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Abstract

We give a relatively simple algorithm to do Hodge decomposition on
the variational bicomplex based on the imbedding of the total differenti-
ation operator in a Heisenberg algebra. The method is illustrated with
several examples taken from the literature. It has been implemented by
the authors in the computer algebra system Form [Ver91].

1 Introduction

In the calculus of variations, and especially in the inverse problem, i.e. the
determination of the Lagrangian from the differential equations, the so called
variational bicomplex plays a prominent role. (Cf [AP95] for recent develop-
ments). In this paper we give a method to do Hodge decompostion in this
bicomplex in a way that is both simple and algorithmic, based on the use of the
Heisenberg algebra. This is based on the following observation, made in [SR94].

Let e
D=Dy =0+ » > u,0u,

i=1 j=0

be the total differentiation operator in one variable. Then one can find operators

=1 j=0
and
m oo
PSS o,
i=1 j=0
such that
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where the brackets are the ordinary commutators of operators. These are then
used to formulate an algorithm to compute a splitting of the space of functions
into Ker E®Im FE and Im E = kerF'®Im D. This splitting is in the case of one
dependent and one independent variable equivalent to partial integration, and
algorithmically less efficient. However, the same algorithm holds when there
are more dependent and independent variables and this makes it interesting.
What makes the algorithm terminate is the fact that F' is locally nilpotent
on polynomials, i.e. given a polynomial p in a number of variables and their
derivatives, there is always a k such that F'*p = 0. This will prevent things from
working in general, but one can slightly remove the requirement of polynomial
functions, by admitting general C'*° functions with arguments in KerF as their
coefficient ring, since they do not hurt the nilpotency.

Probably the same things could be done using partial integration, once one
understands how it is done, but it is not clear how to do this in an elegant
way. Of course, this would be interesting, since it could increase the efficiency
of the whole approach. To see what is at stake here, consider the fifth derivative
us. Clearly us = Duy and any algorithm ought to see this immediately. Not
so for the Heisenberg algebra approach. Here one first has to compute F' on
us repeatedly, obtaining bug, 20us, 60us, 120u;,120u,0. Then one has to go
back with D, scaling all the while in order to finally get the same result. So
a practical implementation would be to first use partial integration, and then
use the Heisenberg approach on the remaining element in the complement of
Im D (in this case 0). The problem with partial integration can be seen from
an expression like uguy,. What to do here? The Heisenberg algorithm gives
Uplyy = %(uTuyy — Ulgyy) + %Dz(uuyy), where the first expression is in KerF,.
So this at least does something well defined and useful when one tries to do
Hodge decomposition as shown in this paper.

2 The basic algorithm

First we formulate a slight generalization of Algorithm 1 and 2 in [SR94], to
which paper we refer for the exact formulation and the proofs. Instead of polyno-
mials in the dependent variables and their derivatives with constant coefficients,
we now allow the coefficients to be C*°-functions on Ker F. Clearly this does
not affect the nilpotency of F', which is the main ingredient in the algorithm.
The operator p? is defined by u? = > o 17 To, where the o’s are eigenvalues of
E and the 7, projections on the eigenspaces. In our context this means that
the dependent variables are scaled with p. Let 7(R) be a tensor space of the
space of variables u;, i = 0, - - -, 00 and coefficients in C°*°(U,R). The algorithm
applies to elements like

c(@)exp(uw?)wyud, du A dugpy A dwg,

with ¢ € C*°(U,R), exp(uw?) € C*®(Ker F) and w,ul, du A diuges A dwg, €
7T (R).

Algorithm 1 Let a € Im E|co (Ker F)@T(R)-
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1. Put o9 = o, and let m = 0.
2. while a(™ #£ 0 do

(a) Put o™t = Fa(m),
(b) Let m =m+ 1.

od
3. Put 8™ =0.
4. while m # 0 do

(o) Puty™ 0 = [ [ 50y g,

(b) Put ﬁ(m_l) — D,y(m—l) + ME(a(m—l) _ D,Y(m—l) ’/\:1#:1).
(c) Let m =m — 1.
od

5. Put [ o= B0 and do = ()

‘A:O,u:l

Then o = [a+ Dda € Ker F & Im D.

A=1,u=1"

Example 1 We compute an expression to be used later on in section 4. In this
computation we have two independent variables x and y. We adapt our notation
to this case by employing a subindex (x) or (y) attached to the functions a, 3

and 7. Let o)y = uguyy. Then aE())) = Uglyy. We have agi; = Fjagg)) =

Ulyy € Ker Fy, i.e. agz)) =0. Then ﬁ( ) =0 and 'y( ) =0. Then

o ) ) QS
By = D”(m)*“ (@) = Da¥ia) [rzrpmt)

= Ulyy = p? Ullyy

'y((g; = //uuuyydud)\

= 3 u )\uuyy

© _ O 4 4B (o) (0)
Bay = Daig) + 15 (0 = DaVg) oy ues)

1 1
= 5;f/\Dgg(uuyy) +uf (uiuyy — iuz)\Dw(uuyy) ’/\l’ul>
Lo L oo
= 3H A (Uatyy + Uy ) + ok (Uatlyy — Utigyy)
Therefore f( ) () = 3 (Uglyy — Ullgyy) and Oy 0y = Futtyy. The compuation

in the y variable is completely analogous, but we give it here anyway. Let aEO; =
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UglUyy. We have ag; = F, EO; = 2uzu, and ag; = F, aglg = 2uuy. Clearly

O
ag) =0

Then ﬂ(y) =0 and ’y(y) = 0. Then
(2 _ (2) (2
ﬁ(y) B D’/’y(y)_'—'u (@ Ay) D’/’Y(y) ’A 1,u= 1)
= U Bouu, = 202 g,

fy((i; = 2//,uuua:dud)\

= pPluu,

ﬁ((;; = Dy’y((;; TH ( Ey; Dy B |>\ 1pu= 1)
= ©u /\Dy(uux) + u <2uxuy — i )\Dyuuz ‘)\:1#:1)
= 1A (uyty + wyy) + p? (Uguy — utyy)

7((2; = //(,u)\ (Uylg + Wlgy) + 1 (UgUy — Uligy) )dpdA
- iﬂz)‘Q (uyuy + utigy) + 1,“2)\ (Uptly — Utigy)

By = Dy +uE(af) = Dyy

(y) y (y) ’,\ 1,u= 1)

1
— Zu2/\2 (UyyUa + 2UyUgy + Ullgyy) + 5#2/\ (Upllyy — Ullgyy)

1
+ZN2 (Ustlyy — 2UyUay + Ullgyy)

Therefore f(y) oy = 7 (Uallyy — 2uylay + Ulayy) and Oy o y) = SUyty— Futlgy.
Example 2 Let v = Q(x;u)(f(2)ugs + g(x)u2). Then
1
[o = st - Q@) - [ Qesm)(f@) + pg(o)udu, )
—u [ 1og)(Qas ) (), + QL ) ) ) d |,

and

/Q (s o) (f () + pg(a)u) dp | ,_,
tu / og()(Qa; 1) £(x)),, + 1(Q(; jue)g () 1) s

pn=1"

3 The variational complex

The results presented here can be found in [Dic91]. There they involve the
construction of the "Tulczyjev’s operator’, denoted by D, which is "not very
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simple”. Cf. also [Dor93]. We give a simple algorithm which has been im-
plemented in the FORM [Ver91] language. The construction depends only on
the unique decomposition of V' = Cy @ Im D;. Any procedure which gives a
unique splitting will do, the algorithm does not depend on the choice of the
complement C}, to the image of Dy. So one can also carry this out using partial
integration and some ordering on the dependent variables and their derivatives.
Let U C R™. We consider differential forms of the type

w = Zf[d.l?]
I

where f; € T(R™), and 7 (R") is a tensor space of the space of variables u%, with
J = {j1,-+,jn} and coefficients in C>°(U,R). The total differential operators
Dy, are defined as shifts on the variables: Dpu’ = u’,, . Here J £ 1; is
short for {j1, -,k £ 1,---,7n}. In [SR94] it is shown how expressions in
f € T(R™) can be uniquely decomposed in f = f2 + Dy fi with fP € Ker Fy,
where Fpu’, = jru’ 1, (Cf Algorithm 1). We denote in the sequel =17
and f} = O, f. We see ‘that [0k, Di] = [,.-

We define (as usual) an operator dj, : \” — AP by

dhw = Z Dkf]dl’kdl'[,
keCr

where CJ is the complement of . We now dualize by defining 65 : \? — AP~
by
6hw = Z(—l)#k—‘rlakf]dl‘],lk.
kel
Notice that (52 = 0. Here #Fk denotes the position of k in I, to take account
of the antisymmetry of the differential forms. For each f; denote by I'y, the
set of all indices ¢ € I such that 9;f; # 0, and let #(fr) denote #ILy,, ie.
the cardinality of I'y,. E.g. take w = uu,dx A dy. Then I = {1,2}, I = 0,
f{LQ} = uuy and Ff{l,z} = {2},#(.}0{172}) =1.
We now compute Ay, = dpdy, + dpdp : A\* — N

(Ondp, + dpdp) frdzy =
= 0 Z Dy, frdzidzy + dp Z(*l)#mﬂamfldiﬂlflm

keCr mel
= Z(—l)#mam Z Dy, frdzidrr—1,, + Z Ok Dy frdzy
mel keCr keCr
+ 3" Dp Y (-1)#" 0, frdagdas 1, + Y Didy frday
keCI mel kel
= Y OxDifrder + Y Dyl frdar
keCr kel

_ Zﬁm+2ﬁm—2/ﬁm

keCr kel kel
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= (0-pt # U rdz— Y[ frde

kEF(fI) k

Since #(fk fr) < #(fr), this allows us to express w in terms of its components
in Im §; and Im dj, plus terms with smaller #-value. Applying d,dy + dpdp to
these terms will eventually lead to a decomposition of w over Im §, and Im dj,,
except in the case |I| = n (i.e. n—p = 0), where there are also harmonic terms,
i.e. terms in Ker &y () Ker dj,. We remark that Ker A; = Ker ;[ Ker dy,
since both (n — p + #(f1)) frdz; and Zkel“(ff) J, frdz have to vanish (since

they have different #-values). Thus one has n — p = 0, implying dpw = 0 and
#(fr) = 0, implying &), = 0.

Theorem 1 Let w € AP. Then for p <n, w can be written as w = dpa + 6,3,
while for p = n we have w = dpo + v, where a € \'~', 8 € NPT and v
Ker A}L = Ker dhﬂKer 5h-

We now have to prove that this decomposition is unique. The same inductive
reasoning leads us to the conclusion that the space of differential forms can be
split into eigenspaces of Ay, with positive integer eigenvalues. In particular we
have a decomposition Ker Ap @ Im Ap. Since Im dp [\Imd, C Ker Ap, we
have Im A, =Im djp, ® Im 6.

Theorem 2 A\’ =Ker A, ®Im Aj and Im Ay =TIm dj, & Im 6.

Algorithm 2 Letw € AP and define v = Alw fori=0,---,p. First suppose
p<n. Let

n p+1
f(p) (z) = H (z—i) = Zfi(p)$i~
i=n—p =0
Then
n p+1 .
0= J] an-iw=>" Al
i=n—p =0
It follows that
S
w=—4n Z @)
=0 JO

If p=n, then let

Then
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In other words,
n—1 f(n) '
wH ALY f’(—jl;w(” € Ker Ay,
i=0 Jo

gives the desired decomposition over Ker Ap & Im Ay.

4 A horizontal example

In this section we consider the following example in two variables (see next
section for /A notation):
2
W = Uglyy dx AN dy € /\(T(R2)).
0

Clearly, dw = 0. Using Example 1 we see that
1 1
Opw = iuuyydy — Z(?)uzuy — Ullgy)d.
It follows that

1
dpopw = 1(5uzuyy + Ullgyy + 2UyUsy) dz A dy.

We now let w® = 2w — Apw = i
1(%) = i(?)uxuyy — Ullgyy — 2UyUgy). We now repeat the algorithm. We find that

wal(i) = 3(uuy, —ul) € Ker F,. Thus alffP = i(uuyy —u2). On the other

hand Fyfﬁ) = Uy Uy — Ulgy € Ker Fyy and c’bfl(}) = %(umuy — Ullgy). We have

(Buplyy — Ulgyy — 2UyUszy) do A dy. Define

1
S = Z(u“yy - uz)dy - §(uxuy — Ullgy)dz.

It follows that
1
Apw® = dpopw) = 1(3u$uyy — Ullgyy — 2UylUgy) dz A dy.

We define w® = w® — Apw® and see that it is equal to zero. It follows
that v+ = 0 in Theorem 1. It follows that w = %Ah(w +w®). We find that
%(w—l—w(l)) = %(7uxuyy—uumyy—2uyumy) dxAdy. Using our earlier computations
we see that

1 1
a= (5h§(w +why = g((Suuyy - uz) dy — (buzuy — 3utgy) dx).
We check that

1
dpa = gdh((?)uuyy — ui) dy — (Suzuy — 3utyy) dr)

1
= g((?)umuyy — 2Uylgy + 3Ulgyy) dz A dy

+(BUgy Uy — Uy Ugy + DUglyy — 3Ulyyy) dz A dy)

= UplUyy dr ANdy = w,
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showing the equation w = 0 is a conservation law.

5 Vertical forms

We now consider the case 7 (R") = V! @ (\. Vo), where VP is the space
of polynomials in the dependent variables and their derivatives, without the
constant term (so u € YP°L 1 ¢ Yrel).

Definition 1 One defines an operator d, : ypol®(/\q Vo) — yW@(/\qH Vo)
by dv ZI f]d’LLI = ZI ZkEI Dkfldukdul.

Definition 2 One defines an operator 6, : ypol®(/\q Vo) — yf"”@(/\q,l Vo)
by 8, >, frdul =3, Zkel(fl)#kukffdul’lk.

We can now define (co)homology theory much as in the ordinary de Rham case.
We define A, = d,d, + d,d,,. As in the ordinary case, we find for homogeneous
expressions that A, f[u] = Ef[u], where E = > 7 “’fa%k' This makes the
algorithm clear.

What remains to be shown is that the decomposition is unique, i.e.

Im d, ﬂlm 5, = 0.

Since VP! @ (/\q Vo) N Ker A, =0 and Im d, (Im J, C Ker A, this follows
immediately.

We now give the diagram describing all the maps so far: We denote by
A} Yoo the space of forms dug, A--- Adu;, @ dzj, A--- Adzj,, ie. N, @ N

q—1 dp, q dy, q+1
VLR (\ Yoo) <= VP @ (\ Vo) = VP @ (N Vo)

p—1 h p—1 (sh p—1

dvl T(sv dvl I&U dvi I&U

q+1

g—1 dh q dh
Y@ (N Vo) = V7@ (\ Vo) 2 VP @ (N Vo)
P 5h P 6h P

dvl T(sv dvl I&U d,,l Iav

q—1 dy, q dp, q+1
Ve (\ Vo) = V@ (N Vo) = VP @ (N Vo)
p+1 h p+1 h p+1

6 A vertical example
Take w = v?u2 du A duge, € VP! @ /\g Y. Then

dyw = —20uy du A dug N dtges
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and
Spw = uguidumw — uQUiumwdu.

It follows that

Spdpw = —2uuy dug A duges + 2u2ui du A duggy

20 Up U A A dtiy
and

dpdpw = 2u3uy dug A dugs, + 3u2ui du N ditgpy

+20PUg Uggy du A dtg + u2ui du N diggg -

Adding the two expressions results in

Ayw = 6uul du A duge,
6w
This leads to
1
w = 6((5v(—2u2u$ du A dug N duggy) + dv(u3ui dugps — uzuiumw du)),

the desired Hodge decomposition.

7 A mixed example

Let w = (Upgre + 2utlyy +u2)du dv € YP' @ /\1 Voo (Cf [Olv93] example 5.93).
We do the vertical splitting first. Applying the algorithm to each term of w
respectively, we obtain w = (d, (%uumm + %u2um + %uui) + (51,(% dUugpes Ndu+
%u AUz, N du + %uw dug A du)) dz. We can use partial integration assuming the

underlying space has no boundary or the forms vanish on the boundary. So

1 2 1
w= clv(iuumggz + guzum + guui) dx.

Then we do the horizontal splitting to the form
1 2 1

(§uumm + guzum + guui) dx.
This leads to
w=dy(—=uu + U, — —uu — 1u Ti— iu2 ) dx

In fact, d,w = 0is the condition that w is the Euler-Lagrange expression for some
variational problem. We notice the Lagrangian is unique under the meaning of
equivalence.
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It is obvious that the vertical splitting and the horizontal splitting are com-
mutative. So we obtain the same result if we do the horizontal splitting first.
But we can easily determine whether d,w = 0 in this way. For this example

1 1 1 3
w = (Euzzazmdu + T6Uduzzxx - Zuxa::r:dua: - Zuxduzza: + guxa:duzx
1 2 2 1
—guidu + guumdu — guuxduz + qudum) dx.

and then we obtain the same result by doing the vertical splitting.

8 A 3-dimensional mixed example

In this section we consider the wave equation in three variables (Cf [Olv93],
p.255):
3
W= (Ut — Ugy — Uyy) du Ndz Ndy dt € yrol /\yoo.
1

We do the vertical splitting first. w = (%dv(uutt — Ulgy — Ulyy) + %51, (dug N
du — dugy A du — duy, A du)) de A dy A dt. Using partial integration assuming
the underlying space has no boundary or the forms vanish on the boundary, we
obtain:

w = —dy (Ut — Wy — Ulyy) dz A dy A dt.

1
2
Then we do the horizontal splitting to the form:

1

i(uutt — Ulgy — Ullyy) dT A dy A dt.
It follows that

w = —dy (g — U — Ulyy + uZ — Ullyy + ui) dz A dy A dt.

~| =

The same as the Section 7, we can do the horizontal splitting first.

1 1
w = (Zuttdu - gutdut + Zudutt - Zumdu + iumdum

1 1 1 1
fiudum - Zuyydu + iuyduy — Zuduyy) dx N\ dy A dt.

9 Inverse problem: a simple example

We consider the equation (taken from [Sau89)])

Q=
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This leads to a differential form w = (¢ — §) dg A dt € YP°' @ /\} Voo First we
compute [w, i.e. the projection on Ker F of w. We find that

/(Qini)qudt:

= 2@~ qi)da A di + (ga— {)(ada — 2di + qdd) At
We find that d,, [w # 0. Therefore we multiply w with f € C>°(Ker F). To
make things simple, we first try f = f(q).

Indeed, d, f(q) @ (¢% — ) dgAdt = 2f(q) @G dgAdgNdt— f(q) @ diNdqAdt =
(2f(q) + %E;q)) ® Gdg A dg A dt. We take f(q) = e~29 to make w exact. Now
e 2@ (¢?—§) dgAdt = e~ 2@ (dg—qdq) Adt and L = §,e~24®4 (dg—qdq) Adt =
%6_2(1 ® G2 dt. Notice that the computation thus far relies on making the right
choice of representative of the functional for w. We now compute | L using
Algorithm 1. This results in

. 142g .
L=e2 —?).
/ Y ® (g4 —q°)

Notice that this result is simpler than the one given in [Sau89]. The only reason
seems to be that there the p-integration in the homotopy formula is from 0
to 1, while in Algorithm 1 we substitute ¢ = 1 after computing the primitive
function. Furthermore,

o 14 2g + 242 L oy 1+2¢ o .
dv/L:—e 2‘1T®(qq—q2)dq+e 2 s © (g —24dg + qd).

10 The Khoklov-Zabolotskaya equation

The Khoklov-Zabolotskaya equation (Cf [Sha89]) is given by

_19*(?) 0?u 0?u  0*u

0= - 7= T 73
2 0z Ox10z9 O3 * 0z3

T1,T2 >0

and describes the propagation of sound in nonlinear media without dispersion
and absorption. We consider the form (with () = (1) (21, 29, 23, 24))

10%(u?) 0%u u  0%u

— pM _ -2, 7"
“ (2 0z3  Ox10z9 8x§+8xi)

4
dxi ANdxo Ndxs Ndxy € y”"l®/\yoo
0

and we see, using Algorithm 2, that in order for the harmonic component of w
to vanish we have to require that

92hM

—— =0 (1)
ox?

25 1) 2p(1) 2p(1)

0°h _ 0%h . 0%h @)

8%18.%2 8563 axi
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The conservation law is (Cf. [Sha89], p. 92)

1 1 0nM 1 0nM
= (—§h(1)ug@2 + 2 By u+ h(l)uuaCl —3 o u2) dxo N\ dxs N\ day

KD

h Wy, + aax w)day A das A das
4

on
Jr(h(l)um Txgu) dxy Ndrg A dxy

1 on™

+§(h(1)uh — - u) dxy N drs A dzy,
1

ie. w = dpa under (1) and (2). Clearly the equation itself is a conservation

law.
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