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In this paper we show that if we write down the structure equations for the flow of the parallel
frame of a curve embedded in a flat n-dimensional conformal manifold, this leads to two compatible
Hamiltonian operators. The corresponding integrable scalar-vector equation is

Dtψ = ψxxx + 3
2
(ψ2 − (Ψ, Ψ))x

DtΨ = Ψxxx + 3(ψΨ)x,

where (Ψ, Ψ) is the standard Euclidean inner product of the vector Ψ with itself. These results are
similar to those we obtained in the Riemannian case, implying that the method employed is well
suited for the analysis of the connection between geometry and integrability.

1 Introduction

We study the connnection between the motion of a curve and the theory of
integrable equations.

Recently we showed in [1] that if one writes down the structure equations
for the evolution of the connection of a curve embedded in an n-dimensional
Riemannian manifold with constant curvature, this leads to a symplectic, a

The authors acknowledge the support of the London Mathematical Society (Ref No. 2442)

ISSN 1563-5120 print; ISSN 1023-6198 online c© 2006 Taylor & Francis Ltd.
DOI: 10.1080/10236190xxxxxxxxxxxxx



June 16, 2006 14:14 Journal of Difference Equations and Applications WORK49

Jan A. Sanders & Jing Ping Wang 3

Hamiltonian and a hereditary operator. This gives us a natural connection
among finite dimensional geometry, infinite dimensional geometry and inte-
grable systems. These results were first obtained by using the natural or paral-
lel frame and then we show how this can be gauged by a generalized Hasimoto
transformation [2] to the (usual) Frenêt frame. It is interesting to notice that
if one chooses the curvature of the manifold to be zero, as usual in the context
of integrable systems, one loses information unless one works in the natural
frame.

Poisson geometry is very important in the study of integrable systems, cf.
[3,4]. Once one has two compatible Hamiltonian operators, one can construct
a hereditary operator, from which a hierarchy of integrable equations can
be computed. They are all Hamiltonian with respect to these two compatible
Hamiltonian operators, that is, biHamiltonian as defined in [6]. For the history
of this type of problems we refer to [1], where we listed out some of the
references.

The goal of the present paper is to generalize this analysis to conformal ge-
ometry. Although the Riemannian and conformal geometries are quite similar,
it turns out that the more complicated looking conformal geometry has local
Hamiltonian operators, which makes the proof of their compatibility rather
trivial compared to the analogues proof in the Riemannian case. The whole
construction can be explicitly computed, but that the initial choice of gauge
(or moving frame) is crucial. One can of course remark that the results could
have been obtained in any gauge equivalent frame. This is true, but if one were
to carry out this programme in one’s favourite frame, one would quickly see
that the proofs that the operators found are indeed compatible Hamiltonian
operators are quite complicated, the degree of difficulty depending very much
on the choice of gauge. We should stress that our approach is, in principle,
immediately applicable to any Cartan geometry.

We avoid the usual approach with Poisson brackets and reduction, as in [7]
since we want to emphisize that this formal approach leads to interesting
mathematics, that is, the appearance of biHamiltonian structures straight out
of the structure equations in different geometries.

The paper is organized as follows. In section 2 we make some historical
remark about the concepts of connection and curvature. In section 3, we com-
pute the structure equations in the conformal case. In section 4, we choose a
connection and obtain a Hamiltonian pair, leading to the integrable evolution
equations, where we also compare our equation with the classification result
in [12]. Finally, in section 5, we comment on future developments.

Acknowledgment The authors thank Gloria Maŕı Beffa for numerous dis-
cussions, which both influenced the questions that we asked ourselves as well
as some the methods we used. The definition of the Ψ at the end of section 4
was suggested by Sasha Mikhailov and simplifies the compatibility analysis of
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the Hamiltonian operators tremendously.

2 Connections, some history

An important role in this paper is played by connections. What are connec-
tions? A good introduction to the subject is [8]. Here we give a rather con-
densed account of the long story behind connections. The first occurrence of
a connection is in Riemann’s inaugural lecture, where he in so many words
sketched how to define curvature and how to choose coordinates to put the
metric terms in normal form. The normal form in first order is defined by the
vanishing of the linear terms in the Taylor expansion of the metric at some
arbitrary point, and the transformation doing this is a near identity transfor-
mation with certain quadratic terms. The coefficients of these quadratic terms
are constants with three indices, Γk

ij , the Christoffel symbols, and these
constants could be used to define a structure on the constant vectorfields ∂

∂xi
,

as in

d ∂

∂xi

∂

∂xj
= Γk

ij

∂

∂xk
.

This structure defines covariant differentiation, and it is seen that if one uses
this structure to define a new Lie bracket on the vectorfields, by putting
[X, Y ] = dXY − dY X, the metric is automatically flat to first order, that
is, induced Christoffel symbols will be zero. It was then found that these coef-
ficients, which still depend on the arbitrary point, transform not as a tensor,
but as something more complicated, and it was readily seen that if one took
these transformation rules as definition, then the following proof that the cor-
responding curvature terms, that is, the terms of quadratic and higher order
after the normalizing transformation, transforma as a tensor, became much
easier, although it was still a rather long calculation. One proves that the
covariant derivative of a tensor is again a tensor.

It then became customary to call anything that transformed like the
Christoffel symbols a connection, and the specific case where the connec-
tion is induced by a metric, a Levi-Civita connection. By defining a dual
basis on the tangent space, one can also give a dual formulation of the con-
nection as a one-form taking its values in a Lie algebra, that is, the tangent
space of transformations at the identity which leave the geometric structure
(metric, symplectic form, etc.) invariant. If one compares the computational
effort of setting up a moving Frenêt frame and the structure equations just
using the metric (as it is usually done when one derives the evolution equation
for the generalized curvatures of a curve imbedded in a Riemannian manifold)
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with the Cartan formulation in terms of connection, the difference is striking:
not only can one not see what one is doing, but there is no need to see it,
since everything goes right by construction, and the entities one writes down
are automatically differential invariants. However, if one sees this for the first
time, it may pay off to compare these two methods, just to get a feeling for
what exactly goes on. Then one will see that even if one cannot see what one
is doing in the abstract approach, the originators knew exactly what they were
doing since they knew how to do it with the classical methods and could just
follow the analogy.

3 Moving Frame Method: Conformal Geometry

For a general description of the moving frame method we refer to [1]. The
actual calculations will be performed in a model that is slightly different from
the general framework given there, but corresponds to what is usually done
in the literature for this specific geometry. For the formulation of the Cartan
formulation of the Möbius model of conformal geometry we refer to [9, p. 272].
We just give the notation here. Let

Σn+1,1 =




0 0 −1
0 In 0
−1 0 0


 .

Then define the Lorentz group Ln+1,1(R) by

Ln+1,1(R) = {g ∈ GL(n + 2,R)|gtΣn+1,1g = Σn+1,1},

and the Möbius group Möb(n,R) = Ln+1,1(R)/{±I}. Let

H = {h ∈ Möb(n,R)|h[e0] = [e0]}.

Here [e0] denotes the class of e0 in P (Rn+2), the projective space of lines in
Rn+2, where Rn+2 has the basis e0, · · · , en+1. The groups Möb(n,R) and H
have Lie algebras, which we denote by g and h, respectively. Their elements
are of the form



−ε vt 0
θ ξ v
0 θt ε


 ∈ g,



−ε vt 0
0 ξ v
0 0 ε


 ∈ h, ξ ∈ on, v, θ ∈ Rn, ε ∈ R.

We use exactly the same notation for one-forms taking their values in g, h, re-
spectively and for their evaluation at the general element Dt, to be introduced
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next. If this sounds confusing, one should realize that the various identifica-
tions of one-forms and coefficients of frames are completely intuitive, and so
it does not pay to be very pedantic about notation here.

Given a curve, we know its tangent vector Dx. We choose a point p in the
manifold, through which the curve goes, and an open neighborhood p ∈ U . The
whole question now is to determine possible evolutions of the tangent vector
at p, which we denote by the evolutionary vectorfield Dt (So, by definition,
at time t = 0, Dt = Dx and [Dx, Dt] = 0). We write, with ξ a 1-form taking
its values in on, θ and v 1-forms taking their values in Rn, and ε an R-valued
one-form, the Cartan gauge matrix ω = ωU : Tp(U) → g, which allows us to
differentiate the vectors in the moving frame of our choice, as

ω(Dt) =



−ε vt 0
θ ξ v
0 θt ε


 , ω(Dx) =



−ε̄ v̄t 0
θ̄ ξ̄ v̄
0 θ̄t ε̄


 , (1)

and we make a specific choice for these components in the next section. With
Dx given, the form ω(Dx) is determined by the the choice of frame, that is by
the choice of a certain gauge transformation (that is, an element in H) which
maps an arbitrary frame to the frame of choice. We assume that the curvature
of the Cartan gauge is zero. In [9] it is described how one can obtain from this
local construction a principal bundle with Cartan connection.

A moving frame is a differentiable choice of a basis of the tangent space
and is denoted by e and the individual basisvectors by ei, i = 1, · · · , n. It can
therefore be considered as a group element, since its matrix is invertible. The
Cartan gauge matrix ω is used to define differentation of the vectors in the
moving frame, that is, the (Koszul) connection d, by putting

de = ωe.

This defines a one-form which is evaluated as follows.

de(Dt) = ω(Dt)e.

Acting on functions, the d is the ordinary de Rham d, and one has the Leibniz
rule for the connection d:

dfe = dfe + fde.

This rule is often used to define a connection. The structure equation satisfies

0 = dω − ω ∧ ω
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and this leads to

0 = dω(Dx, Dt)− ω(Dx)ω(Dt) + ω(Dt)ω(Dx) =

= Dxω(Dt)−Dtω(Dx)− ω([Dx, Dt])− ω(Dx)ω(Dt) + ω(Dt)ω(Dx) =

= Dxω(Dt)−Dtω(Dx)− ω(Dx)ω(Dt) + ω(Dt)ω(Dx).

We write this out in coordinates as follows:

0 = Dx



−ε vt 0
θ ξ v
0 θt ε


−Dt



−ε̄ v̄t 0
θ̄ ξ̄ v̄
0 θ̄t ε̄




−


−̄ε v̄t 0
θ̄ ξ̄ v̄
0 θ̄t ε̄






−ε vt 0
θ ξ v
0 θt ε


 +



−ε vt 0
θ ξ v
0 θt ε






−ε̄ v̄t 0
θ̄ ξ̄ v̄
0 θ̄t ε̄




= Dx



−ε vt 0
θ ξ v
0 θt ε


−Dt



−ε̄ v̄t 0
θ̄ ξ̄ v̄
0 θ̄t ε̄




−



v̄tθ − vtθ̄ −ε̄vt + v̄tξ + εv̄t − vtξ̄ 0
ε̄θ − θ̄ε + ξ̄θ − ξθ̄ θ̄vt + v̄θt + ξ̄ξ − ξξ̄ − θv̄t − vθ̄t ξ̄v + εv̄ − ε̄v − ξv̄

0 ε̄θt + θ̄tξ − θtξ̄ − εθ̄t θ̄tv − θtv̄




This leads to the following equations.

0 = −Dxε + Dtε̄− v̄tθ + vtθ̄ (2)

0 = Dxv −Dtv̄ + ε̄v − ξ̄v − εv̄ + ξv̄ (3)

0 = Dxθ −Dtθ̄ − ε̄θ − ξ̄θ + θ̄ε + ξθ̄ (Torsion) (4)

0 = Dxξ −Dtξ̄ − θ̄vt − v̄θt − ξ̄ξ + ξξ̄ + θv̄t + vθ̄t. (5)
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4 Hamiltonian Pair in Conformal Geometry

We now choose 1 ≤ m ≤ n and fix the gauge such that formula (1) reads

ω(Dx) =




0 σ k2 · · · km 0 · · · 0 0
1 0 0 · · · 0 −um+1 · · · −un σ
0 0 0 · · · 0 0 · · · 0 k2
...

...
...

...
. . .

...
...

...
0 0 0 · · · 0 0 0 0 km

0 um+1 0 · · · 0 0 0 0 0
...

...
...

...
. . .

...
...

...
0 un 0 · · · 0 0 0 0 0
0 1 0 · · · 0 0 0 0 0




.

This choice in any geometry determines the n-dimensional vectorspace (with
coordinates σ, k2, · · · , km, um+1, · · · , un) on which we will be working and in
which we try and find integrable evolution equations of the coordinates. With
any two different choices, one can simply compare them by comparing the
complications that arise in proving that the operators one finds are indeed
compatible Hamiltonian operators. It is optimal to put all generalized cur-
vatures of the embedded curve in the highest row possible of the connection
matrix. This choice however, does not give us the reduction to the Rieman-
nian case. The lower one starts, the more nonlocal terms will appear in the
course of the computation, which complicates the compatibility proofs for the
Hamiltonian operators to be found enormously.

For m = 1, this frame is the natural generalization of the Riemannian case.
This leads to a scalar-vector equation with the vmKdV as a subsystem. How-
ever, this is not going to generalize the result in [10], where for n = 2 a
complexly coupled KdV system was obtained. But taking m = n we general-
ize this result. In general, there are basically three cases to consider: m = 1;
1 < m < n and m = n. The third case is the simplest, and the second the
most complicated. The reader may want to take m to be either 1 or n in
checking the results of this paper, since this will make the computation a bit
more transparent.

Under our choice of ω(Dx), formula (2), (3), (4) and (5) lead to

0 = −Dxε− σθ1 −
m∑

j=2

kjθj + v1, (6)
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0 = Dxv1 −Dtσ +
n∑

j=m+1

ujvj − εσ +
m∑

j=2

ξ1jkj (7)

0 = Dxvi −Dtki − εki + ξi1σ +
m∑

j=2

ξijkj , 1 < i ≤ m (8)

0 = Dxvi − uiv1 + ξi1σ +
m∑

j=2

ξijkj , m < i ≤ n (9)

0 = Dxθ1 +
n∑

j=m+1

ujθj + ε (10)

0 = Dxθi + ξi1 1 < i ≤ m (11)

0 = Dxθi − uiθ1 + ξi1, m < i ≤ n (12)

0 = Dxξ1i − vi − σθi −
n∑

j=m+1

ujξij + θ1ki, 1 < i ≤ m, (13)

0 = Dxξ1i + Dtui − vi − σθi −
n∑

j=m+1

ujξij , m < i ≤ n, (14)

0 = Dxξij − kiθj + kjθi, 1 < i < j ≤ m, (15)

0 = Dxξij − kiθj + ujξ1i, 1 < i ≤ m < j ≤ n, (16)

0 = Dxξij − uiξ1j − ujξi1, m < i < j ≤ n, (17)

where we underline the expression we want to solve from each equation. We
start with equations (10), (11) and (12). Let u = (um+1, · · · , un) and 〈p,q〉 =∑n

i=m+1 piqi. We find:

Dxθ1 = −〈u, θ〉 − ε

Dxθi = −ξi1, 1 < i ≤ m,

ξ1j = Dxθj − ujθ1, m < j ≤ n.

Let > be the index lowering (or raising, depending on the context) operator,
carrying (µ1, µ2, · · · , µn)t to (−µ1, µ2, · · · , µn), as induced by the Killing form.
The Killing form is the trace of the product of two matrices representing
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elements in the (conformal) Lie algebra and gives us an indefinite product
that is invariant under the (conformal) group action. Then we have found an
operator I, defined by

I = > ·



D−1
x 0 D−1

x u>

0 −D−1
x 0

uD−1
x 0 Dx + uD−1

x u>


 (18)

where the matrix maps




ε
ξ12
...

ξ1m

θm+1
...

θn




7−→




θ1

θ2
...

θm

ξm+1,1
...

ξn,1




. (19)

Here the choice of the elements is determined by our choice of gauge, that is,
by ω(Dx), and by the taking a dual basis with repect to the Killing form. This
operator has a right inverse

I−1 =




Dx + u>D−1
x u 0 −u>D−1

x

0 −Dx 0
−D−1

x u 0 D−1
x


>, (20)

We now introduce the substitution to simplify this operator. Let us return to
the torsion equations and put

ε̄ = ε +
n∑

j=m+1

ujθj (21)

Dxξ̄1j = ξ1j + ujθ1 (22)

θ̄j = Dxθj (23)

Then the torsion equations become

Dxθ1 = −ε̄ (24)

Dxθi = −ξi1, i = 2, · · · ,m (25)

Dxξ̄1j = θ̄j , j = m + 1, · · · , n (26)
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Using formula (6), we obtain

v1 = Dxε + σθ1 +
m∑

i=2

kiθi

= Dx(ε̄−
n∑

j=m+1

ujθj) + σθ1 +
m∑

i2=2

ki2θi2

= −(D2
x − σ)θ1 −

n∑

j2=m+1

Dxuj2 ξ̄1j2 +
m∑

i2=2

ki2θi2

We now eliminate ξij using equation (15), (16) and (17):

ξi1i2 = D−1
x (ki1θi2 − ki2θi1), 1 < i1 < i2 ≤ m;

ξi1j1 = D−1
x (ki1θj1 − uj1ξ1i1) = D−1

x (ki1 ξ̄1j1 − uj1Dxθi1), 1 < i1 ≤ m < j1 ≤ n;

ξj1j2 = D−1
x (uj1ξ1j2 − uj2ξ1j1) = D−1

x (uj1Dxξ̄1j2 − uj2Dxξ̄1j1), m < j1 < j2 ≤ n.

It follows from (9) and (13) that

vi1 = Dxξ1i1 − σθi1 −
n∑

j2=m+1

uj2ξi1j2 + ki1θ1

= D2
xθi1 − σθi1 −

n∑

j2=m+1

uj2D
−1
x (ki1 ξ̄1j2 − uj2Dxθi1) + ki1θ1, i1 = 2, · · · ,m.

and

vj1 = D−1
x (uj1v1 − σξj11 +

m∑

i2=2

ki2ξi2j1)

= D−1
x (uj1(−D2

xθ1 −
n∑

j2=m+1

Dxuj2 ξ̄1j2 +
m∑

i2=2

ki2θi2) + σDxξ̄1j1

+
m∑

i=2

kiD
−1
x (kiξ̄1j1 − uj1Dxθi)), j1 = m + 1, · · · , n

We can now derive the evolution equations for σ, ki=2,···,m, ui=m+1,···,n using
(7), (8) and (14), respectively.
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First for σ, we have

Dtσ = Dxv1 +
n∑

j2=m+1

uj2vj2 − εσ +
m∑

i2=2

ki2ξ1i2

= −(D3
x −Dxσ − σDx)θ1 −

n∑

j2=m+1

(D2
x + σ)uj2 ξ̄1j2 +

m∑

i2=2

(Dxki2 + ki2Dx)θi2

+
n∑

j1=m+1

uj1D
−1
x (uj1(−D2

xθ1 −
n∑

j2=m+1

Dxuj2 ξ̄1j2 +
m∑

i2=2

ki2θi2) + σDxξ̄1j1

+
m∑

i=2

kiD
−1
x (kiξ̄1j1 − uj1Dxθi)),

For ki1 , 1 < i1 ≤ m, we have

Dtki1 = Dxvi1 − εki1 + ξi11σ +
m∑

j1=2

ξi1j1kj1

= D3
xθi1 −Dxσθi1 −

n∑

j2=m+1

Dxuj2D
−1
x (ki1 ξ̄1j2 − uj2Dxθi1) + Dxki1θ1

+ki1Dxθ1 + ki1

n∑

j2=m+1

uj2 ξ̄1j2 + σDxθi1 +
m∑

j1=2

kj1D
−1
x (ki1 ξ̄1j1 − uj1Dxθi1),

For uj1 , m < j1 ≤ n, we have

Dtuj1 = −Dxξ1j1 + vj1 + σθj1 +
n∑

j2=m+1

uj2ξj1j2

= −D2
xξ̄1j1 + Dxuj1θ1 + σξ̄1j1 +

n∑

j2=m+1

uj2D
−1
x (uj1Dxξ̄1j2 − uj2Dxξ̄1j1)

+D−1
x (uj1(−D2

xθ1 −
n∑

j2=m+1

Dxuj2 ξ̄1j2 +
m∑

i2=2

ki2θi2) + σDxξ̄1j1

+
m∑

i2=2

ki2D
−1
x (ki2 ξ̄1j1 − uj1Dxθi2)).
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These equations implicitly define an operator H, that is,

Dtµ = Hν, (27)

with µ = (σ, k2, · · · , km, um+1, · · · , un)t, ν = (−θ1, · · · , θm, ξ̄m+1,1, · · · , ξ̄n1).
We make the following specialization: Let ε̂ = σx, ξ̂1i = ki,x, i = 2, · · · ,m

and θ̂j = −uj,x, j = m + 1, · · · , n. This choice is determined by the vector
in formula (19), reflecting the translation symmetry of the equations (and
hereditary operator, cf. [4, 5]). Define ψ = −σ + 1

2

∑n
l=m+1 u2

l and take all
integration constants as zero. It follows that

θ̂1 = −σ + 1
2

n∑

l=m+1

u2
l = ψ

θ̂i = ki, 1 < i ≤ m

ˆ̄ξ1j = uj,x, m < j ≤ n

v̂i =





σxx + ψσ +
∑m

j=2 k2
j , i = 1

ki,xx + 3ψki + σki, 1 < i ≤ m
σxui − σui,x, m < i ≤ n

ξ̂ij =





0, 1 < i < j ≤ m
−kiuj , i ≤ m < j ≤ n
ujui,x − uiuj,x, m < i < j ≤ n

Finally we obtain the evolution equations:





Dtσ = σxxx + 3ψσx + 3
∑m

i=2 kiki,x

Dtki = ki,xxx + 3ψki,x + 3ψxki, 1 < i ≤ m.
Dtuj = uj,xxx + 3ψuj,x, m < j ≤ n.

(28)

or, in vector notation, with ψ = −σ + 1
2〈u,u〉,





Dtσ = σxxx + 3ψσx + 3(k,kx),
Dtk = kxxx + 3(ψk)x,
Dtu = uxxx + 3ψux.

(29)

Remark 1 System (29) is invariant under the translation: σ → σ + λ and
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x → x + 3λt, which leads to a Lax pair of the system, that is,

L = Dx − λ




0 1 0 · · · 0
0 0 0 · · · 1
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0



− ω(Dx).

System (29) is equivalent to





Dtψ = ψxxx + 3
2(ψ2 − (k,k)− 〈ux,ux〉)x,

Dtk = kxxx + 3(ψk)x,
Dtu = uxxx + 3ψux.

(30)

We observe that the equation is invariant under the interchange k ↔ ux, if

we view ψ as an independent variable. Let Ψ =
(

k
−ux

)
. System (30) can be

rewritten as
{

Dtψ = ψxxx + 3
2(ψ2 − (Ψ, Ψ))x

DtΨ = Ψxxx + 3(ψΨ)x.
(31)

Under the above transformation, the corresponding operators (20) and (27)
transform into

H1 =
(−Dx 0

0 Dx

)
>

and

H2 =
(−D3

x − ψDx −Dxψ −DxΨ> −Ψ>Dx

−DxΨ−ΨDx D3
x + ψDx + Dxψ −∑

i<j JijΨD−1
x (JijΨ)>

)
>,

where the Jij are anti-symmetric matrices with nonzero entry of (i, j) being
1 if i < j, that is, (Jij)kl = δi

kδ
l
j − δi

lδ
j
k. Using the techniques developed in [4]

and explictly employed in [11] and [1], one can easily prove:

Lemma 4.1 The operators H1 and H2 form a Hamiltonian pair.

System (31) is a biHamiltonian system. It can be written as

Dt

(
ψ
Ψ

)
= H1δH2 = H2δH1,
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where H1 = (Ψ,Ψ)−ψ2

2 and H2 = ψ2
x−(Ψx,Ψx)

2 + 3
2ψ(Ψ, Ψ)− ψ3

2 .
Since Hamiltonian operators are still Hamiltonian under Miura transforma-

tion, it follows that

Theorem 4.2 The flow of the parallel connection of a curve embedded in a flat
n-dimensional conformal manifold naturally leads to two compatible Hamilto-
nian operators (20) and (27).

Similarly, systems (29) and (30) are both biHamiltonian. Recently, a list of
third order scalar-vector systems with fifth order symmetries was given in [12].
System (31) and the systems obtained from (29) and (30) by taking m = 1 or
m = n are listed there.

By choosing m = n = 2 we can now identify the operator found in [10] with

−
(

1 1
1 −1

)
H2

(
1 1
1 −1

)

by taking ψ = I2, Ψ = I1, where we use the notation of the cited paper.
One might ask whether the Riemannian case can be seen as a reduction of

the conformal case. Although the equations can be obtained by reduction, this
is not the case for the Hamiltonian operators. In Riemannian geometry, we can
not write the inverse of the operator I in the same form as itself, see [1].

5 Conclusion and Discussion

The procedure that we followed in this paper once again shows how easy it
is to obtain the biHamiltonian structure straight from the original geometry.
By taking the natural frame one can avoid the guessing game (in finding the
Hamiltonian pair) which has so far prevented substantial progress in the Pois-
son bracket formulation of the evolution of embeddings in spaces with given
geometry, since the only thing one could do was stare at the operator until one
saw the left and right actions which would make it manifestly Hamiltonian.
This does not imply that in the next geometry we immediately know what to
do, but we can now make a more educated guess! Anyone who thinks we are
just replacing one guessing game by another, is invited to do the same analysis
in an unnatural frame, just to see what a guessing game looks like!

We should also mention here that the usual Poisson reduction scheme [13,14]
carries over to this situation without any (formal) difficulties. There might be
analytical problems, but these have nothing to do with integrability as we
define it by the existence of infinitely many generalized symmetries, without
specifying a function space. However, there is no simple way to compare our
results with those in [7], since yet another type of natural frame is used in
that paper, which is gauge equivalent to our frame. The transformation is
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highly nonlocal, therefore, even for low dimensional cases, to show equivalence
is tricky. Nevertheless, there is no doubt that the connection we employ is
geometrical in the sense that the entries in ω(Dx) are invariants for the generic
curves in conformal geometry.
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