orbits is to do so in accordance to ttlecomposition given by (1). We
write an orbit as fz g2, , with z = f;(z ;). This applies to period-4& points, by de ning f;
viafi.4 = fi, foralli 2 Z. The theory of parabolic recurrence relations inlp] now dictates
that orbits fzg should be represented as braid diagrams, which we will explanext.

Let z be a period-4 point off . By choosing the pointsz, f (z), f2(z), and f3(z) as
di erent initial points we obtain four di erent orbits for t he compositionf; f, f; fy,
namely the orbits de ned by z = f;(z 1) while setting z, = f¥(z) for k = 0;1;2;3. For
each orbit we connect the consecutive pointg;g;) via piecewise linear functions. This
yields a piecewise linear closed braid consisting of fouratds. By projecting the braid
on the x-coordinates one obtains a closed braid diagram. Braid diggns are discussed
in more detail in Section 3.1. Figure 1 depicts the braid diagms which result from this
construction starting from two di erent period-4 orbits. Since the braid diagram is only
concerned with thex-coordinates the construction of the braid diagram is, forlapractical
purposes, equivalent to the following: letX°; x*; x?; x3) be the x-coordinates of a period-4
point orbit ffk(z)g.,, i.e. x' = ,fi(z), then perform a ip on these coordinates to obtain
(Xo; X1; X2; X3) = ( x%x;x2; x3), and nally connect the points (i; X;) in the plane by line
segments. This gives one strand and the total braid diagrams pbtained by performing this

transformation to all shifts of the orbit through z.
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type |

type Il

Figure 1. Period-4 points lead totwo possible braid classes. In the braid
diagrams on the right one may think of all the crossings as by positive, i.e.

the strand with the larger slope going on top.

Notice that period-4 points can occur in a variety of six di @ent \permutations" (of the
x-coordinates, see also Section 4). However, permutations dot have topological meaning
with respect to parabolic recurrence relations and permutians are thus not suitable for
classifying period-4 points. On the other hand, via the abevconstruction each permutation
yields a unique braid class that has a topological meaningt follows that period-4 points
give rise to exactly two types of braid classes. Figure 1 shewhe two possible braid classes:
type | and type Il. In other words, any period-4 orbits is either of type | or of type I,
according to the braid class that results from the above tragformations. More details on
this classi cation are supplied in Section 4. Period-4 pois of type | imply chaos, while

those of type Il do not, as is stated in our main theorem.

Theorem 1.2 An orientation reversing twist di eomorphism of the plane hat has a
type | period-4 point is a chaotic system, i.e., there exis® compact invariant subset
R? for which fj has positive topological entropy. Conversely, there exisan orientation

reversing twist di eomorphism with a type Il period-4 pointthat has zero entropy.

We want to point out that the theorem is stated under quite we& assumptions; in
particular, there areno compactness assumptions (the twist property in a way compsates

this lack of compactness). The bijectivity assumption in tle theorem is certainly stronger
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than strictly necessary. In fact, instead, for twist maps itis more natural to assume the

in nite twist condition: a twist map is said to satisfy the in nite twist condition if
Iilm (xy)=1 for all x 2 R: (2)
y!

For twist maps on the plane this condition in some sense meatist the map has positive
twist at in nity (not an in nite amount of twist). Under the i n nite twist condition we have

the same result as for di eomorphisms.

Theorem 1.3 An orientation reversing twist map of the plane that satis g the in nite
twist condition and that has a type | period-4 point, is a chdiz system | chaotic as explained
in Theorem 1.2. Conversely, there exists an orientation revsing twist map that satis es

the in nite twist condition, has a type Il period-4 point, and that has zero entropy.

We can also give a lower bounds on the entropy for Theorems Bad 1.3. Namely the
entropy satis es h(f ) % In(1+ g 2) and h(f) %In 3 in Theorems 1.2 and 1.3 respectively.

The in nite twist condition makes the topological/variati onal principle we use easier to
apply and the proof less technical. This is strongly relatetb the fact that the in nite twist
condition is a more natural assumption in the context of twismaps than bijectivity. We will
therefore explain all the details by proving Theorem 1.3. IiSection 7 we make the necessary
technical adaptations to the method in order to prove Theoma 1.2.

The method discussed in this paper makes extensive use of thast property. On the
other hand, we stress that it needs no compactness conditsgmor information about the
asymptotics off near in nity. It allows us to study periodic solutions of orientation reversing
twist maps, in particular those of which the period is a muliple of four (but other periods
can be dealt with as well). Theorems 1.2 and 1.3 are represative for the kind of results
that can be obtained, but the method is much more general. Weote that there is an
additional variational structure that can be exploited in this setting if the (absolute value of
the) area is preserved (see Remarks 2.2 and 3.8).

Of course the theorem does not detect all occurrences of chadn important example of
orientation reversing twist maps is the Henon magf (x;y)=( y; 1y 2+ x), where 2 R
and > 0 are parameters. It is well known that for various parametechoices the system is
chaotic, while a type | period-4 point is hard/impossible tond. Nevertheless, concerning

the practical aspects of the above theorem we note that to edilish chaos one can search for
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6 “H 5 A ;
Figure 2. Orbits of the map f (x;y) = (y;x+ ¥y 2y®). A period-4 orbit
of type | is indicated by the large dots.

a type | period-4 point with the help of a computer. This can ba&lone in a mathematically
rigorous manner, for example with the help of a software paafge like GAIO, see 14, 12].
Furthermore, in the family of generalized Henon mapd (x;y) = (y;x + ay  by?), which
are orientation reversing twist maps, a period-4 orbit of fge | can be found analytically
(exploiting the symmetry) for a > 4IO 2 and anyb > 0. In Figure 2 a period-4 orbit of type |
Is indicated and the chaotic nature of the dynamics is appane

To obtain an example of a non-chaotic map with a period-4 orbof type Il we return
to the classical Henon map, for convenience rescaled to tea(x;y) = (y;"x + [y  Y?).
For " = 0 this is a one dimensional map and for not too large it is non-chaotic. For small
positive " the 1-dimensional map perturbs to a 2-dimensional map, wiidor appropriately
chosen has a period-4 point of type Il and which remains non-chaoticThe details of the
construction are given in Section 6. This provides a proof second statements in Theorems
1.2 and 1.3.

We like to point out the similarity of the above theorem and tlke famous Sharkovskii theo-
rem [25, 19], which states that a one dimensional system having a perigipoint necessarily
has periodic points of all periods. In our case chaos is fotday certain period-4 points. In a
one dimensional system the Sharkovskii ordering has littienplications for a map containing

a period-4 point. Nevertheless, also in the one dimensionzdse certain types of period-4
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orbits (depending on the permutation of the points) force dws (proved via the usual one
dimensional techniques).

On compact surfaces of genus (with or without boundary) the results in [16] and [6]
show that if an orientation reversing di eomorphism has atéast G + 2 periodic points of
distinct odd periods, then there exist periodic points forn nitely many di erent periods,
and in particular the topological entropy of the map is positte. The maps in this paper
are maps onR? and therefore the above result does not immediately apply. dwever, in the
special circumstance that an orientation reversing map oR? allows extension toS? with
a xed point at in nity, then the existence of a period-3 point, or any other odd period for
that matter, implies, by the above mentioned result, that tre map has positive topological
entropy. To translate this result back to the context of the siginal map on R? one needs
(detailed) information about the local behavior near the pimt at in nity (the asymptotics
of the map). In contrast, Theorems 1.2 and 1.3 are applicablithout prior knowledge
of asymptotic behavior. Moreover, our result gives insighth what happens when we have
information about period-4 points, which complements theasults on periodic orbits with
odd periods in B, 16].

The relation to Thurston's theory. Once again, the method of proof in this paper
strongly relies on the fact that we consider (compositionsfptwist maps, which allows
an elementary construction of in nitely many periodic poirts and a semi-conjugacy to a
(sub-)shift on 3 symbols. This draws strongly on the elegaribpological principle for twist
maps. A di erent approach would be to employ Thurston's clasi cation theorem of surface
di eomorphisms [26]. Thurston's result does not restrict to twist maps, howevecompactness
is required (we come back to this point in a moment).

Since the results for arbitrary maps on compact surfaces viehurston's theory are com-
plementary to those for twist maps on the (non-compact) plamin the present paper, let us
explain how our results relate to Thurston's theory. For sad of simplicity, let us assume that
the maps can be extended to homeomorphisms on for examplé. In that case the classi -
cation theorem is applicable. In order to follow the approdcusing Thurston's classi cation
theorem we rst need to decide what distinguishes period-4gmts. In our approach there

is a natural distinction into two types of period-4 points va discrete four strand braids. In
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suspension

Figure 3. The mapfq is orientation preserving and has the twist property,
hence the suspension looks like a distorted rotation, whidbads to a positive
braid.

the approach using Thurston's result the braids are used toetermine the isotopy class of a
map in question, see e.g8].

It is easier to visualize this for orientation preserving mas, so we consideg = f 4,
which is an orientation preserving map and which can be wrigh as a composition of four
orientation preserving positive twist mapsg = fz f, f; fo. In the case of a period-4
orbit P = ffi(z2)g’, for f, the map g has four xed points P. Therefore one considers the
mapping class group MCGD?2 rel P), where the maps are orientation preserving and »
(as a set) and@B (a homeomorphism of the boundary). Using the results ir5] it can be
shown easily that MCGD? rel P) ' B,=center, whereB, is Artin's braid group on four
strands, and the center of the braid grouB, is the in nite cyclic subgroup generated by
( 1 2 3)% the full twists.

In general it is quite hard to determine the mapping class of map, but for twist maps
this is a little easier. In fact, identifying the mapping clas with the braid group, the mapping
class forf # is exactly the positive braid we have constructed above. Whuistrate this for the
rst of the composite mapsf for a type | period-4 orbit in Figure 3. Besides the permutatn
of the (x-coordinates of the) points inP, the twist property gives global information about
the map, so that the suspension can be understood (note thiat does not x P, but this does
not lead to undue complications). The other three maps arersilar and the total braid is
obtained by the natural addition in the braid group. We referto [7] for a further discussion
on the application of Thurston's theory to twist maps on an anulus. As a nal point, the

same construction can be carried out foy= f2=f, f . One needs to take into account
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that f has negative twist and thus leads to a braid with negative genators. Of course,
repeating the braid forg-twice leads to a braid that is equivalent to the one fog.

Using Thurston's classi cation the braid of type | is pseudeAnosov, and thus the corre-
sponding mapping class is also pseudo-Anosov, hence chaoln order to draw conclusions
for the original map onR? one needs to nd a compact invariant set in thenterior of D?
on which the entropy is positive. This requires detailed imrmation about the behavior near
@B, and thus about the asymptotic behavior of the original map @ R2. This is not needed
in our results however. The braid of type Il is reducible andantains only components of
nite type (and thus no pseudo-Anosov component, in fact thebraid is a cable of cabled
braids), hence the corresponding map is not necessarily ofia. We point out that our con-
struction of a non-chaotic map with a type Il period-4 point on rms the latter conclusion.
However, Thurston's classi cation theorem does not proviel a non-chaotic map within the
class of twist maps as required here. See al§gj for details on pseudo-Anosov maps and
mapping classes.

The organization of the paper is as follows. In Section 2 wecadl some facts about twist
maps and for orientation reversing maps we introduce a trafsmation that associates a
parabolic recurrence relation to such maps. In Section 3 warsmarize the concepts we need
from braid theory and parabolic ows, which were thoroughlystudied in [15]. In Section 4
the focus shifts to period-4 orbits and their classi cationn types | and Il. We combine these
concepts in Section 5 to prove the rst assertion in Theorem.3 by constructing a semi-
conjugacy to the shift on three symbols. In Section 6 we showm &xample of a non-chaotic
map with a period-4 orbit of type II, which establishes the s®nd part of the theorem.
Finally, Section 7 is devoted to extending the techniques tbijective maps and proving

Theorem 1.2.

Acknowledgement. The authors wish to thank R.W. Ghrist for a number of fruitful

discussions on this subject.

2. Twist Maps
We collect some facts about both orientation preserving angkversing twist maps.

2.1. Recurrence relations for twist maps. A C! map from R? to R?, denoted by

f(x;y) = ( xf; f), is a (positive) twist map if %X; > 0. It is orientation preserving if
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det(df) > 0 and orientation reversing if det(f) < 0. Of course, one could also consider

@yf

ox > 0 and/or negative twist, but a change of coordinates reducekese cases t(:@—é; > 0.

Note that iterates f* of a twist map are not necessarily twist maps, but the crucial
property of twist maps is that they allow us to retrieve wholetrajectories f (Xx;Yyk)g =
ff ¥(Xo0; Yo)g from just the sequence x,g. To show this we follow P] (see also f]). Let us
start with the observation that the twist property implies that there exists an open set)

such that for any pair x;x°2 U there exists a unique solutiony (x; x9 of the equation
FGY (x;x9) = x@

It also follows from the twist property that Y is monotone inx®
ey,
@R

From the function Y we construct yet another function:

0:

egx9 E Y (xxY):

This second function'® also has a monotonicity property that follows directly fromthe
inverse function theorem. The map is locally invertible and the derivative of its inverse
f lisgiven by@( 4f )= (det(dF)) *@( 4f) f 1, hence

¥

@ «f H<0 and =<0 if f is orientation preserving

@x

@ xf H)>0 and %X> 0 if f is orientation reversing
Obviously the reason for these de nitions is that if Kx+1; Yk+1) = f (Xk; Yx) then
Ve = Y(XkiXker)  @nd Y = B (Xk; Xk ):

That is, the functions Y and ¥ can be used to retrieve the whole trajectory (xg; yx)g from
the sequencd x,g. It easily follows that a sequencé (Xx; yk)g forms an orbit of f if and only

if the x-coordinates satisfy
Y (X Xk+1) T (Xk 1;%Xk) =0 forall k2 Z:

We therefore introduce the notation

de

R(Xk 15X Xke1) = Y (X Xue1)  B(Xi 13 X): 3)
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Solutions f xxg of the recurrence relationR (Xx 1;Xk; Xk+1) = O thus correspond to trajec-
tories of the mapf. From the properties ofY and ¥ we see thatR is increasing inXy.1 ,
and if f is orientation preserving thenR is also increasing inxx 1. In this caseR will be
referred to as aparabolic recurrence relation When f is orientation reversing thenR is
not increasing, but decreasing irxx 1. In Section 2.2 we explain how we can, nevertheless,
associate a parabolic recurrence relation to an orientaticeversing map.

The function Y (and similarly ¥) has a domain of the form
D=f(xx%jx2 R;g(x) <x°<h(x)g;

where the functionsg;h: R! [1 ;1 ] are upper/lower semi-continuous withg(x) < h(x),
see Section 7 for more details. A way to ensure that the domalh is the whole plane, is to
assume then nite twist condition (2). To simplify the exposition in the following ctions
we assume thatD = R2. In Section 7 we show how to extend our results to maps that are
bijective to R? (i.e. di eomorphisms of the plane). Note that bijectivity does not imply the

in nite twist condition, nor does it guarantee that D = R2.

Remark 2.1 Any twist map that satis es the in nite twist condition is in jective.
Namely, let f (Xo;¥0) = f(X1;y1) = (x%y9. If Xo = x; then it follows from the twist
property that yo = y;. Supposexy 6 X;, say Xg < X1, then the in nite twist condition
implies that for any x 2 [Xo; X1] there is a (unique)y(x) such that ,f (x;y(x)) = x% with

y(Xo) = Yo and y(x1) = V1. Since@?(@’;:o) 7 0 we have?™¥D 7 o contradiction the fact

that f (Xo;¥(X0)) = yf (X1;¥(X1)) = Y°

Remark 2.2 When f is an orientation and area preserving twist map there exists an
additional structure, namely generating functions (see g. [3]). A smooth functionS : R? !
R exists with the property that if (x%y9 = f (x;y), theny = @S(x;x9, andy®=  @S(x; x9.
This generating functionS allows one to formulate the existence of periodic points iretms

of critical points of an action function. A periodn point corresponds to a critical point of

1
W (Xo; X1;::7; X 1) def S(Xi; Xi+1); with X, = Xo:
i=0

The parabolic recurrence relation is then given by the graeint of W: R(X; 1;Xi; Xj+1) = %".

For orientation reversing area preserving maps a similar mational structure exists. The

di erence is that the relations between the generating fuion S and the y coordinates are



12 J.B. VAN DEN BERG , R.C. VANDERVORST , AND W. W OJCIK
y = @S(x;x9 and y°= @S(x;x9, i.e. with the same sign. A period-fh point corresponds
to a critical point of

x 1 _
= ( 1)'S(xisXis1);  With Xom = Xo

i=0
The recurrence relation is not quite given by the gradient, Wt by %" =
( 1)'R(Xi 1;Xi;Xi+1), S0 there is still a correspondence between critical posof W and
solutions of R. However, it is more convenient to deal with such a situationhrough the

(ip) transformation described in Section 2.2 below.
We nish this section with an example.

Example 2.3 Let us consider the well knownHnon map. The Henon map is a two-

dimensional invertible map given by formula:

X y
" I

It is an orientation reversing twist map for all > 0 and 2 R. It is bijective and also

satis es the in nite twist condition (2). Itis notdi cultt o construct the recurrence relation:

Rk 1iXGXe1)= 1 X1+ 2Xg+ X
2.2. Parabolic recurrence relations for orientation rever sing twist maps. Con-

sider the case thaff is an orientation reversingtwist map. From the previous subsection it
then follows that the trajectory of a periodic point can be r&ieved from the sequencé xxg

satisfying the recurrence relation
R(Xk 1;Xk;Xk+1) = 0;

where R is de ned by (3), with @R < 0 and @R > O0: Since the theory of braid ows
(see Section 3.2) is de ned using parabolic recurrence ritas (i.e. @R > 0 and @R > 0),
we need to make a modication. In Section 1 we explained thdt* can be written as a
composition of four orientation preserving positive twistapsf;. For eachf; we can derive

the recurrence functionR;, which has the properties that

@R, >0 and @R; > 0:
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This is equivalent to de ning the functionsR; as follows

def
Ro(X 1;X0;X1) = R( X 1; Xo;X1)

def
R1(Xo; X1;X2) = R( Xo;X1;X2)

def

Ro(X1;X2;X3) = R(X1;X2; Xa)
def

Ra(Xo; X3, Xs) =  R(X2, Xai Xa):

It is easily veri ed that the recurrence functions are indeg parabolic and we de ne the
sequenceR g periodically: Ri+4 = R;. This change of coordinates naturally also e ects

the trajectory x = fxxg. To make this precise we de ne the transformation
8

< x, fork=0:3mod4
Xk = . (4)
© Xk fork =1;2 mod 4

We call the transformation on sequences ap . Clearly 2 =id and it commutes with 4,
where is the shift map (X)x = Xk+1. Now x = fx,g solvesR =0 if and only if (x) solves
Ri =0.

Lemma 2.4. Every solutionx = fxg of R; = 0 yields a solution (x) of R =0, and

thus corresponds to a trajectory of , namely — (X)«; Y( (X)x; (X)k+1)
3. Braid diagrams and the Conley index

3.1. Discretized braids and braid diagrams. In this section we de ne and describe
the main topological structure which is used in the proofs ofheorems 1.2 and 1.3. As
pointed out in Section 1 the way we deal with sequences is tonsider them as piecewise

linear functions by connecting the consecutive points vianear interpolation.

Definition 3.1 ([15]). The space ofdiscretized periodd braids onn strands, denoted
D§; is the space of all pairsy; ), where 2 S, is a permutation onn elements, andu is

an unordered collection oh strandsu = fu g"_,, which satisfy the following properties:

(b) periodicity { Forall =1;:::;n, one has:uy = u,

0

(c) transversality { For any pair of distinct strands and ©such thatu, = u; for

somei, we have:

(U 1 U DUy Ug) <O (5)
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We equipD!} with the standard topology ofR"™ on the strands, and the discrete topology
with respect to the permutation , modulo permutations which change the order of the
strands (i.e., two pairs (4; ) and (u; ~) are close if there exists a permutation 2 S, with

~= ), such that u () is close tot (as points in R") for all

We will say that two discretized braidsu;u®2 D} are of the samediscretized braid class
(denoted ] = [u9) if they are in the same path component oD}. The discrete topology on
the permutations leads to the following useful interpretabn. Consider a continuous family
of braids and pick one of the permutations in the equivalenocglass (subsequently dropped
from the notation). These discretized braids of period on n strands are then completely
determined by their coordinatesfu; g 5t:, i.e., every discretized braid corresponds to a
point in the con guration space R"™. We come back to this point of view later.

Let us now compare the notion of a discretized braid with thatf a topological braid.
In topology a braid onn strands is a collection of embeddings : [0;1]! R3g".; with
disjoint images such that (a) (0)=(0;; 0),(b) (1)=(1; ( );0) for some permutation

2 S,, and (c) the image of each s transverse to all the planed x = constantg.

The projection of a topological braid onto an appropriate @ne, e.g. the X;y)-plane, is
called abraid diagram if all crossings of strands are transversal in this projean. In this
braid diagram a marking (+) indicates a crossing which is \btiom over top", whereas a
marking ( ) indicates a crossing \top over bottom". A positive (+) crossing of thei-th and
(i + 1)-st strands corresponds to a generator;, while a negative crossing corresponds to

. 1. The use of these generators leads to a natural group structure (see e.g5] for more
background). The sequence of generators (\reading" the kdafrom left to right) is called
the braid word.

The link between discretized braids and topological braids the following. Any dis-
cretized braidu can be interpreted as the braid diagram of a topological bréiwhen we use
linear interpolation between the points ;u; ) 2 R?, whereu, are the anchor points of strand

. Here we choose the convention that all crossings in this distized braid diagram are
positive. The resulting positive piecewise linear braid diagram iseshoted by (u). It is also
useful to consider braid diagrams that are not piecewise éar. A (positive, closed) topologi-
cal braid diagram is a collection of strandé 2 C([0; 1])g"., suchthat(a) (1)= ()(0)

for some permutation 2 S,, and (b) all intersections among pairs of strands are isoked
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Figure 4. Example of a braid on three strands. [left] A braid with all coss-

ings positive (bottom over top), [middle] its 2-d projectim, and [right] the

associated piecewise linear braid diagram, a discretizedald. Its braid word

is 212 2 3
and topologically transverse. Theopological braid classug is a path component of (u)
in the space of positive topological braid diagrams. Figuré depicts a braid in its various
appearances. Since for positive braids the braid word cosis of positive generators only, it
follows that the number of generators in the braid word, théraid word length is an invari-
ant of a discretized braid class, and even of a topologicaldid class. For a more detailed
account we refer to 15].

Since discretized braids are periodic we extend all stranggriodically:
ui+d=ui() foralli 2 Z; =1;:::n:

As explained aboveD] is a subset of a collection of copies & (one for each equivalence
class of permutations). Fixing an appropriate permutationwe may identify a discretized
braid class with a subset oR"™, its con guration space. The connected components @',
i.e. the discretized braid classes, are separated by co-éimsion-1 varieties irR", called the

singular braids:

Definiton 3.2 Let D denote the collection ofnd-dimensional vector spaces of all
discretized braid diagramsu satisfying properties (1) and (2) of De nition 3.1. Now &

D! n D] is the set ofsingular discretized braids.

The setD} is the closure oD}, hence its elements do not necessarily satisfy the transver
sality condition (5). The braids in are said to have atangency A moments re ection shows
that in singular braids of su ciently high co-dimension (m d), di erent strands can col-
lapse onto each other. This set of speci c singularities pfa an important role later on and
is de ned as

L fu2 ju =u ;822 forsome & Y
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If one wants to braid a strand, one needs something to braid through. This leads us
to the introduction of a so-calledskeletonbraid through which we can braid so-calledree
strands. Deneu[ v 2 D}*™, with u 2 D]} andv 2 DT as the (unordered) union of strands.

Then for given av 2D ] we de ne

Dg rel v d=effu2Dqu[ v2D{ Mg

It is important to remember that the transversality condition (5) is imposed on the strands
inufl v.

The path components ofDy rel v form relative discretized braid classesienoted by
[u rel v]. The braid v is usually called theskeleton and u are called thefree strands Now
it is easy to de ne relative versions of the concepts presa above, i.e. rel v, rel v,
Dfrel v, andfu rel vg (astopological relative braid clasg

It is also possible that two classesu[rel v] and [u®rel vY are topologically the same.
The set of equivalent topological relative braid classesu rel fvg is de ned by the rela-
tion furel vg f u®rel v if and only if there exist a continuous family of topological

(positive, closed) braid diagram pairs deformingu(;v) to (u®%v9. See 5] for more details.

3.2. Parabolic ows on braid diagrams. In [15] the topology of discretized braids
is used to nd solutions of parabolic recurrence relationsThis is done by embedding the
problem into an appropriate dynamical setting. Before brig explaining the ideas we recall

the de nition of parabolic recurrence relations.

Definition 3.3 ([15]). A sequence of function®R = (R;)i»z, with R; 2 C}(R3R),
satisfying
() @QR; > 0and@R; Oforalli?2 Z,
(ii) for somed 2 N we haveRj.q= R forall i 2 Z,

is called aparabolic recurrence relation

Here we only consider parabolic recurrence relations dedieon R3, although one can
also study parabolic recurrence relations on more generardains, see Section 7.

Let R be a parabolic recurrence relation and consider the di eréial equation

du;
d—tl = Ri(u 1;Ui;Ui+1) whereu(t) 2 X = R andt 2 R:
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Figure 5. A schematic picture of a parabolic ow on a (bounded and prop§

braid class.

It is straightforward to show that such an equation de nes alpcal) C-ow ! on X under
periodic boundary conditions, provided they are of periodd. We call such a ow, generated
by a parabolic recurrence relation, garabolic ow on X. Notice that it is easy to regard
this ow as a ow on the spaceD}] by considering the equation

du, _
% = Ri(y; 1;U;;Ui,,); whereu 2 Dy: (6)

This equation is well-de ned by the periodicity requiremetin De nition 3.3. The next-
neighbor coupling and the monotonicity of a parabolic recuence relation have far reaching
consequences for the corresponding parabolic ow. Namedypng ow lines the total number
of intersections in a braid, i.e. the braid word length, canmy decrease in time (as indicated

in Figure 5). The following proposition is a precise statenme of this property.

Proposition 3.4 ([15]). Let ! be a parabolic ow onD?.

(a) For each pointu 2 n ,the local orbitf '(u) jt2 [ ";"]gintersects uniquely
at u for all " su ciently small.
(b) For any suchu, the braid word length of the braid diagramt(u) for t > 0 s strictly

less then that of the braid diagram '(u) for t< 0.

As a direct consequence of this proposition ow lines cannoé-enter a braid class after
leaving it. In other words, the dynamics of (6) obeys the natal co-orientation of the braid
classes, i.e., if we co-orient the boundary n in the direction of decreasing intersection

number, then the vector eld, and thus the ow, is co-orientel in the same way.
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O DX

Figure 6. Two bounded braids with the same skeleton (black lines); thieee

strand is the gray line. The braid on the left is improper (onean deform the

free strand to one of the strands of the skeleton), the one ohe right is proper.

In Section 3.3 we will de ne the Conley index of a braid clasience we need the braid
class to be isolating, i.e., the ow at the boundary should hz no internal tangencies.
Proposition 3.4 shows that we are \in danger" when our systeravolves near to , since
a parabolic ow displays invariant behavior in . For this reason, a discretized relative
braid class [1 rel V] is called proper if its boundary (which is a subset of rel v) does
not intersect rel v. Figure 6 gives a simple examples of a proper and an impropeaial
class. Besides properness we also need the braid classeg toompact. A discretized relative

braid class {1 rel v] is calledboundedif the set [u rel v] RM* ™19 js bounded.

3.3. Conley index for braids.  The Conley index is a powerful tool for studying the
complexity of dynamical systems. For braid classes the Caylindex is de ned in [L5] and we
refer to that paper for all details, proofs and much additioal information. For more details
about the general setting of the Conley index, sed1, 21]. Proposition 3.4 implies that
cl(Ju rel v]) is isolating for the ow generated by a parabolic recurrece relation, provided
the braid class is proper and bounded. Lel denote cl(u rel v]), and let N @Nbe
the exit set for a parabolic ow !. Then the Conley indexh(u rel v) is the homotopy
type of the pointed space =N ;[N ]), denoted by N=N ]. Note that N can also be

characterized purely in terms of braids by using the co-oméation of n

Proposition 3.5 ([15]). Supposdu rel v]is a bounded proper relative discretized braid

class and ! is a parabolic ow that xes the skeletorv. Then
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(1) cl([u rel v]) is an isolating neighborhood for t, which yields a well-de ned Conley
indexh(u rel v; Y.
(2) The indexh(u rel v; ') is independent of the choice of the parabolic ow! as

long as '(v) = v. Therefore the index is denoted bia(u rel v).

Remark 3.6. The Conley index is in fact an invariant of the topological riative braid
classfu rel vg, provided one slightly generalizes the de nitions. Firstthe de nitions of
proper and bounded are extended in a straightforward mannéo fu rel vg. Furthermore,
an equivalence class of topological relative braidsi rel fvggis proper/bounded if for all
vP2fvgany classfu®rel vy 2furel fvggis proper/bounded.

Second, several discretized braid classes may be part of igglent topological braid

classes. For xed periodd, let [u(0) rel v9 be a discretized braid class such that on the

the di erent discretized braid classes relative to/®such thatfu(j) rel vg2 urel fvg .
The setl§ = Sjmzo cl(fu(j) rel v9) is isolating for any parabolic ow xing v® and the exit
set is denoted byi¢ . The Conley indexH (u rel v9 of the topological relative braid class
furel v% is the homotopy type of the pointed spacel=N ;[¥ ]). It does not depend
on the periodd, the choice ofv®or the parabolic ow. The Conley indexH (u rel v9 is an

invariant of u rel fvg .

The homotopy index is usually not very convenient to work wh and therefore we use

the homologicalConley index
CH (urel v) ' H (NN )

where N = cl(Ju rel v]), N is its exit set, andH is the relative homology of the pair
(N;N ). One can assign to such an index a characteristic polynorhia

£ : ot

k 0

CP¢(u rel v)

where | is a free rank ofCH(u rel v). For the parabolic ows under consideration Morse
inequality can be used to draw conclusions from the characigtic polynomial about xed
points and periodic orbits (see Section 7 o15]). In this paper we use the only the simplest

consequence:
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Figure 7. In the relative braid on the left black lines denote the sketen and
gray lines the free strand. In the middle its con guration spce is shown and
the direction of the parabolic ow on the boundary is indicaed. On the right
we see how the con guration space is positioned with respectthe stationary

points of the skeleton, represented by the four dots.

Lemma 3.7. Let [u rel v] be a discretized relative braid class that is bounded and o
If CP 1(u rel v) is nonzero, then there is at least one stationary point ifu rel v] for any

parabolic ow ! that leavesv invariant.

Remark 3.8, A special situation occurs when the recurrence relation ixa&ct, i.e., when

there exists ad-periodic sequence of?(R?) functions S; such that
Ri(Ui ;Ui Uiv1) = @S 1(Ui 1;Ui) + @Si(Uj; Ujea) foralli 2 Z:

Note that a recurrence relation is exact if it originates from a composition of area preserving
twist maps, see Remark 2.2. The main example in our context i8hen the orientation
reversing twist mapf is area preserving. SettingV (u) = P idzl Si(uj; Ui+ ) the corresponding
parabolic ow is a gradient ow: ‘(’j—‘t‘ = r W. This implies that invariant sets consists of xed
points and connecting orbits only. The second order charaat of the recurrence relation
leads to the following strong result (seelp, section 7]): for an exact parabolic ow on a
bounded proper relative braid classy rel v], the number of xed points is bounded below

by the number of distinct nonzero monomials in the charactestic polynomial CP(u rel v).

Example 3.9. We calculate the homotopy index of the braid shown at the lefh Figure 7.
It is of period two and it is proper and bounded. A braid can evee only in such a way
as to decrease the number of intersections (cf. Propositi&4 and Figure 5). Hence along

the ow the free anchor pointugy cannot cross the anchor points of skeleton since this would
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lead to an increased number of crossing, i.alg is \trapped" between anchor points of the
skeleton. On the other hand, the middle poinu, of the free strand can evolve in such a way
that it crosses the nearest anchor points, since this decsss the number of crossings. Of
course, on crossing the anchor point of the skeleton, the éatrand leaves the braid class.
The con guration space and the ow on the boundary are showmithe middle in Figure 7.
The exit set N consists of the top and bottom boundaries. The homotopy indeof this
braid class is N=N ]' (S*;pt), hence CP; = t and any parabolic ow leavingv invariant

has at least one xed point inside the braid class.

4. Period-4 points for orientation reversing twist maps

We now apply the theory of braids and parabolic ows to orierdtion reversing twist maps.
Let f be an orientation reversing twist map. As explained in the tnoduction and Section 2
we can write it as the composition of four orientation presging twist maps. This leads to a
parabolic recurrence relatiorR = ( Rj)i»z which is 4-periodic:Ri;4 = R;. Lemma 2.4 gives
the correspondence between trajectories bfand solutions of the recurrence relation via the
ip transformation (4).

Suppose now thaf (x';y')g*, is a period-4 orbit off , i.e., its minimal period is four. Let
x = fx'gi.z, then the ipped sequence (x) is a solution of the recurrence relatiorR = 0.
Obviously, any shift (x) of the sequencex corresponds to the same period-4 orbit df.
Hence ( (x))for =1;2;3;4 are four solutions of the parabolic recurrence relatidR =0,
labeledv?; v?;v3; v* respectively, and they thus form the four stationary strand of a closed
discretized braid diagramv = fv g 2 D4. A priori v is only in D%, but if v 2 , then
necessarilyv 2, since Proposition 3.4 implies there are no stationary pdmof a parabolic
owon n . On the other hand, ifv 2 , then at least two of the strands ( (X))
coincide, hence the minimal period is smaller than four. H@wver, we are assuming that
the initial orbit is a true period-4 orbit and hence the corrgponding braid diagramv is a
discretized braid inDj.

The next question is: which braid classes do these period+bits represent? Because we

need to make sure that we consider all possible cases, we tsgamply from the quadruple
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1
1
1
1
1
1
1 _—
1
1
1
1
1
1

i=0 i=1 i=2 i=3 !:4 i=0 i=1 i=2 i=3 i=4

(i=0) A
ipped ipped ipped
Figure 8. Starting from an ordering of the points &°; x*; x?; x%) on the left
(f permutes the ordered points), one uses four iterates (midgl and then
applies the ip (i.e. inverting the order at the zeroth and third coordinates)

to obtain the braid diagram on the right.

(x% x1; x2; x3). Assume, without loss of generality, thatx® = minfx'g. There are six non-
degenerate orderings (degenerate ones are discussed BHeloamely
X0<X1<X2<X3; X0<X1<X3<X2; X0<X2<X1<X3;

(7)

x0<x?<x3<xl xO<x3<xl<x? xO<x3<x2<xh

For each of these six possibilities the procedure describablove leads to a closed discretized
braid diagram. The easiest way to do this is depicted in Figer8. Namely, one draws the
four iterates of the four shifts of the periodic solution. Tlen one inverts the order of the
points at the zeroth and third coordinates to obtain abraid diagram It is perhaps good to
point out that the picture in the middle of Figure 8, i.e. befwe the ip, is not interpreted
as a braid diagram, since it is not related to a parabolic owFor the six possible orderings
the resulting braid diagrams are shown shown in Figure 9.

The six discretized braid diagrams can be grouped in two distt topological braid
classes, type | and type Il, see Figure 9. We note that they aia four distinct discretized
braid classes inDj, but on the topologically level these reduce to two classeJype | has
(periodic) braid word 2 # 2 2 2 2 and corresponds to orderingg® < x3 < x! < x? and
x% < x!<x3<x2, while the (periodic) braid word of type llis 2 , 2 , 2 , 2,

As discussed above, since the braid consists of stationaglugions of a parabolic ow,
the braid cannot have tangencies. Of course, anchor pointarcnevertheless coincide, which

corresponds to a degenerate case in the ordering of the quanle x°; x*; x?; x3. That is, some
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type |

type Il

Figure 9. The six period-4 orbits and their corresponding braid diagims.

of the inequalities in (7) are replaced by equalities. Sindangencies in the braid diagram

are excluded and since we start from a true period-4 orbit, éhonly possible degenerate cases
turn out to be

xP<xlt=x?<x3 and x%°<x?=x3<x!;

which both lead to a braid of type II.

Remark 4.1 The fact that we have four di erent discretized braid diagrams but only
two topological braid classes may lead to notational di cuties that we clarify here while we
are at it. The two discretized braid classes within one topobical braid class are related by
a shift or a double shift 2. We can thus go back and forth between the two by applying
shifts to both v and R. When we obtain results for a parabolic ow generated bR that has

stationary braid v, then these results carry over to (R) and (v), since (R) is a parabolic
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recurrence relation that xes (v). We may thus restrict our attention to just one of the

discretized braid classes in each topological braid class.

5. Positive topological entropy

We are ready to assemble the machinery previously presentedorder to prove that a
twist map with a period-4 point of type | is chaotic. Throughaut this section we assume the
in nite twist condition (2), which leads to a proof of Theorem 1.3, see Section 7 for the case
of a di eomorphism. We will show that for f there exists a compact invariant set R?
on whichf has positive topological entropy.

Our strategy is to rst consider the second iterate 2 and to show that there is a compact
set 1 R? invariant under f 2, on which it is semi-conjugate to the shift map on three
symbols, which has positive entropy. Standard results abbthe entropy then imply that
the map f also has positive entropy on = [ f( 1). The set of all sequences on three
symbols is denoted by ; = f 1;0;+1g* and : 3! 3 mapsfa,g,2z to the shifted
sequencd an+1 On2z-

Let Z be a period-4 point of type I. According to Section 4 this meanthat we may
assume that thex-coordinates of its orbit, denoted byx' = ,f'(z), are ordered in a certain
way. In particular, in view of Remark 4.1 and considering anterate of z if necessary, we

may without loss of generality assume that
xXP<x3<xl<x?

Let S R? be the set of all complete orbits of and de ne

 Efz28) f2(@2)2[x%xY and f2*(z) 2 [x%x foralli2 Zg:  (8)

Remark 2.1 shows thaf ! is well-de ned (at least on the image of ). We note that Z and
f 2(Z) are elements of 1. The set 4 is invariant under f 2 and it is bounded. By de nition
the x-coordinates are uniformly bounded on ;, while boundedness of the/-coordinate
follows from the fact that the functionsY (x; x9 and € (x; x% from Section 2 are continuous
on R? and thus bounded on bounded sets. Furthermore, sindeand f ! are continuous

(di erentiable) functions it is not hard to see that ; is compact.
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Let' : 1! 3 be the function that assigns a symbol sequence to each point i; as
follows:
8
3a=tl it 17(2)2 (¢
(@)= Ttz g 00 0 (2) 2 [x% x']; (©)
a,= 1 if f2(2) 2 [x%x3):

The sequencd a,g,,z Will be called the symbolic description of a point (trajectoy) in ;.
We note that

"@)=1( 1)" 'gnoz  and " (FA2) = F( 1)"gn2z (10)

Our goal is to show that' is a semi-conjugacy. It follows from the construction that
f2(z) = "(z)forall z2 ;. We still need to show that' is surjective and continuous.
Continuity is proved in Lemma 5.4, while surjectivity follovs from Lemma 5.3. Leading
up to that we rst state and prove the crucial lemma, which use the concepts of the ip

transformation, braid diagrams and their Conley index.

Lemma 5.1 For any periodic symbol sequendea,gn.z 2 3 there exists a point in ;

that hasfa,gn2z as its symbolic description.

Proof. Let p be the minimal period of the sequencéa,g,.z, and let 4q denote the
smallest common multiple of p and 4.

Step 1. Construction of relative braid classes.
In Section 4 we explained in detail how a period-4 point yietda braidv 2 D% that is
stationary for the parabolic ow associated to the recurrece relationR = (Rj)i2z. In this
sectionv is assumed to be a type | braid. By concatenating (just repeating it) we obtain
more stationary skeletons. To be precise, de ne # to be the g-concatenation ofv. Clearly
#Hqv 2 D4q, and it is a stationary skeleton forR (cf. Figure 10).

Using the skeletons #v we can now construct numerous relative braid classes by weay
in a free strand with the skeletal strands. Given a periodicysnbol sequencd a,g, a free

4q 1

strand u = (u;);Z, - can be characterized as follows:

(i) For i odd, u; 2 (x3;x') wheni =1mod4, andu; 2 ( x*; x3) wheni =3 mod 4.
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Figure 10. Braid diagrams corresponding to
fiiag ;@85 a4 85, 86,0009 = f:::;0,+1;+41;0; 1,+1;0;:::0. At
the top is a generic non-symmetric situation, while at the bitom the skeleton
is deformed into a symmetric one, which has the same topologi information
and has the advantage that it is a lot easier to survey. The hootopy type of
this braid class is the pointed space3?; pt).
(i) The position of the even anchors is determined by the saqncefangﬁiol:
if a, =+1 then uy, 2 (x*;x?) for n odd, anduy, 2 ( x?% x') for n even;
0 then uy, 2 (x3xY) for n odd, andu,, 2 ( x*; x3) for n even;

1 thenuy, 2 (X% x3) for n odd, anduy, 2 ( x3; x°) for n even.

if a,
if a,

Moreover, letusq = uUp. The subdivision of the range of (basically n = 0;3 mod 4 and
n =1;2 mod 4) is needed since we are working with the (ipped) cooirthtes for parabolic
recurrence relations. Figure 10 shows an example of a relatibraid class obtained in this
way. Denote the equivalence class of the relative braids debed above by I rel # gv].
If a, 6 ( 1)", then the these braid classes are bounded and proper. For teequences
an ( 1)" the corresponding points in ; are given by (10), and we will exclude these

special sequences from our considerations.
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Step 2. Non-triviality of the Conley index.
We now calculate the Conley index for the braid classes dekad in step 1. Since each
coordinateu; can only move in the designated intervals as described abotiee con guration
spaceN =cl([u rel # 4v])is a cartesian product of intervals, i.eN ' |4, a 4g-dimensional
hypercube. We now proceed by determininy , the exit set. As in Example 3.9 the ow
can only decrease the total number of intersections if,, 2 (x3;x) or uz, 2 ( x%; x3).
Then the number of intersections decreases whems, moves through the boundary of these
intervals. The number of anchor points for which this is podsle is equal to the number of
zeroes inf angﬁ‘lol. Denote this number byk. This way N consists only of opposite faces.

Therefore,h =[N=N ]' (SX;pt). A standard result from homology theory then shows that

8
HNN )= H(SSpy= . RSk

- 0 otherwise,

and CP;(h) = tk, proving that the Conley index is non-trivial for any periodc symbol

sequencd a,g with a, 6 ( 1)". Such symbol sequences will be earmarked as non-trivial.

Step 3. Existence of periodic points.

From the previous step we have thatCP ((h) = (1) 6 0. Lemma 3.7 then proves that

there exists at least one stationary point, i.e. a solutionfdR =0, in the relative braid class

[u rel # 4v] that is associated to each of the non-trivial periodic symil sequenced a,g.

The considerations in Section 2, in particular Lemma 2.4, iply that the stationary solution

u constructed this way corresponds to a periodic point df. Hence it corresponds to a@

periodic orbit of f 2 and the construction of the braid classes ensures that thiggodic orbit

isin ; and has symbolic descriptiorf a,g.

The proof of Lemma 5.1 does not show that every periodic symisequences of minimal
period p corresponds to a periodic trajectory with periog of f 2 (only when p is even this is
clear). Nor do we obtain uniqueness of points in, that have a particular periodic symbolic
description. However, since we are only building semi-conjugacy, neither of these points

matter.

Remark 5.2 For any z 2 ; the x-coordinates of the even iterates cannot be on the
boundary of the intervals distinguishing the di erent symholic descriptions, i.e. xf2"(z) 6

x1: x3. Namely, suppose «f 2"(z) = x* or x3, then after applying the ip transformation and
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interpreting the ipped trajectory of z as a strand in the braid diagram (see Figure 10), this
strand is stationary and has a tangency at anchor pointr2 with one of the strands of the
skeleton. This is impossible, as stated in Proposition 3.4An alternative is to compare the
trajectories ofz and z and to use the twist property of the orientation reversing twst map

f to obtain a contradiction directly.
The periodic symbol sequences from Lemma 5.1 allow us to deéth the general case.

Lemma 5.3 For any sequencd a,gn,z 2 3 there exist a point in ; that hasfa,g,2z

as its symbolic description.

Proof. Let a = fa,gn.,z be any sequence in 3. We can approacha by periodic se-
quencesa® 2 3, whereak = a, for jnj k with periodic extensional = aX ,, , for all n.
Clearly a! aask!1 ,with a being periodic (the metric is given explicitly in the proof
of the next lemma). Lemma 5.1 shows that there exist pointg 2 1 such that' (z) = a*.
Since ; is compact, there exists a convergent subsequernge ! z2 j;asm!1 . Let
'(z) = b2 3, then we claim thatb= a. For any xed n2 Z, ,f?2"(z) is either in [x%; x3),
(x3;x1) or (x!;x?], because the valuex® and x*® are excluded by Remark 5.2. Hence it
follows that for m su ciently large f 2"(z,,) is in the same of these intervals as,f 2"(z).

k

Since the intervals encode the symbolic description, thisnplies b, = a‘™ for su ciently

large m, and thus indeedb= a.
Lemma 5.4 The map' de ned in (9) is continuous.

Proof. The arguments resemble the ones used in the previous proofe \Wse the metric
d(a;p = 2 maxfmian=bnforjnj\mg gn . et z be any convergent sequence ing, z !
z2 4. let'(2)=Db2 sand'(z) = B Forany xed n 2 Z, ,f?'(z) is either
in [x%;x3), (x3;x%) or (x';x?], because the values! sand x?® are excluded by Remark 5.2.
Hence it follows that for k su ciently large ,f ?"(z) is in the same of these intervals as

«f 2"(z), which implies b, = & for su ciently large k. In particular, for any (large) m 2 N
there exists ak (m) 2 N such that b, = & for all jnj m andk K. In other words,

i@ '"(z)j 2™ lfork K, which establishes continuity.
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From the previous lemmas we conclude that as de ned by (9) is a semi-conjugacy from

f2 . to j ,. To carry over this information to the mapf we de ne

T
which is invariant under f , and the entropy off on can be estimated in terms of the

entropy of the shift on three symbols.

Theorem 5.5, An orientation reversing twist map of the plane that satis & the in nite
twist condition and that has a type | period-4 point, has pdsie topological entropy restricted

to the compact invariant set .

Proof. We use the semi-conjugacy to estimates the entropyh(fj ) of f on . Stan-

dard properties of the entropy (e.g. se€lB]) give the estimates

n(fi )= Sht% ) Sh(t% L) h( )= 5

Remark 5.6. As an alternative strategy one can consider the fourth iteta of f instead
of the second one. This is perhaps more natural in view of th@ecbmposition off 4 in terms
of orientation preserving twist maps, as discussed in thetmaduction. On the other hand,
the notation becomes a bit more involved. Anyway, it is not dcult to see that arguments
analogous to the ones used for the second iterate lead to a seonjugacy off 4j | to the
shift on the space o of sequences on nine symbols. This approach gives exactlg same

lower bound for the topological entropy of :
. 1 .. 4 (. | _1 _
h(fj) Zh(f% ) ZhC] )= 3@ = 3InE):

6. Type Il periodic points

In the previous section we have proved that a period-4 orbitfdype | forces orientation
reversing twist maps to be chaotic. Now we will show that theheorem is \sharp” in the
sense that we construct an example of a map with a period-4 darlof type Il that has zero
topological entropy, i.e., the entropy of the dynamics restcted to any bounded invariant set

is zero.
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We start with the well known quadratic family of one dimensioal maps
Xker = X k(1 Xk);

where is a parameter. This map is a good starting point since it has simple formula and
its dynamics has been studied extensively. The property ofast interest to us is that for

slightly larger than

=1+ P 6;
the system has a period-4 orbit which is stable (the period-@rbit undergoes a period
doubling bifurcation at = ). Moreover, the topological entropy of the map on the
maximal bounded invariant set is zero.

We want to embed this system intoR? and turn it into an orientation reversing twist
map. To accomplish this we use the family of maps

fo: X ! y ;
y X+ y@d oy’
which are orientation reversing twist di eomorphisms for & " > 0, while for" = 0 we retrieve
the quadratic family in disguise o is not a di eomorphism). Notice that for " = 0, and
slightly larger than , the period-4 orbit is of type Il (cf. Section 4). Intuition suggests that
for small " > 0 the perturbation "x will not change the dynamics much (in particular, the
entropy remains zero). The remainder of this section is speon making this precise.

Since our aim is to show that the maps fof' > 0 have zero topological entropy we
prove that their non-wandering sets are all \the same", andn a sense \copies" of the non-
wandering set at" = 0, i.e., we will prove a version of -stability for this part icular situation.
Let S’ be the set of all all points inR? through which there is a complete bounded orbit
of f-, and let " be the set of non-wandering points of.. We start with proving that all

interesting dynamics is contained in the compact se\l d:Ef[ 2] [ L2

Lemma 6.1 For " 2 [0;1=2) and 2 [1;4]it holdsthat = S" int(N).

Proof. The case" = 0 corresponds to the one-dimensional quadratic map and the
statements are easily seen to hold. We turn to the ca8e? (0; 1=2), for which f- is invertible.

Firstwe show thatS"™ N. Let us start with the bound x,,; y, < 2. By contradiction, assume
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that xo 2, thensincey (1 vy, 1we have

X 1
Xn 2 n_-.
Hence the sequenc& , ! 1 , ask ! 1 . This contradicts the fact that trajectory is
bounded, so indeec, < 2 for all n. Sincey, = x,+1 we then also havey, < 2.

Next we prove thatx,;y, > 1. If yg 1 then the inequality

Yorr <Y n(l Yya)+1

implies that y, ! 1 ask!1l . Thereforey, > 1 and again the same holds fox,.

We now show that also © N. From the previous argument we see that if this is not
the case then there has to be some poinkd;yo) 2  for which x, 2. It then follows that
X 2 !'1 , and sincexg is non-wanderingX ,m+1 has to be arbitrarily close tox, 2 for
somem 2 N. The same reasoning as before then shows thaton; 2« '1  ask!1 |
contradicting the fact that (Xo;Yo) 2 . We have thus established that © N. Finally, if
z2 ‘,thenf.(z)2 "andf.(z)2 ",hence = S.

In -stability theory the concept of axiom A maps and the no-cycle property are usually
essential (see for example24]). Let us recall their standard de nitions. For a compact
manifold M, we say that a mapf : M ! M satis es axiom A if the set ( f) is hyperbolic
and the periodic points are dense in {). Whenf satis es axiom A then the non-wandering
set ( f) can be written as a nite disjoint union = o[ [  ( of closed invariant sets
on which f is topologically transitive (the spectral decomposition ieorem, cf. 4]). The
sets ; are called basic sets. We say that; i F(WS(Ci)n )\ (WY j)n ;)6 ?,

where the stable and unstable sets are given by

W3 D=fx2Mjf"(x)! ;asn!lg

WY HD=fx2Mjf "x)! jasnl!llg

A map f satisfying axiom A has the no-cycle property if for every choe of distinct indices

fikgiz;, N 1itis impossible to have the inequalities
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Figure 11. The graph of the fourth power of the quadratic map. The pa-
rameter is setto +0:04. The intervalsA4, A, and Az (bounded by the

extrema) are indicated.

Since our case does not t in the usual setting of di eomorplsims on a compact manifold

we will now adapt these concepts to the family-. For fo the invariant set is
SO=f(x;y)jx2[0; =4]andy = x (1 X)g:

For values of slightly larger than there are two unstable xed points, an unstable

period-2 orbit and stable period-4 orbit. For simplicity wewrite

1 { period-4 orbit;

> { period-2 orbit;

3 { non-trivial xed point;

4 { xed point (0 ;0).
We would like to show that these are the only non-wandering jids. To analyze the dynamics
we observe that for the fourth poweiF 4 of quadratic mapF (x) = x (1 x) eventually maps
any point Xo 2 (0; 1) into the interval A =[F (=4); =4] (cf. Figure 11). On the other hand,
in A we can distinguish three intervalsA; = [F (=4);F3(=4)], A, = (F3(=4);F?(=4))
and A; = [F?( =4); =4]. Monotonicity of F4 on A,\ (F#) 1(A,) guarantees that any point
in A, with the exception of the xed point ,, will eventually enter A; or Az under iterates
of F4. Apart from the period-2 orbit any point in A; and A; approaches the period-4 orbit

due to monotonicity of F4 on these intervals (cf. Figure 12). Our choice of is su ciently
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Figure 12. One of the two trapping regions of the period-4 orbit. We chase
so close to that the function is monotone between the three xed points

of F4 in the picture.

close to  so that the function F# is monotone between the three xed points oF % in A;
and Az. Sincefy mimics the dynamics ofF , it follows that any point in S° that is not
eventually periodic has ;3 as its! -limit set. Moreover, we have proved that there are no

other non-wandering points then the orbits contained in ; fori =1;2;3;4, i.e.

0= il 2 3[ &

One can easily see that the eigenvalues df, in a pointin %are ;=0and ,, which is
equal to the eigenvalue of the corresponding point & . Again, since for su ciently close
to ,and > , we haveF°6 1 at the xed points, the period-2 and the period-4 orbit.
Hence, they are all hyperbolic, and ; is hyperbolic fori =1;2;3;4.

The reasoning above shows thdt, has a hyperbolic non-wandering set which only consists
of periodic orbits. Moreover, we have identi ed the basic $&to be ; withi =1;2;3;4. Now
we turn to the no-cycle property. To simplify the notation wewrite fl\/s( )= Ws( )n
and Wu( ;) = WY( ) n ;. To exclude the existence of a cycle let us start with the
observation thathS( )\ S°= 2. This ensures that ; 6 4 fori =1;2;3;4. On the
other handW“( 1)=7?,s0 16 fori=1;2;3;4. From the arguments above (illustrated
in Figures 11 and 12) it follows thatW“( 3)  WS( o)[ W5( ,) and W“( o)  WS( ).
Combining these observation we see that there are no cyclesangf ;g",. This reasoning

shows that

Lemma 6.2 For slightly larger than the mapf has a nite hyperbolic non-wandering

set, and there are no cycles among the basic sets.
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We are now in a position to prove -stability and in particular
Lemma 6.3. There exists an" such that for all" 2 [0;" ] the set " is nite.

Proof.  We will mimic the proof of -stability theorem for di eomorp hisms on a compact
set in [24]. From the lemmas above we know that ° = per(fo) = [ [ 3[ 4. Itis
well know that for fo there exist a Lyapunov function (seel7]). So there exists a function
V: N ! R satisfying the following conditions. It is decreasing alantrajectories off o, except
on ,i=1;2;3;4, whereV is constant. Furthermore, because of the no-cycle propertye
may assume thatV( ;) 6 V( ;) fori 6 j. Also, we can rescal®/ so thatV:N ! (3;43]

andV( ;)= i. We de ne the (compact) sets
M; £V (1 ;j+1=2])\ N:

The setsM; have the properties of a Itration:

(1) N=M; M3z M; M; Mo=7?;

(2) fo(Mj) int(M;);

Q) Int(M; nMj y);

_ T k .

4 = 1 foMjnMj )
where f, k denotes thek-th pre-image. These properties follow from the de nition b M;
and the structure of °. For simplicity denote

def
Uj = MjnMj 1-

By the continuity of the family f- and the compactness o we can choosé; so small that
property (2) holds for all" "4, i.e.f-(M;) int(M;) forall j.

Since ; consists of a hyperbolic periodic orbit, ; continues under perturbations. The

perturbed periodic orbit, denoted by ;, is again hyperbolic for" su ciently small, say
", "1. Clearly ;| " for all i. To conclude the proof we show the other inclusion
] Y "

We will prove the two following claims. Firstly, for " su ciently small, | = S'(U),
whereS'(U;) is the set of all points inR? whose complete orbits lie entirely ilJ;. Secondly,
ifz2 "\ U for some" ", and somej, thenfli(z) 2 Uj foralli 2 Z. Let us assume for
the moment that the claims are true for" "  ",. Letzp2 ° for some" 2 (0;" ]. By

property (1) of the setsM; the point z; has to be in someJ;,. By the second claim the whole
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trajectory of z, is contained inU;,. Then the rst claim shows that z, 2 J This proves
that the non-wandering set forf. consists entirely of the perturbation of the non-wandering
set offy. In particular, " is nite. Now we return to the proof of the claims.

Claim 1: ;= S'(Y)) for all j and all " su ciently small. Because of property (3) of
the setM; we get
contradiction. Setting " = 1=n we assume that for alln  no 2 N there is az, 2 S*"(U;)

S'(Y;) for " su ciently small. For the other inclusion we argue by

such that z, 62 jlzn. By the hyperbolicity of ; (and ;) there is a > 0 such that
fX™(z,) is not in a -ball B ( ;) around ; for somek(n) 2 Z. Setw, = f<"(z,), then
wWn 2 S¥"(Uj) nB ( ;). By compactness ofN there exists a subsequenceg(n) so that
Wmomy ! Vo 2 U nB (). We want to show that vo 2 U; and that there is an complete
orbit in U through vo. First we prove that fi(vo) 2 U, for all i 0. If this would not be
the case thenf(vo) 2 M; ; for somei 0. From the property (2) of the setsM; we get

f i (Vo) 2 int( M; 1), and from the continuity of the family f. and the continuity of the map

+1
=mo(n)

that Wm,ny 2 Uj. We thus have thatf ((vo) 2 U; foralli 0. To get the same for pre-images

it follows that fi (Wmo(my) 2 int(M; 1) for n large, which contradicts the assumption
of vo we need to extract further subsequences.

From the sequencemg(n) we extract yet another subsequencem;(n) such that
fl:%nl(n)(wml(n)) converges to, sayy ;. It easily follows that fo(v 1) = Vvo. Similarly, from
the sequencem,(n) we can extract a subsequencm,(n) such that fljnz(n)(wmz(n)) v,
andfo(v 2) = v 1. We can repeat this procedure inductively and we end up with sequence
fvigd- ; U andfo(V k) = V k1. Infact, v 2 Uj (k 2 N), because ifv « 2 Uy nU;,
thenv 1 = f(v ) 2 int(M; ;), a contradiction.

We have now constructed a whole trajectoryvig?. , [f f&(vo)gi-, of fo contained in
S%(U;). By property (4) of the setsM; this trajectory has to be contained in , but since
Vo 6B ( ;) we get a contradiction, which concludes the proof of the dla 1.

Claim 2: Forall z2 " with " 2 (0;";] it holds that if z 2 U;, then fl(z) 2 U; for
all i 2 Z. Itis worth recalling that " ", implies that f-(M;) int(M;). Assume that
z2 "\ U for somej.

Firstly, we show that f!(z) 2 U; for alli 0. Sincez is in M; we know that f!(z)
is in the interior of M; for every positivei. Next, f!(z) 2 M; ; for all i > 0. Namely, if

fl(z) 2 M; , for somei > 0, then the next iterate is in the interior of M; ;. The continuity
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of the map guarantees thatf !** (B (2)) int(M; 1), for suciently small, which also
implies fI*1* (B (z)) int(M; ;) for all k 2 N. On the other hand,B (2)\ M; ;= ?, for
su ciently small . Hence,f!*** k(B (z)) \ B (z) = ? for all positive k and su ciently
small, which contradictsz 2
Secondly, we show that also the negative iterates '(z) 2 U;, for all i > 0. We have

to show that f. '(z) 62M; ; and that f. '(z) 62U+ m, wherei;m > 0. As above it follows
that if f.'(z) 2 M; 1, then z = f. *i(2) 2 int(M; 1), whereasz 2 U,, which shows that
f. (z) 62M; ;. To prove that f. '(z) 62U;+m, m > 0, we observe that the non-wandering set

" is invariant under f. and f. 1. If we would have thatz= f. (z) 2 U;., for somei > 0
and somem > 0, thenz2 " andfX(#) 2 Uj.nm, for all k 0, by the result on positive
iterates established above. This contradicts the fact that!(z) = z 2 U;, concluding the

proof of claim 2 and therefore the lemma.

We have thus found our counterexample.

Lemma 6.4. The orientation reversing twist mapds -, with  slightly larger than  and
" su ciently small, which have a period-4 orbit of type I, hae zero topological entropy (as

explained at the beginning of this section).

Proof. Lemma 6.3 proves that the non-wandering set” of f- is nite. Standard results
on the topological entropy show that the entropy of- on S’ is equal to the entropy on

and the entropy of the map on a nite set is zero (e.g. se@4)).

7. Twist di eomorphisms of the plane

We now extend our results to situations where the parabolicecurrence relation is not
de ned on the whole ofR3. Since this requires some careful analysis, this sectiorsisbstan-
tially more technical than the previous ones. We rst introdice the necessary frame work and
in Section 7.3 we apply it to period-4 orbits of orientation eversing twist di eomorphisms

and we prove Theorem 1.2.

7.1. The domain of parabolic recurrence relations. We are interested inbijective
orientation reversing twist maps. In the introduction it has been explained that the fourth
iterate can be decomposed in four orientation preserving giive twist maps, to which we

can apply the theory of parabolic ows. We thus restrict our &ention here to orientation
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preservingtwist di eomorphisms, and compositions thereof. We assunmie is an orientation
preserving twist di eomorphism, i.e.f is bijective to R?, & 6 0, and @( «f) > 0. By
de nition the function f ! is de ned on R?, it is dierentiable by the inverse function
theorem, and@( ,f 1) < 0, i.e.f ! has negative twist.

We recall and re ne some notation from Section 2. LetCy9 = f (x;y), then there are
di erentiable functions Y; and ¥ with @Y; > 0 and @% < O, such that

y=Yi(x;x9) and  y°= & (x;x9: (11)

Sincef ! has negative twist, the same reasoning as in Section 2 givégkntiable functions
Y; 1and % 1 with @Y; 1 < 0and@% : > 0, such thaty®= VY; 1(x%x)andy = & 1(x%x).
Obviously

Yi(x;x9)= & 1(x%x) and & (x;x9 =Y 1(x%x):
Let us consider the domairD of Y; and %, and de ne

“lim ,f(cy) and h(x) &
y!

de

a(x)

f . . .
r )Illlrln «F(Xy): (12)
These are functions fromR to [1 ;1 ]. Since they are limits of monotone sequences of
continuous functions,g is upper semi-continuous and lower semi-continuous, andy(x) <

h(x) for all x 2 R. The domain ofY; and % is the open set given by
D=fxx%jx2R; g(x) <x°<h(x)g:

When f is invertible we can use the same arguments fdr . We dene G(x) =
limyn  «f Y(xy) and H(x) = limy; «f }(xy). The domain of Y; : and % : is
given by B = f(x%x)jx°2 R; G(x% < x < H (x9g. Obviously (x;x% 2 D if and only
if (x%x) 2 B, i.e.® = D ' This gives us a lot of information ong and h. In fact, the
boundary @Dof D consists of at most four pieces, each of which is a monoton@ygjn. This
is depicted in Figure 13.

It takes some notation to make this precise. The functiom : R! (1 ;1 ]is lower
semi-continuous; there isa poink, 2 [1 ;1 ]suchthath(xy) = 1 andh is non-decreasing
for x < x , and non-increasing fox > x . This means thath consists of at most two pieces
of real-valued functions on (semi-)in nite intervals, a nm-decreasing functiorh* and a non-

increasing oneh . Sinceh and/or x,, can be innite, h and/or h* may be nonexistent.
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Figure 13. The domainD of the functionsY; and ¥ for a twist di eomor-

phismf .
The associated graphs are
h =gr(h )= @(x;x% 2 R?jx 2 dom(h );x°<h (x)g RZ

In Figure 13 h* is the northwest boundary andh is the northeast boundary. A similar
description is valid for g, with g* being non-decreasing (the southeast) angl being non-
increasing (the southwest). The boundary oD  R? thus consists of the (at most four)
graphsg andh .

Since the parabolic recurrence relation, and hence the paiic ow, is not de ned on
the boundary @D we need to de ne (preferably smooth) approximations to itWe construct
here the smooth approximations to the northwest boundarn*. The other boundaries are

dealt with similarly. Let h*" be a cuto /extension function of h*: h*"(x) = minf" % h*(x)g

for x 2 dom(h*) and h*"(x) = " ! for x 2 dom(h*). We make it smooth by using a one-
sided molli cation as follows. Letz(x) be a nonnegative function with support in [(1] and
R
integral ,z=1;let z(x)= " 'z(x="). De ne
Z
N ,arctanh(x) 1 o
h (x) = W s 2t oy

2 R

The "-approximation hf of h* is smooth onR. Because of the one-sided molli cation and

the addition of a small increasing termh: is increasing, hencén: °> 0, and

h*(x ") "<h:(x)<h"(x) (13)
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provided x " 2 dom(h*). This means that gr(h') is P 2"-close toh* on the piece where
hf <" 1 The cut-o along the x°coordinate will cause no problems since we will only be
interested in bounded braid classes, i.e. bounded subsetR#. Furthermore, h' is strictly

increasing in". It follows from (11), (12) and (13) that

!ilmoY(x; h(x))= 1 for all x 2 dom(h™); (14a)
!ilmo‘?((hf) 1x9:x%=1 for all x°2 range(*): (14b)
Since we are interested in compositiorfg, ; fg4 » f,1 fo of orientation preserving

twist maps, we index the correspondingy and h accordingly. The "-approximation of the

domain D; of Y; is thus
Dip = f(XiiXiv1) ]G (X)) Xivz  hpa (X)0:

7.2. Restricted braid classes. The spaces ofestricted braid diagrams are de ned as
(cf. [15])

EY € D\f uj(u;u,)2Difori=0:::d land =1:::ng;

E" € DM\f uj(u;u,,)2D fori=0:::d land =1:::ng;

e EEnE:

For u 2 EJ the restricted braid class {i]e is de ned as U]\E . Forv 2 El andu[ v2Dj*™
the restricted relative braid class{ rel v]gis[u rel v]\f u2Ejg.

The boundary of a restricted relative braid classy rel Vv]e consists of two parts, namely
the singular braids in @Qu rel v]e\ g, and the braids that violate the restriction in
@u rel vlen g. The parabolic ow is well-dened on @Qu rel v]e\ g but not on
@u rel v]en g. To overcome this di culty we may of course use the'-approximations of
Section 7.1:

[urel vle=[urel vlg\f uj(u;u,,)2D; fori=0:::d land =1:::ng:

Now the ow is well-de ned on the whole boundary@u rel v]¢.
As an example, let us supposeuf; ug.1) is close to the northwest boundaryh* of Dy,

say Ux+1 = h¥(ug) and" ! 0. If all other pairs of coordinates (;; u;+1), i 6 k are not close
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(b)

X

Figure 14. (a) The northwest corner and its"-approximation with the di-

rection of the ow. (b) Cartoon of the four pieces of boundaryf the domain.

to the boundary, then, by (14), we have for su ciently small” that

du

d—tk = Yi(u Uker) % 2(uk 15uk) > 0 (15)
duy.

c;‘tl = Yierr (Uis1 ; Uks2)  Bc(Ui; Usr) < O

Sinceh? > 0 the ow is thus directed inwards at this point, see Figure 14. On the other
boundaries similar arguments hold, which leads to the (meal) picture in Figure 14b.
However, we may have a problem when for examplay( ;; ux) also approaches a bound-
ary. If it approaches the southeast or northeast boundary #n there is no problem, since
then ¥ 1(ux 1;uy) < 0 and (15) still holds. On the other hand, if (i 1;ux) approaches the
northwest or southwest boundary then the two terms in (15) dmot cooperate and we can
draw no conclusion about the sign. In that case we are unable tonclude that [ rel v]c

is isolating for the parabolic ow. We therefore need to intoduce the notion of cooperation.

Definition 7.1 A restricted relative braid class {I rel Vv]e is cooperating if for any
braid u in the boundary piece@u rel v]en g, the following holds:

(1) f (U sUi) 2 By then (U ) 20y 5[ g o

(2) if (u;uy) 2 g, then (U 4;u) Zh o[ g 5.

We want to link the index of the restricted braid class to thatof the unrestricted braid
class. For that purpose we need a stronger assumption, thdsa takes points in {1 rel v]n

[u rel v]g into account.
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Definition 7.2 A restricted relative braid class {i rel Vv]g is strongly cooperating if

for any u 2 cl(fu rel v]) the following holds:

(D) if iy by (u), thenuy <h{ ((u ) andu; >g; (U y);
(2) if u,y g (u), thenu; <h; (U ;) andu; >gi 4(u; o).

We are now ready to state the main result. The statement and pof are similar to Sec-
tion 8.3 in [15], where the restrictions on the domain were simpler and coegation was

automatic.

Theorem 7.3 Let [u rel v]e be a cooperating restricted braid class and let the unre-

stricted braid class[u rel v] be bounded and proper.

(@) Then the "-approximation N- = cl(Ju rel v]g) is an isolating neighborhood for the
parabolic ow for all su ciently small ", which yields a well-de ned Conley index,
denoted byh(u rel v;E).

(b) Moreover, if [u rel v]e is strongly cooperating, then the index of the restricted
braid class is the same as that of the unrestricted braid cdash(u rel v;E) =

h(u rel v).

Proof. Denote by R; the parabolic recurrence relation under consideration, thi par-
abolic ow €' de ned on N- for all small ". We rst need to show that N- is isolating for
su ciently small ". For any pointu 2 @N\ g the ow €' leavesN. in forward or backward
time by Proposition 3.4. For any pointu 2 @Nn ¢ the ow €' leavesN- in forward or
backward direction by the de nition of a cooperating braid tass and the arguments that
lead up to its De nition 7.2. We thus conclude thatN- is isolating, hence its Conley index
is well-de ned and is independent of (su ciently small) ".

Next consider the unrestricted braid classu[ rel v]. There exists a parabolic ow that
xes v (see Appendix of 15]), given by a recurrence relatiorR® de ned on R®. We are going
to change the recurrence relation so that it still xesv, while the invariant set is guaranteed
to be in the smaller set{i rel v]e. Clearly v 2 E and alsov 2 E,- for su ciently small ".
Let 2 C! (R)suchthat (x)=0for x 0Oand (x)= Ke ¥ for x> 0, with large K to
be chosen later. We construct a nonnegative function(x; x9 that is 0 on D;.»- and that is

large in some sense (see below) on the complement of the shglarger D;.-. Namely, we
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de ne

(6x9= X hip() + X hp()  ge0 X gp(x) X%

6x9= X0 hia(0 X hp(x) ga() X0+ ga(x) x°:

It is importantthat @; Oand@ ; O (they mirror the behavior of Y, and %). For any
large squareN in R? we can choosé su ciently small, so that the four terms have disjoint
support in N. Additionally, for any C > 0 there is (by a straightforward compactness

argument) a su ciently large K so that

(x)= (x° h.»(x)>C onN\f x° h.(x)g; (16a)
(6x)= (Gr(x) x)< C  onN\fx® g.(Xg; (16b)
(xx9= (x° hx(x)? C onN\fx® h.(x)g; (16c)
(x)= (g»(x) xh7 C  onN\fx® g.(X)g: (16d)

We de ne for s 2 [0; 1]
R3(Xi 1:Xi;Xix1) = R2(Xi 1;XiiXis1)+ S i(XisXis1) i 1(X 1;%) :

Let ! be the ow generated byRs. By computing @R? and @R?, it is not dicult to
check that RS is a parabolic recurrence relation and { a parabolic ow for all s 2 [0;1].
SinceR® = R? on E,+ the whole family xesv. Since [1 rel v]is bounded it is contained in
a large cube, say; ;u;,,;) 2 N for all i and . Using the strongly cooperating property of
[u rel v] we can deduce from (16) that for su ciently largeK the recurrence relationsR}
and R%,, have xed sign whenever X;;Xi+1) 2 N nD;-, for example,R! > 0 andRl,, < 0
whenxi.;  hi. (x;). This implies that in forward or backward time the orbit through such
a point leavesN . Therefore the invariant set for ! in [u rel v]is completely contained in
[urel v]g.

We now use the fact that the Conley index is a property not onlpf an isolating neigh-
borhood, but also of an invariant set. LetS be the invariant set of U rel v] under the ow

{. Since [ rel v]g is also an isolating neighborhood of for |, we see that the Conley

indexes of {1 rel v] and [u rel v]c are the same, namely the index ds.

Finally, consider the ows given by the interpolating paralwlic recurrence relations (1

)R+ R, 2 [0;1], with parabolic ow €. Note that € = € and € = 1, and the
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whole family xes v. Furthermore, [u rel v]g is an isolating neighborhood for€ for any
2 [0;1], since the signs oR! and R; on the restricting boundaries are the same. Hence

the Conley index does not change along the continuation frof to !:
h(urel v;E)= h(lurel vig; )= h(urel vl })=h(Qurel v]; })= h(urel v):
This nishes the proof.

7.3. Positive entropy for bijective twist di eomorphisms. Let us apply the theory
developed in the previous section to prove Theorem 1.2. Wernctty to emulate Section 5
up to the point where we need to calculate the Conley index, wdh is now replaced by the
restricted indexh([u rel Vv];E). We need to be sure that the restricted index is well-de ned
The braid classes under consideration are bounded and propbut they might not all be
cooperating.

Let us look at the shape of the domain®;. Since the skeletorv (cf. Figures 7 (right)
and 10) consists of stationary points, it must be that g ;v,,;) 2 D; for = 1;2;3;4.
These points are shown in Figure 15 for even and odd For eachi the projection of the
unrestricted braid class (i rel v] under consideration onto the (;; uj.1)-plane is one of
the three blocks indicated in Figure 15. As a consequence bktfact that (v, ;v,,;) 2 D;
and of our knowledge about the shape of the bounda® D, we see that the northeast and
southwest boundary never come into play for any of the braidlasses under consideration,
see Figure 15 again.

According to the de nition of cooperating braid classes weaed to prevent that (u; 1;u;)
and (u;; uj+1 ) can be both on the northeast or both on the southwest boundgar When one
retraces the steps, in particular the application of a ip inthe proof of Lemma 5.1, one sees
that this can only happen if in the associated symbol sequesc 1 is adjacentto 1 or +1
is adjacent to +1, and we thus need to exclude these possibéds. To ensure the braid class
is cooperating we therefore go back a step and replace thelljfshift on three symbols by a

subshift with adjacency matrix

2
01
b
11

C R w
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—\ P

1= TN\ |

I 74 A\ >
Uok+1 \\ / U2k +2 \ /
— I /
Uok U2k+1
Figure 15. The dots represent the points \; ;Vvi,;) 2 Di, =1;2;3;4 for

eveni (left) and odd i (right). The domain D; is indicated in gray. The pro-
jections of the unrestricted braid classes onto theu(; ui.; )-plane are hatched.
Of the four boundaries ofD; only two can intersect the unrestricted braid

classes.

In words, only sequences in which 1 is followed by 0 or +1, and +1 is followed by 1 or

0, are allowed. The corresponding braid classes are now abperating, and even strongly

cooperating, so the remainder of the proof follows the pathedcribed in Section 5, using

Theorem 7.3 to compute the restricted Conley index.

There is one more issue to deal with, namely compactness. T¢et ; as de ned in (8) is

not necessarily bounded, since, as should be clear at thismipit is harder to control the y-

coordinatesY and ¥ for di eomorphisms than it is for maps with the in nite twist condition.

To resolve this problem, consider the set, of periodic orbits off ? that is \constructed"

in the same way as in Lemma 5.1 with the restriction on the synab sequences due to the

cooperating braid classes described above. To be more psecifor every symbol sequence in

the subshift de ned by A the proof of Lemma 5.1 gives a corresponding periodic poiotbit

of f 2, and the collection of these orbits we call ,.

Since , consists of orbits it is invariant underf 2 and we claim that it is also bounded.

Clearly the x-coordinates are uniformly bounded. The parameter, that is used to regularize

in Section 7.1, can be chosen in a uniform manner, since thene only four di erent maps

and four di erent domains D;~ to consider. In the"-approximations [u rel v]¢ of the braid

classes considered in Lemma 5.1, the pains (x;+1 ) are in a bounded subset oD;.-, and on
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these sets the continuous function¥ and ¥ are bounded. Hence also thg-coordinates of

the points in , are uniformly bounded.

is

The set ; in Section 5 is now replaced by the (smaller) compact st = cl( ), which

invariant under f 2. Clearly this set €, also su ces in Lemma 5.3, because that lemma

essentially consists of taking the closure of the periodicatectories. Replacing 1 by €,

does not change any of the other arguments in Section 5. Thesudting lower bound on

the entropy of the bijective twist map is half of the entropy & the subshift, which is log of

1+ P 2, the largest eigenvalue of the matriA (cf. [18]).
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