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1 Introduction

In a recent paper Zhiber and Sokolov [ZS01] study integrable hyperbolic equa-
tions of Liouville type. They found a family of special operators with the prop-
erty that they define a new Lie bracket and are homomorphisms from the Lie
algebra with the newly induced bracket to the original Lie algebra. These op-
erators have the form

£ = D

£2 = D(D+u)

£ = D(D +u)(D +u)

£§, = DD +u)(D+u)(D+u)

£}, = D(D+u)(D +u)(D +2u)

£50 = D(D+u)(D+u)(D+u)(D +u)

£5, = D(D+u)(D+u)(D+2u)(D +3u)

£5) = D(D+u)(D+u)(D+u)(D+u)(D+u)
£5 = D(D+u)(D+u)(D+u)( +u)(D + 2u)
£8, = D(D+u)(D+u)(D +2u)(D + 3u)(D + 3u)
.,€(150 = D(D+u)(D+u)(D+2u)(D + 3u)(D + 4u),

where D is the total derivative operator with respect to the independent variable
x and u is the dependent variable. They are the polynomial homogeneous
operators with D and u of equal weight of order < 7 with the property that for
all P and @, one has

[£7P, £7Q) € im £7, (1)

where P, @ are functions of z and the derivatives of u. Here the bracket is given
by
[PaQ] = QlP*P/Qv
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Figure 1: The operators to order 9

where P’ is the Fréchet derivative of P. The Lie algebra of such P and Q
with this bracket is denoted by g. These operators are claimed to lead to a not
necessarily anti-symmetric generalization of Hamiltonian operators. Of course,
the occurrence of all these regular sequences of integers in a problem that starts
from a rather innocent looking condition (1) on the operator is rather startling
and the authors of [ZS01] suspect that there is some deep mathematics behind
this.

In this paper we show how this sequence continues by explicitly producing
the family of operators and the corresponding Lie brackets. We show that for
n > 4 there exist operators £Zﬁ where o = 0,1 and 3 = 0fornodd,and 3 =0, 1
for n even, see Figure 1. We do this by studying multiplicative deformations
instead of additive deformations, that is, when we have an operator that works,
we multiply it from the right with a first order operator and derive the properties
of this first order operator assuming the product is in the family. Thus our study
does not answer the question of Zhiber and Sokolov whether these operators are
unique. But we do prove that they are unique under multiplicative deformations.
No deep mathematics is needed to get to these results, which of course does not
imply that there is no deep mathematics behind it.  Although the proofs in
this paper are fairly straightforward, the reader should appreciate the amount
of work that went into guessing the right form of the operators and Lie brackets.
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This was done using Maple V [CGGT91] and Form 3.0 [Ver00] programs.

2 Main results

We consider the Lie algebra of evolutionary vectorfields based on a the inde-
pendent variable x and the dependent variable u. Let D be the total derivative
operator with respect to x. We write u; = D*u. Given any two expressions P
and @ depending on z and a finite number of the u;,7 =0, - - -, their bracket is
defined to be [P,Q] = Q'P — P'Q, where P’ is the Fréchet derivative of P, cf.
[O1v93] for the theoretic foundation.

We study a kind of special local differential operators R, which produce a
Lie-subalgebra, that is, for any P and @, there is a B (P, Q) such that

and so dom ¥ is a subalgebra. If we view By as a 2-form on the domain of
R, then this form is antisymmetric, and obeys the Jacobi identity modulo the
kernel of R, so it defines a (possibly new) Lie bracket on a suitable domain.

Before we give the results, we define the following notation, which will use
throughout the paper.

Notation 1. Let I'; = D + a;u, with a; € C. Define L = Hi:k I, AY = a,,
AL =AY — A% | and A% = AL — Al

n—1-*

Theorem 2. For every even n there exist 4 and for every odd n there exist 2
operators of the type | =LY, as long as the order n is larger than 4, such that
for every P,Q there is a B, (P, Q) satisfying [LTP,LTQ] = LB, (P,Q). The
sequences of a;, i =1,---,n are

L042:0,1,1,1,1,--+, 1,1, nez,
£05%:0,1,1,1,1,--,1,2, n € 27,
£7F2:0,1,1,2,3,---,n—1,n—1, nc2Z,
£752:0,1,1,2,3,---,n — 1,n, n € Z.

Here the first subindex is A}, the second one is |A2|. Moreover, the bracket
Bn(Pv Q) = Zn(Pv Q) + DQ[LELP] - DPUL?Q]; where, fOT’ any odd n,

Zn(P,Q) = ANLEP-Q—-L3Q P)—AL(L3P-LiQ —L;Q-L7P), (3)
and for any even n = 2m,
Zn(P,Q) = AY(LEP-Q —LEQ - P) — AL(LEP - LPQ —LEQ - L' P)

m—1

ALY (D' (LEaP Ly Q ~LTpQ Li i, P). (4)

=2

Proof. The existence of the operators and Lie brackets is proved in section 3,
combining the results in the Lemmas. The uniqueness under multiplication,
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that is to say, proving that given R there exist one (if the order of R is even)
or two (if the order of R is odd) uniquely determined operators T' such that
RT" again satisfies the conditions, is the subject of section 4, as well as proving
the nonexistence of any such I' in case the sequence of R ends with 1,1,2 or
n—4,n—3,n— 3. O

Corollary 3. The generating function for the number of operators of given or-
der is

1+t N 215

1—t  1—1t

3 Existence of the operators

Lemma 4. R is an operator satisfying (2) if and only if for any P,Q € g, there
is a Zp € C*(g,g) such that

WIRPIQ — R [RQIP = RZn(P, Q).
Proof Let us compute the following bracket

RP,NQ] = Dxo[RP] — Dpp[RQ)]
= R(Dg[RP] — Dp[RQ]) + R'RP]Q — R'[RQ]P.

So, if and only if the lemma is valid, there exists Br € C?(g, g) satisfying (2)
with Be(P, Q) = Zg(P, Q) + Dg[RP] — Dp[RQ)].

Lemma 5. Assume R is an operator satisfying (2). For any operator T', RT is
also such an operator if and only if

O(P,Q) = Zp(TP,TQ) + I"[RTP]Q — I'[RTQ] P (5)
1s in the image of the operator T for all P,Q € g.
Proof. According to Lemma 4, we need to compute

(RT)'[RIP]Q — (RT)'[RTCQ]P
— R[RCPITQ — R [RTQITP + R(I'[RTCP)Q — I'[RTQ] P)
= R(Zx(TP,TQ) + I"RTP]Q — I'[RTQ]P)

Therefore, we only need to check whether the expression O(P, Q) is in the image
of the operator I'. O

Lemma 6. Let oy =0 and ae = oz = 1. Suppose n > 3. Define R =L} and
Zn(P,Q) = ANLEP-Q-13Q-P)— A (LYP ThQ ~L§Q Ty P),
Then, if AL, = AL = a, with a =0 or 1 (and therefore A% | =0),

Zn (Fn—i-lP: Fn-l—lQ) + an-i-l [L?Fn-i-l P]Q - F{n-i-l [L?Fn-‘rl Q]P = Fn-i-lZn-i-l (Pv Q)
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Proof. We directly compute

Pn+1Zn+1(P Q) — Ty [LiTPIQ + T [T QIP — Zyy (T P, Ty 1 Q) =
= Do (A0 L3 P-Q-1L5HQ - P))
L1 (An (LETP T Q —LEHQ - Ty P))
I LI PlQ + | N [Ly+ttQIp
*A%(LQ—HP : Fn+1Q - ]LS‘+1Q ! Fn+1P)
+ALLETP T, T,1Q — L3 Q - T,,T, 41 P)
= AL L(LETP T Q - L5 Q Ty P)

~AL L (LETP T, Q LT Q Ty P)
~AL (L3P DD, 1Q — LETQ Ty Ty P)

+ALLET P T, T,1Q — L Q - T, T4 P)

= —Ai+1(L§+1P : Fnrn-‘rlQ - ]L;?-HQ : Fnrn-l-lp)

where we used the fact that either AY, | = A% +1 or AV} =1 = ay. This
shows that we have an inductive relation for such a family of L} and Z, for
a = 0,1. We have not yet shown how the induction starts, but for this we can
refer to [ZS01], as listed in section 1. O

Suppose now all the I'; satisfy the relations given in Lemma 6 up till I';,, but
['n41 does not, i.e., AZ_ | #0.
We say that I'y, 41 splits over LY if

Do =T 4+ i, Vi=2,,n—2.
Lemma 7. If T',,11 splits over LY then

Lnp1(P-Q)=Ti1P-Q+P I i1Q.
Proof. This is obvious, since t,+10 = @10 + Qp_i41U. O
Lemma 8. Suppose n > 5 and I'yp41 splits over LY. If L} = £g, this implies

[ =T 4+1=2andif L} = £7, thenT', | =T =n—2. Let, forn = 2m+1
odd and m > 2,

Zn+1(P Q) = n+1(Ln+1P Q ]Ln+1Q P)
_Avlz+1(]Ln+1P Tp1Q —LETQ Ty P)

+A2+1Z D' (LS P-Let,Q - LS Q- Lith, ,P)
Then

ZTL(Fn+1P Fn-‘rlQ) + Fn+1[Ln+1P]Q Fn-t,-l[L;lJrlQ}P = Fn-l—lzn-‘rl(Pa Q)
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Proof. We compute

Lpi1Zni1 (P, Q) = T [T PIQ + T, [T QP = Zy (Tt P T Q) =
= To(A (LT P-Q - L5TQ - P))
_Fn+1(A}L+1(Ln+1P : Fn-HQ - Lg+1Q ! Fn+1p))

+T g ( nHZ DL P Lit,Q — LR Q- L, P)

S DL"“P]Q + T, L [LITQIP
_A%(Lgrn+lp : Fn+1Q - LanJrlQ : I‘nJrIP)
+AN AT, P Tl Q — LET, Q- T, T, 1 P)
= +ALLEITP T, 0Q - LiTQ T, P)
A;H(L”HP T, 0p1Q —LEHQ - T,T, 11 P)

+A2+1Z 'Ly P Lot ,Q - L Q - Lt ,P)
+A% Z D (L5 P-Lit,, Q- L Q Lyt P)

= —AiH(M“P-P Ti1Q — LyHQ Tl P)

+An+1 Z L?-:rllp LZ+11+2Q - LZL-:TQ . inzl—i-ZP)
m—+1
~Ann Z DL P Lyt,Q — LT Q - Lt ,P)

= —Ai+1(L§+1P ’ FnFn-HQ - L;)H_IQ : Fnrn-‘rlp)
+An+1(]L§+1P ’ L?L+1Q - LQL—HQ : LZHP)
= O,

where we used the fact that either I}, ; =1+1I7 or Al ; =0. O

4 Uniqueness of the operators under multiplica-
tive deformation

In this section we show, using the symbolic method [GD75, SW98], which choice
we have if we want to go from R = L}, with n > 4, to R, with I' =T',,; =
D+ ap41u.

According to Lemma 5 we need to check whether the expression (5) is in the
image of the operator I'.

We do it term by term. First we pick out the terms in O(P, Q) without u
and its derivatives, denoted as Hj ™" and integrate it. The image part is denoted
by Zy and the rest is put as zero to obtain the condition on «,1;. Next step
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we pick out the term in O(P, Q) —T'Z linear in u or its derivatives, denoted as
H™ and treat it the same way as before. We continue such procedure till we
either get the obstruction, meaning no such operator or the operator RI'.

To prove the uniqueness of the operators, we start to show there is at most
one solution for each case from even order to odd order (cf. Lemma 9) and two
solutions for each case from odd order to even order (cf. Lemma 10). Then we

prove that there are no such operators starting from £7,, where v = 0,1 and

n € 2Z by a long computation (cf. after Lemma 11), see Figure 1.

We carry out the above procedure by the symbolic method by mapping
w; — ', P — 2’ and Q; — "

Notice that Ly = D'=* 4 37", a;DI~FuD™/ + O(u?). The symbolic
expression of u-linear terms in L} P is

n

wﬁ(w,Z)==:E:C%($<+Aﬂj_kx”_j- (6)

j=k
From the formula (3) and (4), we obtain, for any n,

Hy 't (z,y) =
— an+1($n+1 _ yn—i-l) 4 Oén(l‘ny _ xyn) _ A}L(I"_lyz _ I2yn—1)

Lemma 9. The function Hy™ ' (z,y) has a factor x +y if and only if
A3, =0.
Proof. Tt is easy to see that
HZ™ (2, —2) = 2(q2ms1 — Qom — A, )22 =2A3 L 2? L
This has to be zero. O

Notice that the function HZ™(x,y) has a factor z +y. We go to the next step.
Let us write out the symbolic expression of the linear term in u.

HY™(2,y,2) =

HE™ (z,y)

= pZm(z7yvz> - me(y7l’,Z) — Oigm I+ y

7

where (cf. the formula (6))

P2m ($7 Y, Z) =
= QQmQZJ%m(Ia Z) + a2ma2m—1x2m71 + a2m—1’¢)§m(xa Z)y
_A%m—l (me_Q(aQ’m(y + Z) + a27n—1y) + ¢§m(x, Z)y2> :

Lemma 10. The function H?™(x,y, z) has a factor x + 1y + z if and only if

1. agm =1 0r2 whenay =0andaj =1 forj=2,---,2m — 1.
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2. o =2m —2 or 2m — 3 when a1 =0, g =1 and o;j = j — 2 for
j=3,---,2m—1.

Proof. Let us compute H2™(x,y, —x — y) in both cases. For the first case

2m
e, —e —y) = Y a(—y) et
j=k

2m—1
- Z (_y)]—kam—j + Oé2m(—y)2m_k _ 6éx2m—1
=k
m27n+17k: _ x(iy)mek S
= _ — 751 2m—1
r+y +azm(=y) kY

Therefore

H%m(xvyv —r — y) =

2m—1 2m—1
T — Yy _ _
_ (an _ 1) Yy - +zyJ _ (agm _ a2m)y2m 1 + 042m$2m 1
2m—1 2m—1
X — T
_(a2m _ 1)y P yy + (a%m _ a2m)$2m_1 _ a2my2m—1
agm(anm _ y2m) + (x27rL—1y _ .’I,‘yQ"L_I)
—Q2m,
r+y
2m—2 2m—2
TYlxr -y
= (agm — 1)(a2m — 2) ( T+ y )

This proves the first case of the lemma. For the second case

2m
P —y) = ay(—y) R
=k
2m—1
= (G =2(=y) P + ag(—y)*F
=k

+5]£(x2m—1 _ nym—Q) 4 5zx2m—2

2?2 HI=R (b — 20 + ky — 3y) — 2(—y)?*™F (2ma — 22 + 2my — 3y)
(z +y)?

+a2m(_y)2m—k + 5i(x2m—l o yx2m—2) + 5]%x2m—2

Therefore

H™ (,y, —x —y) =
y2a?m=t 4+ py?m L (2ma — 22 + 2my — 3y)
(z+y)?
22?1 4oyr?ml (2my — 2y + 2ma — 3x)
(z +y)?

= (agm —2m+2)

—(agm — 2m+2)
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+a%m(x2m—1 _ y2m—1) + AQm(l‘me_Q _ yw2m—2)

O(2m(z2m _ y2m) + (2m _ 3)(x2m71y _ nymfl) _ (x2m72y2 _ x2y2m72)

—0om
r+y
2m 2m—1

)xy -1 —yx

— (g — 2m + 2)(2m — 3
(a2 m+ 2)(2m o

(0o — 2+ 2) (&> ty — ™)
Tty

+aom
)I.mely _ xy2m71

Tty

= ((agm —2m +2)(agm —2m +3

This completes the proof of the Lemma. O

Now we prove that for the first case, starting from L2™ with ag,, = 2 and for
the second case, with as,, = 2m — 3, we can not find such Lme. To do so, we

need to write out Hy™ ! (x,y) using the formula (4).

Hy™ H(a,y) =

— Oé2m+1(me+l _ y2m+1) T OéQm(J?me _ xy2m)
m—1
*A%m($2m71y2 _ $2y2m71) + A%m Z (71)i(x2mfiyi+1 _ Ii+1y2mfi)
1=2

Lemma 11. The function H§m+1(x,y) has a factor x +y if and only if
A%erl = (m —2)A3,,.
Proof. Tt is easy to see that
Hgm""l(a:, —x) = 2(A%m+1 — (m —2)A3, )™t
This has to be zero. The proof of the lemma follows. O
Now let write out the the possible sequences of a; (m > 1):
l.og=0,05=1for j=2,---,2m — 1, agp, = 2 and agpm41 = m + 1.

2.a1=0,apo=1land aj =j—2for j=3,---,2m — 1 agym = 2m — 3 and
a2m+1:m—1.

We show that for such a;’s one has lemﬂ(x, y,—x—y) # 0, i.e., such operators
do not exist.

Hy" Y2,y 2) =
Hy™ (@, )

= p2m+1(x,y7 Z) - @2m+1(y7x7 Z) — Q2m41 z+ y

)
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where (cf. formula (4))

meJrl(xv Y, Z) =

= Qo197 (@, 2) + Q2mom 1127 + Qo3 (7, 2)y
=S, (22T (y, 2) + 5 (2, 2)y7)
m—1
+A3, > (=D @t (1, 2) + I (@, 2)y ).
i=2
For the first case,
2m—+1
Gt @, —y) = ) ag(—y) R
j=k
2m
— Z(_y)j—kaM-‘rl—] + (m + 1)(_y)2m+1—k _ 5é$2m + (_y)2m—kx
=k

2m+2—k 2m+1—k
T —x(—
_ ( y) (m + 1)(7y)2m+17k o 5ix2m + (7y)2m7k1,'

r+y
So
me-‘rl(xa Y, —T — y) =
1’2m+1 _ xy2m
— m+1—+m+122m_m_2 271'7,—1:r
( ) Tty ( )y = ( )y
2m 2m
r+y
_21.2m71y . a2y — gy
Tty
—1 i1/, \2m—i _ ,,..2m
Nt (—x) Vs et g2y
. T+y
1=2
m—1 2m—i it+1 om
r (=y)"™ —xy om . 2m—1
- +(m+1 — xT
;( vty ( v =y )
_ (m+ 1222+ 4+ (m2 —m + 4)2? "y — (m + 1)a?m1y?
Tty
+2y3x2m71 +ym+1(_x)m+1
(z +y)?
Finally,

H12m+1($7y7 —T — y) =
(m + 1)21.2m+1 + (mZ —m+ 4)x2my _ (m + 1)x2m71y2
z+y
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+2y3x2m—1 — g3yl
(z+y)?
C(m A1) 4 (m® —m )y e — (m 4 Dy e
r+y
7(m N 1) (m + 1)(£L'2m+1 _ y2m+1) + 2(x2my _ xy2m) _ (x2m71y2 _ I2y2m71)
r+y
_(m N 1) ISyS(x2m74 o y2m74)
(z+y)?
2m,, _ 2m 3,3(r2m—4 _ ,2m—4
_ W%4)(m—2%x y—xy™)  xy(z L )\ 7
T4y (z+y)
For the second case,
2m—+1
O D SR
j=k
2m
= D=2l TP g ()P
=k

—(—y)Qm_kl‘—i- 5%(3327” _ nym—l) +5’%x2m—1

22k (ky — 22 + ky — 3y) — z(—y)?™ Tk (2ma — x + 2my — 2y)
(z+y)?

+(m _ 1)(_y)2m+1—k _ (_y)Qm—kx + 5]1(x2m _ nym—l) + 5}%x2m—1.

So
Pami1(2,y, —x —y) =
22 (—p — 2y) — 2y®™ (2ma — x + 2my — 2y)
(z +y)?
+(m —1) ((m — D)y + y*" o + 2™ — y2® 1)
—x2My + 2y?™ L (2ma — x + 2my — 2y)

= (m—-1)

+(2m —3)y CEE
+(2m — 3) (nym*l — (m =1y — " e+ (m - l)me)
—m—l (7I)2m7iyi+1 ((2m — = 1)y + (2m i 2)13)

P (x+y)?

m—1 2m
Z yz®™ (2my — y + 2ma — 2x) 9 S
_ _ 1 mo m
’ i=2 ( (z+y)? (m =1z v v)

+rnz—1 Imei(iy)i+1 (Z.CC + Zy _ y)
— (z +y)?
m—1 2m
2 — 2 -2 )
_ (.’E’y ( mx T+ my y) _ (m _ 1)y2rn _ me_lfﬂ)

(z +y)?
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(m —1)22%m*2 4+ (m — 1)(2m — 3)z?™ Ly + (m — 1)(3m — 5)a?™y?
(z +y)?
,y31.2m71 + (7:C)m+1ym+1
(z +y)?

+(2 —2m)

Finally,

H12m+1(xvyv —T — y) =
(m —1)22?™2 + (m — 1)(2m — 3)z?™Hy + (m — 1)(3m — 5)2?™y?

(z+y)?
y3m2m—1 _ $3y2m—1
+(2—2m) TEE
C(m =122 4 (m = 1)(2m = 3)y*" a4 (m = 1)(3m — 5)y*"a?
(z+y)?
1) I DEE ) (o = )@y — ay?)
T+y
$3y3($2m_4 _ y2m—4)
+(m —1) CEwE
Y [ i) el kil
(z+y)?
o 2By (24 — y2m—4)
= e
B _ _ (mey _ nym) B x3y3($2m—4 _ me—4)
= 1)<( 2 T+y (x +y)> ) ®)

5 Open problems

We have in this paper shown the existence of a certain infinite family of opera-
tors. Notice that the £{ —family, o = 0, 1, behaves exactly as the £7,~family,
and the obstruction expressions (7) and (8) are in both cases equal. However,
we have no explanation for this symmetry.

Another question is whether the Lie brackets that are defined are mutually
compatible.

Finally it remains to be shown that these operators, characterize by the
property 1 are truly unique, not only up to multiplicative deformations. This
would imply that they always factorize into first order operators.
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