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Abstract

An algorithm is given to compute a Stanley decomposition for the normal form of a three degree of freedom Hamiltonian
at equilibrium in the semisimple resonant case. This algorithm is then applied to compute Stanley decompositions of the
normal form of the first and second order resonances.

1 Introduction

We consider Hamiltonians at equilibrium with quadratic term
3
HO = Z m;x;yj,
j=1

where z; = ¢q; + ip; and y; = ¢; — ip;, and the ¢;,p; are the real canonical coordinates. We assume
m; € N, although it is straightforward to apply the results in the more general case m; € Z. The signs are
important in the nonsemisimple case, and of course, in the stability considerations. With these quadratic
terms we speak of the semisimple resonant case. For the asymptotic analysis of such resonances, see
[SV85]. Most bibliographic references are taken form the second edition of [SV85], in preparation. We
now pose the problem to find the description of a general element

H (S k[[x1,y1,$2792>$3ay3]]

such that {H°, H} = 0 (see [Mur03, Section 4.5]). Since the flow of H° defines a compact Lie group (S?1)
action on T*R3, we know beforehand that H can be written as a function of a finite number of invariants
of the flow of H?, that is, as

H =

M=

Fk(OZl;' o 7apk)ﬂk7
k=1

where {H®, o,} = {H",3,} = 0 for all relevant . The «,, (3, are monomials in the x1,---,y3 variables
and are to be determined explicitly. The F}, are completely arbitrary polynomials or formal power series.
If it follows from

q
ZFk(al,"'aapk)ﬂk =0
k=1

that all the F} are identically zero, we say that we have obtained a Stanley decomposition of the normal
form. While the existence of the Stanley decomposition follows from the Hilbert finiteness theorem, it
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is general not unique: both F(z) and ¢ 4+ G(x)z are Stanley decompositions of general functions in one
variable x. Notice that the number of primary variables «, is in principle variable, contrary to the case
of Hironaka decompositions.

One can define the minimum number ¢ in the Stanley decomposition as the Stanley dimension. In
general one can only obtain upper estimates on this dimension by a smart choice of decomposition.

We show that if M = m; + mo + ms, the Stanley dimension of the ring of invariants of H° is bounded
by 14 2M.

We do this by giving an algorithm to compute a Stanley decomposition, and we illustrate this by giving
the explicit formulae for the genuine zeroth, first and second order resonances, that is, those resonances
which have more than one generator of degree < 4, not counting complex conjugates and x;y;’s. These
resonances are the most important ones from the point of view of the asymptotic approximation of the
solutions.

2 The kernel of ad(H?)

First of all, we see immediately that the elements 7; = z;y; all commute with H°. We let Z = k[[r1, T2, 73]].
In principle, we work with real Hamiltonians as they are given by a physical problem, but it is easier to
work with complex coordinates, so we take the coefficients to be complex too. In practice, one can forget
the reality condition and work over C. In the end, the complex dimension will be the same as the real
one, after applying the reality condition.

Any monomial in ker ad(H?) is an element of one of the spaces Z[[y] x5 25%]], Z[[x] y5225%]], Z[[x]* 252 y5?]],
where n = (nl7 na, ng) is a solution of nymy = namao+ngms, naMmae = NiM1+n3zms, N3Mz = NiM1+naMo,
respectively, and all the n; > 0.

In the equation nym; = noms + nzms one cannot have a nontrivial solution of n; = 0, but if n; > 0, one
can either have ny = 0 or ng = 0, but not both. We allow in the sequel ns to be zero, that is, we require
ny >0, ng > 0 and n3 > 0.

We formulate this in general as follows. Consider the three equations

My = Nyt M+ + N+ M+

where the increment in the indices is in Z/3 = (1,2,3) (that is, 27 =1, etc.), where we allow n;+ to be
zero, but n; and n;++ are strictly positive.

We now solve for given m the equation nim; = nems + ngms, and then apply a cyclic permutation to
the indices of m.

Suppose that ged(ms, m3) = g1 > 1. In that case, assuming m is primitive, we may conclude that g;|n;.
Let n1 = g171, m; = glmj,j = 2,3. Then

nimy = nomg + nams,  ged(ma,m3) = 1.

By cyclic permutation, we assume now that ged(m;,m;) = 1, and we call m the reduced resonance.
Observe that the Stanley dimension of the ring of invariants is the same for a resonance and its reduction.
Obviously, keeping track of the divisions by the gcd’s, one can reconstruct the solution of the original
resonance problem from the reduced one. Observe that in terms of the coordinates, the division is
equivalent to taking a root, and this is not a symplectic transformation.

Dropping the bars, we again consider nym; = namsa + ngms, but now we have ged(mg, ms3) = 1.

If m; = 1, we are immediately done, since the solution is simply ny = ngme + nzmg, with arbitrary
integers ngy > 0,n3 > 0.

So we assume m; > 1 and we calculate modm;, keeping track of the positivity of our coefficients. Let
m; = m; + k;mq,j = 2,3, with 0 < m; < my since ged(mj,m1) = 1. Let g = mq — mg, so again
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0<mg <mq. Forq=0,---,m; — 1 let

ng = qm3+lamy

nyg = qma+lzm
with the condition that if ¢ = 0, then I3 > 0. Then

nimy = (gmg + lomi)me + (¢me + l3mi)ms

= qmgmso + gmaoms + my (lng + l3m3)

qmg(mz + kgml) + qmz(m;), + kgml) + m1<lgm2 + l3m3)

gmsma + qmamg + mi(gmsks + gimoks + lama + l3ms)
= ml(g(kQﬁls + (1 + k3)m2) + lomag + l3ﬂl3)

or
n1 = q(kamnz + (1 4 k3)me) + lomg +Isms, ¢=0,---,m; — 1.

This is the general solution of the equation ny = noms + nyms.
The solution is not necessarily giving us an irreducible monomial: it could be the product of several
monomials in ker ad(H?). To analyze this we put

qm2:wgml+¢330§¢g <m1,¢g ZO

and
g = Yimy + ¢3,0 < ¢ < my, 5 > 0.
ny ,n2, n3

We now write yj"* z52x5* as (n1,ng,n3). Then

<n1an23n3> =

= (q(kamsg + (1 + k3)ma) + lamg + Isms, ging + lama, g + lsmy)

= (ma,m1,0)(ms,0,m1)" (q(karns + (1 + ks)ms), vimi + ¢, vimy + ¢3).
Let ¢ = q(kams + (1 + k3)msa) — ¥dmg. Then
o1 = aq(kanz + (1 +ks)mz2) — ¢¥ims
= kagmz + (14 k3)(¢gm1 + ¢3) — g (ma3 + kzm;)

= kaqinz + (1 + k3)¢5 + gmy — b3ms
= kogims + (1 + k3)¢3 + gmsz > 0.

We now write ¢¢ = Pdmy + x?, and we let ¢ = min(4pd,11). We have
(n1,n2,n3) =
_ o) letts 0 ls+4d 0 7a _ 7a a (d _ 0 q .q
<m27m17 > <m37 7m1> <(’¢)3 ¢3)m2+X1,(¢3 1/13)77’2,1 +¢37¢2>'
We define

o, = <mL+7mLa0>

0
L

o= (( ZI++ - ¢f++)mb+ +xi, ( ZI++ - ¢f++)mL + ¢?++a¢?+>'

= <mL++aOamL>
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2
L| yize | pra23 7(1,22)5
2

t
Y23 | T1Y2 (1—t2)5
2

t
L1Y3 | T2Y3 | q—¢=)s

1+ 42 +¢*
Hiq4(t) = W

Table 1: The 1: 1 : 1-resonance ([FHPY02])

Thus p )
<n1,n2,n3> = CV12 (/8(1))l3ﬂ(117 l/27 l; S N7 q= 07 e,y — ]-7

or, in other words, (ny,na,n3) € Z[[a1, 8Y]]87. This means that Z[[ay, 39]]37 is the solution space of the
resonance problem. Notice that by construction these spaces have only 0 intersection.
Let IC be defined as €D, c7,/3 K., where

m,—1

K= @D llo. 85

q=0
Then we have

Theorem 1 Let K denote the space of complex conjugates (that is, x; and y; interchanged) of the
elements of IC. Then T & K & K is a Stanley decomposition of the m1 : msy : ms-resonance.

Corollary 1 In each IC, there are m, direct summands. Therefore there are M = my + mo + mg direct
summands in K. This enables us to estimate the Stanley dimension from above by 1 4+ 2M.

Remark 1 The number of generators need not be minimal. In particular the 39’s can be gemerated by
one or more elements. We conjecture that the 89,q = 1,---,m, — 1, are generated as polynomials by
at most two invariants. Furthermore, the B1’s, are for ¢ > 0 not algebraically independent of o, and
B2, The relations among them constitute what we will call here the defining curve. Since the Stanley
decomposition is the ring freely generated by the invariants divided out by the ideal of the defining curve,
this gives us a description of the normal form that is independent of the choices made in writing down
the Stanley decomposition.

Remark 2 The generating functions of the following resonances have been computed by A. Fekken
[Fek86]. They are the Poincaré-Hilbert series of the Stanley decomposition and can be computed by
computing the Molien series of the group action given by the flow of HY, that is, by computing circle
integrals (or residues).

The 15 tables contain all the information to compute the Stanley decomposition for the lower order
resonances.

3 Nonsemisimple normal form of three degrees of freedom Hamiltonians

We consider Hamiltonians at equilibrium with quadratic term

3

H = ijmjyj + x2ys3,
j=1
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3
1| yize | yixs wa
tS

Y223 x%yz (D)
2

3 | zfys | @ays m

42t 4213 4+2¢2 41
(1-13)% (1 —12)°

Praa(t) =

Table 2: The 1 : 2 : 2-resonance ([MMV81]). This is derived from the 1: 1 : 1-resonance by squaring z;
and y;.

1 9%1’2 Zl%IS [ DL
t4

Y223 w?y2 m

3 I:%yg T2Y3 m

B +2t0 14t +2¢2 +1
(1—14)%(1—12)°

Py33(t) =

Table 3: The 1 : 3 : 3-resonance.This is derived from the 1 : 1 : 1-resonance by raising x; and y; to the
third power.

2 I

Y1x2 | Y13 (R
2

y%IS T1Y2 (1_t2)t4(1_t3)
2 2 2t3

TiYs | 2Ys | Ti®2Y3 | gEpEa—e2

0+ 2¢* 4483 +2¢2+1
(1-13)%(1—12)°

Pria(t) =

Table 4: The 1 : 1 : 2-resonance ([vdAS79, vdA83]). The defining curve is ((33)? — a3/9).

(el o [ 87 ] 5 | |

5
1 y%xQ yélle (1,152)3(12153)(1,,55)
2 2 &
Y23 | T1Y2 (A—2)3(1—13)2
4 2 2 T4t
3 T1Ys | L3Y3 | L1T2Y3 (A—£2)3(1—t3)(1—15)

O+ tT 20 35+ 3t 28 42 411
(L= 221 9)2(1 - 17)

Prou(t) =

Table 5: The 1 : 2 : 4-resonance ([vdA83]). This is derived from the 1 : 1 : 2-resonance by squaring
and Y1-



Normal forms of 3 degree of freedom Hamiltonian systems

el o [ ] 5 |
yizo | yfas
y%xg I‘I’yz
x?ya x%l/s x‘;’$2y3

WD |~

Prisg(t) = LT 102604 36% 4260 4 347 4 24 449 4110 4 412
1:3:6 - (1 —t2)2(1 _t3)(1 —t4)(1 —t7) .

Table 6: The 1 : 3 : 6-resonance. This is derived from the 1 : 1 : 2-resonance by raising x; and y; to the
third power.

o [ 8T T

] 3
1| 172 yffﬂ?,
2 | yaxs | alys
3| 2fys | 23ys | 22x0ys | w123w3
1+ 2t2 + 8¢* 4+ 2t6 4 ¢8
P1:1:3(t) =

(1—12)3(1 — t4)?

Table 7: The 1 : 1 : 3-resonance The defining curve is (3332 — a3, 3333 — 303, 3232 — B953).

[ o [ 8° [ 88 [ 5 |
y%@ 9?13
3 6
Y33 | T1Y2
x?yg $§y3 T/ilxz% m%l%yg

|

WD || =~

Pro(t) = 162 4+ 83 4 2% + 3% + 415 4 37 + 265 4 1 4 10 + 412
e =221 #)1~ (1 ~17) |

Table 8: The 1: 2 : 6-resonance ([VAADW94]). This is derived from the 1 : 1 : 3-resonance by squaring
r1 and y;.

[ o [ B[ BV T B ]
Yo | yis
3 9
yars | 2lys
wlys | #3ys | aSaays | afadys

|

W N =] ~

P 142 4+ 3t + 56 4 61° + 5610 4 312 4 14 4 #16
130 (8) = (1—12)2(1 — t4)2(1 — t19) '

Table 9: The 1 : 3 : 9-resonance. This is derived from the 1 : 1 : 3-resonance by raising x; and y; to the
third power.
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| o [ 2] B8 [ B8 |
y%@ yig’l's
yard | oys | w1y3ws

3 3,2 2,.2,2
TiY3 | T3Y3 | T1X2Y3 | TITY3

|

W N | =

P (t)i1+t2+3t3+4t4+4t6+3t7+t8+t10
B ([

Table 10: The 1 : 2 : 3-resonance. The defining curve is (3383 — 233, (83)% — a3p9).

| o [ 8 [ Bt | B ]
2 2
yias [ yiad
yazs | 2fys | 219323
w3y | 23ys | maoys | afadys

|

W N | =

Praa(t) = LT3 485 4 3104 367 4+ 41° 4 319 1 410 4 411 + 419
2:4:3(0) = (1—12)2(1 —3)(1 — t°)(1 — ¢t7) '

Table 11: The 2 : 4 : 3-resonance ([vdA83, Kum75]). This is derived from the 1 : 2 : 3-resonance by
squaring x3 and ys.

vl o [0 ] B0 ] B ] B ] B ]
1 ZJ%@ y?%

2 | ysa3 | aiys | miyhes
3

|

5 5.2 3 2 13,72 PN )
T1Y3 | Y3 | L1T2Y3 | T1XY3 | L1T2Y3 | T1LoY3

Pro(t) = 1482 + % + 3% + 565 + 446 4 47 + 4% + 569 + 3¢10 + ¢! 4 12 4 14
rEst (1—12)2(1 —3)(1 — t5)(1 — ¢7) '

Table 12: The 1 : 2 : 5-resonance ([VAADW94, HW96, Hal99]). The defining curve is ((33)? — 239, 35 —
B33, 85 — (B3)%, (B3)° — B3B3, (83)* — B3, B5(63)? — s B5).

| o [ ] B0 | B | B |
Z/:1)’332 1/%533
yazd | alye | a1yaad | alysws

1 1.3 2, 2,2 33,3
T1Ys | Y3 | T1T2Y3 | T1XY3 | T1XoY3

|

L DN | =

Prau(t) = 1+ 82 4 263 + 2t* + 565 4 61° + 447 + 61° + 517 + 2610 - 241 4 ¢12 4 14
s (1—2)2(1 —t4) (1 — 2)(1 —t7) '

Table 13: The 1 : 3 : 4-resonance. The defining curve is ((83)% — 8953, (83)? — 233, B3 83 — a2 33, (B3)* —
asﬂg)~
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e a [0 ] B8 [ 3 | 8 [ Bt ]
1] yiao [ yfas
2 | y3a3 | 23y | a¥ydad | wiydas
3 2fys | 2348 | 23aays | 2fadyd | 212dyd | 2fadyd

Pra(f) = 1+ 6% 4 6t* + 9% + 126 + 9810 4 6112 + ¢4 4 ¢1©
i (1—2)2(1 —t4)(1 — t5)(1 — 19)

Table 14: The 1 : 3 : 5-resonance. The defining curve is (83 — (33)2, (53)® — a2039), B3 — 3163, (BL)3 —
asf3, (83)° — 8503, (B3)%65 — asf3g).

e o [ ] 8" | 8 | B [ Bt | 8 [ B° |
1 y:f@ nya

2 | yoad | afys | xiyad | afydas

3 [ alys | a3yl | always | wiadys | afadys | afadys | «fa8ys | afalys
Pra () 1412 4 4t* + 80 + 11¢8 + 12610 + 1112 4 8¢1* 4 4¢16 4 18 4 ¢20
1:3:7 - .

(1= 2)2(1 — t4)(1 — 15)(1 — ¢19)

Table 15: The 1 : 3 : 7-resonance ([VH92]). The defining curve is ((33)? — 233, (55)% — 8953, B335 —
o33, B3 — B33, B5 — G363, B3 — B3B305, 58 — B3A303. B5)* — s B3, (B3)* — B3, B3 (53)° — s 35).

where z; = ¢; + ip; and y; = ¢; — ipj, me = m3, ged(mq, me) = 1, and the g, p; are the real canonical
coordinates. We assume m; € N, although it is straightforward to apply the results in the more general
case m; € Z. The signs are important in the nonsemisimple case. With these quadratic terms we speak
of the nonsemisimple resonant case. Most bibliographic references are taken form the second edition of
[SV85], in preparation. We now pose the problem to find the description of a general element

H S k[[x1,y1,$2792,$3ay3]]

such that {H?, H} = 0, where H? = Z?Zl m;x;y; and {HY,, H} = 0, with H?, = z3y>. In principle, the
normal form theory is more difficult in the nonsemisimple case than in the semisimple case, but in practice
it turns out to be much easier. This is caused by the fact that only two integers play a role, mq and mo.
We list the basic monomials in ker ad(Hg): T = 21Y2,N = XTa¥Y3, M = Yoz, h = TalYs—X3Y3, € = TaY2+T3Ys3

and 272 yk2yks ym2ab2 ks with kg + ks = my. So

H=714+e+n.
We see that

mo ko k _ mo ko—1 kz+1
{n,27?y5% Y5} = kax(™ys® ys®

ma, ko, k _ mo, ko+1 ks—1
{m, 22 y2%y5" ) = ksai™yn® ys?

mo, ko k mo . ko k
{hvzl 2922933} = (k2 — k3)‘r1 2Ys?y3®
{n)y;nzx?xlgs} — _k3y;n2m12€2+1x§371
{m,yae?al®y = —koyag et

ko k ko k

{hyiPas?as®t = —(k2 — k3)yy P2y 25
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In other words, the :U7ln2y§2y§3 and y?”xlg? m§3 are mi + 1-dimensional representation spaces of an sl

spanned by n,m and h. For the nonsemisimple normalform we need the elements in ker ad(m), that is,
T, a = x]?yy", B =y x5t and m itself. Observe that a5 = 72>m™'. The Stanley decomposition of

the normal form space ker ad(m) N ker ad(r + €) is given by
R[r, m,a] @ R[r,m, 5]5.

The generating function is (the ad(h)-eigenvalues for 7, m and «, § are 0,2 and my, respectively)

14 y™mipm +ma

P(u,t) = (1 —2)(1 — ut2)(1 — wmrpmatme)

The corresponding generating for the semisimple case is

Ml B letml—t—mg (1 + tm1+m2>(1 + t2)
du T (L 2RI gmitma)2 (L= 2)3(1— gratma)

Some of these have been computed (as integrals over S1) in [Fek86].

4 Structure of the semisimple normal form

The idea is now to see the terms that span the Stanley decomposition as a module as orbits of elements in
ker ad(7 + ¢). This may explain the great regularity that is found in all the normal form decompositions
that have been computed so far.
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