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1 Introduction

This paper was motivated by the observation that after quickly finding a number
of hierarchies (mKdV, Sawada-Kotera, Kaup-Kuperschmidt) soon after finding
that KdV was integrable, nothing more was found for polynomial scalar evo-
lution equations linear in the highest order derivative. In this paper we prove
that under some mild conditions on the equations one can put a uniform bound
on the order of the recursion operator of any such hierarchy.

We do this using the symbolic method, introduced by Gel’fand-Dikii [GD75].
This method was used in [TQ81] and [QT82] to produce the following results.

The basic idea is very old, probably dating from the time when the position
of index and power were not as fixed as they are today. In fact, the symbolic
calculus of classical invariant theory relies on it. The idea is simply to replace
u;, where i is an index, in our case counting the number of derivatives, by &7,
where £ is now a symbol. We see that the basic operation of differentation, i.e.
replacing u; by u;41, is now replaced by multiplation with &, as is the case in
Fourier transformation theory. If one has multiple u’s, as in w;u;, one replaces
this by % (5}{% + 5{53) We have averaged over the permutation group s to
retain complete equality among the symbols, reflecting the fact that w;u; = wju;.
Differentiation now becomes multiplication with & 4 &s.

With this method one can readily translate solvability questions into divisi-
bility questions and we can use generating functions to handle infinitely many
orders at once.

give results
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2 Symbolic Notation

Notation 1 1. Throughout this paper all polynomials have coefficients in the
complez field.

2. Let AF be the set of polynomials f of degree k in n + 1 variables and /{,’?L
be the set of its symmetrized elements fdéf< f>[n+1]. Here

< I ln ) = S (o), o)

oceX,
where ¥, is the permutation group on n elements.

3. For brevity, [u] is used to denote the set of arguments u,uy,uz, --. We
denote by UX(n > 0,k > 0) the set of polynomials in [u] of degree k + 1
and index n, that is

uy ={f1f = Z Coagerary u0USt - ulm ),

llecll=n,|o|=k+1

where |a| def Yitoa; and |af def Yot oia;. The space of all polynomials
of [u] is denoted by U and U =3, <4 5o uk.

4. A, /{k, U, and U* make sense. e.g. U* is the set of [u]’s polynomials of
degree k + 1.

Remark 1 Notice that we consider k > 0 which excludes the constant case, i.e.
1 ¢ U. This case will be treated separately.

With each polynomial in U¥ we associate a form in A} by the following rule:

0 ¢1 1

g, 1 Qm, gm f’”
05Sap+1 aptaq k—aum+2 k+1-

Definition 1 The Gel’fand-Dikii transformation [GD75] maps f € Uk to fe
A%, For a monomial it is defined as

m 0 0 ¢1 1
uo‘ou’(ll1 T u?n —< gl T aogao-‘rl o .5060-'1-(11 T flycn—am+2 T £Ln+1 > [k; + 1]

For any f € U*, two important properties of Gel’fand-Dikii transformation are

<Dof >[k+1)(&, - &rrr) = f( Lo 2 Eit1) Zfill &, W
< % > [k+ ]‘](517"'7£k+1) = killﬁil(glv"'vgkvol

Proposition 1 Let f € U™ and g € UT, then Dy (g) € U™ and

< Dy(g) > [m+n+1]
n+1
= (m+ 1) < f(gla e 7£ma Z£m+i)g(£m+1a e a€m+n+1) > [m+n+ 1]
=1
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Proof Using (1), we compute

< Df(g) >= <Za

0 ,
> < mﬁlasjf (€ €m0 (G GG Gust) >
j : m+1

= (m+1) <f(é&a"W&maCl+"'+Cn+1)g(C17"'a<n+1) >

Proposition 2 Let f € U and g € U], and define & by Eo+- - -+ E&ntm+1 = 0.
Then D}(g) € Urt™ and

<Di(g) >=(m+1) < f(&1, €mr €0)7(Emst,+ Emrnsr) > -

Proof Using (1), we compute
of
< D3(g) >=< )Y DI( >
Ho) >=< 2 (“)Di(5,00)

n+1

m o7
> (= Z& Zés 19T I N
j J: aé-'mrkl

m n+1

(m+1) < f&r, -+, &ms — Zng (Gre s Cng) >

= (m+]—)<f(é-lv"'7£m7§0)g(C17"'7Cn+1)>~
Definition 2 For any f,g € U, we define
[f.9] =< [f.9] >=< Ds(9) > — < Dy(f) >

Proposition 3 Let f € U and g € U}, then

£, 9)(E1, - s Emns 0)
m+1 - _ n+1

= - 7 ma07 7~a~ 7"'7TL70
Proof This can be proved using Z[f, g] = [au,g] [ ,g—g] and formula (1).

Proposition 4 Let Q. K €U and Q =>.Q%, K = > KJ
Then Q is a (co-)symmetry of the equation uy = K iff

where QL K! € U?.

s

Y LnQi=0 (p=0:g20).
i+Jj=p,r+s=q
Proof We know that Q[u] is a (co-)symmetry of the equation u; = Klu] iff
DgK — D@ =0 ( DgK + D3 @Q = 0). By Proposition 1 and 2, this can be
proved directly.



Integrability 4

Notation 2 (C)S; = {glullg € U is a (co-)symmetry of the equation uy =
flul}-

We give the following result as an application of this proposition.

Proposition 5 Consider linear evolution equation uy = f = Z§:1 Ajuj, where
the A; are constants and Ay # 0.

o Sy=Uffp=1;
° szuo iff p> 1.

Proof Notice Z§:1 Aj; € Uu° _and < Z§:1 Aju; >= 25:1 )\]f{. Let Q e U
and @ = > Q@ where Q' € U*. By Proposition 4, @) is a symmetry of this
equation iff [Q7, >7_; A;&]] =0, for any i > 0. So

~ P . P .~
(i+1) < Qi(&,-“,&ﬂ)z)‘jfgﬂ >= Z)\j(gl o &) Qi (&, Eigr).

j=1 j=1
This implies
P ' P _
DNE ) =D NG+ )
j=1 j=1
Under the assumption, it holds iff either p =1 or p # 1 and 7 = 0.

Proposition 6 Consider linear evolution equation uy = f = Z’; 1 Ajuj, where
A; are constants and A\, # 0. Let & be defined by ZH_I & =0.

o CSy=Uiff p=1;
e CS;=U" iff p>1 and all j are odd..
o CSy =c:constant iff p > 1 and at least one of j is even..

Proof Notice 320_) Aju; € U® and < 3°F_) Ajuy >= 37" A i€ Let Q e U
and Q = Y. Q' where Q! € U'. By Proposition 4, Q is a co-symmetry of this
equation iff D5, ( )\fj)—i—sz Ang =0, for any 7 > 0. So

(i+1) < Q&+ &) ZA& 1>+ZA§O (1,5 &41) = 0.

This implies

i+1
YN g =0
j=1 k=0

Under the assumption, it holds iff either p =1 or p # 1 and i = 0 when j are
odd.
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3 Symmetries of equations

Notation 3 G = (Zizl &)’“—Eizl ¥ where k > 0 andl > 0 are integers. By
defining & through the relation Zﬁg:o & =0, we can express G as — Zé:o gk,
We see that Gﬁc is tnvariant under the natural action of the permutation group
Yi+1 on the coordinates &y, ---,&. For fived I, we denote the expressions GL,
k=2,---,1+1 after elimination of & by ¢ (Chern classes).

> K @)
Ki+Aj=n

0 _
where K = u,.

4 Reducibility of the G}’

In this section, we study the the polynomials GJ* = (31", &)F — S0, &m,
where k£ > 1.

Proposition 7 GJ' = t]'q}, where ¢ is irreducible in Q[&1, - - -, &p] and 7
1s one of the following cases.

o m=2:

— k=0 (mod2): &&

— k=3 (mod 6): &&(& +&) =y

— k=5 (mod6): &1&(6 + &) (G +&&+E3) = 032)C§2)

— k=1 (mod 6): &6 (&1 + &)(& + &6 + &) = i ()2
e m=23:

— k=0 (mod?2):1
— k=1 (mod2): (& +&)(& + &) (6 + &) =Y
e m>3:1

Proof We denote by F;"* the number of irreducible factors of G}*. Notice that
GP = G e, .1 —0. Therefore, ;" < Fm.

For m = 2, this is proved by F. Beukers [Beu97] using diophantine approxi-
mation theory. Despite the innocent look of the polynomials involved, we have
not been able to find a simpler way of proving this case.

Next we consider m =3 and k =1 (mod 2). The ring of X3, X4-invariants
is freely generated by cl(g),l = 2,3,4. Since G} has odd degree, it must contain

at least one factor of the only odd degree generator cgg), which restricts to a

factor c ) when putting &3 = 0. This proves the case k =3 (mod 6). The only
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other possible divisors now must be of degree 2 or 4, since they restrict to ch)

2
or (652))2. That ch) /G? is then proved in appendix A.3. If 0513) - acg’) |G3,

2
then this would imply cég) |G2, since 0513)|53:0 = 0. Therefore k =1 (mod 6).
We refer to appendix A.2 for the computational details of the proof that this is

impossible. Any homogeneous factor 3 can be written as 3 = p3 (6(23), cff’)) +

cf)rg (céS), cé3), cf’))7 which reduces to p}|¢,—0, and so should be of degree < 4

by the results for m = 2. This shows there can be no other divisors (but cg?’))
of order < 4.

We now turn to the case m = 3 and k = 0 (mod 2). This is treated in
appendix A.1l.

Finally we consider the case m > 3. We show that G} is irreducible in
appendix A.4, where we only need to consider £k =1 (mod 2), since the other
case is automatically true since then Gi is irreducible. The case m > 4 follows
immediately for the same reason.

5 Analyzing the symmetry equation

We use the following notation convention. Fix A\,u € N. Then we denote
by Zgl}a} Q' the sum over all positive j and positive i > «a of Q; such that
Al + pj = um. We consider the equation

{m}
Uy = Z K*

{i=0}
Let QO = ¢] and let Q = Z%;}:o} Qp. Writing out the expression for the Lie
derivative of () with respect to the equation u; = K, we obtain

~ {r} ~ {m} {r} R
D WD o SEe
{r=1} {i=1} {p=0}

Suppose the equation L [(Q =0 is solved for all QP with p < [. Then it reduces

at level [ to
{m}

0=LzQ=-G'Q"+ > Lz Q"
(=1}
We now write QP = MPQC. Then define operators M? by M°Q° = Q°,
MIQY =01if1 <0, and for I >0

{m}
. 1 .
L A0 -1 "0
MQP = s E LpM™Q".
m {i=1}

Proposition 8 This equation implicitly depends on r. Let R, be the set of r
for which MP exists (i.e. MPQY € Api1) forp <I. Then Rip1 =Ry forl > 1.

Definitie G, L
derivative
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Proposition 9 Suppose MH1S0 exists. Then MH1Q0 exists, Moreover,

l

Z[MiQO,MZ+1_i§O] _ [SVO’MH-IQO] + [Ml+1§0, QO]

=1
Proof

l l
_Gﬁ;&l-2 Z[MiQO,MH_l_iSO} _ Z[[MiQO,Ml+1_iSO],RO]
i=1 i=1
l

l
= _ZHMHl—iSO,K’O]’MiQO] _ ZHKO’Mz’QOLMl-‘rl—iSO]

i=1 i=1
t {m} L Am}
_ Z[ Z L, MAH1=080 Af1Q0) — Z[ Z Ly Mi=1Q0, M=)
i=1 {j=1} =1 {j=1}
{m} 1+1—j {m} 1
_ Z Z Ly M1 50 MEQ0] — Z Z[ijMifjéoleJrlfiSO}
{g=1} =1 {i=1} i=j
{m} 1+1—j {m} 1—j
= Y S L MUTIE MG+ S S M8 L, MiG
{g=1} =1 {s=1} =0
{m} I—j
_ Z ([ij§O7Ml+1jQO] + [Ml+lijO’ijQO] + ij [MlJrlijSO,MiQO])
{i=1} i=1
{m} ~ ~ ~ ~ } . o
= 3 (1280 MIIQ) - MU IS0, L Q) = L (180, MU IQY + M50, Q0))
{i=1}
{m}
_ Z _[507LRle+l—jQ0] _ [LRleJ'_l_jSO,QO]
{s=1}
{m}
= =G> LMY+ G L M50
{i=1}

6 Symmetries of KdV-like equations
We consider 2n + 1-th order KdV-like equations in the form of
Ut = ZKganzn (K3 41-2; € U197, (3)
i=0

—1
where n > 2, KS,,LH = Usnt1, K3y 1 = D iy QiU —1—; and K = Bou"uy.
Here «;, By are constant and «fy # 0. If @ € U is an order m symmetry of (3) «ag # 077
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by Proposition 4, the following formula holds

n

Z[ ~§:i2n+2i7kén+172i] =0, (j=0,1>0). (4)
i=0
where Q; = 0 for j <0 or j >m and Q' =0 for [ < 0. Taking j = 0 in (4), we
obtain [Qo, K}'] =0, (Qo € Up). This implies that Qg is a symmetry of the
equation

uy = fouuy, (n>2). (5)

We know there is no zero-order symmetry for (5). In other words, QO = 0.
Substituting this into (4) and taking j = 2, we have

[Q2, K] =0, (Q2€lU).

We know that Sgyuny, = Ui from Appendix B. Tt follows that Q; = 0. By
induction, we conclude that Qj = 0 when j is even. Therefore QQ = Zf:o Qar41,
where Qa,41 € Uzr11. In the meantime we may substitute 25 4+ 1 into (4) for j,
so that it becomes

n

> IQ% anyaiprs Kbpir0l =0, (=0, 1>0). (6)

i=0
Taking j = p+n in (6), since @, = 0 when r > 2p + 1, we get
[Qép-{-l? Kgn—‘,-l] = 0.

Therefore if [ = 0 we have a symmetry of order m = 2p+ 1 and Qgp_H = /\ff’”rl

by Proposition 5. We take A = 1 without loss of generality. When [ = 1 and
j=p+n—1,(6) leads to

[Q%pfh Rgnqu] + [ ~ngrlv k21n71] = 0 (7)

By Proposition 1, we obtain, adding &, by the relation &y + & + & = 0,

2p+1 | (241 | 2p+1 1 2
o) _ 1 o HETT & Ky G (8)
2p—-1 = o107 | sontl | contl 2 :
i B T o Gt

We know Q3, ; € Uy, ;. So the necessary condition for equation (3) to
possess a 2p+ 1 order symmetry is that the right hand side of (8) is polynomial.
This leads to the following proposition.

Proposition 10 If there erists an order m symmetry of equation (3), then
m=2p+1 and G3,,,|K3, 1G3,,, forp>0.

Remark 2 For the polynomials py(&1,&2) = (&1 + &o)F — &8 — &8 with k > 1,
F. Beukers [Beu97] proved that py, = trqi, where gy is irreducible in Q[&1, &3]
and ty is one of the following cases.
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e k=0 mod 2 5152

§1&(& + &2)
£1&2(& + &)+ &6+ 63)
166+ &) (G + &6 +65)?

Applying Remark 2 to the polynomial G, for m > 0 we have,

e k=3 (mod6

( ):
( ):
e k=5 (mod6):
( ):

e k=1 (mod®6

Giniosr1 = G&(G+&)E+a&+8) Ghnioen
= C§C3G2m+2s+1 (027 03)7 (9)

where s = 0,1, 2.

Therefore, if equation (3) possesses any nontrivial symmetries, i.e. apart
from uq,uy, then G§m+25+1\K21n71, where n = 3m+s for some m and s € 0, 1, 2.
For different p, ¢3 may also divide K3, ;. For example, we need c§|[§'21n_1 when
2p+1=3 (mod 6). This puts conditions on K3, ;, i.e. on the differential
equation.

Corollary 1 If there exists an order 6m + 3,m > 0 nontrivial symmetry for
equation (8) or a nontrivial symmetry for order 2n+1=3 (mod 6) equation,

- G2
then ag # 0 and K3, | = 2(32#%

Proof This can be proved using Remark 9 and comparing the degree of £&; and
the coefficient of the highest degree term between numerator and denominator
of Qépfl. We continue the procedure and take | =2 and j = p+n — 2 in (6)
for n > 2. This leads to

[Q%p—?n Rgn—i-l] + [Q%p—la KQIn—l] + [ ~(2)p+17 K22n—3] =0. (10)

By Proposition 1, we obtain

52 RQQn—SGgp—i-l + [Q%p—l? R%n—l]
sz—s = a3 (11)
2n+1

Notice that this procedure may go on and that by putting conditions on
the equation we can find all the equations which possess a 2p + 1 symmetry.
By taking different [ and j, step by step, and solving equations with respect to
Q5p41-9; for i =0,---,p, we can find either the symmetry @ = P Qopr1-2i
or the obstruction to its existence.

Conjecture 1 The period 6 of G§p+1 determines the order of recursion oper-
ator for KdV-like equations (3) if it exists. Moreover, the hereditary operator
starting with DS determines the complete KdV hierarchy.

check this
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7 Co-symmetries of KdV-like equations

If @ € U is an order m co-symmetry of (3) by Proposition 4, the following
formula holds

/ i ,
ZL@"H_% ioni2i =0, (720, 1=0). (12)
i=0

where Q; = 0 for j <0 or j >m and Q' = 0 for [ < 0. Taking j = 1 in (12),
we obtain quLQl =0, (Q1 € Uy). This implies Q; is a co-symmetry of the
equation

ug = Bou"uy, (n>2). (13)

We know there is no first-order co-symmetry for (13). This is equivalent to
@1 = 0. Substituting this into (12) and taking j = 3, we have

LR{LQS = O> (Q3 S Z/{3)

We know that CSgyuny, = Up from Appendix B. It follows that Qs = 0. By
induction, we conclude Qj = 0 when j is odd. Therefore @ = >_"_ Q2,, where
Q2r € Usz,. In the meantime we may substitute 25 into (12) instead of j, it
becomes

ZLI_(;H+1721.Q12;£27H-21' = 07 (] Z 07 ! 2 O) (14)
=0

Taking j = p+ n in (14), since @, = 0 when r > 2p, we get

Lo @b, =0.

2n+1

Therefore [ = 0 i.e. co-symmetry order m = 2p and Qgp = A{fp by Proposition
6. We take A = 1 without loss of generality. When ! =1and j =p+n—1, (14)
leads to

Lkgnﬂéépq + Lkgnflégpﬂ =0. (15)
By Proposition 2, we obtain, adding &y by the relation & + & + & = 0,

K3, 1(€,6)67 + K3, _1(&1,6)67 + f(21n71(£27§0)£%p.

Q% -2 = =
P gnJrl _"_g%nJrl +§§n+1

(16)

We know that Qép_Q € UQIP_Q. So the necessary condition for equation
(3) to possess a 2p order co-symmetry is that the right hand side of (16) is a
polynomial.

A Proof of irreducibility

In the following sections we denote ¢ by ¢;, i =1,---, 4.
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Al k=0 (mod?2)

Proof that co does not divide G} (k = 2j).
> with(grobner) :
> X:=[x,y,z,c_1,c_2,c_3]:

F will be the Grobner basis for X3 invariants.
> Fi=[c_1-(x+y+z),c_2-(x*y+x*z+y*z) ,c_3- (x*y*z)]:
> F:=gbasis(F,X,plex);

F=[-ci+ao+y+z cotyz—cry—cy 24y’ 422, —cs+2zco— 4 z2+z3]
GH is the generating function of G} (k = 2j), i.e. GH =372 G3t%.
> fi=p->(x+y+2z) " (2%p) -x" (2%p) -y~ (2%p) -z~ (2%p) ;

f=p—(z+y+ Z)(Qp) — 2P _ 4y 2p) _ (2p)

>  GH:=normal ((xxt+y*t+z*t) "2/ (1-(xxt+y*t+z*t) "2 )-(x*t) "2/ (1-(x*t) "2)-(y*t) "2/ (1-(y*
> Gn:=numer (GH) :

Assume it does divide G%, so the kth coefficient of the generating function
vanishes if we put c; = 0.

> Hn:=normalf (Gn,F,X);
Hn =2t 52 +2t0 cg e =4t  cg e, +2t8 52 ¢;2 =315 ¢52 4212 co — 10 92 ¢, 2

> Gd:=expand(denom(GH)) :
> Hd:=normalf(Gd,F,X);

Hd:=1-22¢;2 4+t c;* =2t  c5¢; + 210 co e +t2 eo? + 18 3?2 ¢, — 2t% o ¢4
— 8 (222 012 — 6 032 +2t2 Co

> Q::unapply(Hn/Hd, c_2);

Q:=co — (2t* co? +2t%cgcs® — 4t cg e +2t% cs? ;2 =310 cs? + 2% co — 0 ca? ¢4?) /(1
—2¢? 612+t4 614 —2t4 C3 Cyq —|—2t6 C3 013+t4 622—|—t8 032 012 —ott Co 612 — 8 022 012
— 1% ¢3% 422 ¢y)

> P:=factor(subs(c_3=0,simplify(Q(0)/c_3)));
tres (122 —2)

P:=2
(tcg —1)2(tes +1)2

> ql:=simplify(sum((-2*j)*c_17(2*j-3)*t"~(2*j),j= 2..infinity));
t4 Cq (tQ 012 — 2)

1:=2
q (=142 ¢;?)?
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Since P = gl and ¢1 = E;’;Q(—Zj)c%j_?’tzj, we have reached a contradiction.
It follows that ¢y does not divide ng for any j > 1.

A2 k=1 (mod®6)

We give an edited Maple session here which does all the necessary compu-
tations to prove that ¢4y — ac3 does not divide G3 (k = 65 + 1). We assume
that it does and we reach a contradiction as follows.

> with(grobner):
> X:=[c_4,c_3,c_2,x,y,2]:
F will be the Grobner basis for X3, ¥4 invariants.
> F:=[c_4-x*y*zx(x+y+z) ,c_3-(x+y) * (x+2) * (y+2) ,c_2- (X"2+y ~2+z " 2+x*y+x*z+y*z)] :

> F:=gbasis(F,X);

Fi=l-cot+a®+y’ +22 oy taztyz, —¢p+2e5 — 2+ 27,
s+ z+y —coy—caz+y’+ 27
Generating function of G; (k=6 + 1), i.e. GH = Z;io Gejprt® T
> GH:=normal ((x*t+y*t+z*t)/(1-(x*t+y*t+z*t) "6)- x*t/(1-(x*t) "6)-y*t/(1-(y*t) "6)-z*t/

> Gn:=numer (GH) :

Assume it does divide G3, so the kth coefficient of the generating function
vanishes if we put ¢, = ac3.
Note that c3c3 is a common factor in the numerator:

> Hn:=normal (subs(c_4=a*c_2"2,normalf(Gn,F,X))/( c_3*c_272));
Hn = 157(—8t6 acs? +5t% 5?2 —5t12a% 3 cs? —At8aco® +t2acst — 10 co® +5t12 a3 ¢,°
+7a-3t%a%c® +7+5t24* 026)
> Gd:=expand(denom(GH)) :
> Hd:=subs(c_4=a*c_2"2,normalf (Gd,F,X));
Hd :=—6t%a 023 +t%4ab 0212 +6t%q 023 034 +6¢8 g% 029 —6t'84° 026 032 — 3¢5 032

—92¢8 623 +1+3¢12 034 +6t'2q 026 —9¢18 42 026 032 + 21843 029 — 18 036 —2¢1243 626
112 6,0 6112 652 0,3 + 911242 ¢,°
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We now have the numerator and denumerator of the generating function
of the G¢ 41, divided by c3c3 and expressed in invariants, modulo the relation
c4 = ac3, where a is supposed to be j dependent.

> Q:=unapply(Hn/Hd,c_2);

Q:=co — t7(—8t6a 032 +5¢8 632 — 51242 023 032 —4¢%q 023 +t'%q 634 — 5 023
+5t12a% b +7a—3t%a% co® + 7+ 512 a* %) /(—6t%acs? + 1208 22 + 618 ce® gt
+6t8at c2? — 61803 50 32 — 31852 — 210 ¢3 + 1 + 3¢12 034 +6t12a ¢y’
— 9t a2 0 cs? + 2618 a3 0 — 18 ¢5% — 211203 o0 + 112 00 — 6112 52 0% + 9112 a2 026)

> P:=simplify(Q(0));
t"(—8t8acs? +5t e+ 7T+ t2ac3t +7a)
—1+ 316 ¢5% — 312 ¢t + 118 46
We now write P in the form of a series expansion. Since P is supposed
to be zero, this allows us to equate the coefficients in the series to zero.

P.=-

> qgl:=simplify(sum((6*%j+1)*(a)*c_37(2%xj-2)*t~ (6% j+1),j=1..infinity));
at” (t8c3? — 1)

1= —
1 (6 52 —1)2

> q2:=simplify(sum((6*j+1)*(j)*c_37(2xj-2)*t~ (6% j+1),j=1..infinity));
t" (55 ¢c32 4+ 7)

2= —
! (5 cs? —1)?

> simplify(ql+q2-P);
0

This shows that Q(0) = 3772, (6% j + 1)(a + §)ex? 728+ 1t follows from
the divisibility assumption that P = 0, so a + 7 = 0. We now consider PP =
Q" (0)/6:

> PP:=simplify(D[1,1,1](Q)(0)/6);

> hil:=1->sum((2*(k))"2,k=1..1):

> h2:=1->sum(4*k+3,k=1..1-1)+3:

> h:=k->sum(11°2,11=1..k)*(2*k+3)/5:

> hh:=1->simplify(h2(1)*(-1-1)"2+h1(1)*(-1-1)+h (1));

hh := 1 — simplify(h2(1) (=1 — 1)? + h1(l) (=1 — 1) + h(1))
> p_l:=simplify(sum(

(6% (j+1)+1)*h2(j) *c_3" (2%j-2) *a~2*t~ (6%j+7),
j=1..infinity));

) = _a2 13 (=39 — 3415 c52 + 112 c3%)
T (6 cs? — 1)
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> p_2:=simplify (sum(

(6%j+7) ¥h1 () *c_3" (2%j-2) *axt~ (6%j+7),

j=1..infinity));

at' (51" cg* +301% c3* +13)
(t6 (332 — 1)5

pe = —4

> p_3:=simplify(sum(
(6%j+7)*h(j)*c_37 (2%xj-2) *t~ (6%j+7),
j=1..infinity));
(1345510 ¢5% 4+ 27112 c3t + 18 ¢5°)
b3 = (16 c52 — 1)6
We see that PP = p; + ps + p3 and the jth coefficient in PP equals
gfﬁf?ﬂmj+1aej+nau+7ﬂj+n
This shows that Q(0) = £ 2°2, 3’ %j(12j+13)(2j +1)(65 +7)(j+1) # 0.
Therefore the divisibility assumption must be wrong.

A3 m=3k=1 (mod2)
> with(grobner) :
> X:=[c_3,c_4,x,y,2]:
F will be the Grobner basis for X3, X, invariants.

> Fi=gbasis([x"2+y"2+z " 2+xky+xxzty*z, (x+y)* (x+ 2)*(y+z)-c_3,x*y*z* (x+y+z)-c_4]1,X);

Fi=[-citzes+2Y ety +es+y* + 225, 22+ + 22 +ay+az+y2

> for m by 2 to 5 do

\Y

GH:=normal ((x*t+y*t+z*t) "m/ (1- (x*t+y*t+z*t) "6 )
(x*t) "m/ (1-x"6*%t"6) - (y*t) "m/ (1-y~6*t~6) - (z*t) "m/(1-z"6%t"6)) :

> Hd:=collect(normalf (denom(GH),F,X),t);
> Hn:=collect(normalf (numer (GH) ,F,X),t);

> Q:=unapply(Hn/Hd,c_3,c_4);

> if m=1 then

> Q1:=simplify(D[2](Q) (c_3,0));

> Pl:=simplify(sum((6*p+1)*c_3"(2+p-1)*t~(6%p+1), p=1..infinity));
> fi:

> if m=3 then

> Q3:=simplify(Q(c_3,0));

> P3:=simplify(sum(3*c_3~ (2*p+1)*t~ (6%p+3),p=0..1i nfinity));
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> fi:

> if m=5 then

> Q5:=simplify(D[2,2]1(Q) (c_3,0));

> Pb5:=simplify(sum((6xp+5)*2*p*xc_3~ (2xp-1)*t~(6*p +5),p=1..infinity));
> fi:

> printf(‘Qka=%a\n‘,m,Q.m):

> printf(‘Test for m=Y%a =%a\n‘,m,simplify(Q.m-P.m)):

> od:

Q1=-(t"6%c_3"2-7)*t"7*xc_3/(c_374*t"12-2*%t"~6*c_3"2+1)

Test for m=1=0

Q3=-3*t"3*c_3/(-1+t"6%c_3"2)

Test for m=3=0
Q5=-2*%t"11%c_3*(t"6%c_3"2+11)/(-1+t"4}18%c_3"6-3*%c_3"4*t~12+3*%t"6*c_3"2)
Test for m=5=0

A4 m=4k=1 (mod?2)
In this section we denote cf by ¢;, 1 = 2,3,4.
> with(grobner):
> X:=[c_4,c_3,c_2,x,y,z,s]:
F will be the Grobner basis for X4, Y5 invariants.

> F:=gbasis([x"2+y~2+z72+8 " 2+x*y+x*z+y*z+x*kst+y*s+zxs-c_2,
2% XKy *Z+H2KZKk YR S+2RSKYRX+ 2k ZkSkX+X 2% Z+X*ZT2+y " 2%z +y*z "2
+872%Z+8*Z T 2+xX* ST 2+X T 2% 85 +8 T 2y +sky T 2+xX T 2y +x*y T2,
BkXKYHZkS+X T2k yRZHXkY T2k Z+XKyHZ T 2+2k ST 2% X +2Z* 5k X T 2+Z27 2% 5% X
+zxy*s " 2+z%y T 2%s+z " 2k yks+s T 2xyRkx+skykx T 2+5%y " 2%x-C_3,
xxy*z¥s* (x+y+z+s)-c_4],X);

F = [a?2+y2+z2—|—s2—l—xy—l—a:z—i—yz—l—xs—i—ys—i—zs—@,
—02z+32y+8y2—|—zy5—|—33—628+sz2+822—|—y3+y22+y2z—|—z3—CQy,

g
—563+C4+s‘)—3302, —03—6222—6282+S4+Z4+2282+Z3S+832—6228]

> GH:=simplify((x*t+y*t+zxt+s*t)/(1-(x*t+y*t+z*t+s*t) "2)
—x*t/(1-x"2%t72) —y*t/ (1-y~2%t"2)
—zxt/(1-z"2%t72) ) —s*t/(1-8"2%t"2) :
> Hd:=collect(normalf (denom(GH),F,X),t);

Hd:=1"¢] 13¢5 —2t%c3co + (—c3 +2¢3)t* + 2% ca — 1

> Hn:=collect(normalf (numer (GH),F,X),t);
Hn :=tcse34+ 3t cpco —5t° ¢y
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> Q1:=simplify(D[3] (unapply(Hn/Hd,c_2,c_3,c_4)) (c_2,0,0 ));
o (3t2ca — 5
T L )
1+tte; —2t%2¢

> Pl:=simplify(sum((2*p+1)*c_2" (p-2)*t~ (2*p+1),p= 2..infinity));
t5 (312 ¢y — 5)

Pl := —
(t2co — 1)2

> printf(‘Test=Y%a‘,simplify(Q1-P1));

Test=0

B Polynomial symmetries of u; = u"u;(n # 0)
Proposition 11 S,n,, = U, where n #0 [QT82] [TQS1].

Proof Suppose @ is an order ¢(¢ > 2) symmetry, so [u™u;, Q] = 0. Write it out

0 = u"D,Q+nu" u1Q — Dg(u"uy)
00 q
= u"Z a—muiﬂ + nu™” Z 1D’ u"uy) (17)
i=0 =0
Differentiating (17) with respect to u,, when ¢ > 2, we get
0
0 = " (afq) Dgﬁz (uuy) — qnu"71u167%
Therefore
Ou"uy, Q] Q 1, 9@
0 = bl gy, 2] — (g + Dnu 18
dug [, Guq] (g4 nu 8uq (18)

Assume P = Tq and |P| =r > 2. By formula (18), it follows

oP
ou,

oP.  Ou"uy, P] no1 OP 1l
a—ur] = T+(r+1)nu ulaur =(g+7r+2)nu"" g

[u"uq,

Since @ is polynomial, we can continue the preceding procedure till » < 1. By
induction, we have

[u"u, P] = Mnu" 'u P (19)

where |P| =1 and M > 1+ ¢ > 3 is constant.
Computing (19), it leads the equation g—Pul (1-M)P. So

P = H(uu;~",
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where H is a function of u. Notice P is polynomial only when M < 1. This
contradicts ( since M > 3) our basic assumption that ¢ > 2. Therefore this
implies |@Q] < 1 i.e. @ only depends on u and uy. It is easy to know that the
solution of [u™uq,Q(u,u1)] = 0is @ = H(u)uy, where H is any polynomial of
u. By the same method, we can prove the similar result for its co-symmetries.

Proposition 12 CSyny, = Uy, where n # 0. Especially, 1 is also a co-
symmetry.
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