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Abstract

This paper develops validated computational methods for studying infinite dimensional sta-
ble manifolds at equilibrium solutions of parabolic PDEs. Our approach is constructive and
combines the parameterization method with Lyapunov-Perron operators. More precisely, we
decompose the stable manifold into three components: a finite dimensional slow component, a
fast-but-finite dimensional component, and a strongly contracting infinite dimensional “tail”.
We employ the parameterization method in a finite dimensional projection to approximate the
slow-stable manifold. We also parameterize attached invariant vector bundles describing the
unstable and fast-but-finite dimensional stable directions in a tubular neighborhood of the slow
stable manifold. Taken together the slow manifold parameterization and the attached invariant
vector bundles provide a change of coordinates which largely removes the nonlinear terms in
the slow stable directions. This facilitates application of the Lyapunov-Perron method in the
resulting adapted coordinate system, leading to mathematically rigorous error bounds on the
approximation errors. By using the parameterization method in the slow stable directions we
obtain bounds valid in a larger neighborhood of the equilibrium than would be obtained using
only the linear approximation given by the eigendirections. As a concrete example we illustrate
the technique for a 1D Swift-Hohenberg equation.
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1 Introduction

When viewed as ODEs on Banach spaces, nonlinear parabolic PDEs are amenable to classical tools
from dynamical systems theory. Theorems regarding the stability of equilibria, periodic orbits, and
their attached invariant manifolds follow in analogy with the finite dimensional case. Connecting
orbits between these invariant sets serve as a kind of a road map to the global dynamics, illuminating
transitions between distinct regions of the phase space and signaling global bifurcations. Such orbits
are main ingredients in forcing theorems like those of Smale and Shilnikov which guarantee the
existence of rich dynamics, and are essential for defining geometric chain groups and boundary
operators in the homology theories of Witten and Floer.

Precisely because of their global and nonlinear nature, connecting orbits are difficult to work
with analytically. These difficulties are compounded in infinite dimensional settings. In specific
applications researchers typically perform numerical calculations to gain insights into the properties
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of these important objects. Recent progress in computer-assisted methods of proof for infinite
dimensional systems brings the mathematically rigorous quantitative study of connecting orbits for
PDEs within the realm of possibility. For the case of a connection from a saddle to an attracting
equilibrium, we refer to the work of [I7, [46]. The works just mentioned study the finite dimensional
unstable manifold of an equilibrium and develop mathematically rigorous tools for extending this
manifold into a trapping neighborhood of a sink. In both studies the authors obtain explicit and
mathematically rigorous bounds on the basin of attraction of the sink — an open set.

Controlling the asymptotic behavior of a connecting orbit requires an explicit description of the
local stable and unstable manifolds of the limiting invariant sets. The major obstacle to extending the
methods in [I7,[46] to the general saddle-to-saddle case is obtaining an explicit description of the local
stable manifold. It is worth mentioning that rigorous numerical integration of PDEs is a nontrivial
task and invariably suffers from the so called wrapping effects resulting from the accumulation of
numerical error. Consequently, in computer assisted arguments involving connecting orbits it is
desirable to minimize integration time by absorbing as much of the connecting orbit in the local
stable manifolds as possible.

We refer the interested reader also to the related work of [18], where saddle-to-saddle connections
are established using topological methods based on Conley Index theory and its connection matrix.
Being topological in nature these methods require much less in the way of C'!' information, resulting
in a softer description of the dynamics. The challenge in applying these methods is the rigorous
calculation of index information for macroscopic regions in the infinite dimensional phase space.

In this paper we develop a novel method for representing the infinite dimensional stable manifold
of an equilibrium solution of a parabolic PDE. Our representation is valid in a large and explicitly
prescribed neighborhood of the equilibrium, and our main goal is to obtain explicit a-posteriori
bounds on all truncation and discretization errors. This goes far beyond using the stable subspace
as a linear approximation of the manifold, by providing theorems that guarantee explicit estimates
on the accuracy of the computed approximation.

A feature of the method is that we use approximations that improve on the tangent subspace in
certain directions, namely those along which one expects connecting orbits to approach the equilib-
rium. We thus realize a description of the manifold that has improved accuracy in those directions
which capture connecting orbits. The main difficulty to overcome is the nonuniformity of the decay
in the stable manifold. Indeed, while finitely many eigenvectors of the linearized flow about an equi-
librium may be approximated with high accuracy and precision, an infinitude shall always remain.
We need to control the interaction of error terms corresponding to starkly different decay rates,
which we accomplish by iteratively bootstrapping Gronwall’s inequality for systems of inequalities.

The present work grows out of the thriving literature on methods of computer assisted proof for
finite dimensional dynamical systems going back to the first proofs of the Feigenbaum conjectures
[35, B6l 21, 20], the first proofs of chaotic motions in the Lorenz equations [39] [41], [40] 24] and for
Chua’s circuit [23], as well as the computer assisted resolution of Smale’s 14th problem [50} 51]. In
particular, we build on the solid foundations of computer assisted proofs for studying equilibrium
solutions of parabolic PDEs and their stability. A thorough review is a task beyond the scope of
the present work and we refer the reader to the work of [42] [44] [45] [64] 54, 25| 4, 11, 2 57] for an
introduction to the literature. We refer also to the book of [43] and to the recent review article [55].

A number of techniques for computer assisted proofs involving finite dimensional invariant man-
ifolds have emerged from this literature. One family of methods for proving existence of unstable
manifolds involves checking a number of geometric covering and cone conditions near the equilib-
rium in the same spirit as Fenichel theory [63], [IT] [12]. Since time reversal is well defined for ODEs,
equivalent bounds for stable manifolds follow as a trivial corollary. Applications of these methods
to the study of stable manifolds for PDEs requires substantial modification and have — to the best
of our knowledge — not yet appeared in the literature. We refer the interested reader to the recent
work of [62] where, following [39] [4T], 40, 241, 23], the authors bypass consideration of stable/unstable
manifolds and provide a direct-computer assisted proof of the existence of a geometric horseshoe in
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the Kuramoto-Sivashinsky equation by studying covering relations in a Poincaré section.

Another technique for obtaining validated bounds on invariant manifolds which has been applied
successfully in a number of finite dimensional setting is the parametrization method [8, @] [10], see
also to the book [28] for detailed discussions of the method and its applications. Briefly, the idea
is to study a conjugacy equation between the dynamics on the manifold and the linear dynamics
in an eigenspace. The conjugacy equation is reduced to a set of linear homological equations via
recursive power matching, and one obtains a high order Taylor expansions for the manifold, as well
as remainder estimates on the truncation errors in the tail of the series. This method recovers
both the embedding of the manifold and the dynamics on it, and is very effective for representing
invariant manifolds far beyond a small neighborhood of the equilibrium, periodic orbit, or invari-
ant torus, where the linear approximation has validity. There is a substantial literature devoted
to validated numerics based on the parameterization method for invariant manifolds of ODEs. We
refer the interested reader to see the works of [3] B32] [6] 56| (T3], [38] for more a complete discussion.
Such methods have also been extended for studying finite dimensional invariant manifolds of infinite
dimensional systems. The case of compact infinite dimensional maps is treated in [37], the case
of PDEs is studied in [46], and DDEs are considered in [26], 29]. However, there is an obstruc-
tion to applying this technique to infinite dimensional manifolds in PDEs, which is that solving the
homological equations requires certain non-resonance conditions between the eigenvalues of the equi-
librium. There are techniques to deal with the case of having a finite number of resonant eigenvalues
[8, B53]. Nonetheless, to describe an infinite dimensional manifold one will have an infinite number
of resonance conditions to check, which seems to be a major obstruction.

There are principally two widespread approaches to the study of infinite dimensional invariant
manifolds in Banach spaces: the graph transform method (e.g. see [B]) and the Lyapunov-Perron
method (e.g. see [16]). We refer to [22], Section 1.4] for a comparison of these methods, but we mention
that the graph transform method is most natural in a discrete time dynamical system. In [19] this
method was applied in a computer assisted proof setting to study the dynamics of compact infinite
dimensional maps generated by convolution against a smooth kernel, and was significant motivation
for the present work. The graph transform method may be applied to continuous time systems by
considering the implicitly defined time-1 map generated by the semi-flow. In the present work we
have opted to work with the Lyapunov-Perron method, as it allows us to work with the vector field
more explicitly.

Let us briefly outline our approach, which is somewhat involved due to our desire to track error
control explicitly. While the abstract theory for invariant manifolds in Banach spaces has certainly
been well developed, there are some obstacles preventing one from directly applying such theory to
obtain a computer assisted proof. One complication stems from the fact that in a given applica-
tion one generally does not have explicit formulas for the equilibrium nor the eigendecomposition
of the linearized operator, but only approximations. A second difficulty concerns localizing the
estimates, which is needed since the nonlinearities are not globally Lipschitz. Finally, applying
generic functional analytic estimates usually leads to bounds that are valid in an inconveniently
small neighborhood of the equilibrium only.

To overcome these barriers, before setting up the Lyapunov-Perron fixed point operator, we
decompose the space into judiciously chosen subspaces, corresponding to approximate eigenspaces
of the linearization at the equilibrium. In particular, we choose an approximation of the (finite
dimensional) unstable subspace, and we split the approximate stable space into a finite dimensional
stable part, corresponding to the small negative eigenvalues, and an infinite dimensional stable part.
As a subtle refinement we will also consider a further decomposition of the finite dimensional stable
part into a slow-stable and a fast-stable subspace.

The Lyapunov-Perron operator acts on functions o which map (an approximation of) the linear
stable eigenspace to the (approximate) unstable subspace. The domains of the functions « are
restricted to a product neighborhood of the equilibrium which respects the decomposition of the
stable space. To localize our analysis we perform an explicit (potentially nonlinear) change of
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coordinates. This gives us flexibility in choosing the validity region of the parametrization.

To show that the Lyaponuv-Perron map is a contraction we need explicit bounds on the nonlin-
earities (or rather their projections onto the subspaces of the decomposition). This involves explicit
tracking of the coordinate changes, and more importantly one needs to control errors due to finite
truncation. Indeed, the coordinate transformations we work with are explicit finite dimensional
approximations of inherently infinite dimensional objects. Moreover, to obtain effective bounds, i.e.
ones that guarantee contraction for functions defined on a reasonably large neighborhood of the
equilibrium, a naive Gronwall estimate does not suffice. Instead we take a more refined approach in
which we bootstrap a system of Gronwall inequalities (roughly, decomposed along eigendirections)
to benefit from the different decay rates in different directions. As mentioned before, our main
aim for the future is for these local stable manifolds to act as stepping stones for computer-assisted
proofs of connecting orbits. Since it is well known that C'! bounds are usually needed for such
constructions, this is the regularity class that we have chosen to work with.

After detailing the general framework, we illustrate its efficacy by applying the methodology to
stable manifolds of nonhomogeneous equilibria of the Swift-Hohenberg PDE

U = —B1Uszer + Pollze + U — u3, (1)
posed on a one-dimensional spatial domain z € [0, 7] with Neumann boundary conditions
Uz (0) = uz(r) =0 and Ugza (0) = Uggr (7) = 0.

The parameters of the problem are 51 > 0 and 2 € R. For comparison, we illustrate the use of
our method after both a linear and a nonlinear change of variables. These are respectively centered
about a linear and a nonlinear approximation of a particular equilibrium’s stable manifold. As a
result, we obtain stable manifold theorems of contrasting accuracy. For example, in Theorem [6.4]
we prove that our linear approximation is 3.36 x 103 close to the true stable manifold, whereas
our non-linear approximation in Theorem is much more accurate: the size of the error is only
7.43 x 1072 away. More details are provided in Section In this particular example the manifold
has co-dimension 1, but the method is applicable to (un)stable manifolds of any co-dimension.

The nonlinear change of variables is based on [52]. Namely, we compute a high order parameter-
ization of the approximate slow stable manifold (see Figure [l|) and attached invariant bundles (see
Figure [2)) to define the coordinate frame. It illustrates (even better than in the linear case) how the
decomposition into product spaces and the associated bootstrap estimates lead to a description of
the infinite dimensional local stable manifold that has a generous validity region.

The computational framework developed here is rather general, and can likely be used to describe
invariant manifolds in a variety of circumstances. Typical examples we have in mind are (un)stable
and center-(un)stable manifolds in delay differential equations and partial differential equations on
domains in R™, as well as stable and unstable manifolds in strongly indefinite problems, where both
the dimension and the co-dimension of the manifold are infinite dimensional (e.g. [14]). In [49] this
methodology is used to construct part of a co-dimension 0 center-stable manifold of a homogeneous
equilibrium in a complex-valued nonlinear heat equation. We are currently working on combining the
description of the infinite dimensional stable manifold with a parametrization of unstable manifolds
and a rigorous integrator to study transverse connecting orbits in parabolic PDEs. In future work,
we also intend to extend our results to hyperbolic periodic orbits in PDEs.

The outline of the paper is as follows. In Section [2]we discuss the notation to be used in this paper,
and the level of generality to be considered. Abstractly, we assume that our approximate (un)stable
eigenspaces are decomposed into further subspaces, with (potentially) different time scales. This
corresponds to our plan to develop distinct methods of approximation along the slow-stable, fast-
but finite-stable, and infinite-stable eigenvalues. We intend to compute C''! bounds on our manifold,
and here we define a number of constants relating to our nonlinearity A.

In Section [3] we discuss how we explicitly bootstrap Gronwalls inequality to get component-wise
bounds on the exponential tracking problem. This iterative bootstrapping of Gronwall’s inequality
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Figure 1: A verified (numerical approximation of an) unstable equilibrium (in black) for the Swift-
Hohenberg PDE with 57 = 0.05 and 8> = —0.35 and several (numerical approximations of)
points along its verified slow stable manifold. Near this slow stable manifold we find a description
of part of the full, co-dimension 1, stable manifold of the equilibrium. We remark that the validated
bounds obtained near the slow-stable manifold are on the order of 1072, To obtain bounds this
good using the linear approximation we would have to restrict to a neighborhood with size on the
order of 1076, In a picture on the scale shown here it would have been impossible to distinguish the
verified manifolds from the equilibrium. More details can be found in Sections and

is described in Algorithm [3:11} The approach is quite versatile, and we apply the same procedure
several times in different scenarios. A general description for where this approach can be taken is
described in Algorithm

In Section [4] we discuss the Lyapunov-Perron Operator ¥, which is given in Definition We
formulate conditions for when ¥ maps a ball of C%! functions into itself in Theorem and for
when W maps a ball of C! functions into itself in Theorem [4.11}

In Section [5] we obtain the necessary estimates to show that the Lyapunov-Perron Operator is
a contraction mapping. In Definition [5.2] we define a norm in which we wish to prove we have a
contraction mapping. We then give conditions for when we have a contraction in Theorem and
the results of Sections BHE] are summarized in Theorem [E.111

In Section [6] we apply our results to the Swift-Hohenberg equation, obtaining the appropriate
estimates for a linear change of variables at a nonlinear equilibrium. Finally in Section [7] we discuss
how to get the estimates to work using a nonlinear change of coordinates at a nontrivial equilibrium.
Computer assisted proofs of a stable manifold theorem using a linear approximation and a nonlinear
approximation are given in Theorem and Theorem respectively, and the source code is
available online [60].



Approximation of Stable Manifolds for PDEs

2 Background and Notation

When studying an equilibrium of a differential equation, often the first thing one does is perform
a change of coordinates taking the equilibrium to zero and, if possible, choose a basis aligned with
the eigenvectors of the equilibrium’s linearization. However, in general it is impossible to obtain an
explicit representation of nontrivial equilibria. In ODEs, this may be due to the finite precision of
a computer’s floating point arithmetic. In PDEs, this may be due to only being able to compute
finitely many terms in a series solution (or another finite dimensional truncation).

Nevertheless, by using an approximate solution and an approximate eigenbasis, we can make
an explicit change of coordinates which well positions us for studying the dynamics about our
equilibrium. Conceptually, we wish to begin our analysis after this change of coordinates, beginning
with a set of coordinates where the origin is an approximate equilibrium, and our coordinates are
an approximate eigenbasis. In Sections [f] and [7] we describe how to make this change of coordinates
explicit in the 1D Swift-Hohenberg equation.

2.1 Parabolic PDEs and Semigroup Operators

Let us fix a Banach space X with norm |- | = |- |x, and consider the differential equation
= Ax+ N(x), (2)

where A : Dom(A) € X — X is a densely defined linear map with bounded inverse on which we
assume to have a fair amount of explicit control (to be discussed below), and N € C2 (X, X) on
which we have bounds that are explicit, in particular a bound on DN (0) and a local (uniform)
bound on the second derivative(s), see Proposition below. Let us suppose that there exists a
locally unique hyperbolic equilibrium heXto , where we think of & as being small. We define

a conjugate differential equation via the change of variables x — x + h. That is,
% = Ax + Lx + N (x). (3)

where

A=A, L := DN (h), N(x) := N(h+x) = N(h) — DN (h)x. (4)

This differential equation is constructed such that the origin is an equilibrium to , and both
N(0) = 0 and DN(0) = 0.

As is usual, we decompose our space X = X, x X, into closed stable and unstable eigenspaces
of the operator A. Moreover, we wish for a greater degree of granularity in these subspaces to take
advantage of varying decay rates (and control of these). As such, we decompose X, and X, into
further subspaces. Fix integers ms,m, € N and consider the two indexing sets I := {1,2,...,m4}
and I’ := {1',2/,...,m}}. For i € I and i’ € I' fix closed subspaces X; C X, and X;; C X, such
that:

X, = H X, X, = H X

We will always use a primed notation, such as i’ or 5/, to index over X,,.

For the projections onto the subspaces X;, X;/, Xs and X,, we use the notation m;, 7;s, 75 and 7,
respectively. Since these subspaces are closed, the projection maps are continuous linear operators,
hence we may fix constants ps, p,, and p; for i € I := I U I’ such that:

sl < s [7ull < pu il < pi- ()
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We will be freely using the notation, x; = mx, xs = 75X, etc, hence x = x5 + Xy, Xs = D
Xy = ) yep Xir, as well as x = > 7. 1 xj.

Assume that A is invariant along the subspaces X;, X;;. That is to say, assume that there exist
Ai : Xi — Xi and Ai/ : Xi' — Xi’ such that

Ax = ZAiXi + Z Ai’Xi’~

i€l iel’

ier Xi and

Furthermore, we assume that there exist constants A; < 0 such that for 1 <17 < my

‘e/\itxi‘ S e)\it

x|, t>0,x; € X, (6)
and there exist constants A;; > 0 such that for 1’ < i’ < m/,
|6A’7’tXi/‘ < eAi’t‘Xi/L t < O,Xi/ c Xi/. (7)

In particular, this implies that the norm on X aligns well with flow of A on the subspaces X;.
We decompose L along these subspaces in the following manner: for all i, j € I we define bounded
linear operators Li : Xj — Xj such that

[LX]i = Z L‘iin.
jer

We also introduce notation to denote the restrictions of A and L at the level of X, and X,. That
is, we define the operators

Agxg t Xy — X, Lixs: Xg = X, L¥x, : Xy, = X
Auxy : Xy — Xo Lixs: Xy — X, Lix, : X\, — X,

according to the following formulas:

. -/
o Sy . J uy, L J
Agxg = E Aix; Lixg := E Lix; Lixy = E L xj
iel ijel ielj'el’
. -/
Ayxy i= E ANyxy Lixs = E L x; Lix, = E L xj.
irelr el jel el j'el

We assume that —(A,, + L¥) and (As 4+ L?) are negative operators, i.e., there are constants Cs, C,,
and A; < 0 and A\, > 0 such that:

|6(A3+Lj)txs| < Cse)\ﬁt

|6(A1L+L5)txu| S C«ue)\“t

Xsl, t>0,xs € X, (8)
Xuls t<0,xy € Xy (9)

See Section [B] for a general discussion of calculating these constants, and Section [6] for a specific
example.

Remark 2.1. For both the prime and mon-prime spatial indices, we will use Einstein summation
notation ' _ . .
Llx; = ZLng, and L xj = Z LY xjr.
jeI jer

For other summations, for example over I =TUT', we will write the summation explicitly.
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We would like to write (3]) as a coupled system of differential equations over the subspaces. Define
the restriction of our nonlinearities in each subspace as N := mjoN(x) for i € I. Similarly, we define
N;(x) :== w5 o N(x) and N, (x) := my, o N(x). To consolidate notation, for i € I we define:

Ni(xs,%y) = L{xj + L{/Xj/ —&—./\A/‘i(xs,xu). (10)

We may rewrite in each subspace as follows:

% = Aix; + Ni(xs,%4), (11)
Xir = Nirxir + Nir (x5, %) (12)
We also define
Ns = ZMa Nu = ZMU N:NS+NU
il irer

As we plan to just work locally inside a neighborhood of 0, we define a ball about the origin.

Definition 2.2. Fix positive vectors rs € R™= and r, € R™». We define closed balls Bs(rs) C X,
and By (ry) C X, as follows:

Bs(rs) i={xs € X5 : |x;| <7 fori € I}
Bu(ry) = {xy € Xy : |xir| < 7iy fori € I'}.

When there is no ambiguity in the choice of vectors rg, r,, we abbreviate B; = Bs(rs) and
B, = B,(ry). Below we define bounds on our nonlinearity N over balls of fixed radius.

Definition 2.3. Fiz radii rs,r,. For xs € By(rs), xu € By (ry) we define for indices i,j,k € I

0

jvji(XSvXu) = aiNi(XSaXU), ”NjiH(Ts,m) = sup sup ”-/vji(XSvXu)”
Xi XsEBs(rs) Xy €By(ry)
. o2 . .
/\Gk<X87Xu) = aXian/vj(XmXU)v ||/\[jlkH(rs,ru) = sup Sup HN;k(XSaXu)H-

Xs €Bs(7s) Xu € By (1)

Using this notation we can compute bounds on L and N in terms of bounds on N.

Proposition 2.4. Suppose that |Bl| < €. Fiz ry,rs, and constants f?j and C’;k satisfying
- . ik ~ ik
Dj = [|N5(0,0)]], i Z INF lrotensraten)-

Fori,j, k€ IUI' define constants C’;, D}, Cji, and Cjik as below:

D}i= Bl 4+ Gl + Cl e, O = G
é; = éjil’[‘l + é;l/Tl/ CJ] = éj + .Dj

Then for L and N defined in and N defined in we have the bounds

Dj > |ILj] G 2 NG [l ) (13a)
C.]l Z ||Nil||(T57r1t) CJ‘ 2 H'/\/.-il”(rsf"u)’ (13b)

The proof is left to the reader.
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2.2 The Lyapunov-Perron Operator

In this paper, we aim to find a chart o : Bs — X, such that {(£, a(€)) : £ € Bs} is a local stable
manifold of the origin for the differential equation . The radius of the ball By is one of our
main computational parameters and will be denoted by p henceforth (whereas it was called r; in
Section . We aim to develop component-wise bounds on the Lipschitz constant of the derivative
of such a map a. To that end, for a map « € Lip(Bs(p), X,,) we define the Lipschitz constant of «
relative to the subspaces X; and X/ as:

Lip(a)} = sup sup i (€ + G) — awr (f)|

€EB, 0£CEX; |Gl
§+Ci€EBs

We note that if the Frechet derivative of a exists, then supgcp_(,) [lah (€)|| = Lip(a)y,. Below we
define a ball of such functions.

Definition 2.5. Fiz positive tensors p € R™s, P € R™s @ R™« and P € (R™)®2@R™=. We define
the following collections of functions:

By} = {a € C"(B.(p), Xu) : a(0)

By p = {a € CH(Bi(p), Xu) : a(0)

0, Lip(a)!, < P},
0, Lip(a)i < P}, Lip(dia)), < P7}.

Note that for all a € BO’}D and &, ¢ € B, we have: |ay ( ) — air(Q)] < Pi|& — ¢|. For a positive
vector p and positive tensor P, the range of the o € B p lies in a ball B,(r,) with r, given by

ry = Plp;. Given our interest in graphs (£, a(£)) we ﬁnd it convenient to make the following
definition:

Definition 2.6. Let the vector p and tensor P be as in Definition , Define ry, by rir :== Plp;.
For constants C’;, C’j’: and D;- such that the bounds hold with ry = p, define positive tensors
=Ci+C; P, H; = C} +C} Py, Hj:=Cj+(C; +D; )Py,

and the positive scalar:

Ho= sup  sup || Lia(x) + 52 No(xs, alx)]-
QGBS:;XseBs(p)

The tensor H will be used often in the following bound: if we fix p, P and o € B };, &, ¢ € By(p),
then for each j € I we have:

(& a(€) = N(¢ ()] < Hlé — Gil- (14)
Depending on how the norm on X is defined, we can compute # in terms of H as follows:

Proposition 2.7. Fiz p and P as in Deﬁmtwn- If the norm on X is defined such that |x| =
> icr [xi| then H < max;cry Z]GI

Proof. Fix a € BO 'p and x5 € Bs(p). We may compute:

B2, (s ax0))|| < ([ 0N s alxe)) + K7 (s, )k )| < D0+ €3

jeI jel

%LEQ(XSJ)

=Y &Ly al (x| <> Dy P,

jerl jerl

10
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By the choice of our norm on X, it follows that ||| = 1 for all i € I. Hence, we can calculate:
‘ B%SL;‘@(XS) + %/\Afs (Xs, a(xs))H = sup Z (%Lga(xs) + aixi./\A/‘s (Xs, a(xs))> U
wEXs,|ul=1 |7
< sup Z (D;-L/ %+ C'j’ + C}L/PZ,) [wi].
u€EXs,|ul= 11]61

In the righthand side we recognize ﬁ; We now estimate:
S il =0 (3 Al < Z (maXZH il = (maxZHl) [ul. (15)
i,j€1 el jel

By taking the sup over u € X, |u| = 1, we obtain

‘ )
ox iel

2.3 Overview of the Lyapunov-Perron Approach

-Lia(xs) + a%SJ\AfS (XS,OZ(XS))‘ < max HZ O

Now that we have introduced the bulk of our notation, we outline our approach in greater detail.
Namely, we transform the problem of finding a stable manifold into the problem of finding a fixed
point of the Lyapunov-Perron operator (for reference, see books [I5] B0}, 47]).

This operator is an endomorphism on charts o € Bg:}g. For such a map « we define x(¢,&, «) to
be the solution to the projected differential equation

}.(s - AsXs +NS(XS7 O[(XS)), (16)

with the initial condition £ € Bs(p) at time ¢t = 0. In Section [3| we study solutions to We show
that if Ag sufficiently domlnates the nonlinearity N, then solutions to the projected system ) do
not blow up for any « € B 'p» and in fact, the solutions to the prOJected system limit to 0.

Considering the pair ( (t &, a),a(z(t, € a))), if equation is satisfied for all ¢/ € I’, then
by construction equation (11)) is satisfied for all ¢ € I. Hence the pair (z(t, &, a),a(z(t, &, a))) is a
solution to the full system (3]), and moreover, the map = — (2, a(z)) is a local chart for an invariant
manifold of the equilibrium at the origin.

In order to find a map « such that equation is satisfied for all ¢/ € I’, we use the variation
of constants formula, and define the Lyapunov-Perron operator.

Definition 2.8. Fiz a positive vector p € R™s and a positive tensor P. We define the Lyapunov
Perron operator U : BO 'p — Lip(Bs(p), Xu) for a € BO 'p as follows:

la(€) = / e MING ({6, ), e (t, £, ). (17)

The fixed point of ¥ is a local coordinate chart for an invariant manifold of the origin. Showing
this is the stable manifold requires a small additional argument. Let Egz, E, C X denote the stable
and unstable eigenspaces of the operator A + L. If either dim(X;) = dim(E;) < oo or dim(X,,) =
dim(E,) < oo, then o = ¥[a] is a local chart for the stable manifold of the origin. In this case,
it suffices to correctly count with multiplicity the finite number of stable/unstable eigenvalues of
A + L. We consider this case in Sections [6] and [ On the other hand, if both dim(E,) = co and
dim(E,,) = oo, then we may obtain the desired result by showing that the family of operators A+ sL
does not have any eigenvalues crossing the imaginary axis for s € [0,1]. This is the approach taken

11
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in [59] and is of interest to studying strongly indefinite problems such as those typically appearing
in elliptic problems, see e.g. [14].

In Section [d] we show that for an appropriate choice of constants, ¥ is an endomorphism on a
ball Bg:}), as well as an endomorphism on a ball B! In Sectionwe show that W is a contraction

p, PP’
map in a C°-like norm (see Definition [5.2)).

2.4 Good Coordinates: Parameterization of Slow Stable Manifolds and
Attached Invariant Frame Bundles

Before applying the Lyapunov-Perron argument we first “flatten out” the nonlinearities in a neigh-
borhood of the equilibrium by making a suitable change of coordinates. This change of coordinates
exploits the fact that the dynamics in some directions are more important than others. In particu-
lar, we would like to describe the dynamics in the slow directions as accurately as possible, and will
settle for only linear control in directions corresponding to fast dynamics.

Our approach is based on the parameterization method of [8, [0, [T0], and especially on the
notion of slow spectral sub manifolds discussed in the references just cited. See also the work
of [52, 27, 48| [7, B3]. The theorem below is proved in [8 [T0]. The version we state assumes
that the eigenvalues are real and have geometric multiplicity one. These assumptions simplify the
presentation and can be removed. Note that we will apply the parameterization method in a finite
dimensional projection, and that this assumption cannot be removed. In slight abuse of notation, to
align with the existing literature we use P te denote the parametrizaton of a slow stable manifold;
this should not be confounded with the positive tensor denoted by the same symbol in previous
subsection.

Theorem 2.9 (Slow-stable manifold parameterization). Let F': R? — RY be a real analytic vector
field, and po € RY be a hyperbolic equilibrium point whose differential DF(po) is diagonalizable. Let
ALy --., Ad € R denote the eigenvalues of DF (po) and suppose that A1, ..., Am,.,, With my., < d are

the slow stable eigenvalues. Let &y, ... &m... € R denote associated slow stable eigenvectors. Write
Al 0 Ao 0
Niow = , and A= S ,
0 ... Aaw 0 ... A\

to denote respectively the m., X My and d X d matrices of the slow stable eigenvalues and all the
eigenvalues of DF(pg). Suppose that P: [—1,1]™sov — R? is a smooth solution of the invariance
equation

F(P(9)) = DP(0)A,...0, 0 € [—1,1]mstow, (18)

subject to the first order constraints P(0) = po and 0;P(0) =¢;, 1 < j < my.,. Then P parameter-
izes the my,, dimensional smooth slow manifold attached to pg.

It can be shown that Equation has analytic solution as long as for all (mq,...,my..,) € N
with mq 4. .. +mg.. > 2, the non-resonance conditions miA1 +...4 Muow Ay, 7 Aj for 1 <j <d,
are satisfied. Observe that this is in fact only a finite number of conditions. Moreover the solution
is unique up to the choice of the scalings of the eigenvectors &1,. .., &m. .. -

To control the fast dynamics we exploit the “slow manifold Floquet theory” developed in [52].
The idea is to study certain linearized invariance equations describing the stable/unstable bundles
attached to the slow stable manifold. These invariant bundles describe the linear approximation
of the full stable manifold near the slow stable manifold, and in addition they provide control over
the normal and tangent directions. Combining the stable, unstable, and tangent bundles provides
a frame bundle for the phase space in a tubular region surrounding the slow manifold — our “good
coordinates”. The idea is illustrated in Figure

12
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Computation of the invariant frame bundles is facilitated by the following theorem, the main

result from [52]. Note that we apply this theorem only for the finite dimensional projection of our
PDE.

Theorem 2.10 (Slow-stable manifold Floquet normal form). Let F: R? — R?, py € R?, DF(py),
Ay s Ay €1y vy €y Maow < d, Ao, A, and P: [—1,1]msov — RY be as in Theorem . Assume
that for 1 < j <d the functions g;: [—1,1]™slov — R? are smooth solutions of the equations

DF(P(0))q;(0) = Xjq;(0) + Dg; (0) Ao 0, (19)

for 6 € [—1,1]™stew | subject to the constraints q;(0) = &;. Let GL(RY) denote the collection of all
non-singular d x d matrices with real entries. Define Q: [—1,1]™slow — GL(RY) by

Q(0) = [a1(0)] .. -1qa(0)].
Then

1. For all § € [—1,1]™=ow the collection of vectors qi(0), ..., qa(0) span R?. That is, Q takes
values in GL(R?) and hence parameterizes a frame bundle.

2. For all t > 0 and for all § € [—1,1]™sw the derivative of the flow along the slow stable
manifold factors as

M(t) = Q(e'9)eMQ ™1 (0), (20)
where M (t) is the solution of the equation of first variation for F along P(6):

M'(t) = DF(P(0))M(t), for allt >0,
with M(0) the identity matriz.

Considering one column at a time gives that the frame bundles ¢(6);, 1 < j < d satisfy the
invariance equation

M (t)q;(0) = Mgy (e™10),  for 0 € [—1,1]™=.

This says that the flow along P(6) leaves the direction of ¢; invariant (maps the bundle into itself)
but expands vectors at an exponential rate of A;. It follows that if g, . +1(0),...,qm,(0) are the
parameterized vector bundles associated with the stable eigenvalues which have not been designated
as slow (the so called fast stable directions), then for each § € [—1,1]™slw these invariant bundles
are the fastest contracting directions near P(6), and hence they describe W#(pg) near P(0).

We now define a nonlinear change of coordinates which, to first order, diagonalizes the vector
field F near P(0). Let d = Moy + Miase + Munee. Define the coordinate change K: [—1,1]™slow x
[—€f, €)™t X [—€y, €)™ — R by

K(ev ¢f7 ¢u) = P(G) + Qf(9)¢f + Qu(9)¢ua

i.e. K is a diffeomorphism with K(0,0,0) = py and DK (0,0,0) = Q(0), the matrix of eigenvectors.
Here 0 is the coordinate in the slow stable manifold, @y and ¢; denote the fast stable directions,
and @, and ¢, denote the unstable directions. Recall that the defining relations for P, Q¢ and @,
are

F(P(0)) = DP(0)Auo.b, (21)
DE(P(0)Qy(0) = DQs(0) o8 + Qf(0) Asace (22)
DF(P(0))Qu(0) = DQu(0) Mot + Qu(0) A (23)
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WSIOW(pO>

Do

Figure 2: Slow stable manifold and attached frame bundles: the figure illustrates an equilib-
rium solution py and its slow stable manifold in green. The orange surface illustrates the full stable
manifold, of which the slow manifold is a subset. At each point on the slow manifold there are
invariant stable/unstable normal bundles. The stable normal bundle describes the stable manifold
near W=, Taking the stable, unstable, and tangent bundles gives a frame for the entire space.
Theorem provides an explicit method for computing these structures.

We use K to pull back the vector field F': R? — R?. The resulting vector field has the form

o Ao+ No(0, 05, du)
¢ | = DK (0,65, 0u) F(K(0,¢05,6u) = | Awatds + No, (0,05, 6u) |,
(b; Aunst¢u + Nd)u (97 ¢f7 (bu)

where each of the Ny (6, ¢¢, ¢,) is quadratic in ¢5 and ¢, for k =0,0;, d,,.
To see this, and to obtain explicitly the form of Ny, we first expand about P(6):

F(K(0,95,¢u)) = F(P(0) + Qs (0)¢f + Qu(0)du)
= F(P(0)) + DF(P(0)) Qs (0)df + Qu(0)¢u] + R(6, dr, Pu), (24)
where the remainder term R is quadratic in ¢y and ¢,. For the first two terms in we use the
defining relations for P, Qs and @, as well as the definition of K to rewrite
F(P(9)) + DF(P(0)) [Qf(0)¢5 + Qu(f)pu] = DP(0) A0
+ DQs(0)(Aont, 05) + Qy(0) A O 5
+ DQu(0)(Aaiowt, pu) + Qu(0) e

Aslowa
= DK(G, ¢fa ¢u) Afast¢f
Aunstd)u
Then
Aot
DE=Y0,05,6u) F(K(0,61.¢u) = | Muudy | +DE1(0,6y,6u) R(0, 01, 6u),
A

14
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hence
N<97¢f’¢u) = DK(9>¢fa¢u)_lR(0a¢fa¢u)a

As R is quadratic in ¢ and ¢, then so is N. Once again we refer to Figure |2| for the geometric
idea behind the coordinate change.

Note that we do not actually have to solve the invariance equation or the invariant bundle
equations exactly. Rather we approximately solve them in an appropriate finite dimensional
projection of the PDE and incorporate the defects into our analysis. Our numerical approximations
exploit formal power series methods which have been discussed in many places. In particular, we
use the numerical schemes discussed in [52] freely throughout Section

3 Exponential Tracking

Remark 3.1. Throughout this section, p € R™s denotes a positive vector (the radius of the domain
of our charts) and P € R™s @ R™+ denotes a positive tensor (bounding the subspace-Lipschitz
constants of our charts).

To begin our analysis we first derive estimates on x(t,&, ), the solution of the projected sys-
tem . A classic theorem we obtain by way of Gronwall’s lemma is as follows:

Proposition 3.2. Let £,¢ € Bs(p). If x(t,&, ) and x(t,¢, «) stay inside B for all t € [0,T], then:
je(t, €, @) — 2(t, ¢, )| < Cyle — ([P for all t € 0,7,
Proof of Proposition[3.4 Recall from that
%o = Mo + L% + Lia(x,) + Na(xs, a(x)).

To shorten our notation, we define x(t) = z(t, &, «) and z(t) = (¢, {, «). By variation of constants,
we have that

(t) = eMs+Liite +/ o(Ae L) (t—7) (Lga(m(T)) + N, (x(7)7a($(7)))) dr.

0
From (8) we have that e« TEte | < C,lerst¢,|. When we define U(t) = |z(t) — z(t)| then
t
e MU(t) < Cslg ¢ +/ Cse ™7 |Li(a(x(7)) — a(z(r)))| dr
0

t
+/ Cye N7
0

By our definition of # in Definition and the mean value theorem, it follows that

N (2(r), ala(r))) = N (2(7), al=(r)|dr. (25)

L (a(x(T)) = a(z(7)))| + Ws ((7), alz(r))) = N (2(7), alz(7))) | < Ha(r) — 2(7)].

We plug this bound into and obtain
t
e MU (t) < Oyl — (] +/ CyHe MU (T)dr.
0

By Gronwall’s inequality it follows that e~ U (t) < C4|¢ — (| exp{C’s”)':lt}, which we may rewrite as

U(t) < Gy = ¢lePs+CHE, 0

15
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Clearly, we need As + CyH < 0 in order for solutions to limit to zero. If so, and by taking ¢ =0,
this shows that points in BS(C%p) stay in Bs(p) for all time.

We would like to derive a sharper version of Proposition [3.2 taking into account the different
subspaces of X,. For example, consider a decomposition X, = X,,.,, X Xt and an initial condition
& = (Luow)&ast) € Xuow X Xpawe. From solving the linear system, we have our bound from @
that |efsiowte | < etstowt|e | and [elastte, | < eMastt|E | TF O > Ay 3> A, then we would
expect that solutions to the differential equation will have a component ., (t, £, &) that initially
decreases very quickly. Below we define the characteristic “control” rates, arising from each subspace
in the stable eigenspace, by which solutions to grow /shrink. In addition, to describe the effect
of coupling the various subspaces together, we define v9 = A + C,H as the exponent derived in

Proposition [3.2}

Definition 3.3. Define constants ~yy, for integers 0 < k < mg as follows:

_x+oH ifk=0
M= A+ H,’j otherwise.

We assume the ordering vyi > Vi+t1-

In practice the ordering of 7y is always satisfied by suitably (re)arranging the subspaces X.
The strictness of the ordering indicates that on the balls chosen, the nonlinearities do not spoil the
subspace splitting.

Using these exponential rates we estimate the components of |x(¢, £, )| using tensors G}, of the
following form:

Condition 3.4. A tensor G € (R™)®? @ R™:+1 satisfies Condition on the interval [0,T] if:

(&) — 2t Ca)| < Y MG — Gl (26)

nel
0<k<m,

for all t € [0,T], all €,¢ € By(p) and all o € By},
Remark 3.5. Since |z;| < pj|z|, with p; defined in (5), by Proposition the tensor

"o fork#£0,

Bk

“n {ij’S for k=0,

satisfies Condition 3]}

We note that while this tensor G is non-negative, a generic tensor G satisfying Condition
can, and in practice will, have negative components.

Additionally, while this initial estimate is typically worse than just the bound from Proposition
by employing an explicit bootstrapping method we are able to obtain tighter component-wise
bounds on solutions to . To do so, we apply variation of constants to in each subspace,
focusing on improving our bound on just a single component at a time. To begin, we first prove the
following proposition.

Proposition 3.6. Let o € BS:}J and let £, € Bs(p). Define ui(t) = |x;(t, &, ) — x;(t,(, o) for
1el. Ifx(t,€, ), z(t,(,a) € Bs(p) fort € [0,T], then for each j € I and all t € [0,T] we have

t
e M (t) < €5 — ¢l +/0 e ZH;“i(T)dT' (27)

el
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Proof. By variation of constants

t
zi(t, & a) = Mg, +/ eAj(t_T)/\/'j (2(1,&, o), a(z(r,& a))) dr
0
Note that we have
N el & ), (et €, ) — NG (e, ¢, ), ale(t, ¢ @)| < Hinal)  for all £> 0.

Together with the estimate [e2it¢;| < erit|¢;| for t > 0 we obtain

e N uj(t) < 1§ — Cj|+/ _/\]TZHZUZ H

el

From this, we show that we can use a tensor G satisfying Condition [3.4] to derive sharper
component-wise estimates as described in the following theorem.

Theorem 3.7. Let a € BO}D and let £, ¢ € By(p). Suppose G satisfies Condition and fix j € I.
IfGY; =0 foralln el andz e I —{j}, then we have

/Y,vt e’\/”",t — e z n
mtea) —at <l -Gl + Y e~ Gl (29
. ., Ym — r)/]
n,i€l,i#j
0<m<ms,m#j
In other words, for j € I we define T; : (R™=)®? @ R™=+1 — R™: @ R™=T1 to be the map
> w—) T HIGH,  ifk#
nyi€l i)
T G " = n — yai - .
[T3( )]k 57 Z (Ym — ;) 1Hsz’,m if k=j.
nyi€l i)
0<m<m,,m#j
Then G satisfies C’onditz’on again if we replace G7 . by (TG,

Before we prove this proposition, we state two lemmas first (and prove the second one).

Lemma 3.8 (see [34] p.4]). Let u,V,h € C°([0,00),[0,00)) and suppose that

t
t —|—/ h(s)u(s)ds
0
If V is differentiable, then

u(t) < V(0) exp {/Ot h(s)ds} + /Ot V'(s) exp {/t h(f)dT} ds

Lemma 3.9. Fix constants cg,c1,co € R with c1,co > 0 and define g = c¢o + co. For constants
Wi, G with pg # po for k=1,..., K, we set

K
= E et Say.
k=1

17
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If v(t) > 0 for t >0, and if we have the inequality

¢ ¢
e “lug(t) < <01 —|—/ ec"sv(s)ds> —|—/ coe” %ug(s)ds,
0 0
then

K
Ak t t
ug(t) < cretot + Z ——— (et — ettty (30)
iy Mk~ Ho

Furthermore the sum in the righthand side is non-negative for all t > 0.

Proof. By Lemma [3.8] it follows that

¢
ety (t) < cre? —|—/ efcosv(s)e”(t*s)ds.

0
t n
= CleCZt + ec2t/ Zake(ﬂkfc()*CQ)sds
0 k=1
n
= cle”t + ¢t Z _a (e(“’“_“")t — 1) . (31)
i1 Mk Ho

After multiplying each side by e? we obtain the desired inequality . Since v(t) is nonnegative,
so is the integrand. Hence the sum in the righthand side of is non-negative for all ¢ > 0. O

We now turn to the proof of Theorem [3.7]
Proof of Theorem[3.7] We fix j € J and rewrite as:

t .
e Nt (t) <& — ¢l + Z -/0 efAjSH;ui(s)ds+/ 67)‘7'5Hj7-uj(s)ds. (32)

t
i€l ij 0

Since G satisfies Condition [3.4] we compute:

D Hu()< D Hy Y G, |6 Gl

iel i) icl i el
i€1,i#] i€l,i#] ogﬁzgms
= > et D> HGL 6 =Gl
0<m<mg n, i€l i#£j
= Y et Y HIGH, [ — Gl (33)
0<m<mgs,m#j n,i€l,i#£]

where the final equality follows from the assumption that G7'; = 0 whenever i # j. If we define:

v(s) = Z ey, with Q1= Z H;Gzn,m 1€n = Cal

0<m<mgs,m#j n, i€l i#j

then by combining and we obtain:

+ t
MW <G -Gl [ T st [ et (e)ds
0

0<m<my,m#j 0

t t
=Gl + [ e+ [ e s
0 0

18
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We now want to apply Lemmawith up = uj, ¢ = Nj, 1 =& — (|, c2 = HJJ and using the
re-indexing {pxbi<k<ik = {Vmo<m<m..m=j. Since v, # \;j + H) = ~; for m # j by the strict
ordering assumption in Definition the assumption in Lemma is satisfied. Hence applying
Lemma is justified and leads to the result . O

Theorem allows us to pick a j € I and then replace a bound of the form with the
same bound but with G}, replaced by [T; (@)]}, which will hopefully produce a sharper bound. In
Theorem @ one assumptlon we impose on G is that for a fixed j € I, we have G}, = 0 for all
n € I and i € I —j. Without this assumption we would end up with terms of the form te¢ in
which we choose to avoid as we prefer to work with a finite set of exponentially decaying functlons
as the basis for our estimates.

However, we will also need to deal with the case G}'; # 0 for some i # j and some n € I.
We handle this problem by modifying such an “ill-conditioned” G before replacing it with 7;(G).
Namely, it G7'; # 0 then, depending on the sign of G7; we estimate (G" )e”]t from above by
either G”Je% it or G, e%“t for all t > 0, where we use the ordering g > -+ > 7, asserted in
Definition [3.3] To be precise, for any fixed j € I we define the modified tensor

0 ifk=jy
G, +G!, ifk=j—1,and G, >0
(Q)(G)]fy o= q ek T O T AC  ~ (34)
’ te TGl itk=j+1and G}; <0
Tk otherwise.

Note that if j = ms and G}'; < 0, then we are effectively employing the estimate G}'; e¥mst < 0. The
following lemma summarizes the preceeding discussion.

Lemma 3.10. Fiz j € I. If G satisfies C’onditz’on then Q;(G) satisfies Condition .

Thus, starting from an initial bound of the form with tensor G given in Remark we can
improve the bound iteratively by the following algorithm:

Algorithm 3.11. Let Nyoorstrap € N be a computational parameter.

G+ G
fO’I" 1< < Nbootst’rap do

for1<j<mgdo

G2, T30 QO]

end for
end for
return G

In practice Algorlthm@ quickly converges to a fixed tensor G; it suffices to take Npootstrap < 9.

Theorem 3.12. Let o € Bg L. Let coefficients G7/}. be the output of Algorithm and fix initial
conditions &, ¢ € Bs(p). If x(T & a) and x(1, ¢, ) stay inside Bg(p) for all t € [0,T], then we have:

|$j(t7£a Oé) - l‘j(t, (:7 Oé)| < Z eVt . Gnk |£n Cnl f07’ allt € [0, T] (35)

nel
0<k<m,

Furthermore if o is differentiable, then H%xj (t,¢&, a)H <Y o<k<m, e"*ktG;?,k for allt € [0, 7).

The proof of Theorem is done by induction on Nyootstrap, With Proposition [3.2] taking care
of the base case (Nbootbtrap = 0) and Theorem [3 - 3.7 taking care of the inductive step. The details are
left to the reader.
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Using Algorithm we are able to derive sharper bounds iteratively. In Proposition we
could merely show that if 49 < 0, then only points £ € Bs(C;1p) have solutions to which are
guaranteed to stay in Bg(p) for all ¢ > 0. The following proposition gives conditions which extend
this result to all points £ € Bs(p).

Proposition 3.13. Suppose that vo < 0 and suppose G7, is the output of Algorithm . If

pj = Z 67ktG?,kPm (36)

nel
0<k<mg

0,1
for allt > 0, then for all £ € Bs(p) and t > 0 we have xz(t,&, ) € Bs(p) for all a € B, p-

Proof. Fix a € BS:};, fix 0 < e <1, and fix £ € By(ep). Define T = sup{t > 0: z(t,{,a) € Bs(p)}.
Assume that T' < 4+o00; we prove by contradiction that in fact T' = +o0.

Since x(0,&, ) € Bs(ep) and (¢, &, «) is continuous in ¢, it follows that T > 0. By Proposition
we have for all ¢ € [0,T) that

i (&) < D MGl <e Y @G pn < €py
0<k<m, 0<k<m,

Hence z(t, &, ) € By(ep) for all t € [0,T) and so by continuity z(T, ¢, ) € Bs(ep). Since z(T, &, a)
is in the interior of B,(p), then the solution to starting at (7, &, ) will stay inside the ball
Bg(p) for some positive amount of time. But this contradicts our definition of T' as the supremum
of {t > 0:x(t,&,a) € Bs(p)}. Hence, if 0 < € < 1 and & € Bs(ep), then x(t,&, ) € Bs(p) for all
t>0.

By continuity of solutions this result extends to initial conditions on the boundary of Bs(p). O

Remark 3.14. In practice we verify the hypothesis of Proposition|3.15 in three steps:

1. For some Ty > 0, we check that pj > 37, 1 o<p<m, € 21G1pn, and hence is satisfied
for all t > Ty. o

2. For some 0 < Ty < Th, we use interval arithmetic to verify the inequality forTh <t<T;.

3. To prove inequality for t € [0,T1], we both prove that the inequality holds at t = 0
(explained below), and we show using interval arithmetic that the derivative of the right-hand

side of is negative:

Z 'yke"y’“tG;-‘,kpn <0 fort €[0,T1].

nel
0<k<m,

To prove that inequality holds at t = 0, we fix j € I. If G is the final output of Algo-
rithm then, there is a tensor G € (R™)®2 @ R™+1 for which Gy [Tio Qj(é)}:, and
it is assigned at step j of the inner for-loop of the algorithm, and step Nyootstrap Of the outer
for-loop. Let G := Qj(é), then it follows from the definition of T; in that

ekt _ o5t

> MGl =gl + Y — —H,Glilél.
nel niclizj &7
0<k<m, OShSma ki

Evaluating at t = 0, we then have:

20, ) =151 = D Griléal.

0<k<m,

By then taking [§,| = pn for all n € I, it follows that pj = > o)<, G7rpn. Hence is
satisfied at t =0 for all j € I. o
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Remark 3.15. When inequality fails to be true, then we cannot be sure that all solutions
to stay inside the ball Bs(p) for all time. There are two common reasons for why this happens:
first, the nonlinearity may be too large and solutions leave the ball never to return; second, solutions
to may temporarily leave the ball, reenter, and then converge to zero.

If inequality fails to be true because of the first reason, then p should be made smaller. If
inequality fails to be true because of the second reason, it is often because Bs(p) is too wide in one
direction and too thin in another. If we suspect this to be the case, then, in order to better align the
boz with the flow, we iteratively select a new value of p using the map p;j = Supg<,;< D}, e'V’“tG;{kpn.
In practice, this heuristic is often effective at finding a value of p for which is satisfied.

Algorithm [3.17] can be applied in more general situations. The two fundamental conditions
necessary to construct such an algorithm are Condition [3.4] and Proposition [3.6] These are all
generalized in Appendix [A]so that we can apply such an algorithm in Section to obtain bounds
on a%ix(t, &, a), and in Sectionto construct bounds on |z(t, &, a) —x(t, &, )| for charts a, § € Bg:}n.

4 Lyapunov-Perron Operator

In Section [3| we derived conditions on Bg:}p for showing that solutions to stay within the ball
Bg(p) and exist for all positive time. As a consequence the integrand in (17)), and moreover the
Lyapunov-Perron operator ¥[«], is well defined. In Section [5| we aim to prove that ¥ is a contrac-
tion mapping on an appropriately defined domain. But first, in Section [4] we prove that ¥ is an
endomorphism on balls Bg:}, and B;:;’ p for appropriately chosen constants.

Remark 4.1. Throughout this section, we fix a positive vector p € R™s and a positive tensor
P € R™ @ R™, and fir G € (R™:)®% @ R™+! qs the output of Algorithm taken with
Niootstrap => 1. Furthermore, we assume that the hypotheses of Proposition are satisfied, in
particular inequality holds for allt > 0. Hence G satisfies Condition on the interval [0, 00).

Throughout this section we adopt Einstein summation convention for indices in I and I’.

4.1 Endomorphism on Bg”}g

In Section |3| we did the hard work of bounding solutions to . We may now use these estimates
to compute a straightforward bound on Lip(¥[a]) for a € Bg: P

Theorem 4.2. Define P € R™ @ R™* component-wise by:

P = Z (Nir = ) T HL G
0<k<m,

Ifae Bgz},, then Lip(¥[a])? < P}. If ij, < PJJ, then U : 82”}, — Bg:}, is well defined.

Proof. Fix a map « € Bg:}g. Fix &,¢ € Bs(p) and define z(¢t) := z(¢,&, «) and z(t) := z(t,(, ). We
aim to prove that [¥[a]y (&) — ¥[a]i(¢)| < PP |€n — Cu|- From the definition of ¥ we have

Ylaf(§) = ¥[al(¢) = — /OOO e M N (a(t), ax(1)) = Nu(z(t), al2(t))] dt.
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By using the bound and the fact that G satisfies Condition on [0, 00), we obtain
Voo (6) = Vol (@)1 < [ o (e) = o)

oo
< / e~ Airt Z et Z ’Zk |£n _ <n| dt

0 0<k<m,

= Y v =) THLG 6 — Gl -

0<k<ms
For p{f defined above, it follows that

[Wladir(€) — Tlali (O] < PP [€n — Gal -

Hence Lip(¥[a])? < P7. Since N'(0) = 0 then direct evaluation reveals that ¥[a](0) = 0, hence
Ula] € B)p. O
Remark 4.3. Ideally, we would like to choose a tensor P as small as possible while still satisfying
the inequality P}, < P}. In practice, we are often able to find a nearly optimal P by iteratively
mapping Pij; — ]517, This has the effect that if ]513, < PZ?;, then the new value of P will be smaller.
Since the bounds for H and G improve with smaller P, then the inequality Plj, < PZ], will likely be
satisfied for the new P. On the other hand, if P is too small and ]527/ < PJ is not satisfied, then the

new value of P will be larger, so the inequality will hopefully be satisfied the next time around.

Note that the definitions of H and G depend on P, and so these constants need to be recomputed
every time. Nevertheless, this iterative process provides an effective, algorithmic method for selecting
appropriate P}

By using second derivative bounds on N, we can sharpen Theorem as below.

Proposition 4.4. Define P € R™+ @ R™* component-wise by:

Ppi= (Di+ DIPL) S0 v =) 'Gy
0<k<mg

+(CT+CIPL) Y vk = ) T G, Gl
0§k1,k2§m5

Ifa e 32:}3, then Lip(¥[a])2 < Pj. If I:’jj, < Pj, then W : Bg:}g — Bg:}a is well defined.

Proof. By the mean value theorem we have (recall that N = %M/)

Wir (2, a()) — Nir (2, a(2))] < sup NG (ys ) | i — zil-
yEDBs(p), jEI
lyj|<max{|z;l,|2;[}

We can estimate max{|a;(t)|,|z;(t)|} using the tensor G (which satisfies Condition [3.4)), and since
max{|&m|, |[¢m|} < pm we obtain the following:

sup NG (y, o)) | < D + DY Pl + (€3 + G 7 Py max{|a; ()], |2 ()]}
y€Bs(p), j€I
lyj|<max{|z;(£)],]2; (¥)}

< Diy+ DL P, +(CF +CI7PL) N @G o

0<k<m,
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Thus, once again using Condition we obtain the following estimate:
N (2, (@) — Nis (2, (2))| < ( i+ DY P;',) S eHan, J Gl
0<k<m,

+(CTHCIPL) Y G Gl 6 — Gl

0<k1,ka<ms

We then obtain the desired result by integration:

| T[]y (&) — Pla]s (Q)] < /OO o it

i (x, a(x)) = Nir (2, a(2))| dt

0
<(Di+DIP) D v )T Gl — Gl
0<k<m.,
+(CF+CITPL) D = — ) G Gl 16— Gl
0<k1,k2<m;

O

4.2 Endomorphism on B! PP

We aim to bound the Lipschitz constant of the derivative of a stable manifold. To do this, we show
that ¥ maps Bt P @ ball of functions with Lipschitz derivative, into itself. Hence, if there are any

fixed points \Il[ ] =aecB" },P, then by Definition they satisfy Lip(@ia)z, < Pii,j. To show that

v B;:})’p — B;jllt’,ﬁ we ﬁrst derive bounds on the difference B%ixj (t,n,a)— a%ia:j(t, ¢,a)fori,jel.
In particular, we are interested in finding a tensor K satisfying the following condition:

Condition 4.5. Define {,uk}gz”l = {30 UV + Yo bt pgmo - A tensor K € (R™+)®3 @ RNw s
said to satisfy Condition[].5 if

(t n, ) t Ca ZeuktK;,lk‘nl - Cl|7

d
fieneno - -

for all a € B;’}DP and n,¢ € Bs(p) and i,j € I.

We obtain such bounds using an approach analogous to the one used in Section [3] Since we use
this approach in Sections[3} [d] and [f] we present in Appendix [A]a generalization which encompasses
all cases. In Proposition we define a tensor S somewhat analogous to H given in Definition
In Proposition [£.7] we derive an a priori bound, constructing an initial tensor K satisfying Condition
(cf. Proposition . In Proposition we derive a system of integral inequalities (cf. Propo-
sition and Condition . From this, as described in Theorem we can apply Algorithm
(cf. Algorithm to bootstrap Gronwall’s inequality, and obtain successively sharper ten-
sors K satisfying Condition Finally, in Proposition we give conditions guaranteeing that

U B; },}5 — B },P is a well defined map.

Proposition 4.6. Let a € B;”}D’p and n,¢ € Bs(p). Define x = x(t,n,a) and z = z(t,{, ). Define

x; = %mj(t,n,a) and likewise for z; We fiz j € I and define

I = (CP™ 4 CP™ P + O P + (CF™ + O™ PP

Then we have

0 , , .
5 500l = Ni(er0leD) | < 87— sl a4+ 7 = 2
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Proof. We have

a%f\”jw@)) = (M (@ al@) + M (2 a@)ag (@) ) - 2} (37)
We may split the estimate into four parts as follows:
a%(NJ(x a(@)) = Nj(,a(2))) = (M (@, al@) = M (2 a(2))) - 2

f (
+ N (@, (@) (af () — g (2)) 24,
+ (A5 (@, alw)) -

+ (Af (@ () +Nj"' (2, a(@))ajy(@)) - () = 24).
We bound each term seperately:

(AJ (2, (@) = N} (2, 0(2))) - 2, < (C”m + CP™ P — 2l |24

N (&, @) (g (2) = @ (2)) 25, < CF P am — 2l |13

(A7 (@ a@) =AY (2, a(2)) a2, < <cj” " G P Pt em — 2l 124
(A (@ 0@) + A7 (. al@))al @) (@ - 24) < (CF + G P2 o — 24,
The result follows by collecting all terms. O
Proposition 4.7. Define a tensor K € (R™+)®3 @ (RM=+1)®2 44
I?]Z:fklkg = (Yky + Yoy — VO)_1 Csij;LmGlTn,leﬁl,kQ'

Then we have

fl’(ta , a) - 3%50(@ Cv a)H < E (e(vlir’YkQ)t - 670t> K;fkle |77l - Cl‘,
0<k1,k2<m
Jjel

for all a € Bl’l 5 and n,( € Bs(p) and i € I.

The indices in tensor notation K l %, k, May be interpreted as follows. The superscripts correspond
to derivatives, the subscript to the left of the comma corresponds to subspace projections, while the
subscript to the right of the comma correspond to exponentials.

Proof. Define x = x(t,n,a) and z = x(t,(, ). Let 2° = a%_x(t, n, ) and likewise for 2°. By variation
of constants, we have that

xi(t) _ Zi(t) _ /0 e(A5+L2)(t*T)%Lg(a(m(T)) — a(z(T)))dT

! N(t—T 9 Y Y
+ / el H LI >az_(A@(x(r),a(x(r)))—Ns<z<7>,a<z<r>>>) dr. (3%

We expand the partial derivatives appearing in , dropping the 7 dependence in the notation in
the right hand side:

0 U, non i

gL ;E;L
9 v Vel rn’ n i
ge N (#(7), ala(r))) = Z (Nj (z,0(2)) + N (v, a(@))aly (@) ) - .
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In Proposition {4.6{ we demonstrated how the tensor S offers a C! bound on Nj = Li+ L{ + N},
for j € I. By using we obtain, in analogy with the proof of Proposition (4.6}

t t
e M|z’ — 2| < /0 Cse ™7 Y 9 ST [2m — zm| |4 |ldT +/0 e MTCH]|a" — 2| dr.
Jjel

It then follows from Proposition that

67/\515

t
A , a N . 4
b =2 < / Cse™ T E ek 7k2)7pj5?me7le;7k2|m — (ldr
0 0<k1,kz <m,
Jjer

¢
+/ e MTOH |2t — 2| dr.
0

By Lemma [3.9| we infer that

lo* == < D

0<k1,kz <ms
jeI

ek 7820t _ g0t

Csij;‘Lmen,le;,kz I — G- O

Yer + Vka — V0

Remark 4.8. Define {1} = {7k, }io U {7y + Voo Foymor with Ny = (my + 1) (my + 4)/2.
Let K be defined as in Pmposz’tion and define a tensor K € (R™)®3 @ RNu by

pj ZmEI K’lirlt,klkg + K’liﬂ'll,kal Zf Pk = Vi + Vio fOT’ 0 < kla k? < ms,
kil .— =il il : _
KJa’f : P Zmel Zogkl,kggms Kfn,km + K;n,kgkl if pe = Yo,

0 if pg = Yiy, for 1 <k <m.

It follows from Proposition @ that K satisfies Condition @
We now establish componentwise Lipschitz bounds on the derivatives.
o 1,1 _ _
Pr0p051t10p 4.9. Let a € Bp,RP and define x(t) = x(t,n, ) and z(t) = z(t,(, ) for some n,( €
Bs(p). Let x5(t) = %xj (t,n, @) and likewise for z;(t). Then

t
e Nt|ah — 2 S/ eNT N emtmdTgnmGl | Gl — Gldr
0 0<k1,kz<m,
¢
—l—/ ef)‘fTH}LHxiL — Z,ledT.
0

Proof. By variation of constants, we have that

xy(t) = eM'o) + /0 ehs e ( B‘Zi/\fj(xm, a(m(T)))> dr,

where 5; is the Kronecker delta. Taking the difference x; — z; we obtain

#(t) — (1) = / eAs“-”a%(M(mm,a(x(f))) — Nj(=(r), a(x(r))) ) dr.

From Proposition [£:6] we then have

t t
e~ M|z - £l < /0 e NS @ = zm| 2y [T +/0 e NTH |z, — 2, |dr.

Plugging in the bounds on |z, — z,,| and ||z¢ || from Proposition we obtain the desired result.
O
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Theorem 4.10. Let {Mk};lcvil and let the tensor K € (R™=)®3 @ RV« be as defined in Remark .

When K 1is the output of Algom'thm taken with input K and some Niootstrap = 1, then K satisfies
Condition [{.5.

The proof of Theorem [£.10] follows from the argument outlined in Appendix [A] where Conditions
1] and [A.2] correspond to Proposition and Condition respectively.

Theorem 4.11. Let P € (R™)®3 and assume K € (R™s )®3 @ RNu satisfies Condition[4.8 Define
the tensor P € R @ (R™)®2 gs

Plie S Oy ) SIGL G+ Y Oy ) KR (39)
0<k1,ka<ms 1<k<N,
Then for all o € B;,’;P we have Lip(9;¥[a])}, < 15;} If ]5;} < Pj} then W : B;j;ﬁ — 8,173}3,13 is well
defined.
Proof. Let n,¢ € Bs(p) and define x(t) = x(t,7, a) and 2(t) = x(t, ¢, o). Define z(t) = %xj (t,n, @)
and likewise for z}(¢). From Definition we have

Ylaf(n) — ¥[](¢) = - /OO e M (N (a(t), ala(1))) = Nu(2(), alz(t))) dt.

0

By using Proposition we obtain
[ @lalj () — o]} Q) < /0 e N (SP @ — zml |25 || + Hp |, — 2311) dt

Plugging in the bounds on_ |z, — 2| and |z},|| from Proposition as well as the bounds on
|z}, — 2% | from Proposition we infer that

| ¥[ali () = Wlali (O] < /0 et N emtmltgnmGl L G 16 — Gldt

0<k1,k2<m;
o .
+/ e At Z eﬂktHjn,K;l’le - Q‘dt
0 1<k<N,
= Pillm — ¢l

Hence, we have obtained the desired bound Lip(@illl[oz])é-/ < ]5;} O

5 Contraction Mapping

Remark 5.1. Throughout this section we will suppose that all of the assumptions on the positive
vector p € R™s, the positive tensor P € R™« @ R™: and the tensor G € (R™:)®2 @ R™*! made
in Remark are satisfied. Additionally, we fiz a tensor K € (R™)®% @ R™ @ RN« satisfying
Condition and_a_positive tensor P € (R™)®3. We assume that all the hypotheses of Theorem
and Theorem@ are satisfied, so that both W : Bg:}g — Bg”}g and U : B;”;p — B;”},’P are well
defined maps.

5.1 Bounding the Difference Between Two Projected Systems

We wish to show that the Lyapunov-Perron operator is a contraction mapping when considered
with an appropriate norm. That is, for two maps «, 8 € BO:}D the distance between ¥[a] and ¥[f]
is smaller than the distance between a and 3. The norm we will use is somewhat weaker than the
notion used to define BO P in Definition
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Definition 5.2. For a € £ := {« € Lip(Bs(p), Xu) : «(0) = 0} define the following semi-norms:

i 7% — Qg f &
lafe = sup 10rEZarEZ8]
€EB. (r):ti£0 il

where © € I and i’ € I'. Taken together these semi-norms define a norm:

lalle == > llalie.

i€l i'el’

Note that ||04HZ,£ < sz( o)l and |a(&)] < Yep llellielé] < llollelé (maxier pi). With this
norm both B P and B 5 are complete metric spaces (cf. [15, Chapter 4]).
Before we can show that ¥ is a contraction, we first need to derive estimates on z(t, & a) —
z(t, €, 5) the difference between two solutions to the projected system in ([16)) using different maps
a,p € B . Classically, this results in an estimate of the form |z(¢, &, ) — (t & B)| < ke —
ﬁ Ile, for some constants k,~y. This estimate can be notably tightened, as at time zero |x(0,&, ) —
2(0,&,8)| = |€—&| = 0. To that end, we are interested in providing a bound on |z(¢, &, o) —z(t, €, B)|

using a tensor F' as described below.
Condition 5.3. Fiz some y_1 > 7o and define {uy},] sF2 — = {w}tiz_,. A tensor F € (]Rm-*)®3 ®
R™« @ R™%2 is said to satisfy C’ondztzon if:

wm(t,60) =zt EB < D el — Bllhelénl-

—1<k<ms,

for all o, B € 621}3 and & € Bs(p) and m € 1.

We may obtain such a tensor F' by applying our bootstrapping method, as we did in Sections
and [ which is presented in a general setting in Appendix [A] However, in this section we will
encounter a slight resonance problem with vy, and we augment {v;};'*,, defining

V-1 1= Y0/2.

In this manner we obtain an indexed set {uk}gil = {Vr}1=_,. The exact choice of y_; is somewhat
arbitrary; it should satisfy A\;s > v_1 > 70, and (y_1 — 7o) ! should not be too large. We augment

the tensor G fixed in Remark by defining G _; = 0 for all 4,n € I. To overcome the resonance
problem we will use the map Qg (following the notation convention from Appendix ' ) defined as
Gy ifk=-1
Qo(G)i', =10 ifk=0 fori,n e 1. (40)

sz ifl1<k<mg,

In Proposition and Remark below, we identify an initial tensor F' which satisfies Condi-
tion 5.3
Proposition 5.4. Fix maps o, 5 € BO 'p and fix some y_1 > o and define Qo as in . Define
the tensor F € (R™+)®% @ R« @ R™s Re as
it Csm = 70) 71005 Qo(G)yy, if k #0,
0 if k=0.

Then we have

|x(t,§,a)—x(t,€,ﬁ)| < Z (e'mt e’YOt) kalla_ﬁil ’5|§ni

—1<k<mg,jel

for all o, 8 € Bp ps and § € Bs(p).

27



Approximation of Stable Manifolds for PDEs

Proof. Fix an initial condition £ € Bs(p) and define z(t) := z(t, &, «) and y(t) := «(¢,£,8). We
compute |z(t) — y(t)| by variation of constants:

(t) —y(t) :/0 el =T) (Lﬁa(l’(f)) + N (a(r), (7)) = LBy () — Ni(y(r), ﬂ(y(T)))) dr.

By applying the usual splitting a(z) — 8(y) = [a(z) — a(y)] + [a(y) — B(y)] and using the definition
of H we obtain

Lia(z) + Ni(w,a(@)) = LB(y) — Nily, B))| < Hz — o

+ |Lialy) + Noly, aly)) — LEB(y) = Na(y, B(y))]
To shorten notation we set Ej, := [la — f|[;,¢. Since |air(y) — Bir(y)| < Eji|yi| we have
Lia(y) + Ni(y, ay)) = LB(y) — Nu(y, Bw)| < D ps(C) + DY) Elluil.

Jel

Combining these estimates we obtain

t t
e a(t) — y(t)] < / Coe™7 " p,C1 Bl ly(r)dr + / Coe™ > H|x(r) - y(7)|dr.
0 0

jel

We would now like to substitute in our bound [y;(7)| < > g<j<,,. €757GY1[En] from Theorem
and apply Lemma [3.9] However, this integral inequality will encounter a resonance problem with 7,
which we overcome by replacing G by Qo (G). We then obtain

e—)\st

t
o) -y < [ CoT Y O ELe QG uleldr
0

—1<k<mg;jel

t
+/ Coe N "H|a(r) — y(7)|dr.
0

Now we apply Lemma [3.9] and infer that

ekt _ g0t

() =y <Co > p;iCY Qo(G)} Bl |- O

“i<h<mgger kT 0

Remark 5.5. For some fivzed v—1 > 7o, define the tensor F e (Rm5)®3 ® R™ @ R™+2 gs in
Proposition . Define the tensor F € (Rm8)®3 @ R™e @ R™=12 by
ﬁni’ _ {pm Zje] F]T;;L;C ka 7& 07
mi,k T ni’ .
“Pm D jer 2a1<kr<m, Pk, ik =0.
It follows that F satisfies Condition .

To turn the initial norm estimate from Proposition into more refined estimates on the com-
ponents we use the following auxiliary proposition.

Proposition 5.6. Fiz o, € Bg:}a and fix an initial condition £ € B, and define

ui(t) = |zi(t, & o) — 24(t, &, B)|

b= lla = Bllie

t
V;(t) ;:/0 eNT N e TELCY Gy |6 dr
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Then we have .
e*)‘ftuj(t) <V;(®) +/ e*/\jTH;ui(T)dT. (41)
0

Proof. Let z(t) := z(t, ¢, ) and y(t) := z(t,&, 8). We compute |x;(t) — y;(t)| for j € I by variation
of constants:

z;(t) = y;(t) = / MO (WG (), (7)) — N () Bly(r))
By the triangle inequality we obtain
o (2) = i ()] < lew (9) = B )] + e (2) = i ()|
<l = Bllirelwil + Pili — wil,
hence
V(@ a(x) = N;(y, Bv))| < Cf B lysl + Hjlwi — il (42)

By applying our bounds from Theorem [3.12] we obtain
t ./ . .
Ny =yl < [T (CF Bl + Hles — i) dr

0
t L t _

:/0 eiA-”TC'; E§,|yi|d7'—|—/0 eiA-fTH}|ui|dT
t 3 . t y

< / eNT N CUEL TG |6 ds + / e M7 Hju,(7)dr.
0 0<k<m. 0

With our initial definition of Vj (), the above inequality is of the form stated in .

Theorem 5.7. Define Ny = mg and {,uk}gil ={mt_,. Let F € (R™)®? @R™= @ R™+2 denote

the tensor defined in Remark . When F' is the output of Algorithm taken with input F and
some Npootstrap > 1, then F satisfies Condition [5.3,

Proof. By Proposition [5.4] the initial tensor F satisfies Condition [5.3] We note that Proposition
is a special case of Condition and Condition [5.3]is a special case of Condition Hence
Proposition applies, yielding the result. O

By Proposition [5.4] the initial tensor F satisfies Condition We note that Proposition [5.6]is a
special case of Condition [A:T]and Condition[5.3]is a special case of Condition[A:2] Hence Proposition

applies, yielding the result.

5.2 Contraction Mapping

We would like to provide conditions on p and P for which the limit |[¥o...0¥[a] —Po...0 U[F]|¢
tends to 0 for any choice of o, € ng},. To that end, we define a tensor J below which takes
ms X m, matrices to ms x m, matrices and provides a bound on ||¥[a] — ¥[B]||% c.

Definition 5.8. Define the tensor J € (R™: ® Rm“)®2 by

Jir= 3 Oy ) (CRGE + HE L) (43)

—1<k<mg
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Theorem 5.9. If the tensor F € (R™)®® @ R™« @ R™12 satisfies Conditz’on then | ¥[a] —
V[B]|"e < Tt o= Bl for all o, B € By,

Proof. Select charts o, € BO 1. Pick some £ € B, (p), and define x := z(t, &, o), and y := z(t, €, B).
By the definition of the Lyapunov—Perron operator, we have

Yla](§) — V[B](£) = —/0 e Mt Nu(z, ) — Nu(y, B(y))] dt.
By using (42)), as well as the estimates provided in Condition [3.4] and Condition we obtain

Wlal (€)= WO < [ e (CHE I+ Hlo— )

oo
- / et Y enti (C},GZkJrHJW ;;gyk) 1€, |t
0

—1<k<m,

By integrating we infer that
|W[aly () = W[Bl; (9] < B Jji716nl,

where the coefficients J;;f are defined as in ([43). It follows that || ¥[a] — ¥[3] 15e < E;, JJ’:Z’
O

Remark 5.10. The tensor J is a linear operator which maps mg X my, matrices to ms X My,
matrices. If we represent an mg X m,, matriz E as an ms-m,, dimensional vector E with components
Ei—1ym,+i = Ej, then the action of J can be represented as a mgsm, X mgm, matriz J with

components J((;, 32512 = JZ o
We are principally mterested in whether the Lyapunov-Perron operator ¥ has a unique fized

point. By Theorem this will be true if an iterative application of J to any mg X m, matric E
limits to zero, that is:

lim Jo---0oJ-E=0.

ke 00 S ——’
Algebraically, this limits to zero if and only if the spectral radius of J, denoted by p(J), is less than 1.
Since J is finite dimensional, then p(J) is equal to the norm of its eigenvalue with largest magnitude.
This may be bounded as p(J) < ||J*||*/* for any positive integer k > 1 and any matriz norm || - |.

In the theorem below we summarize and collect all of our major results thus far.

Theorem 5.11. Tuake the assumptions made in Remarks [{.1] and [5.1 Suppose the tensor F 6
(Rmb)®3®Rm“ ®@R™:+2 satisfies Condztzon and define J € (Rms ® R7™)® ¥ 4s in Deﬁmtzon
If the spectral radius of J is less than 1, then there exists a unique fized point o € BZ:}’,P for which
Ula] = a. Furthermore, the graph

Mie := {(xs, a(x5)) € X5 x Xy : x5 € Bs(p)}

is an invariant manifold under the flow . and points in Mloc converge asymptotically to 0.
In addition, suppose that h is an equilibrium solution to (2) satisfying |h | <€ foriel. Define
a(xs) := axs — hg) + hy. The graph

]\EOC = {(xs,a(x5)) € X5 x Xy : x5 € Bg(rs — €5)},

is an invariant manifold under the flow , and points in J\EOC converge asymptotically to h. More-
over, we have the estimates

|G (xs)| < P (Il + €) + e & ()| < P Lip(9;a)}, < P}/

i

or all x; € Bs(rs —€5) and 4,7 €1 and i € I'.
[ 'J
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Proof. We infer from the assumptions made in Remarks [£.1] and all of which can be verified a

posteriori, that the map ¥ : B;’}D P B;’}, p is a well defined endomorphism. Since the spectral
1

radius of J is less than 1, there exists a unique fixed point o € Bp:;’ p for which Ula] = a, see Remark
As discussed in Section [2.3] the fixed point of the Lyapunov-Perron operator provides us with
a chart for a local invariant manifold for the differential equation defined in . By construction
a(0) = 0, hence the origin is contained in the manifold. It follows from the proof of Proposition
that points in M., converge asymptotically to the origin.

As is conjugate to via the change of variables x — x + h, it follows that a(xs) is a graph
for a local invariant manifold (having a slightly smaller domain) for the differential equation defined
in . Furthermore this manifold contains the equilibrium £, a point to which trajectories in ]\A/.Ifloc

are asymptotically attracted. The error estimates follow by virtue of o € Bi’}, P O

As discussed at the end of in Section[2.3] the fixed point of the Lyapunov-Perron operator provides
us with a chart for the local stable manifold provided we have captured all stable eigenvalues.

6 Application I: Linear Change of Variables
6.1 The Swift-Hohenberg Equation

We are interested in constructing a validated numerical approximation of the stable manifold of a
hyperbolic fixed point, with the ultimate goal of applying Theorem [5.11} To do so, we must produce
a change of coordinates bringing whatever differential equation we wish to study into the notational
framework set up in Section [2] For an application, we study the Swift-Hohenberg equation given

in and repeated below:

— 3
Uty = _Bluzzzx + BZU:ME +u—u )

for 81 > 0 and 33 € R on a spatial domain « € [0, 7] with Neumann boundary conditions
U (0) = uz(m) =0 and Ugzz(0) = Ugge () = 0.

We wish to study the Swift-Hohenberg equation using a Fourier cosine series. Without yet introduc-
ing a norm, let us define the one-sided sequence space Y = RY with standard Schauder basis {er}i,-
For a time varying sequence a € C(R,Y’), we define a Fourier cosine series

o0

u(t,x) = ao(t) + 2 Z ay(t) cos(kx).

k=1

By plugging this function into we obtain the following sequence of differential equations that a
must satisfy:

ap = (=B1k* — Bok?® + Dag — (a x a * a), (44)
where we define the discrete convolution * for a,b € Y as
(a*b)k: Z a|k1|b‘k2|.
k1+ko=k
ki1,k2€Z

We will work with two norms defined on the space Y. One will be a “natural” norm on a space
¢l =Y (v > 1) corresponding to functions with geometrically decaying Fourier coefficients. The
second space X = Y will have a norm which is well aligned with the linear dynamics about an
equilibrium. We delay defining a norm on X until , and define the £ norm as

o0
laley ==Y lalwr(v),
k=0
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where

) 1 k=0
Wel\V) = WE =
F F wk k> 1.

We may then rewrite using a (densely defined) vector field F': £L — ¢1 given by
F(a):=La—ax*axa, (45)
where £ is the diagonal linear operator
£(a)g == (—Brk* — Bok® + 1)ay, for all k& > 0. (46)

Remark 6.1. To enter into the notational framework established in Section [§ we must provide a
change of variables such that the conjugate differential equation to s of the type given in .
At first blush appears to be of the proper form, and indeed it is for the equilibrium 0 € £1. That
is to say, the equilibrium occurs at the zero in our vector space, we can naturally write £ as the
Cartesian product of the stable/unstable eigenspaces of £, and the derivative of the nonlinearity in
(45) vanishes at the zero equilibrium.

For nontrivial equilibria, however, it is essential that we construct a change of variables which
transforms into the “normal form” described in Section @ Only after we have performed this
change of variables can we begin to bound all of the constants needed to satisfy the hypotheses of
Theorem [5.11l

Note that by design this “normal form” is not unique. This stems from our desire to obtain a
computer assisted proof and account for numerical errors, which vary with the implementation used.
The smaller our linear defect L is, the more our estimates improve. Moreover, if one employs a
nonlinear change of coordinates, as we do in Section[7, this can reduce the size of our nonlinearity
in certain directions and greatly improve our overall estimates.

For the remainder of Section[6.1] we develop notation and derive estimates that will be used both
when constructing a linear or a nonlinear approximation of the stable manifold. To begin, fix some
N € N and define a Galerkin projection 7y : £, — RN*1 C /L by

wn(a) = (ag,a;1...an—1,an,0,0,0,...). (47)

We define the Galerkin projection of F' by Fy := wn o F ow. There is an extensive literature on
finding equilibria to partial differential equations, and providing computer assisted proofs of their
existence, local uniqueness, and the accuracy of the numerical approximation. Such techniques often
rely on solving the finite dimensional problem Fy (@) = 0 for the Galerkin projection of F', and then
using an implicit function type argument to show that there is a point @ € £% close to @ for which
F(a) = 0. We use the techniques described in [31) 58] to obtain such a point @ € ¢. and bounds
€ = |C_L — C~L|g}/ .

Remark 6.2. The Morse index of the stationary point a is established rigorously using a straight-
forward implementation based on the ideas and techniques from [61,[59]. The Morse index is denoted
by Ny .

Ideally we would define our Banach space X as a Cartesian product of the eigenspaces of DF'(a).
Unfortunately the operator DF(a), let alone its eigenspaces, are not something we can compute
exactly. What we can compute are approximate eigenspaces arising from the Galerkin projection.
Let us fix some numerically constructed matrix A\ € Mat(RN+1 RV+1) constructed so that Al ~
DFy (C_L) .

The Swift-Hohenberg PDE is a gradient system, hence A}LV has real eigenvalues with N+1 linearly
independent eigenvectors. Indeed, this is most easily established by working with the slightly adapted
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F rather than F directly, where

~ F(a)o/2 for k=0,
F(a)g for k > 1,

so that DEy (@) is symmetric with respect to the standard inner product on RN+!. However, this
is a minor technical point.

Furthermore, suppose that A}LV has n,, unstable eigenvalues (i.e. it captures the correct Morse
index, see Remark . We denote by {,uk/}z/;":l, approximations of the positive (unstable) eigen-
values of A;r\, and by {px}L, with ng = N +1—n, its (stable) negative eigenvalues. Without loss
of generality, we suppose that these eigenvalues are ordered as follows:

g, =2 > 0> i 2 > i

For our application here in Section [6] we set m, = 1 and m, = 2, whereas in Section [7] we will
choose m; = 3. We then define X by defining its subspaces as

X = R™u X, =R™ Xo:={actl:a,=0for k <N}

We define X, := X7 and X, := X7 x Xs and X = X, x X,. We will also will use the notational
shorthand X7 := X; and X := X5. It follows that the map mn as defined in can also be
considered to be the projection mx : X — Xn C X where we define X := X1» x X; 2 RV+L We
additionally define the map 7o : X = X by oo := & — wyz. Fix a Schauder basis {é, }nen for
X such that

X1 :=span{ég,...,én,—1} X1 :=span{é,,,...,én} Xo :=span{én41,éNnt2,-. .}

We may then express ¢ € X by ¢ = > 7 dnén.
We define a change of variables from X to ¢. as follows. Fix Q, € Mat(R™ R¥*1) and

Qs € Mat(R™ ,RN¥*1) as numerical approximations of unstable/stable eigenvectors of AR,. For
¢ = (bu,df, boo) € Xy X Xf X Xoo, we define the linear map @ : X — ¢, by

Q((b) = Qu¢u + Qj'¢f + ¢oo (48)

We now define a norm on X. Let ¢V = mx¢ and let QY be the (N + 1) x (N + 1) invertible matrix
constructed from @, and Q¢ so that the transformation Q: X — ¢. may be expressed by

QY eN], 0<n<N,
[QFln = {zj)n n>N+1,

for all ¢ € X. Denote the columns of @ by g,, n € N. Note that g, = e, when n > N + 1 and that
qn = QN the n-the column of QV, for 0 < n < N. Define the norm on X by

N
6lx =Y |6nQénlp (49)
n=0
N oo
=Y [nllnle + > |nlwn
n=0

n=N+1
N
= Z ‘¢n||Qn
n=0

o+ |Pooler -

33



Approximation of Stable Manifolds for PDEs

Note that |¢|x = > ;o |i] for ¢ € X, so this norm and decomposition of X into subspaces satisfies
the hypotheses of Proposition

We now consider the induced norm for bounded linear operators in £(X, X), £(X, /(L) and
L(¢1, X). Suppose that MY is a (N +1) x (N +1) matrix and define the linear operator M : X — X
by

n> N+ 1.

A standard calculation shows that

N

M| x
M = sup |[Mo|y < max k s 50
|| ”[:(X,X) ‘¢‘X:1| |X 0<k<N |qk|£}/ ( )

where M} denotes the k-th column of M™Y.
Suppose that QY is a (N 4 1) x (N + 1) matrix and define the linear operator Q: X — ¢, by

99],, = {[Q%N]” pen s
On n>N+1.

Another standard calculation shows that

|27 |z
— < v
1921 2(x 1) lslluillﬂqﬁlg < max <Og}€a<xN aele: 1, (51)

where Q) denotes the k-th column of Q. From this it follows that [|Q]|z(x,e1) = 1.
To compute the norm of Q=1 : /1 — X let us first define BY to be the matrix inverse of Q" .
The action of Q™! can be expressed as:

-1 B [BNaN]n <n<
[Q a]n_{an n>N4+1.

Hence, we obtain the following bound:

BY |x
-1 = “la|x < Bilx ). 2
Q7 et ) = sup Q7 alx < max ( max =0 (52)

For any i € I we define projection maps m; : X — Xj. Again, 7, coincides with its usual
definition. By our choice of norm on X, we have ||7[|z(x,x;) = 1. Hence in view of inequality
we set p, = ps =p; = 1.

Lastly, we define A as follows:

Al’ = diag{ﬂn“,u-,ﬂl’}, Al = diag{ula“'aﬂnf}, A2 = Lo Ty.

We show that the norm on X is well aligned with the semigroup e*. Fix a point ¢ =

(Ou, Of, 0o) € X and write ¢, = (o, ..., On,—1) a0d ¢5 = (Pny,- .-, ON) a0d Poo = (ON41, PN 42, .- ).
We then have for ¢t € R the following:

Mgy = Y e igp 18,

1<k<n,

At t ~

ey = E " Pkt —1€k4n, 1,
1<k<nj

oo

Aot — Bkt —Bok?+1)t 4 4

Mg = E e(=Prk"=p2 +)¢k€k-
k=N+1
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Let us define A1/, A\; and \q as
A= Re py/, A1 = Re pq, Ay = —B1(N +1)* = Bo(N +1)% + 1. (53)

It follows that A\v < Re pg for 1/ < k' < ml, and Ay > Repy for 1 < k < ny, and Ay >
(—B1k* — Bok?® +1) for k > N + 1. We assume here that we have chosen N sufficiently large so
that —f1k* — Bok? + 1 is negative and decreasing in k for &k > N + 1. Hence, we have the following
bounds on the norm:

Ml < D e Qdkla, for t <0,
0<k<n,—1

> Qe for t >0,

ne<k<N

IN

e g r|x

oo

M polx < Y € Qdkln for ¢ > 0.
k=N+1

We infer from the expression for the norm on X that @ and @ are satisfied.

6.2 Bounds for the Linear Change of Coordinates

Remark 6.3. In the previous subsection, we established notation and performed estimates for study-
ing stable manifolds of equilibria to the Swift-Hohenberg equation. For computing either a linear or
a nonlinear approzximation to the stable manifold, such notation and estimates are largely identi-
cal. However, the subsequent estimates will vary depending on how we make our approzimation.
Nevertheless, they both follow the same general outline.

1. Define a change of variables K : X 2 U — (£}, such that K(0) = a.
For the equilibrium h = K~'(a), obtain bounds |mih| < € forie L

2. Pull back the vector field from (% to U, creating the conjugate differential equation
% = DK (x) ' F(K(x)).
Define N € C?, (U, X) as N(x) := DK (x)"'F(K(x)) — Ax.
3. Obtain constants C'J.ik(rs,ru) which bound H./\~fjik||(rs+es7m+€u) forij kel
4. Obtain constants [)J‘ which bound ||/\~/J‘(0)H forijel.
5. Obtain constants Cy, s which satisfy equation to bound e(Ms Lt

In the remainder of this section we follow the outline given in Remark for a linear change of
coordinates K. The results of such a calculation are then presented in Section [6.3] Later in Section
[7 we follow the outline given in Remark again, but for a nonlinear change of coordinates K.
6.2.1 Estimate [1|— Defining a Change of Variables

We define an affine change of coordinates K : X — £ by:

K(¢) :==a+ Q¢ (54)

Ife =|a—al ¢1 is our bound on the distance between our approximate solution and the true solution,
then we may define ¢ := ¢||mQ ! lz(er,x;) for i € T as needed in Proposition This step will be

more involved for the nonlinear change of variables in Section [7}
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6.2.2 Estimate [2| — Defining the Conjugate Differential Equation

Using the change of coordinates in (54)), the Swift-Hohenberg equation in is conjugate to the
differential equation

p=Ap+N(p) with  N(¢):=DK(¢)'F(K(¢)) — Ag. (55)

We note that this form of A is not immediately easy to work with. We begin to expand N into an
affine part and a purely nonlinear part. Define functions E, R : X — /L as

E(¢) := F(a) + DF(a)Q¢ — QAd, R(¢) = =3ax (Q¢)? — (Q9)*.
A computation shows that £+ R = F'o K — DK - A, where we note that DK (¢) = Q for all ¢ € X.
Hence it follows that N'(¢) = Q1 (E(¢) + R(¢)).
6.2.3 Estimate [3| — Bounding ./\N/'liJ

All second derivatives of E are zero. Hence did5mcN = J\711(J = (Q‘lR)E for i,j,k € I. Below we
perform a series of calculations to derive bounds on the derivatives of R. To alleviate our notation,
for ¢ € X we define

Q:=Q¢ = Q95 + Qudu + ¢oo- (56)
Note that all terms in R have Q * Q terms in them. For notational ease, we set
Q*:=Q+Q and Q*:=QxQxQ.
Then we have that R(¢) = —3a * Q> — Q®. First we calculate the derivatives of Q:
9 Q-hy=Qrhy, 9uQ - by = Quhu, 050Q - hoo = hos,

where hy € Xy, hy, € X,, and heo € Xoo. Since [|Q[|z(x,e1) = 1, then |0iQ||z(x 1) = 1 for i € I. As
0;Q is a linear operator, the second derivatives 0;;Q vanish for all i,j € I.
The derivatives of Q2 and Q3 are given by

8ijQ2 =20;Q * 0;Q and 8ijQ3 =6Q * 0;Q * 9;Q,

hence
8in = *6(& + Q) * 8,Q * @Q

Recall that [|0;Ql|z(x,e1) = 1 for all i € I. If we consider a point ¢ = (¢u, ¢s) € Bu(ru) X Bs(rs)
with 73 = (¢, 7)), then |Q¢| < ry + 7§ + roo. Hence, if we define

Gl = 6ImeQ M cqes ) (18l 7+ 7y 470 +eu b g + ), &7

then [N, e, ten) < CF for i,j k € 1.

6.2.4 Estimate E| — Bounding /\7}(0)
Note that since 9;R(0) = 0 and 9, DK (¢) ' E(¢) = Q ' DF(a)Q — A, then we have
N} (0) =73 (QT'DF(a)Q — A) m.

First, we approximate DF(a) by defining an operator At : £ — ¢1 for v € £} by:

_fAve k<N
(o) = {(sév)k k> N.
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We bound J\~/:ii(0) by adding and subtracting Q1 ATQ:

H/V;(O)H < ||mQ~! (DF(a) — A) Qﬂ-i“[:(X,X) +|m (@71ATQ - A) 7TiHﬁ(X,X) : (58)

L(X,X)
To bound the right summand in , note that ; (Q_lATQ — A) m; vanishes when either i = co or
j = 00, hence the right-summand in (58) can be computed directly using (50).

To bound the left summand in (58) we split this into four cases, depending on whether i or j
equals co. Each of these terms involves (DF(a) — AT) € £(¢},¢}) which we calculate below:

vyt

a* Tooh)r + (DFy(a) — Al)rnh)y 0<k<N

59
a*h)i k>N+1. (59)

(DF(a)h — ATh), = {

We now bound ./\7?(0) according to the four cases mentioned above.

The case i = co and j = oo. Since /. is a Banach algebra and m., projects onto the modes
k > N +1, by using we obtain

‘7700 (DF(EL) — AT) h‘ < 3|EL * @|g’1/‘h|571/

Hence || (DF(a) — AT) ) < 3la * alg, and by defining

HL(Z},,K},

Di, = 3laxaln, (60)
it follows that |V (0)]|z(x,x) < Dl for alli€ L

The case i # oo and j # oco. The operator m; (Q’lDF(EL)Q - A) m; can be represented by an
(N +1) x (N + 1) matrix whose norm we may explicitly bound. Let us define

D} = |75 (Q7' DF(a)Q — A) 7“”5()@)() ’ (61)
then it follows that ||/\~/;‘(O)|| < DJ‘ for all i,j € I — {o0}.

The case i = co and j # oo. It follows from that
m[DF(a) — ATy =0 for k > 3N,

where we recall that the subscript k£ denotes the k-th column. Since Q7o = T and by using the
appropriate analogue of for a matrix of a larger size, we thus set

- .01 a) — AT
Dj)o = max |7rJQ [.DF(CL) A ]k|X . (62)
N+1<k<3N WEk

It follows that [|N;°(0)]| < D§° for all j € T — {oo}.
The case i # oo and j = co. Note that since T Q' = 7o and 7o ATy = 0, it follows that

Q™! (DF(a) — A") Qm; = 7o DF (a)Q;.
Using the formula in we thus set

. DF(a )
D := max 7o (G)Qﬂl]ﬂx-
0<k<N |9k le;

(63)

It follows that ||./\~/J°° 0) < DJOO for all j € I — {co}. With our definitions of D} in Equations (60),
(61). and we have thus obtained bounds on ||./\~/3i(0)||£(X7X) for alli,j € I.
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6.2.5 Estimate |5 — Semigroup Bounds

To calculate Cs and A needed in we use Proposition and Remark First define D} =
DJ‘ + C~’jilel + C‘jil’q/ for i,j € I as in Proposition and then define the following constants:

M1 = )\1 5,1 = D]Jj (Sb = D?O

oo "
oo = A2 = Ao O 3:D£o 04 == DY €= z —.
1 — |ptoo| (6
aiatany L ool a1k

We note that [|[AZl|| = |peo| ™!, When the inequalities

1> o] ((sd + sup |gk|), [ > oo + 84 + £048.(1 + £26,0,), (64)

ir€o(A1)
are satisfied, then it follows from Proposition and Remark that
4D < G

where

Cy = (14 d)(1 + €6,)*
As i= p1 +0,Cs + A
A = g6, max {1 +ed.(1+edy),e0p(2+ 525560)} )

6.3 Numerical Results

For the theorem below, the following input are required: parameters values 5; < 0, f2 € R in
the PDE (l1)); computational parameter N € N — the Galerkin projection; v > 1 — the degree
of analyticity; a specific approximate equilibrium @ € ¢.; and a positive vector p € R? which
determines the size of the domain B,(p) for charts o € B,, p p. The rest of the constants are then
computationally determined such that the hypotheses of Theorem are satisfied (if possible).
Choosing different parameters allows us to prove a variety of theorems. In Theorem we present
one such theorem describing the equilibrium displayed in Figure|l, and where we take py, the radius
in the finite dimensional subspace X of the domain Bs(p) € X; x X, as large as possible. In
Section we discuss the performance of our computer assisted proofs, comparing both the linear
and nonlinear approximation of the stable manifold.

Theorem 6.4. Fix parameter f1 = 0.05 and S = —0.35. For computational parameters v = 1.001
and N = 30 we compute an approvimate equilibrium a € €5, which is e = 1.61 x 10~ close to a true
equilibrium a € (L. Take p = (2.2 x 1072, 10_5) and take:

_ (16.9 x 1079 1.37 x 103>

P =(0.153, 1.38x1077) P=|{]37210-3 214 x 10-4 (65)

There exists a unique map & € C Y (Bs(p — €5), Xy) where ¢ < 4.97 x 107 such that the stable
manifold of a € €% for the differential equation 1s locally given by
xs = K (x5, (xs))
for K given in and & satisfying the following estimates:
|G (€)] < 3.36 x 107 ()] < P Lip(9;a)}, < P,
forallé € Bs(p—e€s) andi,jel, i’ €I’ andiel.

Proof. In script main.m we calculate all of the constants and verify all of the hypotheses in Theorem
In particular we have a contraction constant ||J|| < 0.356. The entire computation took about
4 seconds and was run on MATLAB 2019a with INTLAB on a i7-8750H processor. O
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7 Application II: Nonlinear Change of Variables

Again we consider the problem of approximating stable manifolds of equilibria for the Swift-Hohenberg
equation, this time though, using a nonlinear approximation of the stable manifold (cf. Section .

We use the same notation and estimates established in Section with some minor adjustments.

In particular, we will use m, = 1 and m,; = 3. Adopting some of the notation from Section [2.4] we

Set Ny = Muunees M0 = Matow, Nf = Miagy + Maow, a0d N = n, +ny — 1, and define

Xy =R X, :=R™ Xy := R Xg:={acll:a,=0for k <N}

We define X, := X1, and X, := X7 x X9 x X3 and X = X, x X,;. We will also use the notational
shorthand Xy := X; (slow stable), X, := X, (fast but finite stable) and X := X3 (stable tail).
The map 7wy as defined in can also be considered to be the projection my : X — Xy C X where
we define Xy := X1v x X1 x Xy = RV*L We define the map 7o : X — Xoo by Moo i= & — TN T.
We define A as

Ayoi=diag{pny, ... pry, Arci=diag{un, ..o g by, Ao i=diag{png 11,5 ttn, ), Az = Lome,
with p defined in Section and £ defined in . We define constants \; for i € I as follows:
A= py Ap = i, Ao i= flngt1, Az = =B (N +1)* = Bo(N +1)* + 1. (66)

By the same argument as the one given at the end of Section the inequalities @ and @ are
satisfied. We now follow the scheme for stable manifold validation as outlined in Remark [6.3

7.1 Estimate [1] — Defining a Change of Variables

Using the parameterization method and the good coordinates discussed in Section we define a
slow stable manifold and finite dimensional (un)stable bundles:

P:[-1,1)" — Xy,
Q(0): [~1,1]™ — Mat(R™ " X )
Qu(0): [~1,1]™ — Mat(R™, Xy),

which are chosen to solve f approximately. The error terms

Ep:[-1,1]" — ¢} Ep:[-1,1]" — L(X;,0) (67a)
By [~1,1]" = L£(Xy, ) Foy : [-1,1]" = L(X o0, £L), (67b)
are defined by
Ey(0) := F(P()) — DP(#)Agb (68a)
E¢(0) := DF(P(0))Q(0) — DQf(0)Ag6 — Qs (0)As (68b)
Ey(0) :=DF(P(0))Qu(0) — DQu(0)Ag0 — Qu(0)Ay (68c)
Fo(8) := DF(P(0)) o0 — Aoo. (68d)

Define U := B(rs + €5,y + €4) € Xy X [—1,1]™ x X; x X, and define a normal frame bundle
Q:[-1,1]" — L£(X/X1,£}) and a local diffeomorphism K : U C X — /. as follows:

Q(O)p := Qs(0)d5 + Qu(B)du + doo (69)
K(0,9) := P(0) + Q(0)¢. (70)
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We define the norm |- |x as in relative to the linear map Qg : X — £ defined by
Qo - (hg, h¢.) = DK(O, 0) . (he, h¢> = 80P(O)h9 + Q(O)h¢, (71)

where hg € Xy and hy € Xy X Xp X Xoo.

While we do not have an explicit expression for the inverse function K~!, to bound the norm
of h = K~1(a) note that K~'(a) = Q¢ '(a — @) + O(la — a|?). If € = |a — @l is our bound on the
distance between the approximate solution and the true solution in £}, then we may apply standard
techniques from rigorous numerics to bound |7rJL| < ¢ for i € I as needed in Proposition in
terms of €, |mQp ||, and the polynomial coefficients of K (6, ¢).

7.2 Estimate 2| — Defining the Conjugate Differential Equation

Again as in , using the change of coordinates in , we see that the Swift-Hohenberg equation
in is conjugate to the differential equation

% = Ax + N (x), N(x) :== DK (x)"'F(K(x)) — Ax, (72)

forxeU.
We perform a Taylor expansion of F(K(x)) for x € U. To alleviate our notation, for x = (6, ¢)
where 0 € [-1,1]" and ¢ € X, x X x X, let us define

P:=P(9) Q:=Q(0)¢. (73)
Starting from we expand F(K(0,¢)) as
F(K(0,¢)) = £[P + Q] - (P +Q)®
= (P - P%) + (£Q - 3P?x Q) - 3P+ Q% - Q°,

where the powers denote convolution products. Note that for a,h € £ the derivative of F is given
by:
DF(a)-h=Lh—3(a*xaxh).

Hence, it follows that
F(P) = £P — P?, DF(P)-Q=£Q - 3(P?xQ).
If we now define a remainder term R: U C X — (% by

R = R(6,¢) := —3P(0) * (Q(0)9) * (Q(0)9) — (Q(0)¢) * (Q(0)¢) * (Q(#)¢) = —3P x Q* — Q3(, |
74
then F(K (6, ¢)) simplifies as
F(K(0,¢))=F(P)+DF([P)-Q+R. (75)
We use the (approximate) conjugacy relations in (68) to (approximately) linearize the non-
remainder components in . We calculate
F(P(0)) + DF(P(0)) [Qr(0)¢r + Qu(0)du + ¢oc] = Eg(6) + DP(0) Mg
T E(0)d5 + DQs(0) (Aol ¢f) + Qr(0)A sy
+ Eu(9)¢u + DQu (0) (A997 ¢u) + Qu (9)A1L¢u
+ Eoo(0) oo + Ao Poo
Ayb

= B(8.9)+ DK(0,07,0u.0) | 49 |

AOO QSOO
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where E : U — (1 is defined by
E(0,0) = Eg(0) + E¢(0)df + Eu(0)pu + Eco(0)poo. (76)
It then follows that for x € U we have

DK (x)"'F(K(x)) = DK(x) ' (E(x) + DK (x)Ax + R(x))
=Ax+ DK(x)"' (E(x) + R(x)).

Thus, we have decomposed the differential equation into a diagonalized part and nonlinear error
terms. Hence, it follows that

N(0,¢) = DK(0,¢)"" (E(0,¢) + R(6,9)). (77)

In our previous calculation for the linear change of coordinates, DK (,¢)~! was a constant linear

operator Q. In the current case it has nontrivial first and second derivatives.

7.3 Estimate |3 — Bounding /\711J

In this subsection we compute bounds on the derivatives of the three components of separately.
Then we compute bounds on the derivatives of A" using the product rule. In general each estimate
is reduced down to a bound involving terms of the form P(6) and Q(#), for which we have explicit
expressions, and their derivatives.

Throughout we will take points in the ball (0, ¢) € U = B(rs+¢€5, ry+€4), 50 we may assume that
|Ou] < Tutey, |0f] < Trter, and [doo| < Too+€x. Additionally, we choose some 0 € (0, 1] such that
if |0|x < rg+ €p then (0); < &g for all components 1 < k < ng, whereby U = B(rs + €5,y + €,) C
X X [—59,59]”9 X Xy x Xoo.

7.3.1 Bounding the Derivatives of DK and its Inverse
Fix h = (hg, by, hu, hoo) € Xo X X5 x X, x Xoo. We compute

DK(0,¢)-h = (8pP(0) + 39Q(0)0 5 + 09Qu(0)du) ho + Qp(0)hy + Qu(0)hy + hoo. (78)
We condense notation by defining the maps

Ao(e) -hi= 89P(9)h9 + Qf(e)hf + Qu(e)hu + Ao,
A1(0,0) - h == 0pQy(0)Prho + 06Qu(0)Puha,

so that DK = Ag + A;. The norm of A; can be controlled by taking |¢| small.

From now on we will assume Ag(f) is invertible for all 8 € [—dg, dg]™ with inverse B(6) :=
Ap(6)~1. Indeed, the action of the operator Ag(f) : Xn x Xoo — £} = Xn x X, is invariant
in both the subspaces Xy and X,. The action of the operator Ag(#) in the finite dimensional
component can be represented by a polynomial in § with (N + 1) x (N 4 1) matrix coefficients, and
its action in the infinite dimensional component is precisely the identity map. Hence the operator
B(#) = Ao(6)~! can be computed as an infinite power series in § with Taylor coefficients defined
recursively by power matching.

We now write the inverse DK ! : (L — X as

DK(0,¢)™" = B(0)(I+ A1(0,6)B(0)) .
We will compute bounds on the derivatives of DK (6, ¢)~! using the product rule. We can explicitly
compute finitely many terms in the power series of B(f). To bound the Taylor remainder of B(f)
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and its derivatives, we use a Neumann series argument similar to the one given below to bound
(I+ Ay (6, ¢)B(9))_1. Indeed, for ¢ sufficiently small we obtain from the Neumann series the bound

1
1—1A1(0,0)B(0) | c(er.en)

[1 = (1651 + |9 100QO) | cx0ex,0) |1 BO) a3, )] -

(1 + A(6,6)B(9)) || <

IN

To bound the derivatives of (I + A1(0,$)B (0))71, we use that for any smooth path of invertible

matrices it holds that
oy y-1 81

=— y-L

o ot
By product rule we obtain for the second derivatives

PYL <8YY13Y %Y 9y 1E)Y>Y1.

9105 9s° ot owos "ot Bs

Hence, to bound the derivatives of (I + Ay (6, qﬁ)B(Q))fl, it suffices to have a bound on the inverse
itself, and to have bounds on the derivatives of I + A;(0, ¢)B(6).
For fixed (0, ¢) € U and i € I we compute the nontrivial first derivatives 8;41 (0, ¢) : X®@X; — £

0pA1(0,0) = 0o Qs (0) 5 + 0pgQu(0)Pu, 0xA1(0,9) = 0pQx(0) for x € {f,u}.

For fixed (0,¢) € U and i,j € T we also compute the nontrivial second derivatives 0;0;4:(8,¢) :
X ® X; ® Xj — £}, namely

099 A1(0, d) = 099eQf(0)D s + 0999 Qu(0) Pus 00 A1(0, ) = 0p9Q () for x € {f,u}.

We note that 0., DK~ = 0. Furthermore, note that mo DK ! = 7., and 5o 7,,0;(DK 1) = 0 for
all i € I. Hence, to obtain all the bounds on DK ! and its derivatives, it suffices to bound

IreBO)lc@x) |

: (79)

8k
WOWQ(G)H[,(X@X?"’,ZI)

81(:

30| |
e D0F ( ) £(X§®k®éllﬂx)
where 7, € {mn,Too} and k = 1,2,3. Since we have either explicit expressions (we may take a
supremum over 6 € [—dg, dp]™ using interval arithmetic) or explicit bounds for each of these, we
conclude that we thus obtain explicit bounds on DK ~! and its derivatives. We note that bounds on
DK (6,8)"! = mB(6) (I+A1(0,6)B(9))
for k € I, and likewise for the derivatives.

! can be further improved by bounding ||m B(0)|| (e, x)

7.3.2 Bounding F
We we want to bound E : U — £, defined in , and repeated below:

see also @ and . Note that bounds on Ej are calculated in the | - |;1 norm, whereas bound on
E}, Ey, Eo are calculated in the || - || z(x,¢1) norm.
We calculate

The other first derivatives of E are

O.E(0,9)-h=E.(0) - hy, for x € {f,u,00}.
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We next determine the nontrivial second derivatives of E:

900 E(0,9) - (h',h?) = (0p9Ep + 0o B s + Opp Eubu + 090 Eoo o) - (R, B3,
69*E(07 ¢) : (h17 h2) = 89E*(0) ' (hé7 hi)a for x € {f7ua OO}
We recall that we have an explicit finite dimensional polynomial representation for the functions Ejy,
Ef and E,. For F and its derivatives we have
Ex(0) - ¢poo = =3P (0) x P(0) * ¢oo
O F o (9) . (¢oo, he) = -6 (89P(9)h9) * P(9) * Poo
090 Boo (0) - (do, by, hg) = —6(Dpg P(0) - (h, h3)) * P(0) * poo — 6(0gP(0)hy) * (9P (0)h5) * oo
By using bounds on |¢|, explicit expressions for the polynomials P, @, and the expressions above,

we can obtain bounds on F over all of U C X. In summary, to obtain all the bounds on E and its
derivatives, we bound

where we take 7, € {7n, Too } and x € {u, f,00} and k = 0, 1,2 and a supremum over 8 € [—dg, dp]™°.
Here X®F is the k-fold tensor product of X, and X®° is the trivial vector space.

ak

o 2 Ey (0) Hﬁ(xgmm | (80)

ak
To ggr Ex

(G)HC(X®X§®’“,Q) ’

7.3.3 Bounding R
We first recall that, see and ,
P:=P(9), Q= Qs(0)9f + Qu(0)pu + Poo, R:=-3P+Q’ - Q’.
To calculate bounds on R(6, ¢) = R and its derivatives, we start by calculating the derivatives of Q:
9Q-h=(00Qsds +0Qudu) ho, Q- -h=Qu-hi forxe{fiu}, 0xQ h=he.

The only nonvanishing second derivatives of Q are given by
ae@Q : (h17 h2) = (899Qf¢f + a@QQu¢u) . (héa hg)v 8*0Q . (hla h2) = 8&9@* . (héa hz) for x S {f7 ’LL}

The only nonvanishing derivatives of P are with respect to 6. From this, bounds on Q2, Q?, and
P * Q? and their partial derivatives can all be estimated using the product rule.

Thus, using that R = —3P * Q2 — Q * Q?, we have expressions for all of the first and second
derivatives of R. Hence, to obtain all the bounds on R and its derivatives, it suffices to bound

where we take 7, € {mn, o} and x € {u, f} and k = 0,1,2 and a supremum over 6 € [—dy, dp]|™?.
The rest of the bounds follow from the product rule (as detailed above), the Banach algebra property
of £1, and bounds on |¢| resulting from it being restricted to a ball B(r, + €5, 7 + €4).

8k
7rOWP(H)HL(}(?’“,@},) ’

; (81)

ak
WOWQ*(Q)H,C(X@X?’C,ZI)

7.3.4 Bounding N

In the previous subsections, we have outlined how to obtain bounds on DK !, E and R and their
derivatives, by computing the necessary bounds on the expressions in , and respectively.
The derivatives of N'= DK ~!(E + R) can be calculated using the product rule. Using the formulas
for derivatives derived in Section [7-3] in the code we have implemented expression for the constants
Cj‘k bounding HJ\G‘kH(TﬁeSM%u) for i,j,k € I needed to apply Proposition
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7.4 Estimate [4 — Bounding ./\7;(0)

We aim to compute a tensor D bounding ||A(0)]|, which is needed to apply Proposition We infer
from the computations in Section[7.3|that both Q2(6,0) = 0 and DQ?(6,0) = 0, that D(Q*Q?) = 0
and D(P % Q?) = 0 if ¢ = 0, and that thereby DR(6,0) = 0. Since R(6,0) = 0 as well, we infer that

AN (0) = DK(0)"18;E(0,0) + (DK (0)"Y)E(0,0)  foriel (82)

The first summand in is essentially the same term we studied in Section To see this,
starting from we compute the first derivatives of E at (6, ¢) = (0,0):

09E(0,0) - h = 0gEy(0) - hg, 0+E(0,0) - h = E,(0) - hy for x € {f,u,0}.
We deduce from the definition of E in and the substitution P(0) = a that

99 Eg(0)mg = (DF(a)dpP(0) — 0 P(0)Ag) mo,
E,(0)m, = (DF(a)Q+(0) — QuAy) 7y for x € {f,u,0}.

Using Qo defined in we obtain the simplification
0;E(0,0)h = (DF(a)Qo — Qo) m foriel.
Finally, the first summand in simplifies to
DK (0,0)"'9;E(0,0) = (Qy ' DF(a)Qo — A)m;  foriel

We may then bound ||m; (QElDF(@)Qo — A) mill£(x,x) in exactly the same manner as we did in
Section [6.2.4] with the trivial addition that we have an additional projection map my to consider.

To bound the second summand in we first note that E(0,0) = Ey(0), for which we have an
explicit expression. From a calculation in the same vein as in Section [7.3.1] we obtain

(:DK(0)) E(0,0) = —Qy " (3:DK(0)) Qy " E(0).
We may further compute
09 DK (0) = 99 Ap(0), 0+DK(0) = 99Q«(0) for x € {f,u,00}.

The norm |Ey(0)] is usually quite small, and it suffices to obtain a rough bound on the norm of
DK (0)~L. Thus, for i,j € I we use the following bounds on the various components of :

D} = |Im; (Qy ' DF(a)Qo — A) milc(x,x) + ||7Ton_1H£(g’1HX) 10:DE ()l £ (xy0x,61) |78 Q0 Eo(0)] . -

We note that there is some additional cancellation, as m;Qy ! (i DK (0)) = 0 when i = 0o or j = c0.

7.5 Estimate [5| — Semigroup Bounds

To obtain the constants Cy and A\s, we apply Theorem as we did in Section [6.2.5 The only
difference is that X should be split into 2 subspaces to be able to apply Theorem ~Wher§as we
have split X into 3 subspaces in Section [7. We argue as follows. First defining D} = D} + C’J.“el +

C'j”,el/ as in Proposition H, we then define:

= A Jq = max E D Op i= E D™
m ! ¢ 1<i<ma—1 J b 7
== 1<j<mo—1 1<j<me—1
= A3 = A §.:= max D! g := D=
Hoo 3 oo c 1<iSma—1 Ms d ms

The rest of the computation for Cs and ), follows exactly as described in Section [6.2.5
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7.6 Conclusion and Numerical Results

Our overall goal is to produce a large piece of the local stable manifold, while keeping our error
bounds small. These goals are at odds with each other, as our error bounds generally increase with
the size of our approximation. We recall that the parameter p = (pg, py, poo) determines the size of
the domain

By(p) = {(x0,%7,%Xc0) € X 1 [x0| < po, [x¢] < py, [Xoo| < poc},

for charts a € B, p p, where X; is decomposed in terms of the eigenspaces Xy, Xy, and Xo of Ag
corresponding to the slow stable eigenvalues, the fast-but-finite stable eigenvalues, and the remaining
infinite stable eigenvalues respectively. This parameter p has a significant impact on nearly every
aspect of our analysis.

For a given application it may be advantageous to choose certain components of p = (pg, pt, Poc)
to be large and others small. For example, we generically expect connecting orbits to have a larger
projection into the slow-stable subspace Xy and a smaller projection into the other stable subspaces.
In Theorem [7.1] we present one such theorem where we take py as large as possible. The parameters
are the same as the ones used to produce Figure This nonlinear approximation of the stable
manifold produces significantly better error estimates than a linear approximation: the C° error
bounds in Theorem are of size 7.43 x 10712, whereas the approximate manifold in Theorem
has C° error bounds of 3.36 x 1073,

Theorem 7.1. Fiz parameter 51 = 0.05 and 82 = —0.35. For computational parameters v = 1.001
and N = 30. We compute an approvimate equilibrium a € £ which is 1.61 x 107* close to a true
equilibrium a € (.. Using the techniques discussed in Section we compute a slow stable manifold
and finite dimensional (un)stable bundles, represented by Taylor polynomials of degree 20. We take

p=(318x10"2 107¢ 107'7),

and we take

9.43 x 107! ~ [130x 1077 5.60x107° 1.04x107*
P=|441x10°6 P=1]560x10"°" 2.72x107% 820x 10~*
3.31x 1076 1.04 x 107* 820 x 10~* 1.41 x10~*

There exists a unique map & € CY1(Bs(p — €5), Xu) where € < 4.51 x 1071* such that the stable
manifold of a € % for the differential equation 18 locally given by

Xy K (x4, G(x,))
for K given in and & satisfying the following estimates:

| (§)] < 743 x 107" &g (©)]| < P} Lip(9,a)}, < P}/,
forallé € Bs(p—€s) andi,jel, i €I’ andiel.

Proof. In script main_NL.m we calculate all of the constants and verify all of the hypotheses in The-
orem In particular we have a contraction constant ||.J|| < 5.86 x 1076. It takes approximately
11 seconds to construct the slow-stable manifold and normal bundles, 23 seconds to compute the
bounds detailed in Section [7] and 12 seconds to compute all the bounds in Sections needed
to validate the stable manifold. These we run on MATLAB 2019a with INTLAB on a i7-8750H
Processor.

O
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The nonlinear approximation Theorem produces a larger validated part of the manifold in
the direction of the slow stable eigenvector, where we would generically expect to find connecting
orbits. We note that in Theorem [7.1] the gap between eigenvalues of A1/, Ay and As is not very large:

A = 1.01, A o= —1.41, Ao = —1.99, A3 = —4.58 x 10%.

We took the slow-stable eigenspace to be one dimensional. If a particular application required a
stable manifold which was wider along the second slowest stable eigendirection, we could increase
py at a cost of also increasing P, P, etc. These error estimates could be improved somewhat by
splitting X ; into two subspaces. Moreover, if we wanted to significantly increase the radius of our
approximation along the second slowest stable eigendirection, we could use a higher dimensional
slow stable manifold.

From the classical theory [15] we expect our derivative bound P > ||Da|| to be at least as large
as the ratio between the derivative of the nonlinearity and the spectral gap, roughly

IDN < L[+ DN o

Pl >
| |N)\u—)\SN Au — As

This bound should roughly increase linearly with p and be bounded below by ||L||, the error from
not perfectly splitting X, x X, into eigenspaces. This scaling can be observed in Figure 3] where
we display how the error bounds in Theorem and Theorem change when varying p. Our
nonlinear approximation is able to maintain small error bounds despite taking pg large, because our
change of variables prepares our nonlinearity such that ||0g DN is small. Note that one should
be mindful in comparing the two graphs in Figure (3] as in Theorem we split Xy = Xy x X
with dim(Xy) = N and in Theorem [7.1] we split X, = Xy x Xy x X, with dim(Xy) = 1 and
dim(Xf) = N - 1.

Using the linear approximation, for a large range of p¢, the contraction constant, and the tensor P
and the minimal choice of p., all scale linearly with p;. The C° error of the manifold, given by
|&ir| < PY(pi + €) + € in Theorem is dominated by the error in validating the equilibrium
until py ~ 10~7, where it begins to scale quadratically with ps. The CU! error bounds on the norm
of the components of P do not improve much for p < 102, and increase quite rapidly for p F>1072

For the nonlinear approximation, the error in validating the equilibrium dominates the C° bound
until pg ~ 1072, a point where P/ also begins to increase marginally. The contraction constant
scales similarly, although it begins to increase around pg ~ 1073. The C! bounds in the X ¢ and
Xoo subspaces are bounded below by our accuracy in decomposing the eigenspaces of DF'(a), and
increase linearly with pg. For the whole range of admissible ps, both p; and p., can be taken
exceedingly small, and do not significantly contribute to the overall error estimates.

We do not expect to validate a global stable manifold with the Lyapunov-Perron approach; if p
is too large, the various hypotheses of Theorem [5.11) may no longer be satisfied. For example, we
may be unable to prove the image of ¥ is contained within BS:}D or Bfl)j; p as detailed in Theorems
or Theorem Other causes for failure would be if ||J| > 1 whereby ¥ is not a contraction
mapping, or if we are unable to prove solutions z(t,{, ) are contained within Bg(p) for all ¢ > 0
as required by Proposition When using a linear approximation, many of these hypotheses all
simultaneously fail for larger values of p. In contrast, for the nonlinear approximation in Section
the dominant limiting factor is the condition vy = As + CsH < 0 as required in Proposition

Overall, the framework developed in Sections[2]-[f]allow us to leverage to great effect our estimates
on our approximate stable manifold made in Sections In future work, we aim to combine this
with a rigorous integrator to prove connecting orbits. To develop the theory further, we aim to
develop a constructive stable manifold theory for normally hyperbolic invariant manifolds, such as
periodic orbits.
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Figure 3: (Left) Using the estimates from Section [6] the bounds produced by a computer assisted
proof for a range of radii py € [10719,0.022], with po chosen to be as small as possible. (Right)
Using the estimates from Section IZI, the bounds produced for a range of radii pg € [1071°,0.0318],
with py and po chosen to be as small as possible. Note that the nonlinear approximation yields
smaller C error bounds (red dash-dotted lines).
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A General Strategy for Bootstrapping Gronwall’s Inequality

We generalize the bootstrapping argument used in Section [3] so that it can be applied in Section [4]
and Section [pl To unify the class of functions we wish to bound, and the set of assumptions we make
on these functions, we define Condition [A-] below. In a slight abuse of notation, here we define B
to be a tensor, distinct from its previous usage as a ball of functions in Definition [2.5

Condition A.1. Fiz A\,...,An, €R, fir H € R @R and define vy, := )\k+H]]: for1 <k < Njy.
For N, € N, fix some p € R for 1 <k < N,. Assume that {'yj}é\gl C {Nk}g:“p and suppose that
both vy, > Yk+1 and pig > pgr1. Assume further that pg > 1.

For M € N, and N; € N for 1 <i < M and basis elements e,, € RN where 1 < n; < N;, we fix
tensors

M M
Ac (QRY) @ RM @ RV, Be (QRY) @ RM
=1 =1

component-wise by:
Ajp =A™ en, @ - ®eny, Bj =B "M ey, @ @ ey,

For this arrangement of constants, we say that a pair (u,w) satisfies Condition on a time
interval [0, T] if the functions u = (uj);-vgl and the positive tensor w € ®f\il RY: satisfy the inequal-
ities

t t
e Mty (t) < Bjw +/ e T Z et T A; pwdt —|—/ e MTHui(r)dr  for all t € [0,T].
0 0<k<N, 0
(83)

In all cases where we consider constants satisfying Condition we take Ny = mg, and
Al,..., AN, asin @, and H;: as in Definition Hence, the definition of 7, here coincides with
that given in Definition For the other variables, we take them in the various sections according
to the following table.

Section |§| Section |Z| Section |3|

Uj |$J (ta 57 a) — Ty <t7 C? a)‘ |alxj (ta ;s Oé) - 81‘.’L'j(t, C? Oé)| ‘xj(ta ga Oé) - l’](t, 6; 6)|

w |§n*<n‘ |77l7<l| |5”1|®”0‘7B|ZZ»5
Aj,k 0 S?mGin,k'lG:’L,k'z C]n2 Gz\ls,k

B; 57 0 0
{m} {vetizo {vediezo U vk, + Yk b ko {vetie g

We note that for A, in Section {f we use a double index (k1,k2) to index over the elements
of {uxr}. For a system given as in Condition we are interested in finding a tensor G satisfying
Condition [A2] below.
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Condition A.2. Given p as in Assumption and a pair (u,w) of functions u = (uj)jvz*l on [0,T]
and a positive tensor w € ®f\il RY:, we say that the tensor G € (®f\i1 RNi) ® RV @ RNw with
components

Gk = G;’L,}c“‘nMenl @ @y,
satisfies Condition if uj(t) < Ziv:“l et tG ww for all t € 0, T).

From these two conditions, we can bootstrap our bounds on a tensor G.

Proposition A.3. Assume the pair (u,w) satisfies C’ondition on [0,T] and assume G satisfies
Condition[A.3 Fiz 1< j < Nx. If Ajx =0 and G; x = 0 whenever puy, = vy;, then we have:

et o5t .
wiH < eBwr Y L (Aj,k + ) H}gi,k)w for all t € [0,T). (84)
1<k<n, Hr&T7 1<i<Ny
HEFYj i#]
In other words, define a map T; (®Z LRV @ RN @ RNVe — ® (RN by:
(pr — 'Yj)71 (Aj,k + Z H]Zgzk) if e # 5
1<i< Ny
i#]
Ti k(A B, G) := , (85)
Bi— > (m—7)" (Aj,m + Y sz‘gi,m) if pe = ;-
0<m<N, 1<i<Ny
Hom 7Y i#]
Then G also satisfies Condition if we replace Gj 1, by T; k(A B,G) for all k.
Proof of Proposition[A-3 Splitting Hju; = Dini Hiu; + ngj, we write as
t t
e N (t) < Bjw —I—/ e NTy(T,w)dr +/ e N7 Hlug(7)dr.
0 0
where
v(T,w) = Z el T A pw + Z H;’U,,L(T)
1<k<N, 1<i<Ny
e i#j
By plugging in the bound assumed in Condition we obtain
v(T,w) < Z el T (Aj,kw + Z H}gi,kw)
1<k<Ny, 1<i<Nx
P75 7]
By applying Lemma we obtain . O

In order to obtain tensors satisfying the requirement that A; ,G; = 0 whenever py = v;, we
define an operator Q; as below.

Proposition A.4. Fiz1 < j < Ny and define amap Q; : (@2, RY)@RMeRM: — (@M RY®
RM @ RNu by

0 if e =

GZ}C”'nM + GM ’(kJrl) if pge1 = V4, and G?%kﬁlﬂ)l >0
Gﬁ}e"'nM + G W 1 if p—1 = j, and G"1 ”M <0

G;’}C"'"M otherwise.
,

Then Q;(G);r = 0 whenever py, = 7y;. Furthermore, if G satisfies Condz'tion then Q;(G) satisfies
Condition [A2

0j()ix ™ =
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We are able to generalize Algorithm as follows.

Algorithm A.5. Take as input all the constants in Condition an input tensor Q\ satisfying
Condition@ and a computational parameter Nyoorsirap- 1The algorithm oulputs a tensor G.

g«¢g
Jor 1 <i < Nyootstrap do
for1<j<m, do
gjvk — E,k(Qj (A), B, Qj (g))
end for
end for
return G

Proposition A.6. If the input tensor G to Algorithm satisfies Condition then the output
tensor G satisfies Condition[A3

The proof of Proposition [A4] follows from the assumption that py > pg41. The proof of Propo-
sition follows from an induction argument which uses Proposition for the inductive step.
Both proofs are left to the reader.

B Semigroup Estimates for Fast-Slow Systems

In equation we require constants Cj, A, satisfying

|e(AS+L§)txs| < CieMtx,|, t>0,x, € X,. (86)
Our assumption that A; < 0, and moreover that v9 = A\s + CH < 0, is essential. In Proposition
this is used to prove that solutions z(t, &, «) stay inside the ball Bs(p) for all ¢ > 0. While our
method of bootstrapping Gronwall’s inequality greatly mitigates the effect of these constants Cj, A
on our final estimates, for the Lyapunov-Perron operator to be well defined it is essential that we
prove o < 0.

There are two types of estimates which we will apply to obtain pairs (Cjs, As) satisfying .
First, for linear operators A, B € L£(X,X) with |e?*x| < keM|x| for all x € X and ¢ > 0, and
||B|| < 0o, we have (the proof is analogous to the one of Proposition

eATBy| < kePHRIBDY x| forall t > 0,x € X. (87)
This estimate by itself is not enough, as the largest eigenvalue of Ay is often small in comparison
with ||L#]|. For example, in Section@we showed that [e¢'x;| < ei|x;| and || L[ < D with values

A\ = —1.41, Ao = —4.58 x 10*, DS = (

S

4x1071% 1.6
1.6 5.7)°

Since A1 + || LZ|| > 0, just an estimate of the type in with A the diagonal part of D and B the
off-diagonal part will not suffice. We further note that our estimates for D7 do not improve with
a larger Galerkin projection dimension. Hence we want to change basis to diagonalize A; + L%, at

pPIP 't

least approximately, and then take advantage of the identity e = Pe’*P~! in our estimates.

To motivate our construction, we first consider a 2 x 2 matrix

(M %
M= < ) AOO) .
If A is much larger in absolute value than the other matrix entries, then the eigenvalues of M
are approximately given by A\; and A. In particular, if |§,0.] < [MAso| and A1, Aee < 0, then

54



Approximation of Stable Manifolds for PDEs

all of the eigenvalues of M have negative real part. Below in Theorem we prove an analogous
theorem where we replace A1 by a finite dimensional matrix, and Ao, by an infinite dimensional
linear operator. This is the second type of estimate that we use to find pairs (Cs, As) satisfying .

Theorem B.1. Consider Banach spaces CN and X.. with arbitrary norms, and their product
CN x Xoo with norm |(zx,Zoo)| = (|2N5]P + |Zeo|P)/P for any 1 < p < .
Consider the linear operators M, A, L : CN x X, — CN x X, given by

B (A0 (L} L%
M=A+L, A—(O Aoo>’ L—(L})o %) (88)

We require A to be densely defined and L to be bounded. Suppose that Ay is diagonal and that A
has a bounded inverse.
Fiz constants p1, pleo, C1, Coo € R such that for all t > 0 we have

le? ]l < Cre™t, leff]l < Cocel".
Fiz constants 61, 0y, 0, 04,€ > 0 such that
1L < da, LT < b, 1Ll < 6, ILZN < ba,

and set

ey A
= IAZGa + )

A€o (Aq)
Assume that the inequalities
”Agol” <5d + sup |)\k|> < 15 Moo + Coo (5(1 + 551;5(:(1 + 525()6(:)) < W1, (89)
)\kEU(Al)

are satisfied. Then we have
[ < Cet,

where
Cy = (14+&d0)*(1 +6.)* max{C1,Cuo}
As = p1 + Csdy + Amax{C,Cu}
A =0yl (1 + (26, + 0c) 4+ £2650:(1 + £63)) .

First we prove a lemma for general Banach spaces which allows us to approximately diagonalize
our matrix. When | - | denotes the norm on a Banach space, then by |- |. we denote the norm on its
dual.

Lemma B.2. For a Banach space Xoo consider the linear operator My : CV x Xoo — CN x X

defined as
A B
w-(48).
Suppose that o(A) No(D) = O and that A has distinct eigenvalues \i,..., Ay with eigenvectors
v1,...,0N, and dual eigenvectors uy,...,uy (the corresponding eigenvectors of A*). Normalize the

vectors so that u;v; = d;;, the Kronecker delta.
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We define Wy : Xoo — CN and W, : CN = X as a sum of products between vectors in their
codomains, and dual vectors acting on their domains:

N N
Wy = ka [(D* = NiIoo) ' B*uj] W, = Z — [(D = MeIo) " C0s] ui,
k=1 k=1

where D* : X — XX and B* : (CN)* — X7 are the dual transformations. Define invertible

operators Py, P, : CN x Xoo — CN x X by
_(In O
Pe= (WC Ioo> :

I W,
n=( 1)

Then
(P.P,) M, (P.P,) = A0 g
cld 1\Leld 0 D )
where
o (In + WyW.)BW, BW W, +W,W.B(I + W W)
—W.BW, —W.B(Ioo + W.Wy) ’
Proof. First we show that
1 (A B (A 0 1 (A O (A O
Pb(ODPb_OD’ Fe\¢ p)%=\o p) (90)

We begin with the second equality in , and calculate

(A0, A 0
Fe (C p)*=\-waa+c+pw, D)

We compute the action of —W_.A + C + DW,_ on an eigenvector v; of A as follows:

(—WCA +C + l)VVc)’U}.C = Cuy, + (D — /\kloo)WcUk:-

To see that the right hand side is equal to zero, we calculate, using ujv; = d;4,
Wevp = — (D — Miloo) " Cuy.
Since the eigenvectors vy ... vy span CV, then —W,.A 4 C + DW,. = 0, yielding the desired equality.
The argument is analogous for the first identity in . Again we begin by calculating
1 (A B A AWy + B - WyD
1 _ b b
wi(o o) (6 M)

Hence, we would like to show the map (AW, + B — W3,D) : X, — C¥ is the zero map, which we
do by arguing that uj (AW}, + B — W, D) = 0 for all k. The latter follows from a calculation similar

to the one performed above.
Finally, we calculate (P.P,)~!M;P.Py as follows:

_ S ((A 0 (0 B
(P.P,) 1M1(Pch)Pb1<<O D)+Pcl<0 0>Pc>Pb
1 ((A B BW., 0
=5 ((0 p) " \~w.sw, -w.))"

A 0N ((In+ WyWe) BW,  BW.W, + Wy WeB(I + W.W,) .
0 D ~W,.BW, ~W,.B(Io + W.W,) '
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Proof of Theorem[B.1l Let M = M; + Ms, where

(A B\ (M L{® (L} 0
Ml'_(c D) '_(L},o AOO+L£>’ M2'_<0 0/
We will apply Lemma to the matrix M;. Since we have assumed that A; is diagonal we

may take ur = v, = ey, the standard basis vectors in CV. We begin by proving ||W3|| < &d, and
([We|| < &.. We first calculate

(D = MeToo) ™' = (Moo + L = Nedoo) ™! = (T + AL — M) PALL
By our hypothesis, we are allowed to apply the Neumann series and we obtain

IAZ]

D — M\ I0)7H < = )
It S T AT G

(91)

We note that the same estimate holds for the dual operator (D* — A\j1) ™ .
We now show that [[W;|| < edp. Namely, by using that [lug|/cv)- = ||vx][cy =1 we find that

Wl = sup v [(D* — )\Zfoo)_lB*“g] xH
2€ X oo, |lz]|=1 Ar€o(Aq)

B
2€Xoos|ZI1=1 ) cray)

3 H(D* CAL) B

Aw€o(Ar)

CcN

IN

L(CN)*,X5)

IN

T ARG+ A

)\kGU(Al

Hence, by plugging in ||B*|| = ||L{°|| we obtain ||W3|| < edp. The proof of the estimate ||W,|| < €4,
is analogous. Next, we note that

1Poll, 1551 < 1+ €6 P, 1P| < 1+ €6,
By Lemma [B:2] we have
(P.Py) " (My + Ms)(PePy) = M3 + My + (PyPy) ' Ma(P.P), (92)

where

o (M 0
3TN0 A FLE W LR (I + W) )

A = (N WW)LEW, - LW W, + Wy WeL§* (Id + WeW))
4 —W.LW, 0 '

For (zn,%s0) € CV x X, we see that

oo oo
6M3t<xN’xoo> _ (eAltmN’e(Aoo+Loo—WcL1 (Ioo—&-Wch,))tl,oo) )

We also have ||[L2 — WL (Ioo + W W)l < dg +0p0c(1 4+ €pec). By applying the estimate we
obtain, for all ¢ > 0,

leMian|| < Cre |yl

”e(A(X,JrLg7WCL§’°(IOOH/VCW;,))txo<> H < Cooe(yoo+cm [6a+edpdc(14epec)])t ||17<>o H
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From our assumption in that 111 > fioo + Coo[0q + €050 (1 + £286..)], we obtain, for any p-norm,
1 < p < o0, on the product CV x X,

e (@ n, woo) || < max{C1, Coc ke[|, o).
We may estimate the norm of the components of M, as

|(In + WuW) LW, || < e6p06(1 + £26p0,),
| = W LW, || < £26,62,
| LW Wy + Wy W LSS (Id + W W) || < €2626.(2 + £26,6.).

We then obtain the bound
[ My < A = e8pde (1 + (26, + 0c) + 2656 (1 + £6))

by summing the component bounds.
We now perform the final estimate. By using we obtain

Mt = (P.Py) exp { [M3 + My + (P.P,) ' Ms(P.By)| t} (P.Py) "

By then applying to the sum of Mz and the bounded operator My + (P.Py) ' My(P.P,) we
obtain, with €1  := max{C1, Cx},

™)l < ([ PePy|l - (PePy) ™t [|C1 00 €xp {1 + Choo || M + (PePy) ™' Ma(PeP) [ £} -
Defining Cs = max{C1, Coo }(1 4 €8)?(1 + £6.)? and plugging in our bounds, we finally infer

HeMtH < Cse(;L1+CS<5a+A max{Cl,Coc})t. O

Remark B.3. If we use the p =1 norm for the product space CV x X, then our bound for A can
be sharpened to
| My < e6p6. max {1+ £6.(1+6y),265(2 + £%65.) } -
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