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ABSTRACT. We show that a reversible non-Hamiltonian vector field at nonsemisimple 1:1
resonance can be split into a Hamiltonian and a non-Hamiltonian part in such a way that
after reduction to the orbit space for the S'-action coming from the semisimple part of the
linearized vector field the non-Hamiltonian part vanishes. As a consequence the reduced
reversible vector field is Hamiltonian. We furthermore show that for vector fields in normal

form on the orbit space being Hamiltonian is equivalent to being reversible.

1. Introduction

We consider a reversible - but non-Hamiltonian - vector field in the neighborhood of
a 1:1 resonance. There has been a recent interest in the reversible nonsemisimple 1:1
resonance (See [5], [10], [6], [3] and other references given in this last paper) which
occurs when two pairs of purely imaginary eigenvalues of the linearized system collide
on the imaginary axis. From the analysis of the bifurcation in [6] it becomes clear
that there is an apparent resemblance with the Hamiltonian Hopf bifurcation [12].

Part of the resemblance has been clarified in [3] where it was shown that, on the



orbit space with respect to the S'-action coming from the semisimple part of the
linearized vector field, the reduced vector field was Hamiltonian with respect to a

”hidden” Poissonstructure.

In [5, eqn. (46)] the equations of interest are given in complex form by

dA "

— = ilwo+ P(u,Qu)A+ B,

dB . - :

o = ilwo+ P(u,Q p)B +Q(u, Q, ) A, (1)

where (A, B) € C?, u = |A]?, Q =Im(AB). P and Q are real polynomials in « and
with y-dependent coefficients, such that P(0,0,0) = Q(0,0,0) = 0.

Note that at © = 0 the linearized system has a pair of purely imaginary eigenvalues
+iwy with two dimensional Jordan blocks. The reversibility is present in the sym-
metry R defined by R(A, B) = (A, —B) which anticommutes with the vector field.
The vector field is equivariant with respect to the Sl-action 0- (4, B) = (¢? A, e B),
which is the flow of the semisimple part of the linearized vector field. Furthermore

the normalized vector field has two absolute invariants:
1o 1 v
O H = —3BI +5 [ Q.2 p)ds 2)

In order to compare these equations to other results we will first change to real

coordinates. Set A = y; + iy2 and B = x1 + ixo. Then we obtain the equations

d . .
ch = woJz + P(u, Q, p)Jx + Q(u, 2, )y,
d .
CTZ = woJy + P(u,Q, u)Jy + ., (3)
where
0 —1 9 9
J = 10 Ju =Yy + Y5, 2 = 21Y2 — Toy1. (4)

Note that the reversor we consider is now given by

~100 0
0 10 0

R = (5)
0 01 0
00 —1



In the following sections we will first show that equations (3) are actually the general
normal form for reversible systems on IR* at nonsemisimple 1:1 resonance. After
that we will show that the Poissonstructure on the orbit space is natural and that
for vector fields in normal form on the orbit space being Hamiltonian is equivalent to
being reversible, if the appropriate choices are made for the reversor and the Poisson
structure. We furthermore show that the Hamiltonian structure can be identified
explicitly in the original non-Hamiltonian reversible vector field. For the basics on

Hamiltonian systems resp. Poisson structures we refer the reader to the textbooks
[1] and [7].

2. Linear normal form

In this section we consider the linear normal form of a reversible system at non-
semisimple 1:1 resonance. We show that the linear system and the reversor can be

simultaneously normalized. A more general version of this can be found in [9].
Consider a system
2= f(z,\), z€ R*, A € IR, (6)
where f(0,\) = 0, VA. Define A(\) = D,f(0,\) € L(IR*). We call system (6)
reversible if
f(Rz,\) = —Rf(z,)\), R€ L(R"), R* =1.
Let Ay = A(0) then obviously AgR = —RAy.

Now suppose that +i are non-semisimple eigenvalues of Ay, i.e. dim ker(AZ + ) = 2
and ker(A3 + I)? = IR*.

LEMMA 1. Let Ay = Ag + Ay be the Jordan decomposition of Ag. Then Ag and
Ap are reversible, i.e. AsR = —RAg and AyR = —RAy.

Proof. From Ag = As+ Ay and Ay = —RAyR we find Ag = —RAsR— RANR. Now
—RAgR is semisimple, —RANR is nilpotent, and —RAsR and —RAyR commute.
Because of the uniqueness of the Jordan decomposition it follows that Ag = —RAgR
and Ay = —RANR. O

Let U =ker(Aj + I), thus dimU = 2. Then K = Ay|, € L(U) is semisimple,
thus K = Ag|, and Ay|, = 0. Furthermore A% = —I, that is, Ag generates an



S'-action on IR* given by {e?s? | ¢ € S' = IR/2rZ}. This S'-action together with
R generates an O(2)-action on IR*. U is invariant under this action, actually it is
irreducible under this action. Next set Ry = R|,, € L(U), then

R2 =1Iy and KRy = —RoK.

Now let IR* = U @ V, where V is chosen to be the O(2)-invariant complement to U
with respect to the given O(2)-action. Consequently V' is invariant under Ag and R.
Let K = Agl|, € £(V) and Ry = R|,, € £(V). Then

KRO = —féok, RAOQ = ]V, and KQ = —Iv.
Clearly dimV = 2, and V is irreducible under the S'- and O(2)-actions.
LEMMA 2. Ay = Anly, € L(V,U) is an isomorphism.

Proof. Consider W = Apn(V). W is invariant under the O(2)-action since
AyAg = AgAy and AyR = —RAy. Because Ay commutes with the S'-action
it follows from Schur’s lemma that either Ay(V) = 0 or that An|,, € L(V, W) is
an isomorphism. If Ay(V) = 0 then Ay = 0, which is impossible since this implies
Ap = Ag is semisimple. Consequently W = ImAy and U = kerAy. If UNW = {0}
then Ay is invertible on its image W, which is impossible since Ay is nilpotent. Thus
U NW is a nontrivial subspace of U, which is invariant under the O(2)-action. From
this it follows that U N W = U and consequently U = W. Thus we may conclude
that Ay = Ay|,, € £(V,U) is an isomorphism. O

From AgAy = AnAg we get that KAy = ANK, while from AyR = —RAN we
obtain that ANRO = —ROAN.

LEMMA 3. There exists a linear isomorphism
®:UxU— R

such that
(DilAOq)(Ul, Ug) = (Ku1 + Ua, KUQ)

and
CI)_IRCI)(Uh UQ) == (R()Ul, —R()UQ).



Proof. Define ® € L(U x U; R*) by
q)(ula U2) =ur + A]T]lu27
obviously, by lemma 2, ¢ is an isomorphism. We have

O Ag®(ur,un) = O (As+ An)(ur + Ay'u)
= (1371<KUJ1 + KA;VIUQ + UQ)
N Kuy +uy + fl]_\,lf(ug)
= (Kul—f-uQ,KuQ),
and
SR (ug,ug) = D 'R(ug + Aytun)
= <I>*1(R0u1 + RAOAX[lll,LQ)
= <I>_1(Rgu1 + AJ_\,lRouQ)
= (Rouh —Rouz)-

Identifying U x U withIR* we can assume that

K I R 0
Ay = Y1, and R= 0 . (7)
0 K 0 —Rp
LEMMA 4. U has a basis{ey, ea} such that

Key = ey, Key = —ey, Roer = €1, Rpea = —eg,

i.e. K and Ry are represented by the matrices

-1 1
K—J= 0 and Ry — .
1 0 0 —1

Proof. Since R? = Iy, Ry has only eigenvalues ¢ = 1. If € is an eigenvalue of
Ry with eigenvector ug, then Roug = euy and Ro(Kug) = —KRoug = —eKuy, i.e.
—e is an eigenvalue with eigenvector Kug. Since dimU=2 we have that +1 are both

simple eigenvalues of Ry. Let e; be an eigenvector of Ry with eigenvalue +1, and let



ey = Key. Then the lemma follows. O

Consequently, on IR* with coordinates (x,y), we may, without loss of generality,

suppose the linear system (at A = 0) to be

dx

a = WOJI‘,

d

= = wlyta ®)

with R given by (5) and J given by (4).

The following theorem shows us how to obtain a normal form for the parameter

dependent case.

THEOREM 1. There exists a mapping
U R — L(U x U; IRY),
defined and smooth in a neighborhood of the origin, such that
(i) ¥(0) = &, with ¢ as in lemma 3.
(i) U(AN)TTRU(N)(uy, us) = (Rour, — Rous).
(iii) W) TTAN)T(N) (ur, ug) = (1 + BN))Kug + ug, a(N)ug + (14 S(N)) Kus), for
some smooth functions 3(\) and «(\), with a(0) = 5(0) = 0.

That is, identifying U x U with IR* using W()\) we can bring the original system in
a form for which

(a+soE 1 (R 0
A(A)_( o(N)Iy (1+6(A))K)’andR_( 0 —RO)' ©)

Proof. On U we have an O(2)-action generated by {eX? | ¢ € S' =~ IR/2rZ} and
Ry. Let <, > denote an inner product on U for which this action is orthogonal.
Then < ef%uy, ef%uy >=< uy,uy >, for all ¢ and thus K7 = —K, RI Ry = I,
and R2 = I;. Consequently RY = Ry. We extend this scalar product to U x U by
< (ug,ug), (U, Ug) >=< uy,U; > + < ug, Uy >. We may assume A(A) to be such
that Ay and R are given by (7). Then R = R and

s [ -K 0
AO_( ; _K). (1)

Before continuing the proof of the theorem we will first prove a few lemma’s.



LEMMA 5. There exists a mapping
U IRP — L(U x U),

defined and smooth in a neighborhood of the origin, such that

(i) W(0) = Iyuv.
(i) RU(\) = U(N)R.
(iii) AG(EA) AN T(N) = Ag) = (F(N) AN (A) — Ag) A7
Proof. (Lemma 5) Let
T, ={y e LU xU) | ¥R = Ry},

T-={¢ e LUxU) | YR = —Ry}

(thus A(X) € T),
T, = {¢ € T, | 1 is invertible }.

Define F : Ty x IR — T_ by F(¢),\) = ¢¥~'A(A\)¢. Then F(I,0) = A, and
DyF(I,0)¢ = Agth — Ay = (AdAg)e, for all ¢ € Ty,

On L(U x U) we introduce the scalar product by < B,C >= trace(BTC'), where
adjoint and trace are defined with respect to the inner product <, > on U x U. Then

< (AdAy)B,C > = < AyB— BAy,C >
= trace((AgB — BAy)'C)
= trace((BTAl — AT BT)C)
= trace(BT(AJC — CAY))
= < B,(AdA})C >. (11)

Moreover, from AgR = —RAy we get ATR = —RAT, ie. Al € T_, and AdA! €
L(T_,T.). From (11) we see that (AdA4y)? = AdA], hence

T_ =TIm(Ad4y) @ ker(AdA]).



Let @Q € L(T_) be the projection in 7" such that Im@Q = Im(AdA), and ker Q =
ker(AdAD). Define F : T}, x R’ — ImQ by F(1,\) = Q(F(1),\) — Ag). Then

F(I,0) =0 and

DyF(1,0) = Q(AdAy) = AdA,
is surjective on Im@). By the implicit function theorem there exists a smooth function
¢+ R? — T, with ¢(0) = I, such that F(4)(\),\) = 0, for all A near zero. Thus

F(1h(A),\) — Ag € ker(AdAT). O

LEMMA 6.
{Be L(WU)| BK = KB and BRy = RyB} = {aly | a € R}
and
{CeL(U)|CK=KC and CRy=—-RyC}={8K | g € R}
Proof. (Lemma 6) We first observe that U is irreducible for the action generated by
K. Let B € L(U) be such that BK = KB and let a + i3 be an eigenvalue of A.

If 3 =0, let U = ker(A — aly). Then U is K-invariant and non-trivial. Conse-
quently, by irreducibility, U=U and B = aly.

If 3+ 0, let U = ker((A — aly)? + §2Iy). By the same argument we have U = U.

Let K = —3~Y(A — aly) € L(U), then K? = —Iy and (K — K)(K + K) =
K% — K2 = 0. Thus not both K — K and K + K are isomorphisms, but both
commute with K, consequently, by Schur’s lemma, either K = K or K = —K.
Therefore B = aly &= K. So

{Be L(WU)|BK = KB} ={aly + 3K | a, 5 € R}

The result of the lemma now follows using RgK = —K Ry. O

We will now continue the proof of theorem 1. Let

T(A) = dU(N).
Set D = W(A\) AN T(A) — Ay. Recall that we assume A()) to be such that Ay and
R are given by (7). Write

D, D
D=| """ 7| DieLU),1<i<4
Ds Dy



Then by lemma 5 D has to fulfill the equations AT D = DA! and RD = —DR with
R given by (7) and A? given by (10). From these equations and lemma 6 we get

D2:O7 D1:D425K7 D3:OZIU7

which proves the theorem. O

A further transformation

(ur(t), ua(t)) = (@ (1 + BN, (1 + B(A))aa((1 + 5(A)1))

and a choice of basis as in lemma 4 give

A()\):(djf i)

with & = a(A\)/(1+ B(N))?, and J as in (4). When A € IR and &/(0) # 0 then we can
redefine the parameter such that a(\) = p.

Remark 1. Note that with respect to the standard symplectic form w
2
w=>_ dr; \dy;, (12)
i=1

(8) is Hamiltonian and that A(u) is in normal form as a infinitesimal symplectic

matrix. Furthermore R is anti-symplectic.

3. Nonlinear normal form

In [4, eqn. (8.2)] the normal form for a vector field on IR* in nonsemisimple 1:1
resonance, i.e. the linearized system has a pair of eigenvalues i and two dimensional

Jordan blocks, is given as

d

—dgtc = (14 Fi(u,Qpn)Je+ Fo(u,Q, pn)y + F5(u, Q, p)x + Fy(u, Q, p)Jy,

d

= U+ B, Q) Jy+a+ Fylu, 2 )y, (13)

where J, u, and Q are given by (4).

This normal form is obtained by the common Lie algebraic methods. For complete-

ness we will formulate the reversible normal form theorem which shows that formally



a reversible system can be put in normal form in such a way that the reversor remains

the same.

We will first prove the following lemma. Let X4, denote the reversible linear vector
field corresponding to Ap, and let [, ] be the Lie bracket of vector fields.

LEMMA 7. R[Xa,,V]|(2) = €[Xa,,V](Rz), where ¢ = +1 if V is reversible, and
= —1if V is R-equivariant, i.e. RV (z) = V(Rz).

Proof.
R[X4,, V](z) = R[X4,(2),V(2)]

= RD,V(z) - Xa,(2) — RD,X4,(2) - V(2)
= RD,V(2)R-RX4,(z) — RD,Xa,(2)R- RV (2)
= €eRD,V(Rz)- X4,(Rz) —eRD.X,(R2) - V(Rz)
= €(D,V(u) - Xay(u) = DyXa,(u) - V(u)) with u = Rz
= €[Xap(u), V(u)]
= €[Xa,, V](R2),

where € = +1 if V is reversible, and ¢ = —1 if V' is R-equivariant. O

We now come to the normal form theorem where as usual we show that given a
vector field in normal form up to order k — 1 one can find a transformation normal-
izing the vector field up to order k. By ad(X,,) we denote the mapping defined by
ad(Xg4,)(V) = [V, X4,], for V some arbitrary vector field.

THEOREM 2 (Reversible normal form theorem). Let

f(zop) = filz,m) + folz,p) + ... + fu(z,p) + hot., z€ R*, p € IRP,

with fi(z, ) homogeneous of order k in z, be a formal power series vector field, re-
versible with respect to R, which is in normal form up to order k — 1 with respect to
fi(2,0) = Apz. Then there exists a transformation exp(ad(P)), with P(z, 1) a homo-
geneous vector field of order k in z and R-equivariant, such that exp(ad(P))f(z, i)

is in normal form up to order k and reversible with respect to R.

Proof. We will start with considering the parameter independent case. Therefore

let 4 = 0. In order to define the normal form we need to embed Ay in a subalgebra



of the Lie algebra of vector fields isomorphic to sl(2,IR). We denote the generators
by An, Ay, and Ar, Ay being the nilpotent element dual to Ay (cf. [4]). We then

have a splitting of the space of vector fields into
[ker(ad(Xag4)) Nker(ad(X4,,))] ® im(ad(X4,)). (14)
The k-th order term in exp(ad(P))f(z), P(z) homogeneous of order k, is given by

fi(2) + [Xa,, Pl(2).

Now the reversible vector fields form a subspace, thus we may split fi(z) according
to (14) as

Fe(2) = fi+ frr fo € ker(ad(Xa,)) Nker(ad(X4,,)), fr € im(ad(X4,)),
and choose P such that
[XA07 P](Z) - _fkv P e im(ad(XAs + XA]\/I))'

This way, P is determined uniquely by fi. It follows that the part of fi in im(ad(X4,))
vanishes after applying the transformation exp(ad(P)). According to lemma 7 P
has to be chosen R-equivariant. Consequently the reversor is not changed, and the

remaining part fi of fi is in normal form and reversible.

The transformation exp(ad(P)) determined so far only normalizes the part of

fr(z, ) which does not depend on p. That is,

(exp(ad(P)) fuz, 1)) = ful2) + fulz, 1),

with fk(z,O) = 0. Let P, denote the homogeneous polynomials of order k. We
will now show that we can find an additional transformation which normalizes the
depending part fk We will use an implicit function theorem argument as in lemma

5. L.e. we will show that there exists a smooth mapping
P:IR* — Py,
with P(0) = 0, P(u)(Rz) = RP(u)(2), and such that
exp(ad(P)) fu(z, 1) € ker(ad(X4,)) Nker(ad(X 4,,)).

Let
Pr+={P € Pr| P(Rz) = RP(2)},



Pr— ={P € Py | P(Rz) = —RP(2)}.
Define F': Py x RP — Py _ by F(P,u) = fe(z, 1) + [Xa,, P](z, 1). Then F(0,0) =
fr and DpF(0,0) = adX,,. Let @ be the projection in Pj _ such that Im@Q =
im(ad(X 4,)) and ker@ = ker(ad(X 4,))Nker(ad(X4,,)). Define F : Py, , x IR? — ImQ
by F(P,p) = Q(F(P,p) — fi). Then DpF(0,0) = adX , is surjective on ImQ. By
the implicit function theorem there exists a smooth function P : IRP — P, with
P(0,0) = 0, such that F(P(y), 1) = 0, for all z near zero. Thus (exp(ad(P)) fi(z, 1t))x =
fr+ fe(z, 1) + [X 4y, P)(2, 1) € ker(ad(Xa,)) Nker(ad(Xa,,)). O

Remains to give a general expression for the normal form. Such a general expression
can be obtained from (13) and is given in lemma 8.
LEMMA 8. The equations (13) are reversible if and only if F3 = F; = 0.

Proof. The condition for reversibility is f(Rz) = —Rf(z). This gives for (13) the
following equations. The F; are R-invariant because u and (2 are R-invariant. We

will write the F; without there arguments.

—(1+ Fi)ag + Foyy — Fsxy + Fyys = —(1+ Fy)xe + Foyy + Fzay — Fyys,
—(1+ Fy)zy — Faya + Fyzo + Fayr = —(1+ F1)xy — Fays — Fazg — Fuys,
I+ F)y—a+Fyn = (14 )y, — 210 — Fay,
I+ Py +ae— Fys = (14 Fi)yn + 22 + Faye (15)

Which gives

—F3{L'1 + F4y2 = Fgl’l — F4y2,

Fszo + Fyyy = —Fsxy — Fyyy,
Fsyy = —Fau,
—F3y2 = F3yp (16)
The conclusion of the lemma is now straightforward. O

Thus by putting F3 = F;, = 0 in (13) we obtain a general normal form for reversible
vector fields at nonsemisimple 1:1 resonance as follows.

dx
dt
dy
dt

= (14 F(u,Q,p)Jz+ Fu,Q, 1)y,

= (14 Fi(u,Qpn)Jy + x. (17)



This is precisely the system (3) if we put wy = 1 (this can be done without loss of
generality), P=F, and Q = F,.

In the Hamiltonian context the normalization proceeds along the same lines. In this
case we have the standard symplectic form on IR* and the normalizing transforma-
tions need to be symplectic, i.e. the generating vector field P must be a Hamiltonian
vector field. In the Hamiltonian case the normalization procedure is performed with
the Hamiltonian functions, which, with the Poisson bracket induced by the symplec-
tic form, also form a Lie algebra, rather then with vector fields (see [12]). The normal

form for the Hamiltonian function at nonsemisimple 1:1 resonance is given by
H(z,y) = Q+n+ F(u,Q,p), (18)

with F(,0) = F(0,0) =0, and n = 3(z% + 23). We obtain the vector field

dx oF oF

7 = U+ 5g () Je+25-((u, Q, w)y,

dz oF

7 = I+ u)ly+a. (19)

Thus we obtain

LEMMA 9. The equations (13) are Hamiltonian with a Hamiltonian of the form

(18) if and only if F3 = Fy = 0 and (Fy, F3) = (95,295) for some F(u,Q, 11).

Consequently the reversible system (17) is Hamiltonian if and only if (Fy, ) =
(8F

o 2%—5), a remark which is also made in [5, p 243].

4. Reduction to the orbit space

Consider a system
2= f(z,n), z € R", u € IRP, (20)

which is equivariant with respect to a compact symmetry group G acting linearly
on R", ie. gf(z,u) = f(gz,u) for g € G. according to a theorem of Hilbert the
polynomials invariant under a compact group action are generated by finitely many
invariants (a Hilbert basis), which can be chosen to be homogeneous polynomials,

say 01,02, ...,0p. We may now define the map

. n .
o:R"— IR,z — (01,09, ...,0p).



This map is called the orbit map, its image can be identified with IR"/G and is called
the orbit space. Each point in the orbit space corresponds to precisely one G-orbit.
(see [8]). A G-equivariant system on IR" can now be lifted to the orbit space, i.e. be
written as a system of equations in the invariants. It seems that the orbit space is
the natural setting to study symmetric systems. However, it has the disadvantage

that in general the orbit space is a semi-algebraic variety.

In the context of Hamiltonian systems the concept of reduction is well known. In
this case the group action is symplectic and contains in general the flow of some
integral, i.e. there exists a momentum mapping. In the case of, for instance, one
integral I the reduced phase spaces are given by o(I7'(c)), ¢ some value of the

integral. (For more details see [2]).

In the case of the nonsemisimple 1:1 resonance we consider a system (13) which is
in normal form, that is , the system is symmetric with respect to the S'-action given
by

{es? | p € S' = R/27Z},
which is the flow of the semisimple part of the linearized vector field. By remark 1 we
may consider the linearized system to be a Hamiltonian system. Consequently the S!-

action can be seen as a symplectic action. The Hamiltonian function corresponding

to this symplectic S*-action is €.

LEMMA 10.  is an integral for the system (13) if and only if

2F5(u, Q, 1) — Fy(u, Q, p)u = 0. (21)

Proof. A straightforward calculation shows that

s
T 2F5(u, Q, 1) — Fy(u, Q, p)u.

O

From this it is clear that the reversible normal form has ) as an absolute invari-

ant.
A Hilbert basis generating the S!-invariant polynomials is given by €2, %u,n,T,

with T' = z1y; + x2y2. Note that these are the Hamiltonian functions corresponding
to Ag, Anr, An, and Ar respectively, i.e. Agz = Xq(z), Apz = Xu(2), Avz = X, (2),



and Apz = Xrp(z), where Xy denotes the Hamiltonian vector field with Hamiltonian

function f.

On the C* functions the symplectic form induces a Poisson bracket { , } by

W(XﬁXg) = {fvg};
where, writing z = (21, 29, 23, 24) = (2, y) = (@1, 2, Y1, y2) € R*,

! of dg
{f,9}(z) = i_%_lwij%(%

2 of 09 Of dg
Z(axi Yy a Yy 3%).

=1

The bracket {, } defines a Poissonstructure on the C* functions. The C'* functions

together with this bracket form a Poisson algebra. The matrix

0 0 120

0 0 01
Wij =

-1 0 00

0 -1 00

is called the structure matrix for the Poisson structure. u,n,and T generate a Lie
subalgebra of (C*°,{, }) isomorphic to sl(2, R).

The orbit map for the S! action is given by

p: B B () = (Q s, T). (22)

The image is determined by the relation
2un — Q? —T? = 0. (23)

The standard Poisson structure on IR* induces a natural Poisson structure on the

image of the orbit map given by the sl(2, IR) bracket relations.

We may now lift the equation (13) to the orbit space. First we introduce on
the orbit space new coordinates by choosing a somewhat different set of generating
invariants:

1= =29, y2 = 4n, y3 = 2T, ys = w. (24)



In these new coordinates the equations on the orbit space are (see [4])

n 0 0 0
Y 0 Y Y
2l = +2B(yLyn ) | | 2ROy | |+

Y3 Yo Ys Ya

Ya Y3 Ya 0
Y4
U1

+2F4(y1, ya, pt) e (25)

0

We call this the reduced equations. Again these equations are in normal form. On
the invariants the reversor (5) becomes

ny]
I

C (20)

0

o o O =
o O = O
_ o O O

Obviously the vector field (25) is reversible with respect to R if and only if 3 = F) =

0. Thus a reduced reversible vector field in normal form has the general form

U1 0 0
j 0
y.2 = + 2F5(y1, Ya, 1) v (27)
Ys Y2 Y4
Ya Y3 0

The bracket relations among the y; are {y1,v2} = {v1,y3} = {y1,y4} =0,
{y2,y3} = 4ya, {2, ys} = 4dys,and {ys3, ys} = 4ys. Thus the Poisson structure on the
orbit space is given by the structure matrix

0 0 0 0
0 0 4y, 4y
0 —4y, 0 4y
0 —4dys —4dys O

(28)

Let [,] denote the Poisson bracket for this Poisson structure. Then the vector field

(27) is Hamiltonian with respect to this Poisson structure, i.e. can be written as

¥ =y, H], with
1

_ 1 frya
H=——y+ 7/ Fy(y1, s, p)ds. (29)
4 2 Jo



We obtain H as an absolute invariant for the reversible system. So far we have shown
that a reduced reversible vector field in normal form is Hamiltonian. By lemma 9 a

reduced Hamiltonian vector field in normal form is reversible. Thus we have shown

THEOREM 3. Consider a vector field on IR* at nonsemisimple 1:1 resonance which
is in normal form. Then the corresponding reduced vector field (25) is reversible with
respect to (26) if and only if it is Hamiltonian with respect to (28).

Because () is an invariant, a reduced reversible vector field has a natural restriction
to surfaces {2 = constant. On the images of the surfaces (2 = constant the Poisson
structure, in a natural way, restricts to a symplectic structure. I.e. on the orbit
space the surfaces p(271(c)) are the symplectic leaves for the Poisson structure. The
surfaces p(€27!(c)) are called the reduced phase spaces. A system which on the orbit
space is Hamiltonian with respect to the Poisson structure on the reduced phase
spaces restricts to a genuine Hamiltonian system which is Hamiltonian with respect

to the symplectic structure.

5. Hamiltonian structure in the non-reduced reversible vector field

The reversible system (17) is Hamiltonian if and only if there exists an F'(u, €, 1)

such that g—g = F} and 2%—5 = %Fg. The Hamiltonian function with respect to the

standard symplectic form is then given by
G=Q—-n+F, (30)

where n = (2?2 + 23). Now let F be such that F,, = 1Fy, and write V = Fy — Fj.
Then it is clear that we can split our reversible vector field in a Hamiltonian (and
reversible) part corresponding to H = —n + F', which is precisely one of the absolute

~

invariants, and a reversible part (wo —V')(Jz, Jy), i.e. the vector field can be written

as
dx - OH
@~ Vg
dy ~ oOH
— = — - 1
L= -V - (31)

Let Xy denote the Hamiltonian vector field corresponding to H. Then the vector

A

field (31) can be written as (wy — V)Xq + Xpg. The "non-Hamiltonian” part of the



~

vector field (wy — V) Xgq is thus equivalent to the Hamiltonian vector field Xq in the
sense that the trajectories coincide in a neighborhood of the origin. However, the
flow is non-Hamiltonian, which is obvious because its period, which is determined by

Wy — V, does not depend on €2 alone.

A

The vector field (wy — V') X might still contain a Hamiltonian part because each
vector field of the form f(2)Xq is obviously Hamiltonian. Let W (u, Q) be such that
Wa = —V(,LL, 0,9). Furthermore let uV (1, u, Q) = —f/(,u,u, Q) + V(u, 0,9), and let
H =W + H. Then we can write the vector field as

uVXq + X (32)

The vector field for the reversible 1:1 resonance can thus be seen as a non-Hamiltonian
perturbation, of at least order two, of a Hamiltonian vector field. The perturbation
generates a shift along the Xq trajectories. Consequently after reduction to the orbit

space the non-Hamiltonian effect vanishes.

6. Bifurcations of periodic solutions

The non-Hamiltonian part of the reversible vector field, which is in F) vanishes af-
ter reduction. This is obvious from the geometry. The trajectories of the "non-
Hamiltonian” part, (wy — V) Xgq, of the reversible vector field (31) coincide with the
Xq orbits and thus will vanish on the orbit space. Thus on the reduced phase spaces
we are left with the reduced Hamiltonian systems corresponding to H, i.e. which have
reduced Hamiltonian H. The periodic solutions are precisely the stationary points of
the reduced Hamiltonian vector fields. These points correspond to the critical values
of the map

HxQ: R — R (2,9) - (H, ), (33)

which is obvious if we factorize this map through the orbit map. The linear stability
type of the periodic solution corresponds to the stability type of the stationary point
of the reduced vector field (see [3]). Consequently the geometry of the bifurcation
of periodic solutions at nonsemisimple 1:1 resonance of the reversible case is exactly

the same as for the Hamiltonian Hopf bifurcation [12].

Because of the presence of two absolute invariants the phase space of the system

(1) is fibered into invariant surfaces given by Q = constant and H = constant,



i.e. the fibers of the map (33). Thus we obtain exactly the same fibration as in
the Hamiltonian case (see [12]). The difference lies in the fact that on these fibers
the flow of the reversible system (1) is non-Hamiltonian by the fact that a small

non-Hamiltonian shift is added in the direction of the X trajectories.

Like in the Hamiltonian case one can use a reversible version of Weinstein-Moser
reduction ([12], [11]) to show persistence of the periodic solutions under higher order

perturbations which destroy the normal form.
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