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and his wife Sima Nasr, Parsa Beigi, Neda Sepacianand many other friends.

In Amsterdam many peopledesene thanks for their cortribution. My dearfriend, dr.
Mohammad Abry, was my roommate for four yearsand | am so grateful to get to know
such a friend, my thank also goesto his wife, Monireh and his two lovely sons, Moeen
and Soroush. My other o cemate, including Dave Visser, Kirsten Valkerburg, Desiree
Basile and Adi Setiawvan are all desene to thank of. | alsoshould thank Hamid Abbasi,
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In tro duction

Some history

Many of the equationsand systemswhich now are called integrable have beenknown in
di erential geometry One of them is the famous sine-Gordonequation (SG), which was
derived to describe surfaceswith constart negative Gaussiancurvature. Another one
is the Liouville equation describing minimal surfacesin 3 dimensional Euclidean space.
For physicists, the prototype examplesof integrable systemsare the Korteweg-De Vries
equation (KD V) [15] and the nonlinear Scrodinger equation (NLS) [19].

\what is an inte grable system ?"

This is a question with many answers of varying degreeof precision, generality and
plausibility. We will try briey to list few of these answers.

Newton's equations of motion are those three famous equations which are taught to
ewvery student of elemerary Classical Mechanics. The Kepler two-body problem and a
few other equationsturned out to have \exact solutions".

In fact these equations are particular casesof more general medanical systems,
known as ( nite dimensional) Hamiltonian system, with a Hamiltonian function and a
Poissonbracket.

A Hamiltonian systemis called\completely integrable" if it hasasmany independen
functions in involution with the Hamiltonian function and themselesasit has degrees
of freedom.

In the nineteerth certury, Liouville provided a generalframework characterizing the
caseswhere completely integrable Hamiltonian system are \solvable by quadratures”,
i.e., the generalsolution is found by integration and algebraic operations only, see[3].

The discovery of the physical soliton is attributed to John Russell's obsenation in
1834ashe describedit in his\Report on Waves" [55]. Much later in 1895Kortewegand
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de Vries derived the equation for water wavesin shallow channels, which con rms the
existenceof solitary waves. The equation which now bearstheir namesis of the form

Ui = uz+ uu; (KD V equation ):

In 1965, Kruskal and Zabusky, following a computationally numerical study of the
Boussinesganharmoniclattice of equalmassesvhich wasdoneby Fermi, Pastaand Ulam
(FPU), rederived the KDV equation and found its stable pulse-like waves. They named
sud wavessolitons . Theseare solitary wavesin the form of pulseswhosebehavior has
many particle-like features. During their ewlution, solitons propagate without change
of shape and with no energyloss. When two or more solitons with di erent propagation
speedcollide, after a highly nonlinear interaction the pulsesemergewith the sameinitial
form and no energyis lost in radiation in the courseof the interaction.

The stability and particle-like behavior of the solitons could only be explained by the
existenceof many consenation laws : D{U + DyF = 0; in which U is called conserv ed
density and F conserved ux . Zabusky and Kruskal started to nd more of them.
Later, it was proved by Miura, Gardner and Kruskal in 1968 that there was indeed a
consened density of ead order [50].

Gardner wasthe rst to notice that the KDV equation could be written in a Hamil-
tonian framework. Later Zakharov and Fadeevshowved how this could be interpreted
as a completely integrable Hamiltonian system in a same senseas nite dimensional
integrable systems[77] where one nds for ead degreeof freedoma consened density.

Perhapsthe richest group of equations known to be integrable are pseudospherical
surfaces. They are surfacesin R3 with constart negative Gaussian curvature. Bianchi
[18] discovered a beautiful relation between iterated Badlund transformations: the
permutabilit y theorem. This theorem assert that for two Badlund transformations
f1=B ,f andf, = B ,f of a pseudosphericalsurfacef corresponding to angles i; »
betweenthe normals, there exists a fourth pseudosphericalsurface f* which is simulta-
neously a Badlund transformation of f, and f, :

f'=B ,f,= B ,f1:

Moreover f* can be computed algebraically from f;fq;f,: In this way, the Badlund
transformation generatesan in nite-dimensional "symmetry group’ acting on the set of
pseudosphericakurfacesand the permutabilit y theorem shaws the possibility of writing
down explicit solutions starting with a simple f:

We might say that the symmetry of an equation is the consened geometric feature of
solitons. The symmetry groups of di erential equations were rst studied by Soplus
Lie. In his framework, these consist of geometric transformations of independernt and
dependert variables of the system. In the caseof KDV, there are four sudh symmetries,
namely arbitrary translation in x and t; Galilean boost and scaling. In the corntext
of pseudosphericalsurfaces,see[6], Badklund transformation B is the transform of a
Bianchi transformation by meansof a Lie transformation L ; symbolically

B =L BL : (0.0.1)



As we explained, we get the following features of an integrable system:
1. innitely many generalizedsymmetries;

2. innitely many consenation laws;

3. explicit solutions;

4. complete integrability in the senseof Liouville.

Wher e does inte grability come from?

A starting point from which all this rich structure can be derived is a zero-cunature
formulation of the underlying problem. The Lax (or Zakharov-Shabat (ZS)) represerta-
tion of nonlinear equation can be given in a form of compatibility condition

U() W()+[U()V()=0 (0.0.2)

of two linear equations
x=U() ; «=V()

See[22] for the reduction of this construction in symmetric space. In that case,U =
A + Q(x;t) in which A is constart elemen of the underlying Lie algebra and Q is
poterﬁial function. In this way, Zakharov and Mikhailov [76] use a pole expansion
U= U i) 1; while others [34, 37] favor polynomial expansions.

The zero curvature represenation (0.0.2) has a transparent geometrical origin. In
di erential geometry the embeddedsurfaceis the Gauss-Calazziequationrepresened as
a compatibility condition of linear equationsfor the moving frame (the Gauss-Weingarten
equations), seeLund and Regge[46]. The spectral parameter in this represenation
describesdeformation of surfacespreservingtheir properties.

The connection between geometry and integrable systemsis clari ed by Hasimoto
[3]] in 1972. He found the transformation betweenthe equationsgoverning the curvature
and torsion of a thin vortex lament (FM) moving in an incompressibleinviscid uid
and the NLS equation. The equation FM can be modeled as

t= s ss
in which  (s;t) is a curve ewlving in 3 digensional spaceR3: In fact Hasimoto con-
structed the complex function = exp(i ; ds) of the curvature and torsion of the
curve ; and showved that if the curve ewlvesaccordingto the vortex lament equation,
then solvesthe cubic nonlinear Scrodinger equation

. 1
+ + = =0:
It ss 2] J

Lamb [40] usedthe Hasimoto transformation to connectother motion of curvesto the
integrable equations like modied KDV (mKDV) and SG equations. Balakrishnan et



al. [5] have investigated another aspect of spacecurve formulation: the geometric phase
assaiated with the time ewlution of the curve and its connectionto integrability.

Sasaki[62] gave a geometric interpretation of the ZS spectral problem in terms of
pseudosphericalsurfaces. Chern and Tenerblat [10] characterized the mKDV hierar-
chy asa relation betweenlocal invariants of a certain foliation on a surfaceof constart
nonzero Gausscurvature. Terng, Tenerblat, Sattinger and Uhlenbed in a seriesof pa-
pers[69, 69, 70, 68, 67], studied the symplectic, Lie theoretic, and di eren tial geometric
properties of soliton theory. They construct a pencil of connectionsdepending on the
deformation parameter , and prove that the pencil is at for all 2 R if and only
if the dynamical variables or the invariance of the one parameter of surfacesfollows a
Hamiltonian ow. Seealso[9, 8].

Langer and Perline [42] shoved in 1991that the dynamics of a nonstretching vortex
lament in R® givesrise, through the Hasimoto transformation, to the recursion oper-
ator of the NLS hierarchy. The appearanceof the recursion operator can be explained
observingthat the Frenet equationsfor the curvein R? and R® are equivalert to the ZS
spectral problem without the spectral parameter.

Doliwa and Sartini [12] showed that certain elemenary geometric properties of the
motion of a curve selectthe hierarchy of integrable dynamics. The motion should be non-
stretching and occur in a N dimensional sphereof radius R and the dynamics indepen-
dent of the radius of the sphere. They give a simple geometric meaning of the Hasimoto
transformation: Hasimoto transformation is induced by a gaugetransformation from the
Frenet frame to the parallel or natural frame. Wang [72] usesthis interpretation to nd
the generalized(from R3 to RN) Hasimoto transformation.

Generalizing Doliwa and Sartini's approad, Sanders,Wang and Be a shawed that
motion of a curve in a 3 dimensional Riemannian manifold with constart curvature
follows an arc-length preserving geometric ewvolution and the ewlution of its curvature
and torsion is always a Hamiltonian o w.

Cartan's Lemma leadsus to usethe Lie algebravalued 1 form instead of the Levi-
Civita connectionde ned on Riemannian manifold, sothat having a frame on the curve
embeddedin the Riemannian manifold is equivalert to specifying the Cartan connection
applied on the 4. Indeed Sandersand Wang [58] showved that choosing a natural frame
and having the Cartan connection speci ed accordingto the natural frame, the Cartan
structure equation leadsto the recursion equation of integrable equation. In this way
they found the Hamiltonian operator out of curvature part and symplectic operator
resulted from solving the free torsion tensor. Authors applied a similar method to the
caseof conformal geometry [59], in which casemaking the proper choice of "natural
frame", leadsto the Hamiltonian and symplectic operator.

Outline and Summary of results
In this thesis, we generalizedthe former idea to other geometries, such as o(p;q)

orthogonal geometry and mainly to symplectic geometry
Chapter 1 is an introduction to the algebra of quaternions and the symplectic Lie



algebra using quaternions.

Chapter 2 explainsthe variational calculusand in particular de nes Hamiltonian and
symplectic operators suitable for Lie algebraic domains.

Chapter 3 is an introduction to di erential geometry

Chapter 4 is the core of the thesis. Starting from Riemannian geometry in Section
4.1 we prove that if we choosethe natural moving frame for a ow of a curve preserv-
ing arclength and embeddedin the Riemannian manifold with Levi-Civita connection
compatible with its metric, then ewlution of the di erential invariants of the curve fol-
lows the vector mKDV equation and gives us the recursion operator to produce higher
symmetriesaswell asthe Hamiltonian and symplectic operator. Using Cartan's Lemma
we seethat these objects can be obtained by just writing down the Cartan structure
equation for Euclidean geometry

We then proceedwith o(p;g)-orthogonal geometry in Section 4.2, generalizing the
Euclidean geometry choosingthe natural moving frame for the connectionmatrix . The
Cartan structure equationslead to the ewlution equation

|1 _ Ilp1 O

3
- 1 . .
Diu= |y gqUsx  ZUx < U;U > b 1q= 0

2
which is an mKDYV type equation with recursion operator R = HI where the operator
H and | are proved to be the Hamiltonian and symplectic operator, respectively.

Next in Section4.3, we considerthe symplectic geometryde ned by the homogeneous
spaceSp(n)=Sp(1) Sp(n 1); which indeedis identi ed with projective quaternionic
spaceHP": We study the Cartan structure equation, and seethat choosing natural or
parallel frame

0 1
0 1 0F

0=1(D)=@ 1 u T'A;
0 u 0

one can nd the time ewlution of invariants of a family of curves embedded in the
homogeneousspace. That is,

u Vv Vv
u Vv Vv

Replacing v by trivial symmetry uy; we obtain a noncomnutative scalar-vector
mKDYV equation:

4

8

E U = -us+ g( Uuiu  Uup + usu) + gm;uiu1+ hu;uqiu+ %um;uli
. . 3

E +2uhug;ui - Fhuguiu+ ZCuup;

3 3 15 .
Ut us 2u2u 4u1(u1 2u hu; ui)
This is equation 4.3.10. The reduction u = 0 leadsto the secondversion of the non-
commutative mKDV scalar equation and the reduction u = 0 yields the vector mKDV
equation.



Then in Section 4.4 one rewrites this equation using the Lie bracket, Killing form
and projections. In the symplectic case,we will seethat

0, = Afe + Av;
in which
A = Dy iady adyD,? oady;
[ = 20D,K(@) (G 1+ o) 1ach(Dy adp)ads 15 1+ o)
A = o+2; adyD,?! 1

This way of writing the geometric operator can be generalizedto any other Cartan
geometry

We prove that the operator A is Nijenhuis operator, that is, the Nijenhuis tensor van-
ishes. Furthermore we claim that A and AA are Hamiltonian operatorsand A 1 {'A 1
is symplectic. The proofs can be found in Chapter 6

Generalizing the Drinfel'd-Sokolov method to symplectic geometry we nd the Lax
represertation of the symplectic casein Chapter 5. The Lax operator is indeed

L=Dx+ A +q

in which A is the projection of ! (Dy) to the vector spacesp(n)=sp(1) sp(n 1) asa
constart elemen of the symplectic Lie algebraand q is the projection of ! (D) to the
subalgebrasp(l) sp(n 1):



Chapter 1

Quaternionic algebra

1.1 Intro duction

In this chapter we consider quaternionic numbers and vectors and seehow an inner
product can be de ned on the spaceof quaternionic vectors. We introduce the Lie
algebraof quaternions and compute the Killing form of two elemeris of this Lie algebra.
We then nd what can be the relation between the inner product of two vectors in
quaternionic spaceand the Killing form of two speci ¢ elemerts of the Lie algebra.

Let us rst briey recall somebasic facts about quaternions. The quaternions were
discovered on 1843 by Sir William Rowan Hamilton. They form a noncomrmutativ e,
assaiative algebraover R :

H=fa+ bi+ cj + dkja;b;c;d 2 Rg;
where algebra multiplication is de ned as
i2=j2=k?= 1, ij=k= jii jk=i= kj; ki=j= ik;
and scalar multiplication de ned as
(a+ bi+cj+dk)=(a)+ (b)i+(c)j+(d)k for 2R:

In general, by assaiative algebra over R; we mean a vector spaceover the eld R with
a multiplication on it which is assiative, distributiv e over addition and satis es

(u) = qu(g2)= (g for 2R and oq;p 2 H:

Moreover H is an involutive algebra,i.e, thereisamap :H! Hsudthat (uv) =vu
andu = u; foru;v 2 H: The involution of g2 H is conjugation of quaternionic number
g= a+ bi+ cj + dk; de ned by

g=a bi ¢ dk
Clearly for all u;v 2 H we have that v = v We de ne the modulus of a quaternion g
by
joi = (@' = @+ B+ S+ )

The principal properties of the modulus of H are asfollows. If g;q1; % 2 H; then

7



8 Chapter 1. Quaternionic algeba

1. jg = 0if and only if g= O;
2. jon+ G jouj + jopj and joutpj = joujjcki;
3. jd = jqgj; and

4.1f q6 0;thenq g=gq ' = 1; whereq = quiz

Obsene that the set C of complex numbers appears as a real subalgebra of H;
meaningthat C can be enbeddedin H asan assaiative algebraover R: More precisely
C can be seenas Spangf 1;ig residing inside H where Spangf1;ig= fal+ bija;b2 Rg

is spannedby 1;i with coe cien ts in R: The following result givessomeof the properties
of the subalgebraC in H:(The proofs are elemenary and omitted.)

Lemma 1.1.1. ConsiderC asthe real subalgebraSpangf 1.ig of H: Then:
1. Spangfliig=fg2 Hjqg = iqg;
2. Spangfj; kg=fg2Hjqg = iqg;
3. q =q forewry 2 Spangfl;ig= C andq2 Spangfj; kg:

Remark 1.1.2. 1. The rst point to be emphasizedin the third item of this lemma
is that if 2 C; then can be obtained from by an similarity transformation
I q 1q in H.(This is impossiblein C except for the trivial casewhere 2 R:)

2. It follows that H is not an algebraover C; sincefor 2 C and g1;¢ 2 H; two
quartities q1( g 2) and ( g 1) are not necessarilyequal.

We now derive two represettation of quaternions by complex vector and matrices as
well asreal matrices. The identi cation of C within H a ords a useful linear represen-
tation of quaternions, aswell asn tuples of quaternions, by complex vectors. Namely,
ifg=ap+ 11+ )+ 3k2H;then

q=( o+ 1)+ ( 2+ 3i)j= 1+ 2j (1.1.1)

where ; = o+ 1 and , = 2+ 3i belongto C: Thus, eatcr quaternion g is
uniquely represetted by a pair of complexnumbers 1; 1 via (1.1). In fact the function
:H! C? dened by
_ 1
(@= =
2
is a linear one-to-onemap betweenH and C? asvector spacesover R: This represenation
extends to the real vector spaceH" of n tuples of quaternions. Indeed, de ne the
function

THYL C by ()= EZ :
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where = 1+ 5, 2H" and 1; » 2 C": A seconduseful represettation of quaternions
is via M (2;C) asthe setof all 2 2 complex matrices. Considerthe function :H'!
M (2;C) de ned asfollows: if g= 1+ »j; asin (1.1), then

_ 1 2
(o) = = -

The function is simply injective and satis es, for all g;q;; 2 H and 2 R; the
equations

(w+ @)= (@+ (@) ()= (@ (@); (a)= (9):

Moreover,

2 = (9

1

@= (1+( 2i)=

NN

where (q) denotesthe conjugate transposeof the 2 2 complex matrix (q): Thus

presenes the linear, multiplicativ e, and involutive structure of H; that is, is an
injective -homomorphism from the real involutive algebra H into the real involutive
algebraM (2;C):

A homomorphic embedding of M (n; H) into M (2n; C) is similarly constructed. First,
note that by applying (1.1) entry wiseto a matrix Q 2 M (n;H); one can write Q as
Q= 1+ »j; where ;and ,aren n complexmatrices. The function :M(n;H)!
M (2n;C); dened for Q= 1+ 5, 2 M(n;H) by

(Q)= 1 2
2

=

is an injective homomorphism: That is, satis es, for all Q; Q1;Q2 2 M (n; H) and
2 R; the equations:

1 (Qi1+Q2)= ( Q1)+ (Q2and ( Q1Q2) = ( Q1) ( Q2);

2.(Q)= (Q)and

3. ( Q)= ( Q) whereQ is conjugate transposeof matrix Q 2 M (n; H); that is
Q =Q;

Obsenethat for Q1;Q2 2 M (n; H); we have (Q1Q2) = Q,Q; either by direct reasoning
or using similar identity for complex matrices and properties above of the function

Prop osition 1.1.3. Left quaternionic inverseis alsoright inversefor quaternionic ma-
trices.

Proof. If Q1Qz = I then ( Q1) ( Q2) = I: Hencealsol = ( Q2)( Q1) = ( Q2Qu):

Now s injective and it followsthat Q,Q1 = I:
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Prop osition 1.1.4. The image of the function s
(M(n;H) =fP2M(@2n;C)jJP = PJg
where J' = Jj, with

Proof. Weseethat ( I5j) = J;andif ( Q) = P whereQ= 1+ 5; then

JP= (1h)( Q= (1ajQ)= (]jQ):
Using Lemma 1.1.1, part 3, we seethat
jOQ=j 1+ 20 = d+(2)i= 14 2

HenceJP = ( 1j  2): On the other hand, from the de nition we obtain that
!

5. 1 2 S —
P= = %= 1 %= ( 1+ )
2 1 2 1

Consequetly we get that

PJ = ( 1+ 2)( )= (C 1+ 2D)ai)= (4 2
HenceJP = PJ and henceJP = JjP = JPj = PJj = PJ. On the other hand, if
P =PS then JP = PJ: Hencelet P beP = ' 2 :then we obtain that
3 4
4= 1 3= 2

This indeed, by de nition, meansthat ( 1+ »j) = P:

The following Lemma shaws how the function :H" ! C2" isrelated to the function
:M(n;H)! M(2n;C):

Lemma 1.1.5. Assumethat Q 2 M (n;H); 2 H";and 2 C: Then:
L. Q)= (Q ()
2. ()= () and
3.(Q ()= ()ifandonlyifQ =

Proof. ExpressQ and in linear form: Q = 1+ , and = 1+ »j; for some
1; 22M(n;C)and 1; 22 C": Thus,
Q = (1% 2)( 1+ 2))

11+ 12+ 20 D+ 2(2))
11+ 12+ 21+ 222
(11 22+(12% 22
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using part 3 of Lemma 1.1.1. Henceby de nition we obtain that

0 —1 0 _1
11 22 11 22
Q) = @ A:@_ _A
0 12+ 2110 1 12 21
1 2 1
=@  A@ A= (Q();
2 1 2

which completesthe proof of (1).

Toprove (2), notethat = (1+ 2) = 1 + 2 =(1)+ (2 ) (by Lemma
1.1.1),and so |
1
()= === = = ()
2 2
which proves(2). It might be remarked that = 1+ ( 2)j; hence ( )= t
2
which is not equalto () nor (): To prove (3), rst assumethat Q = . Apply

and obtain (Q )= ( ): But this equationis, by (1) and (2), precisely ( Q) () =
(): Conversely assumethat ( Q) ()= ( ):Then,by (1) and(2), (Q )= ( ):
Because is injective, we have that Q = ; thereby proving (3).

For further study about quaternions, see[20].
Now we will discussthe identi cation of quaternionic matrices with real matrices.
Sincewe can write Q 2 M (n; H) uniquely as

Q= o+ 11+ 2+ 3K

where ¢; 1; 2; 3 arereal matrices, Themap :M(n;H)! M (4n;R) given by

0 1
1

0 2 3
(Q)=%; . 2§
3 2 1 0

is an injective homomorphism of two real assiative algebrasover real numbers. That
meansthat if Q;Q1;Q22 M (n;H) and 2 R; then:

(Qi+Q2)= (Qu)+ (Q2); (Q1Q2)= (Q1) (Q2); (Q)= (Q):

It is also clear that

Q)= (o 1 3 3k= (Q"
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1.2 Inner product on quaternionic vectors

The setof all n tuples of quaternions H" is a right module over the division ring H: we
call H" aright H module. That means,for all g;q1; 2 H and ; 1; 2 2 H" we have
that

1. (1% 2)9= 19+ 20
2. (u+ @)= Gt
3. (&) = ( m)p; and
4. 1=

De nition 1.2.1. A Hermitian inner product on a right H module is a quaternionic-
valued bilinear form onit, which is right-linear in the secondslot, and is positive de nite.
That is, it satis es the following properties.

1.< 1+ 2>=< ; 1>+ < ; 5>

2.< 15 20>=< 15 2> Q

3.< 21> =< 1; 2> and

4. < ; > 0Oand< ; >=0ifandonlyif = 0:

The basic exampleis the form

(by considering as column matrix) on the right H module H":
Using (2) and (3) of the de nition above, we nd that
< 10 2>=0< 15 2>

Indeed

hig, 2i = ho 100 = hp; 1iq

= Thy; 1i = ghy; 2i:
On the complex vector spaceC?"; we can also de ne an Hermitian inner product asin
(1.2.1). The following proposition relates the Hermitian inner product on quaternionic

vectors as above with that on the corresponding complex vectors de ned by the map :
Notice that we will usethe samenotation for both inner products.

Lemma 1.2.1. If ; 2 H"; then

hyi=h() ()i h()T ()i
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Proof. Let and bethevectors = 1+ o and = 1+ » where 1; »; 1; 22 C:
Then we seethat

h; i = = (1 )1+ 2)

= 19+ Y3+ (12 YD
h() ()i h();3 ()i
h() ()i h()d ()i

1.3 Symplectic group

We will denotethe set of invertible n n matrices over H by GL(n; H): Now we de ne
the symplectic Lie group over quaternions as

Sp(n)=fQ2GI(nN;H)j<Q ;Q >=< ; > foral ; 2H"g
Obsene that, by de nition,
<Q;Q >=(Q)Q =( Q)Q)= (QQ)=< ;QQ >:

HenceQ 2 Sp(n) if and only if Q Q = I: Thus by Proposition 1.1.3, we have QQ = |
aswell. Sud s matrix is called a unitary quaternionic matrix.

Prop osition 1.3.1. ( Sp(n)) = fN 2M@2n;C)jN N =1 and JN = NJSg
Proof. Obserwethat is -homomorphismand useProposition 1.1.4.

Prop osition 1.3.2. ( Sp(n)) consistof N 2 M (2n; C) suc that
N ()N (Ji=h;i; N ()IN ()i=h; 30 (1.3.1)

for all ; 2 H": In other word, two inner products h; i and h ;J~i will be left un-
changedif we substitute ; with N ( );N ( ); respectively.

Proof. Let Q 2 M(n;H) and ; 2 H": Then applying Lemmas 1.1.5 and 1.2.1, we
obtain
hy i=h() ()i h()Jd ()
and
QR;Qi=h(Q ()1 (Q ()i h(Q (1IF(Q ()i

Now it is clear that if Q 2 Sp(n) then ( Q) 2 M(2n;C) satises (1.3.1). On the
other hand, assumethat N 2 M (2n; C) satis es in (1.3.1), then from the rst equation
we obtain that N N = | and from the secondone, N SN = J This is nothing but
FN = NJ* Now the proof of Proposition 1.3.2is done using Proposition 1.3.1.
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Seealso[11]], p.16-24.
The Lie algebra of symplectic group Sp(n) is

sp(n)=fA2M(n;H)jA + A= 0g:

A Lie bracket is an anti-commutativ e bracket [Q;P] = QP  PQ: The dimension of
sp(n) as vector spaceover R is 2n2 + n: Notice that mertioned Lie group is compact,
connected, semisimple,and simple connectedLie group. Seethe referenceg[73, 11] for
exact de nitions.

1.4 Kiling form in Symplectic Lie algebra

Now we compute the Killing form of the two generalelemers of symplectic group and
then for two specic oneswe seethat Killing form can be expressedin term of the
Hermitian inner product. To do so, let us for a while represen a quaternionic number
qbyg=qt+ qi+ dj + q"k The componertwise product of two quaternions p and q
is de ned by < p;q >r— piql + p'd + D’qJ + pXg¢ and sois the componertwise inner
product of vectors ; ; by < ; >,= , 1 < i, i >r It is easyto seethat

1
< G =< A< >
2
which shaws that componertwise inner product is just symmetrization of the Hermitian
inner product.

Lemma 1.4.1. The Killing form of two elemens A and B of the symplectic Lie algebra
is following:

X X
K(A;B)= 4(N+1) < AgBss>r 8N+ 1) <ApgBpg>r: (14.1)
s=1 p<q

The proof can be found in Appendix C. Let us represert a generalelement A of the
symplectic Lie algebraas
A= PP
p P 7
where p is a pure quaternionic number, p is quaternionic vectorand P 2 sp(n  1): We
de ne a projection of sp(n) by
0 o
A= 9 p

This is an orthogonal projection with respect to the Killing form, that is,

K(C(A):;@ )B) =0
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Notice that neether nor 1 is a Lie algebra homomorphism. Indeed

1 H)(IABD @ )AxQ@  )B)=

[ABT [ (A); (B)] [ )(A:@ )(B)
[A; (B)]+[ (A);B]

2[ (A); (B):

Lemma 1.4.2.
K(A;B) = K( (A); (B))+K(1 )A);@ )B):

Concerningthe Killing form and Lie bracket of matrices of the typein the last lemma,
we can easily prove the following lemma.

Lemma 1.4.3. For pure quaternionic numbers p;q;r; vectors p;q and matrices P; Q
and R of dimensionn 1in sp(n 1); we have that

h i
0 0 Coq O

8 0 8 0o 8q 0’ (1.4.22)

o p" 0 o '_ cep 0

) . !

oo o p"'_ o Qp .
0Q "p O " op 0 (1.4.2¢c)
k O PO @ g0 _, Cp 0. g0 (1.4.2d)
p 0 'q 0 00 0 0’00 s
p O, r 0  qg@0 _ pO0O. r O qgo@o

K 9p  orR'00 % 00" 00'00 (1.4.2€)

Proof. First and secondequalities are trivial. For the secondand third ones,we need
just prove that

p 0 .qg0 _ p 0 .qo0
K oOoP 00 K 00"™0O
But this follows from
00 . g0 _
K oP 00 0
. - 00 g o .
by using the formula for the Killing form of two elemeris 0P and 00 asin the

Lemma 1.4.1.
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0

Consequetly, though the matrix is not of the type of

oo

one of the matrices inside the bracket, but the Killing form of that with the matrix of

q

the type 00

; would give rise to the Killing form of two matrices of former type.



Chapter 2

Variational complex and geometric
op erators

2.1 Algebraic approach to the concept of geometric oper-
ator

De nition  2.1.1. Let A be any Lie algebra over a ring cortaining the real numbers.
Then we say that the real vector spaceM is left A module if a bilinear operation is
given which assignto ead pair a2 A;m2 M anelemern a m 2 M such that

aa aa m a a m=[ay;a] m:
This is called a representationof A on M .

Example 2.1.1. Let X be a smooth nite-dimensional manifold. The elemerts of the
Lie algebra A are vector elds on X and M is C! (X;R). The operation [a;; a,] is the
commutator of vector elds and a m is the result of the action of the vector eld a on
the function m 2 M: Notice that in this example, M has a ring structure. But this is
not essetial in the theory of Hamiltonian formalism, asin the next section which will
be dewoted to the variational calculus, we would have left A module M ; without having
ring structure on it.

Our objective is to construct a Hamiltonian structure on the pair (A; M) using only
the structures present in A and M : There are thus two basic operation: the commutator
[a1; a2] and the action a m. We shall attempt to expressall operationsin terms of these
basic operations.

We rst de ne forms and di erentials of forms, analogousto what in the caseof
Example 2.1.1is called the de Rham complex.

De nition  2.1.2. A g-form is a multilinear function ! on A with valuesin M; that is
'A :::A! M: A O-formis by de nition a xed elemert m 2 M: The di erential or
coboundary operator d9 is given by the formula

X _
dU (aq;::ii;aq1) = _( 1) * e 1 (ag;iini & aga) (2.1.1)

i<j

where the notation » meansthe argumert under the hat sign will be removed.

17
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Remark 2.1.1. In the de Rham complexonerestricts attention to antisymmetric forms,
and this has becomethe norm in Lie algebra cohomology. As Loday [45] pointed out
in his study of Leibniz algebras, there is no needto do so. The only reasonfor the
antisymmetry assumptionis that if one works with Lie algebrason which a ring R acts
by left multiplication (asin vector elds multiplied by functions) and whereR itself is a
nontrivial A-module, with rules like (cf. Palais [52])

fx;yl=fxyl y(f)x xy2Af2R;

then to show if ! is R-linear, which is the usual tensor assumption, one also has that
d% is R-linear, one needsto assumethat ! is antisymmetric.

In particular, d®m:A! M isalinear map with valuesin M ; the value of the 1-form
d®m on an elemen a2 A is given by the formula

d’m(a) = a m:
If isal-form,i.e., alinear mapping :A! M; then
d (apa) = a (&) a (a) (aa)):

We can simply seethat d'd’®m = 0 is equivalert to the principle axiom of A module M ;
that is:

a dm(a) a d’m(a;) d’m(fay;a;])
a aa m a a m [a;a] m=0:

d*d®m(ay; ap)

One can verify that d%*1dd = 0 in general.
De nition 2.1.3. A g-form ! is called closal if d9! = O:

We denote by CY9(A;M) the spaceof g-forms. We obsene that C9(A; M) is also a
left A-module; the action of a is called the Lie derivative which is given by

Ldm = am m2cCo%A;M)=M; (2.1.2)
(La)b) = a (b) (ab); 2CYAM): (2.1.3)

The generalformula is, with g > 0,

dLa=1g 1ty ?a;b];
where

d(by;:iiisbg 1) = (& by;iii;bg 1) for 12 CHA;M):
We can show that

— 14
LgngZ LgngZ - L[al;az]
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and
Ly= a9+ g0 1 g (2.1.4)

One can usethese Cartan rules as axioms to derive formula (2.1.1).

Now we supposethat in the spaceof 1-forms, a subspaceE CY(A;M) is xed
which contains the di erential of all O-forms (i.e., of elemers of M .) In concrete situa-
tions consideredin the next section, E will be specially described.

LetH :E ! A bealinear operator.

De nition  2.1.4. The operator H is called anti-symmetric if for any 1; » 2 E we
have

1(H 2)= 2(H 1)
Notation 2.1.1. Sometimeswe usethe notation ( ;a) for (a):

De nition  2.1.5. With any anti-symmetric operatorH : E ! A; we connecta 2-form
I 4 de ned on the imageim(H) by

ly(aa) = (H 'a)(a1); a;ap 2 im(H); (2.1.5)
whereby H 'a, we denoteany elemer , such that H » = a,.

Lemma 2.1.2. The bilinear map! y isindeedawell-de ned 2-form, that is, independen
of the choice of 5 in De nition 2.1.5.

Proof. Supposeas;a, 2 im(H), i.e., they have the form @ = H ;: In addition assume
that a, = H 3: SinceH is anti-symmetric, we seethat

3(@)= 3(H 1)= 1(H 3)= 1(a):

Likewisewe have that 2(a;) =  1(ap): Hencethere holds 3(a;) = 2(a1) for any two
membersof »; 32 H lay and a; 2 im(H):

De nition  2.1.6. We sa& that an anti-symmetric operator H : E ! A is Hamiltonian
if

1. The image of the operator H is a subalgebraof the Lie algebraA and

2. d’! 4 = 0 on this subalgebra.

In order to indicate criteria that an operator be Hamiltonian, we must obviously
reformulate the condition that the form ! |y de ned by formula 2.1.5 be closeddirectly
in terms of the form generatingthe operator H:

2.2 Formal Variational Calculus

This section is dewoted to the background and set up for geometric operators suc as
Hamiltonian, symplectic operator. In particular we describe noncomrutativ e variational
calculus and explain how this can be set up in the framework of a matrix Lie algebra.
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2.2.1 Classical formal variational calculus

In the formal variational calculusintroducedby Gel'fand and Dikii, [27], [26], one starts
with coordinatesu ; = 1;:::;N, which take their valuesin a eld or division ring and
then one de nes A to be the algebra of sumsand products in the u and its derivatives
with respect to the independent variable x. In other words, A is a free assaiative
algebra over the real numbers. One then de nes Der(A), the spaceof derivations on A
asa?2 DerA satisfying

aab= a(a)b+ aa(b):

That meansa act on A accordingto the Leibniz rule.

Remark 2.2.1. If onetakesA to be the spaceof cortinuous functions on the real line
with pointwise multiplication, then Der(A) = 0.

The spaceDer(A) is a Lie algebrawith the bracket de ned as
[a;a0] = ;@ aay:

We can expressa 2 Der(A) as

Herethe term a stands for the replacemen of u, by Ay using the Leibniz rule.

© @,
Example 2.2.1. Let A be generatedby uyx;k = 0;:::. Then augu; = aggu; + Uk .
Example 2.2.2. Let
X% @
Dy = Ug+1 @—
=1 k=0 k

Then Dy 2 Der(A):

De nition 2.2.1. Let
E=fa2 Der(A)j[a;Dx] = Og;

be the spaceof all derivations on A commuting with Dy: It is clear that E is a Lie
subalgebraof Der(A) due to the Jacobiidentity. Moreover, sinceevery a2 Der(A) can
be determined by its action on u,, henceewery a 2 E can be determined by its action
ononly u : Indeedif a2 E; then

ayy = auy = aDXu = Dfau = D)'fa(o) = a;

X% @
a_ @J—i,

=1i=0
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with the replacemen rule as before. We call elemeris of the Lie subalgebraE evolu-
tionary vector elds. The map p : AN | E assigning(al;:::;aV) to a is called the
prolongation map.

De nition  2.2.2. Let W be an arbitrary module over E: Then the Fredet derivative
of S2 W in the direction a2 E, is de ned as

Dsla] = dES(u + au)jo 2 W
Example 2.2.3. OnehasDp,[a] = 0O, sinceDy is not u-dependert.
Lemma 2.2.2. The Lie bracket on E inducesa Lie bracket on AN :
[a;b]a = Dylp()] Dalp(B)]; ab2 AN:

One has[p(a); p(b]e = p([a;b]a), that is, p is a Lie algebrahomomorphism.

Proof. Assumethat a;b2 AN andc?2 A are given. Then

[p(@); p(b)]e(c) = p(a)(p(b)c)  p(b)(p(a)c)

X R X R
= aj _@ h Q q Q ai @‘Q
-1; =1i=0j=0 @ ‘ -1; =1i=0;=0 @ i
X R X R
= aj @ @j@ + aj h @C
=1; =1i=0;j=0 @J i =1; =1i=0;=0 @j @i
XX e @ X % dc
- h @ o _ha Q. @
=1; =1i=0j=0 i ! =1; =1i=0;j=0 i &
. % @ @ X * @ @
i} A e @ e @
=1, =1i=03=0 @J ! =1; =1i=0;j=0 @j I

= p(P@BO  PPBA(O)
= p(p@b  pBHA(O)
= p([a;bla)(©):

Let us explain here someof terms we used. The term

@ @

G — =

) @j @i

is computed asfollows. The monomial u; in c will bereplacedby the expressionaj 9;

j
which is itself the result of replacing 3 with u; in b accordingto the Leibniz rule in
both process.
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Also the term

@c
Q@; @,

is understood similarly. That is just replacing u; and u; with b and 3 respectively in
C:

ajh

DA @

p(a)(c)

=1 i=0
DA : |

= —ClU; + a; |l =
_1i=0 ’
XX g .

= d—C[Ui + p(@)(u;i )i =o
=1 i=0

= Jau+ p@wli

= Dc[p@)]:

HenceDy[p(a)] = p(a)(b) 2 AN:

De nition  2.2.3. Let V be a E-module. We de ne an equivalencerelation on 'V by
a; ay ifandonlyif a; a»= Dy:az for aj;az;az2 V.

Notice that Dy 2 E, gpthis iswell de ned. We denoteequivalenceclassesy V = V=D,V

and its elemens by a for a2 V; theseare called functionals.

De nition 2.2.4. Wedene anactionof EonV bya a= a afora2E;a2V:

The action isZweII de ned:._Let b2 V: ThEn we have ti?t

z
a Db = a (Dx:b)= [aDg]l:b+ Dygi(a bh=0:
Soewlutionary vector elds and functionals go well together.

Lemma 2.2.3. The spaceV is an E module under the action just de ned.
Proof. In fact

4 4 4
a; ag a ad a = o d a & a a
Z
= da d a a a a
4
= [aja] a
Z

l[a; 8] &
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R
rin the caseV = A, onehas, dueto the Leibniz rule, integration by part as (Dxa)b=
a(Dyb): Now if a= p(a);a 2 AN: then for b2 A; we have that

z z
a b = ab
NI g
a._
=1 izol@'i
X 2% @

(DLa )@‘—i

=1 i=0

pis .
2 Dx)'(@%) (2.2.1)

=1 i=

De nition  2.2.5. The partial variational derivation —— :A! A is de ned by

b3 )
T:_ ( DX)@‘—i.

i=0

Lemma 2.2.4 (Gelfand and Dikii[26]). We havethat —— Dx = O

Proof. One has [DX;@—(@i] = @fi@l. Therefore
% @
e DX = DX I—DX
u i:O( ) @
@ X @
= ( D"t —+ ( Dx)'
i=0 @ @,
= 0

and the result follows.

Thusonecande ne -~ onA; that is, — : A'! A This is usually calledin literature
the gradient of functional. The operator —— is called Euler operator .
According to (2.2.1) we can write the action of a on A in terms of variational deriva-
tives:
Z W Z

a b=

b
a —:
u

=1

Remark 2.2.5. SomeHamiltonian operators assaiated with (a; A) have beenshown
to be connectedwith certain very interesting nonlinear partial di erential equations (cf

[27],[26] and [28]).
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2.2.2 Variational calculus for geometric dynamical symbols

As we have seenin Chapter 1, we derived the operator acting on a certain subspace
consisting of the functions with valuesin a Lie algebrag: For instance, this subspacein
the symplectic geometry is the spaceof functions with valuesof the form

0 1

0 0 O
@ p p'A2sp;

Op O

depending on the matrix

0 1
00 O
U=1!1(Dy)=@ u uA
Ou O

De niton  2.2.6. Let K 2 C?(sp,.,;R). A spaceE CY(E;V) is given by the
formula Z
b’(a) = K(b;a); b2E:

Here we assumethat K is nondegenerate that is, if b = 0it follows that b = 0. We
recall that hereV is the assaiated algebrageneratedby single dynamical variablesu; u
and their derivativesand furthermore V is de ned as before.

De nition  2.2.7. The inner product on E de ned by
z
<ab>= K(ab);

inducesan inner product on E as follows:
<a:b >=<ab>:

De nition  2.2.8. If we have nondegeneratepairing, then for the linear operator H :
E ! E; wecande ne the adjoint operatorH :E! E by

<aHb >=<H ab >

Now if H : E ! E is anti-symmetric, then by denition a (Hb) = b (Ha):
Hence

<H bja > <bjHa >= b (Ha)

a(Hb)=<aHb >=<a;(Hb) >

Thus(Hb) = H b:
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Remark 2.2.6. Following the de nition of adjoint operator H of H : E ! E we see
that

c(Hb)= (H oh: (2.2.2)
Indeed

c(Hb)=<cHb> <HC cbh >

<(H 9 ;b>=(H ) (b= (H 9gb

Lemma 2.2.7. We have that D, [] = (DaC) : Moreover, given the anti-symmetric
operator H : E ! E we have that

Dy [al(9 = (Dnlal(c)) ; where H :E! E: (2.2.3)
Proof.
Dald) = Japu+ d(b)

d 7z

- 25 K(au+ d:b)

= K(Jau+ g
Z

= K (Dgac;b)

= (Da0) (b):

Now for the anti-symmetric operator H : E ! E we have that

dEH [u+ al (o

dg H [u+ al(o

Dy [al(9)

= L Hu+ de)

= JHu+ de)

D [al(c)

Lemma 2.2.8. We do have that
1. Dy[al(b ) = Dyp [a] H(Dy [a]);
2. Dy [al(b) = Dy pla] H (Dyla])
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3. D¢ [al(b) = D¢ (py[a] ¢ (Dplal):
4. Dgla)(a) = Dgspla] S(Dpa): For the operator S:E! E :

Proof.

Dol = go(u+ au(b(u+ an)j=

= Dc[al(b) + ¢ (Dyla])

Lemma 2.2.9. For the operatorH : E ! E; the following identity holds:
¢ Dufao =b (Dn [a](9)

Moreover if H is anti-symmetric we have that
¢ Dulao = b (Dnula)(c)):

Proof. Firstly we have that

C (Dhp [a]) + D¢ [a](Hb )
¢ (H(Dp [a])) + ¢ (Du[a](b )) + D¢ [al(Hb) (2.2.4)

D¢ (Hb)lal

Similarly we get that

(H o(Dplal) + Dn c[al(b)
(H o(Dypla)) + H (Dc[al)(b) + (Dn [al(c)(b) (2.2.5)

Dw oblal

Applying (2.2.2) we seethat
c(Hb)=(H gb; Dc[aj(Hb )= (Da]) (Hb)= (H Da])b;

and
c (H(Dyp [a])) = c (H(Dypla]) ) = (H ¢Dylal:

Hencethe two equations (2.2.4) and (2.2.5) yield the following identit y.

¢ (Duleal(b ) = (Dn [al(g)(b) = b (Dn [a](d)

Now if H is anti-symmetric, then (Dy [a]()) = Dylal(c) by Lemma2.2.7.

Remark 2.2.10. Likewisewe can de ne the adjoint of di erential operator D, where
a2 Easanoperator D, :E! E:Indeedwedene it as

< D,b;c>=< b;Dsc> :
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Remark 2.2.11. Assuming that K is nondegeneratethen we can identify E with E:
Henceif H : E ! E is anti-symmetric, thenthe mapH :E! E satisesH = H:

R
Lemma 2.2.12. Let m= K (b;c¢) and a;b;c2 E: Then
Z
am= K(aDyc+ D.b):

Proof. We compute
Z
am = K (Dab;0 + K(b; D40

Z Z

= K(Dpa o) + K(b;Dca) + K ([a;b];¢) + K (b [a;c])
Z

= K (a;D¢c) + K (D?2b; a)
Z

= K (a;Dic+ DZ’h);

where we usedthe invariance of the Killing form.
Corollary 2.2.13. d®m 2 E for eady m 2 A.

We can de ne the Lie derivative of the operators betweenE and E similarly to that
of the g-forms. For instancethe Lie derivativeof H : E ! EisthemapL,H :E ! E
dened by LqH(b)=La(Hb) H(Lgb ): Using the last lemma, we can write the Lie
derivative of all dierential object in terms of the Fredhet derivatives. In order to do
this we needthe following de nition.

De nition  2.2.9. Giventhe operator H : E! F; the conjugate operator HY : F | E
is de ned as

(HY(f ) (g = f (He):

Lemma 2.2.14. The Lie derivative of the basic objects with respectto b 2 E are given
by the following formulas:

a2 E; Lpa= Dgb Dypa; (2.2.6a)

2E; L, =D h+D}: (2.2.6b)
H:E! E; LyH=Dnyb DyH HD}; (2.2.6C)
| tE! E; Lpl = D/b+ IDp+ DJI; (2.2.6d)
S:E! E; L,S= Dgh DypS+ SDy; (2.2.6e)
T:E ! E; LpT=Drb+D)T TD}; (2.2.6f)

Proof. 1. The rst oneis trivial.
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. For the secondone, indeed we have

Ly (a) Lo( (@)  (Lba)

(D b)(a) + (Dab) (Dab Dya)
(D b)(a) + (Dpa)

(D b)(@ + (Dy, )@

Hencewe have that
L, =D b+ D} :
. To prove third one we compute
LoH () Lo(H ) H(Lp)
= Dy b DyH H(D b+D})
= Dub()+H({D b) D,H H(D b+D})
= Dub() DyH H(D})

Hencewe have that L,H( ) = Dyb D,H HDY:

Lpl(@d) = Lp(la) 1(Lpa)
= Diab+ D{la 1(Dab Dpa)
= Db(a)+ | (Dab)+ D{la 1(Dab Dpa)
= Dib(a)+ D{la 1(Dpa)
HenceLpl = D;b+ D}l + I Dy:

(LbS)(a) Lu(Sa) S(Lpa)

= Dggb DpSa S(Dab Dba)
= Dgh(a) + S(Dab) DpSa S(Dab  Dpa)
= Dgb(a) DpSa+ S(Dpa)

ThusLyS= Dsb DS+ SDy:

LoT() = Lo(T) T(Lp)
= Dy b+D)T T(D b+D})
= Dtb( )+ T(D b)+DJT T(D b+ D})
= Dtb()+DyT T(D})
Therefore LT = Dyb+ DT TD}:
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2.3 Schouten bracket

In this section an e ectiv e algebraic characterization of a Hamiltonian operator will be
given.

De nition  2.3.1. The Schouten bracket [H;H] for the operator H : E ! E is de ned

as
[HiH](@ ;b ;c) = (Lna b )(Hc) + cycl;

fora;b;c 2 E:
Notice that the Scouten bracket can be expressedn terms of Frediet derivatives:
Prop osition 2.3.1. For the antisymmetric operator H : E ! E we have that
[H;H](a ;b ;c)

b (Dn[Ha](c)) + c(Du[Hb](@)) +a (Dy[Hc (b))
< Dy[Hal(c);b>+ <Dy[Hb](a);c>+ < Dy[Hc](b);a>:

Proof. First notice that for a ;b ;c 2 E ; by de nition we have

(Lyuab)Hc)=Ha:b (Hc) b ((Ha;Hc]

< Ha;DyHc + Dy, b> < b;DycHa DnaHc >

< DpHa ;Hc >+ < DycHa;b> <bDuh.Ha DpyyHc >
< DpHa ;Hc > + < b;Dyya Hc >

< DyHa;Hc >+ <b;Dy[Hc](a)>+ < b;H(Ds[Hc]) >

< DyHa;Hc >+ <b;Dy[Hc](a)> < Hb ;DgHc]>:

Now simply if we take cyclic permutation, then we get that

(Lya b)(Hc) + cycl: < b;Dy[Hc](a) > +cycl:
b (Dy[Hc](a)) + cycl:

[H:H](@a ;b ;c);

which provesthe proposition.

De nition 2.3.2. For operatorH :E ! Eandb 2 E we de ne linear operator
Dyb :E! E; by Dyxb (a) = Dylal(b):

The operator Dy b is dual to the Frediet derivative in somesense.

Lemma 2.3.2. For an antisymmetric operator H : E ! E; the Schouten bracket can
be expressedasimage of 1 form of its own argumert.

[HiH]@a:b;c)=c  (Dub)(Ha)+ (Dnya)(Hb) H((Dub)a) :
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Proof. According to De nitions 2.2.9and 2.3.2, we have that
[H;H](a ;b ;c)
= b(Du[Ha](c)) +c(Dx[Hb](@)) +a(Dy[Hc](b))
= b (Du[Ha](c)) +c (Dna)(Hb) +a (Dub)(Hc)
= b(Du[Hal(c))+c (Dna)(Hb) + (Dub)a (Hc):
Now applying Lemma 2.2.9, we obtain that
H;H](a:b;c)
= c(DuMHalb) +c (Dua)Hb) + (Dub)a (Hc):
From the fact that H is antisymmetric, the Scouten bracket will take following form:
[H;H](a ;b ;c)
c((Dub)(Ha))+c (Dna)Hb) c(H((Dub)'a))

c (Dub)Ha )+ (Dha)(Hb) H((Dub)a) ;
which is the desiredresult.

In the following theorem, we give explicit criteria to decide whether an operator is
Hamiltonian in terms of Fredet derivatives.

Theorem 2.3.3. The anti-symmetric operator H : E ! E is Hamiltonian accordingto
De nition 2.1.6if andonly if [H;H] = O:

Proof. First we prove that if [H;H] = 0then im(H) is closed,or im(H) is a subalgebra
of E: From the vanishing of the Schouten bracket, the last lemma and nondegeneracy
we have that

(Dub)(Ha)+ (Dya)(Hb) H((Dub)'a)=0:

Then we can compute the bracket of two elemerts of im(H) astwo elemers of the Lie
algebraE:

[Ha;Hb]
= DypHa DuaHb
= Du[Hal(b)+ H(Dp [Ha]) Du[Hb](@a) H(Da[Hb])
H Dp[Ha] Da[Hb] +Dnb(Ha) Dpa(Hb)

H Dp[Ha] Da[HDb] H((Dnpb )Ya)

H Dy,[Ha] Da[Hb] (Dub)%a



2.4. Sympletic operator 31

Henceim(H) is subalgebraof the Lie algebraE: Thus the bilinear map !  is indeed a
2 form and we can compute its exterior derivative. Using the de nition of action of E
on A, Lemmas2.2.2and 2.2.8,we can prove that (seeAppendix A for the proof)

d?! y(ag;ap;a3) = [H;H](by; by bg); & = Hby i = 1,23
Now the proof is complete.

Remark 2.3.4. In Chapter 4 we comeup with the operator H : E! E: In fact H is
de ned on a subspaceof E; but simply we can just de ne the value of H on remaining
space,which is nothing but sp,; to be zero. This operator can be lifted to the operator
H : E ! E,; sincewe have identied E with E: In the other words, we have taken
a speci ¢ subspaceof CY(E;A). Hencewe say that H : E! E is Hamiltonian if the
related lifted operator H : E ! E is Hamiltonian, that is the Scouten operator [H;H]
described in terms of Fredet derivative as in Proposition 2.3.1 would vanish. We will
discussthis in the next sections.

2.4 Symplectic operator

Let us now supposethat we have A module M; and sowe can build a complex ( ;d)
de ned by the pair (A;M): An speci ¢ example of which we will work later on would be
the pair (E; A): In this sectionwe will considerlinear operators of the form S: E! E

and de ne the symplectic operator by de ning a symplectic structure asfor Hamiltonian
operator and then we will give a criteria in term of Frechet derivativesfor an operator
to be symplectic in the formal variational complex.

De nition  2.4.1. The operator S: E! E is anti-symmetric if
(Sa)b= (Sb)a for ab2E:

Let us assume,throughout this section, that we have the nondegeneratepairing
betweenvector spaceE and the Lie algebraE asde ned in the previous section.

De nition  2.4.2. The adjoint operator S : E! E for the operator S:E! E is
de ned due to the nondegeneracyof pairing as follows:

<Sb;a>=<b;Sa>

If operator S is anti-symmetric, then (Sa) = S a: This is easyto prove using non-
degeneracy Indeed

<Sb;a>=<b;Sa> < b;(Sa) >= (Sa)b

(Sb)ja=< (Sb) ;a>:
De nition  2.4.3. Supposethat S: E! E isalinear operator. Then we de ne 2-form
I s onE by

I s(a:b) = (Sb)(a): (2.4.1)

It is clearthat if S is anti-symmetric, sois! s:
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De nition  2.4.4. The anti-symmetric linear operator S : E! E is called symplectic
if the 2 form ! 5 is closed.

Lemma 2.4.1. For an anti-symmetric operator S: E! E ; we have that
d?! s(a;b;0) = La(So)(b) + (cycl:) (2.4.2)
where (cycl.) meansterms with argumerts cyclically permuted.
Proof.
d?l s(a;b;) = als(bo) bilg(ao+ cls(ahb)

's([ab]; 0 + ! s(b;c;b) ! s([b;c];a)
a:Sob) + b:Sa(c) + c.Sbh(a)

's([ab]; 0 + ! s([b;c;b) ! s([b;c;a)
LaSob) + LpSa(c) + LSb(a):

As in the setup of the Hamiltonian operator, the right hand side of (2.4.2) can be
formulated by de ning a similar Schouten bracket [S;S] for the operator S: E! E :
That is

[S;S](a; b;c) = (LaSc)(b) + cycl:
Corollary 2.4.2. If the pairing is nondegenerate then the anti-symmetric operator S
is symplectic if and only if the Schouten bracket [S; S](a; b; ¢); vanishesfor all a;b and ¢
in E:

The Sdouten bracket for the operator S : E! E can be expressedin terms of
Fredhet derivatives.

Lemma 2.4.3. For an anti-symmetric operatozr S:E! E ;we have that
[S;Sl(a;b;0) = LaSdb) + cycl: = K Ds [ac;b + cycl

Proof. By De nition 2.1.3we get that
LaSc(b) g(Sdb) (So(ab]) = a < £Sq ;b> (So[a b])
K(a;D(SC) b+ Dy(So ) K({(Sc ;Dpa Dgab)
z z
K(Dsg ab)+ K (Dpa;(So) ) K((Sc) ;Dpa Dgh)
Z Z
K(D(sg ab)+ K((Sc) ;Dab)
z z
K(Ds ¢ ab) K (S c;Dgb)
Z Z
K Ds[alc +S (D¢ [a)]);b K(S c;Dgb)
Z Z Z
K Ds[ac;b + K D@&Sb K (S c;Dgb)
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Henceby taking cyclic permutation, onecangetrid of two last terms of last line, sothat
we get the equality as stated.

Remark 2.4.4. There is a similar obsenation aswe explainedin Remark 2.3.4. In fact
to prove that the operator S: E! E is symplectic, we simply prove that the Schouten
bracket [S;S] described asin the last lemma vanishesusing the properties of the Killing
form and the Jacobi identit y.

2.5 Nijenh uis operator

The concept of Nijenhuis operator has been introduced into the theory of integrable
system in the work of Magri, Gelfand and Dorfman(see [14]) and under the name of
hereditary operators, in that of Fuchssteinerand Fokas, see[24],[23]. The de ning rela-
tion for this operator wasoriginally found asa necessarycondition for an almost complex
structure to be complex, i.e., asan integrability condition. Its important property is to
construct an abelian Lie algebras.

De nition 2.5.1. Thelinear map N : E! E is a Nijenhuis operator if
[Nx Nyl N[Nxyl NXxNyl+N?xy]=0 (2.5.1)
for any pair xy 2 E:

In the local version, if u is dynamical symbol, then using the Fredet derivatives,the
condition (2.5.1) takesthe form asin the following proposition.

Prop osition 2.5.1. In local version,linear map N : E! E is Nijenhuis operator if and
only if

DnINYI(®) DnINX(y) + N(Dn[d(Y) DnIyl(x) = O: (2.5.2)
for any pair xy 2 E:

Proof. For any pair x;y 2 E: we have that

[NxNy] N[Nxy] NpNy]l+ N?xy]

= DnyNx DnxNy N(DyNx Dnxy) N(Dnyx DyNYy)
+N2(Dyx Dyy)

= Dn[NX(y) + N(DyNx) Dn[Nyl(® N(DxNYy)
N(DyNx Dn[yl(¥ N(Dxy) N(Dn[X(y)+ N(Dyx) DxNy)
+N?(Dyx Dyy)

= DnINX(y) DnINYI(®+ N(Dn[YI(® Dn(Y)):
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The following theorem explain how one can construct an abelian Lie algebra out of
Nijenhuis operator. The proof can be found in [14], theorem 3.4.

Theorem 2.5.2. Let a2 E be the symmetry of a Nijenhuis operator N; i.e., LaN = O:
Then all elemens of N'a 2 E are symmetriesof N for all j; k > 0: If N isinvertible, the
sameis true for all j; k 2 Z: Thesesymmetries commute.

An example of sudh an operator is given in Chapter 4. For more information, see
[51]. Good applications are [48], [38] and [47].



Chapter 3

Preliminaries of Geometry

3.1 Riemannian geometry

In this sectionwe presert all conceptsabout Riemannian manifolds that we need later
on. A manifold will beC* manifold. A good referencefor thesematters would be [53].

De nition  3.1.1. Let U be a neighborhood of a point p on a C! -manifold M. We
denotethe ring of C* -functions on U by C! (U) and the spaceof derivations on C* (U)

by X1 (U).

Lemma 3.1.1. The spaceX! (U) is a Lie algebra.

Proof. Let X;;i = 1;2 be derivations, that is, X;(fg) = (X;f)g+ f (X;g). The space
X! (U) is an assaiative algebra, where the composition is given by (X Y)(f) =

X (Y (f)). This implies antisymmetry and the Jacobi identity, when we de ne [X;Y] =

X Y Y X. Onenow hasto show that the commutator is indeed a derivation. One
has

[X:Y]fg

XY Y X)fg
= X(Y(f)g+1fY(9) YX(f)g+fX(g)
= XY(f)g+ Y(f)X(g) + X (f)Y(g) + fXY(9)
YX(f)g X(f)Y(g) Y(F)X(g) fYX(9)
= XY(f)g+fXY(g YX(f)g fYX(Q
= X5YI(f)g+ fIX;Y](9);
and this implies that [X;Y]2 X! (U).

De nition  3.1.2. A connection on a manifold M is an operator r : X! (U) X! (U) !
X! (U) which assignsto two C! vector elds X and Y with domain U; a third C*!
vector eld denotedby r x Y with the samedomain U; in sudh a way that the following
properties are satis ed:

Lrx(Y+2Z)=rxY+r xZ
2. x+wY =r xY+rwY,;

3.rixY ="fr xY;

35
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4. r xfY=X({)Y +fr xY;

for any X; W vectorsat p2 M;Y;Z smooth elds and f a smooth function de ned
on a neighborhood of p:

De nition  3.1.3. Wesay ann dimensionalmanifold M is a Riemannian manifold if M
is endaoved with a symmetric and positive de nite 2-covariant tensor eld <; >, that is,
it is C! (U)-bilinear. The tensor <; > is called the Riemannian metric of the manifold,
and it allows us to de ne distances, length, angles, orthogonality, etc., in the natural
way. In particular, the length of a vector X is de ned as

kX k = P hX; Xi:

De nition 3.1.4. A Riemannian connection on a Riemannian manifold M is a connec-
tion r on M sud that

1.rxY r yX = [X;Y](the connectionis torsion free),

2. Zh;Yi=hrzX;Yi+ hWX;r z2Yi;
for all elds X;Y and Z with the common domain.

De nition  3.1.5. The curvature tensor of a connectionr is a tensor R that assignsto
ead pair of vectors X;Y at a point p a linear transformation R(X;Y) of the tangen
spaceto p; as TpM; into itself. After extending X;Y and Z to smooth vector elds on
U, R(X;Y)Z is de ned via the relation

ROX5Y)Z =1 xryZ rxrvZ rxy: (3.1.1)

That this de nes a tensor hasto be proved. The value of this expressionis independert
of the way the vector elds were extended.

De nition  3.1.6. The torsion tensor of a connectionr is de ned by
TX;Y)=rxY rvX [X;Y];
where X and Y are smooth vector elds on U:

Denition  3.1.7. The Riemann-Christo el curvature tensor (of type (0;4)) is the
4 covariant tensor
K(X;Y;Z;W) = R(Z;W)Y; Xi

for any X;Y;Z; and W tangert vectorsat p:
Riemannian curvature tensors have the following properties:
Theorem 3.1.2. The following relations are true:

1. K(X;Y;Z,W) = K(Y;X;Z,W) = K(X;Y;W,;2);
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2. K(X;Y;Z,W) = K(Z,W; X;Y):

De nition  3.1.8. Giventwo independert vectorsX;Y 2 T,M; the normalized quadratic
form,

K(X;Y; X Y) _
hX:;XihY:Yi hX;Yi2’
is called sectional curvature of X;Y: It can easily be cheded that sedX;Y) depends
only on the plane spannedby X and Y; and so the sectional curvature is also called
K ( ); the Riemannian curvature of the plane section

sedX;Y) =

De nition  3.1.9. A Riemannian manifold M is said to have constant Riemannian cur-
vature { if the Riemannian curvature of all plane sectionsis the constart { :

Prop osition 3.1.3. The following properties are equivalert:
1. K( )= { forall 2-planesin TyM:
2. R(X;Y)Z = {(hy;ZiX hX;ZiY) forany X;Y and Z in T,M:

Corollary 3.1.4. Assumethe manifold M has certain constart Riemannian curvature.
Then

1. r xR = 0 along any direction determined by the vector eld X. That is, the
Riemannian curvature tensor is parallel.

2. If Z is orthogonal to X and Y; then R(X;Y)Z = O:
3. If W is orthogonalto X and Y; then K(W;Z;X;Y) = 0for any Z:

3.2 Cartan's moving frame metho d

This method wasintro ducedby Elie Cartan at the beginning of last certury. Cartan's in-
sight wasthat the local properties of a manifold equipped with a geometric structure can
be very well understood if one knows how the frames of the tangert bundle (compatible
with the geometric structure) vary from one point of the manifold to another.

Let M be an arbitrary Riemannian manifold with metric hi: We choose a local

orthonormal moving frame X = fe;jji = 1;::::ng: Denoteby ( ') the dual coframe,i.e.,
(g) = |

Remark 3.2.1. Notice that the notion of \dual of frame" which is another frame is

de ned as another frame Y = ff;ji = 1;:::;ng sothat he;;f;i = j: See[41] for more

discussionon this issue.

Lemma 3.2.2 (E. Cartan). On the Riemannian manifold M as above, there exists a
collection of 1-forms! J' uniquely de ned by the requiremerts

@ thi= 1l
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(b) di= Jntl:

Proof. Uniqueness Suppose! J' satisfy the conditions mentioned above. Since

fin Kjjk=1::::n and j < kg

a basic for 2-forms, there exist functions fjik and gjik sud that

1= % and d'= g "% di= g
k j <k

sothat we have then

XA XNk
nyo= Tk
J jik=1
Xk
= ka Nl
k=1
X

_ i i Ak
= (fix i)' 7
jik=1;j <k

Then the condition (a) is equivalert to
(a1) fi = f}

while (b) gives
(b1) f, g = g

The above two relations uniquely determine the f % in terms of the g% via a cyclic
permutation of the indicesi; j; k as

. 1 . .
fjlk = E(gjlk + gjki gilj( ): (3.2.2)
Existence: Considerthe functions gj‘k de ned by

i X j i k i i
d'= g}k A ; gjk= gkj:
j <k

Next dene ! | = f/, ¥ wheref% are given by (3.2.1). Then the forms ! | satisfy both
(a) and (b).
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Let the matrix a be invertible, sothat X:a is another moving frame and the dual
frame assaiated to this moving frame is simply

in which x is the dual 1-forms as above ass@iated to X: In the following lemma we
determine how 1-form ! behavesunder the change of moving frame.

Lemma 3.2.3. We have that
I xa=a 'da+a 'l xa; (3.2.2)

where! x and! x.; are unique 1-forms asin Lemma 3.2.2 ass@iated to moving frames
X and X:a; respectively.

Proof. We compute

da x.a) = da™ x.a+ adxa
= da” (a L x)+ a( xa”!x:a)
= (daa H"r x a(lxa” xa)
= (daza Hh” x  a(lxa™alyx)
= (daa Y x (alxaa HN x
= (daa?! alxaa H"™ x:

On the other hand from the fact a x.5 = x; we get that
d@xa)=dx = x"!'x= !x" x:
This implies that

1

daa?l alxgal=z !yx; or !'xa=a hda+a by

We seethat the 1-form ! corresponding to the moving frame doesnot behave like a
tensor when we changethe coordinate systemor moving frame.

De nition  3.2.1. Cartan connection on a manifold M is an assignmen of a matrix
valued 1-form ! to ewvery moving frame such that (3.2.2) holds.

Lemma 3.2.4. Let r bethe Levi Civita connectionon Riemannian m_anifold M com-
patible with its metric and e’sand % are asmentioned above and also! | bethe 1-forms
asin Cartan's Lemma. Then

re€ =!j(eei:
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Proof. De ne | by
re € = M(eei:

Sincethe connectionis compatible, thus

0O =r ex I'Ej el (3.2.3)
= hrecgj; i+ hgjr e @i (3.2.4)
= (e ei + heji (el (3.2.5)
= Pex) + M (ew); (3.2.6)

Hencel = N:

The dierential of ' can be computed in terms of the Levi-Civita connection and
we have that

d '(ej;ex) e '(e) ek '(g) '(lejiex])
L(CHN)
(@) + (1 e8)
'((ee) + (N (ex)e)
Pi(ex) Mile)
where the rst equality follows from the fact that '(ex)% are constart and second
equality from the fact that r is torsion free connection. But we seethat

( ~M(esex)

A -“|i(_ej ;€k) _
I_(ej )N(ek_) (e (g))
re) M(g):

So
d = 2N

Thusthe "% satisfy both condition (a) and (b) of Cartan lemma, sothat, by uniqueness,

we must have V‘J' =10

In other word, the lemma shows that o(n) valued1 form ! = (! j‘) is the 1 form
assaiated to moving frame X via Levi-Civita connectionr : In particular, aswe show
in the following lemma, the 2-forms

=d 1Al =d 1A (3.2.7)

which are called Cartan curvature form and torsion form, respectively are the Rieman-
nian curvature and torsion tensor on the Riemannian manifold. Togetherthe equations
(3.2.7) form the Cartan structure eguation.

Lemma 3.25. 1. l(e;eg) = MR(e;eg)ex;eii:
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2. Yeex) = hT(g;ex);ei:
where R and T are curvature and torsion tensorsde ned in (3.1.1) and (3.1.6).

Proof. By de nition we have

R(e;ej)ex = rel g€ I gl ek I [e:e]Sk
Me! Ii<(ej)ei re! L(el)ei Freer ¢eCk
+e(! |i§(ej )ei+ ! f((ej)! " (e1)em

& (! Keei ! L(el)_! " (€)em

(et een i)' (ei)em)

Hence

hR(er; ej)ex; ei
= +e|(! |I((ej )) + ! Ir;n(el)l _;'n(el)

& (k(e)) !{(e)! m(e)
(et k(em)  1"(e))! k(em))

On the other hand, we have that

(dAni(ese)

= el i) eCi@) !'ile:g)
LRA (e ey)

= e(li(e) gCi@) ' Meden !(e)em)
(e me) R(E)! me)

= e(li(e) gli@) MeE)ien) 'ME)!ilen)
(e me)  TRE)! h(e)

= MR(e;e)eg; e

L(errg)

Thus we obtain that
R(erse)ecei = (d 1 A 1)i(esg):
For the proof of the secondpart, seethe comprehensie book written by Michael Spivak
[64] volume 1.
3.3 Ehresmann connection and Cartan geometry

We generalizethe idea of classicalCartan connection. The cortent of this sectioncanbe
found in various references Spivak's [64] and Kobayashi's [35] are comprehensie books,
Sharpe [63] describesthe Cartan generalization of Klein's Erlangen program.
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As in Euclidean spacethere is a hatural way to parallel-translate and comparevectors
at di erent points, likewisein a general manifold a choice of a connection prescribesa
way of translating tangert vectors \parallel to themseles" and to intrinsically de ne a
directional derivative.

In the caseof a principal bundle P with structure group G over a manifold M :

c—p

M

We explain the rule of a connectionwhenthinking of lifting avector eld v2 TM to a
vector eld v 2 TP in auniqueway. For eah p 2 P; let G, bethe vector subspaceof TP
consistingof all the vectorstangert to the vertical b er. That is G, = ker(d (p)) TpP
inwhichd (p) : T,P! T ,M:

The lifting of v will be unique if we require ¥(p) to lie in a subspaceof T,P comple-
mentary to Gp: A smooth and G invariant choice of sudh a complemenary subspaceis
called a Ehresmann connection (Cf. [17]) on P: This leadsto the following de nition.

De nition  3.3.1. A connection on a principal bundle P is a smooth assignmemn of a
subspaceH, TP, for eah p 2 P sud that:

1. ToP =Gp Hyp;

2. Hgp = Tp(Lg)H,, for ead g 2 G; where L 4 is the left-translation in G and conse-
quertly Tp(Lg) : ToP ! TgpP:

Given a connection, the horizontal subspaceH , is mappedisomorphically by d onto
T pM: Therefore the lifting of v is the unique horizontal v which projects onto v: An
equivalent way of assigninga connectionis by meansof a Lie algebravalued 1 form !
(Cartan connection). If X 2 g; let XY be the vector eld on P induced by the action of
the 1 parameter subgroup e : Sincethe action of G mapsea b er into itself, then
XY is tangert to the vertical b er at ead point, i.e., X 2 G,: For eah v 2 T,P; we
de ne ! (v) asthe unique X 2 g such that XY is equal to the vertical componert of v:
It follows that ! (v) = QO if and only if v is horizontal.

Prop osition 3.3.1. A Cartan connection1l form ! hasthe following properties:
1.1 (XY) = X;
2. Lg! = Adg! for eadh g 2 G; in which Ad is adjoint represertation of G.

The proof can be found in [35] and appendix A of [63].
Now we de ne the Cartan geometry basedon the Ehresmann connection. Assume
herethat H is a group with the Lie algebrah as subalgebraof g:

De nition  3.3.2. A Cartan geometry = (P;!) on M modeled on (g; h) with group
H consistof the following data:
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1. a smooth manifold M ;
2. a principal left H bundle P over M;
3. ag valued1l form! on P satis es the following conditions:

(a) for ead point p 2 P; the linear map ! , : T,P ! g is an isomorphism;
(b) (Lp) ! = Ad(h)! forallh2H;
(c) ' (X¥)= X forall X 2 h:

The g valued form on P given by
1
=d + Z[';!
di + S[it]

is called the curv ature . If :g! g=his the canonical projection, then () is called
the torsion . If takesvaluesin the subalgebrah; we say that the geometry is torsion
free.

De nition  3.3.3. Let M is a connectedmanifold. Then Cartan geometry = (P; )
has constant curvature if ,(Xp; Yp) is independert of p 2 P wheneer the vector elds
X andY are! constart vector elds.

That may alsobe expressedby saying that the curvature function
K P! Hom(C*(g=h);h); K(p)= p(!, u);!, (V)
is constart.

De nition  3.3.4. A Cartan geometry whosecurvature vanishesat every point is called
at .

Notice that while structure equation always holds for a Lie group, meaningthat the
curvature of Maurer-Cartan form vanishes,not all Cartan geometry are at.

3.4 Homogeneous space, symmetric space

The material of this section is taken from [4] and [32]. A homogeneousspace of a
Lie group G is any di erentiable manifold P on which G acts transitiv ely, that is, for
p1;p2 2 M; thereis g2 G sothat g:P1 = p2: The subgroup

H=Hp =1g2 G:gppo= pog

is called the isotropy group at po: It is a theorem that ead such P can be identi ed
with a cosetspaceG=H for somesubgroupH and that this H plays the rule of isotropy
group of somepoint.
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Let g;h be the Lie algebrasof G and H respectively, and let m be the vector space
complemern of hin g: Then

g=h m; [hh b

and m is identied with the tangernt spaceTp,M of M = G=H at point po: At the
momert we know nothing of [h; m] and [m; m]:

De nition  3.4.1. When g satis es the more stringent conditions:
g=h m [hh] hy [hem] m;
then M = G=H is called a reductive hom@en@us space.

These spacespossesscanonically de ned connection with curvature and torsion.
Evaluated at xed point po; the curvature and torsion tensorsare given purely in terms
of the Lie bracket operation on m:

R(X5Y)Z)pe = [X5YIiZ] XiY;Z2m;
TX:Y)pe = X5YIm XY 2m;
where subscript h and m refer to the componert of [X;Y] in those vector subspaces.
De nition  3.4.2. When g satis es the conditions:
g=h m [hhl hyo [him] o om;
[m;m] h;
then g is called a symmetric algebraand G=H is a symmetric space.

For these spacesthe above mertioned canonical connectionis derived from a metric,
which is itself given by the restriction of the Killing form to m: Clearly this connection
is torsion free and curvature tensor is given as

(ROX5Y)Z)po = [IX5Y] 2L X;Y;Z22m
For the symmetric spaceswith constart curvature, we do have that

_ K(R(X;Y)Y;X) _ KX Y] Y] X) .
TKOGXIK(Y;Y) KX Y)2 T KOGX)K(Y;Y) K(X:;Y)?

for X;Y 2 m:

Remark 3.4.1. There alsocan be de ned a Levi-Civita connection.

Remark 3.4.2. On p.518 of Helgason'sbook [32] there is a table of symmetric spaces.
Directly beneaththis table those spaceswhich are Hermitian are listed.

Remark 3.4.3. The spaceSp(n + 1)=Sp(n) Sp(1) is homogeneousspace. There we
have that m = g=h in which g = sp(n+ 1) and h= sp(n) sp(1): Moreover this spaceis
naturally reductive space.For de nition see[4].



Chapter 4
Geometric metho d of Integrable system

4.1 Integrable system in Riemannian geometry

What follows is the description of a natural frame and natural formulae (in comparison
with the Frenet frame and the Frenet formulae) for any smooth curve on a Riemannian
manifold under somenondegeneracyconditions that follow from the construction.

Let :U R! Mbeasmooth curveonaRiemannianmanifold M with Riemannian
connectionr : From now on we will assumethat all vector elds are de ned on some
common open subsetU: Let V (x) be the tangent eld at x obtained by di eren tiation
with respect to x (also called the velocity vector). We will naturally say that is
parametrized by arclength whenewer jV (x)j = 1 for all x in the domain of : Assume
that is nondegeneratethat is, V(x) 6 0 for all x 2 U: We can then de ne the rst
vector in the natural frame, the unit tangent vector, as

V(x)
e1(x) = - -

JV (x)j
Now asis well known in di erential geometry we can construct the Frenet frame. More
explicitly, let the orthonormal basisf eq; e2; e3g along the curve be Frenet frame, that is,

1
e1 0 kl 0 e1
@62A =@ k1 0 sz @ezA :
e3 0 ko 0 e3

X
The matrix in this equation is called the Cartan matrix.

The construction of natural frame is due to the work of Bishop and Hasimoto. In
1975, Bishop, cf. [7] discovered the same transformation as Hasimoto [31] when he
studied the relation betweentwo dierent framesto frame a curve in 3 dimensional
Euclidean space. In order to build up the natural frame, let us intro duce the following
new basis

0 1 O 10 1
e1 1 0 0 e z

@f,A = @) cog ) sin()A@eA; = ky
f3 0 sin( ) cos() es

Its frame equation is

0 1 0 10 1
e1 0 kicoq ) kisin( ) e1

@f,A = @ kycoq ) 0 0 AQ@fA:
fa kysin( ) 0 0 f3

45
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We call the basisfe;f1;f,g the natural frame or parallel frame

As a matter of fact, Hasimoto transformation is the one which cornverts the Frenéet
frame into sudh a natural or parallel frame. This transformation is induced by a gauge
transformation, cf. [12, 72 where the Hasimoto transformation has been generalized
to arbitrary n dimensional space. In the following de nition we have formulated the
parallel frame for a curve embeddedin a n dimensional Riemannian manifold.

De nition  4.1.1. The natural orthonormal frame fe;j;i = 1;:::;ngis the frame satis-
fying the following equation which are called natural formulae.
8 P,
< I e€1= i—o ki€
4.1.1)
re.€ = kiey; 1 2

In the matrix form we have

0 1 0 10 1
e, €1 0 ko i Kn e
%r 6162§ _ %kz 0 . 0 % %Ez% )
I e;€n kn 0 ::: O €n

De nition  4.1.2. Suppose (s;t) is any oneparameterfamily of arclength parametrized
curvesembeddedin a Riemannian manifold, and let X bethe vector led X = ¢: Then
X is locally arclength preservingif r X hasno tangertial componert, i.e.,

hr X; si = 0:
Remark 4.1.1. The vector eld X in the above de nition is called Sym-Pohimeyer eld
in the literature, Seefor instance [43], [66] and [54].

In the following theorem, using the natural moving frame for the curves,we analyze
the correspondencebetween curve ewlution and natural curvature ewolution by means
of a geometricrecursion operator. See[42, lemmain page8l] and [49, theorem 2] in the
caseof Frent moving frame.

Theorem 4.1.2. Let M be n dimensional Riemannian manifold with constart curva-
ture { ; and let (x;t) be family of curveson M satisfying a geometric ewolution system
of equations of the form

t = hieg + i+ hpep; (4.1.2)

tions of the curvatures k»;:::k, and their derivativeswith respect to x. Assumethat
x is the arclength parameter and that ewlution (4.1.2) is arclength preserving, that is,

ke= HIh {h;
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where, if we denote by Dy the total di erentiation operator with respectto x;
= Dy DyY<k;:>)k; H=Dy+H

in which

Hig= D, '(kg" gk )k; for g= (g2i:::;0n)":

Proof. A short commert on the calculations to follow: Let us denotee; = ; assuming
x to be arclength. Thesevectors are de ned as the push-forward vectors of the vectors

@; @@; tangent to the domain of ; through : That is, if : U R2 1 M: then
t = g acting on functions as (f) = gf( (t; x)); likewisefor x : meaning that
ei(f)= «x(f)= —@f( (t; x)) in which f isafunction f : M! R: Thus, by applying
or  to functions de ned along ; we are indeedtaking their derivativeswith respect to
t or x; respectively. If (4.1.2) is arclength preserving, thesetwo vectors will commute:

[ x; t]=0;

@ @

since — and — comnute and  presenesLie bracket.
Now it follows from De nition 3.1.4 of the Riemannian connection and the natural
formulae, that

thr e, €51 €1 = 2hr 1 ¢, €1 ¢ i
= 2hr r ¢ & kiesi
= 2kihr r ¢ &;e€zqi; (4.1.3)

thr e, €1 e €1 = (hKieg; kiesi
t(k?)
2ki ki;t X (4.1.4)

where we have denoted ki1 to ((ki): Obserwe that hereis the rst place we have used
the fact that curve is arclength-preserving,i.e., heg;eji = 1:

Hence,using the de nition of Riemannian curvature tensor, the Riemann-Christo el
curvature tensor and the fact that e; = , and ; commute, the ewlution of k; can be
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derived from (4.1.3) and (4.1.4) asfollows.

kit = hr .re e el
= hrer & +r . 8 + R( ;e1)e; el
= hrer eeli + K(epse; t;e1)
= eihr ,e;eii  hr ,e;r ¢q,e1i + K(eg;ei; t;€e1)

hd
= ehr ,e;eii  hr e kiei+ K(eg;ei; t;e1)
=2
- X] .
= ehr ,e;ei+ kihr .ej;ei + K(eg;ei; t;e1):
=2

and Cartan's Lemma 3.2.2. Also let us denote by Dy the total dierentiation with
respect to x; that is, Dx = e1: Then the ewlution for k; takesthe form:

xn
kit = DyY!'M o+ k'l( o)+ K(ese; e (4.1.5)
1=2

In order to compute ! i'( t); we use rst the fact that the connectionis torsion free:

rer = [upel]+re ¢
= r e t
X0
= I e(  hig)
i=1
xXo X0
= ei(hi)e + hir e, €
i=1 i=1
xo xo
= (Dxhi+  hik)er+  (Dxhi hiki)e (4.1.6)
i=2 i=2
Hencesincelej;eji = jj; so
X0
0=13(¢) = hr ,e;;eii = Dyhi+  hik;;
i=2
and _
hr .ey;ei =13(¢)=Dxhi hiky for i=2:::;n
Hencewe can solve the rst equationand nd hq in term of hy;:::; hy; asfollows:

hi= D,Y< k;h>); where h= (hy:::;hy)h (4.1.7)
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Notice that the inner product hereis just the natural inner product in R" *:
Also we obtain that
hr .e1;eii = !il( 1) = Dxhi hik; for i=2:::;n:
Hence! }( )= 'i( )= Dxhi D,(< k;h >)k: We denoteby | the operator
| ;= Dx D,Y<k;:>)k (4.1.8)

Now using againthe properties of Riemannian connectionand Riemannian curvature
tensor we can compute the following expressionfor i; | 2:

Dx!ii( t)

eihr ,ej;ei

= hrer .e;ei+ hr e;r g€l

= hr fe€i t R(e1; t)ei;eli + hr [ei;k|eli

= hr (kie1);ei + K(e;ej;e1; )+ khr e eji

= kihr ,ey;ei + khr  eeii + K(e;ej; e )

= k'l k'L o)+ K(eseern v):
Hencewe simply have that

) =DMkl 1) kit i( ) + Dy YK (e eiea; v):

Thus, nally, (4.1.5) leadsto

X _
ki = Dulf(0+  DyMkith(0) ki )k (4.1.9)
1=2
X
+ D MK(e;ei;er; 1)k + K (er;e;Dy;er): (4.1.10)
|=2

We usethe symbol H for the operator
H:= Dy + H; (4.1.11)

where
Hig = Dy *(kg" gkYk; for g= (gz:::;00)"
Now we simply write the equation for k; as follows.

X0
ki = Hih+ kD, K(ej;e;er; 1)+ K(ee; t;en): (4.1.12)
=2

Since the Riemann-Christo el curvature tensor K in (4.1.12) is multilinear with re-
spect to C! (M) in all its componerts), it is enoughto compute K (e1;€j;ej;€;1) and

K(esei;g,e1) = K(g;epene) =0, for j6 1;i
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sinceeg; then is perpendicular to e; and e;: On the other hand
K(ese;e;e) = K(een e e)= sede;er)= {

and
K(er;ei;e;e1) = K(er;eey;er) =0

Thus we have that
K(esei;g,e))= { 4, for i 2, and j L
Similarly for all i;1 6 1andj 1; we have
K(ejeisee) = K(ei;e;e;6) =0
Therefore the equation (4.1.12) becomesas follows:
ki = Hh {h=Rh {h: (4.1.13)

where the operator R is R = HI ; in which the operators| and H have beende ned in
(4.1.8) and (4.1.11), respectively.

Remark 4.1.3. The operator
P(hye1 + hyea + :::+ hzes) = ( DX1< kih >)e;+ hpey + i1+ hzes
is called the renormalization operator in [43].
Remark 4.1.4. For related topics and similar constructions, see[74, 75, 61, 42].
Remark 4.1.5. Let us now take h = ky in Theorem 4.1.2. Then we obtain
ki= ksg+ grk;kikx K:
Indeed we have
lh= ko + %rk;kik; and Hilh = kyhk; ki khky;ki:

Theorem 4.1.6. The operators H is Hamiltonian, that is, the Schouten bracket [H; H] =
0 and | is a symplectic operator. The operator R is thus a hereditary operator.

Proof. See[58].

Remark 4.1.7. Foracurve enbeddedin a Riemannian manifold whosetangent space
embeddedin a Lie algebrait sucse to be arclength-preserving,that

K(s s)=1

in which K is the Killing form of the Lie algebra.
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Remark 4.1.8. One could askwhat sort of geometricoperators and ewlution equations
will comeup if we usethe Frenet frame? The answer can be found in [49] for nonzero
curvature which would be a generalization of [42] in the caseof zero curvature. Briey

it was found that ewlution of ; (taken askgi;ky here)with respect to time, takesthe
form

=p M
t hy
where
0 1 5 1
Dy Dy Di—Dx —Dyx+ Dy
Iﬁ = % 1 2 g
Dx=DZ Dx—+ D Dx(—+Dx—)Dx+ Dyx+ Dy
0 1
1
0 —Dy
+{ %’ 1 g
Dy~ 0

Notice the di erence betweenthe curvature of the curve and sectional curvature { :
The division in 1= is consequenceof having torsion free connection, see(4.1.6), and
solving the corresponding equations dividing by : Instead we used nonlocal operator
D, ! asin (4.1.7). Then onecan split the operator P into the anti-symmetric operators
as below.

P=B+D+E+{C;

in which
0 , 1
Dx Dx —Dx 0 D
B =@ 2 K; D= D. D.+D. °
DX— 0 X X X
and 0 1 0 1
0 D21D 0 lD
- X —LUX
E= %) 1 g g ; C= % 1 g :
Dx=DZ Dx(— + Dx—)Dx Dx= 0

These operators form a quadruplet of compatible Hamiltonians and the Hamiltonian
pair P and C givesa hereditary operator R; = PC L

Now let us badk to Theorem 4.1.2 and ewlution of the curve in Riemannian man-

1-form to = ( %;:::; M): Then we have that

(Dx) = (e1) = (1;0;:::;0); () = (hy;::zshp); (4.1.14)
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P
where = i”:l hie;: Let us denote by D; the total dierentiation with respect to t;
that is, Dy = ¢: According to the Cartan Lemma 3.2.2, we do have that

re,€ = ! f(er)eg:
This implies that if welet! = (! {)i;j ; then in the natural frame (4.1.1), we have that
0 1
0 ko i Kn
ke 0 = O
led)=8B. . . . C: (4.1.15)
kn O ::: O

As in the proof of Theorem 4.1.2, we could nd ! (D{) = ! ( {) from the the curvature
of the Levi-Civita connectionr and the fact that the connectionis torsion free. Thus
we expect to obtain the sameequationsand geometric operator if we use Cartan struc-
ture equations (3.2.7) as we discussedabove on the Riemannian manifold modeled on
Euclidean geometry The Cartan structure equation applied to (e1; () = (Dy;Dy) gives
the following equations:

( Dx;Dv) (dt 1~ 1)(Dy;Dy)
Dx! (Dt) D! (Dx) ! ([Dx;Dtl)
F(Dx)! (D) + ! (Dy)! (Dx)

= Dy!(Dt) D¢ (Dx) !'(Dx)!(Dt)+ ! (D¢)! (Dy);

since[Dy; D] = 0: The torsion form is asfollows:

( Dx;Dy) (d L'~ )(Dx;Dy)
Dx (Dt) Dt (Dx) T([Dx;Dt])
1'(Dx) (Dt) + ! (Dt) (Dx)

Dx (Dt) Dt (Dx) !'(Dx) (D¢)+ ! (Dt) (Dx):

We usethe Cartan structure equations:

8
< ( Dx;Dt) = Dx! (Dt) D¢!(Dx) !(Dx)! (Dy)+ ! (D¢)! (Dx)
(4.1.16)
( Dx;Dt) = Dx (Dt) Dt (Dx) !'(Dx) (Dt)+ !(Dy) (Dx):

In the caseof Riemannian manifold, we have ( Dy;D¢) = O:

Now we replacethe instanceof (Dy); (D¢) 2 R" and! (Dy) 2 o, asin (4.1.14) and
(4.1.15)into the Cartan structure (4.1.16) and keepthe matrix ! (D) asgeneralelemen
of o, which is to be computed. Let us take the matrix ! (D) asa generalelemer of o,

as

t
0 m- t _

I'(Dy) = m M 7 M 20, 1 and m = (my;:::;mp):
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With respect to this represenation, we write ! (D) as

0 k!

! (DX) = k 0

Similarly we write (Dy) and (D) as

(Dx) = cl) ; (Dy) = T]l ht = (hy;::: hp):

Also we write

0 rt

( Dx;Dy) = R

Then the Cartan structure equations (4.1.16) in componerts will be asfollows.

r=Dwm Dik+ Mk;

R=D,M+kmt mkt (4.1.17a)

Curvature part :

0= Dxhy + h;hi

0= Dyh  khy+m (4.1.17b)

Torsion part :

where hi is standard inner product on R" 1.
Now from the torsion part, we can solve the rst equation 4.1.17band nd that

hy= D k;hi:
Then the secondonecanbe solvedfor m asm = D,h kD 1hk:hi = I h: wherethe
operator | = Dy, kD 1rk;:i is exactly the operator described in (4.1.8) and proved

to be symplectic.
From the curvature part, we seethat

M =D Ymk' km'+D YR):
This implies that

Dk Dym+ Mk r

Dym + D, }(mk! kmYk+ D Y(R)k r
Hm+ D YR)k r

whereH = Dy + Hj is operator (4.1.11) which is proved to be Hamiltonian. Now similar
to the discussionat the end of the proof of Theorem4.1.2,we obtain R = Oandr = { h:
Therefore
Dik = Rh {h;
in which
R = HI:
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Remark 4.1.9. If onecomparesthe computational e orts of setting up a moving Frenét
frame and structure equations (Levi-Civita connection) just using the metric with the
Cartan formulation in terms of connection, the di erence is striking: not only one can
not seewhat oneis doing, but there is no needto seeit, sinceevery thing goesright by
construction, and the ertities one writes down are automatically di erential invariants.
See[59].

Remark 4.1.10. Onecanstart with the EuclideanLie algebrag = eug (R) = o,(R)n R"
and h = o, and assumethat ! is the Cartan connection in Euclidean geometry as a
Cartan geometry Let us choose! (Dy) and! (D¢) asfollows.

0 1 0
0 k' 1 0 mt h

IDy)=@ 0 O0A; 1(D)=@m M h'A:
0 0 O 0O 0 O0

Now if we write down the Cartan structure equation
( Dx;Dt) = Dx! (Dt) D! (Dx) + [! (D1);! (Dx)];

then we will nd exactly the sameformula for ewlution of k:

1

4.2 Integrable system in (p,q)-Orthogonal geometry

We extend the idea of the last sectionin nding the interaction betweengeometryin a
senseof Cartan and integrable system. The direct generalization of Euclidean geometry
as an example of a Cartan geometry to the Riemannian geometry of signature p;q will

be de ned asfollows.

De nition 4.2.1. Let
_ Iy 0
ma= g g
Then de ne the orthogonal group of signature p;q by
Op:g(R) = fA 2 Glps g(R)JA pgA' = pgO:
The Lie algebra of this Lie group is
Opiq(R) = FA 2 Mpio(R)JA g+ poA' = Og:
Any elemerts of 0,,4(R) hasthe form
A B .
C D
whereA 2 M (p;p);B 2 M (p;g);C 2 M(qg;p) and D 2 M (q; ) and that
A+A'=D+D'=0, B'= C:
The reasonwe use in the de nition of this Lie group is that we can keeptrace of

the Riemannian caseand seehow is consistent with that of last sectionby taking = 1
and of courseto standard geometry of orthogonal group of signature p; q by taking = 1
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De nition  4.2.2. The Riemannian geometry of signature p;q in a senseof Klein ge-
ometry, seeSharpe [63] de nition 3.2., is described as a pair of Lie groups (G;H) in
which

G = Opg(R)n RP*% H = Opy(R):

Similar to the Riemannian case,we rst choosea moving frame namely parallel frame
and write the Cartan structure equation having Cartan connection! with free torsion.
Notice that the Riemannian manifold M = G=H is assumedto have zero constart
curvature. The parallel moving frame is described as

0 1
0 Up D Up 1 Up IiI Upsq 1
uq 0o ::: 0 0 ::: 0
A0 BO : : :
!(DX): CO DO = UP 1 0 O O 0 )
Up 0 0 O 0
Uptgz O 2 0 0 ::: 0

asan elemern of op.q(R):

Remark 4.2.1. As in the Riemannian case,we considerx as arclength parameter, so
that the number of invariants are p+ q 1. In generalthis number is just dim(M) 1
In the sequel,we take this considerationinto accourt.

Now let ! (D¢) be the matrix

I(Dy) = é

O

in which the matrices A 2 M (p;p);B 2 M (p;q);C 2 M(qg;p) and D 2 M (q;Q); possess
the following properties:

A+Al=D+D'=0 B'= C:
As in the Riemannian case,let the torsion 1-form at Dy and D be

(Dx) = (1;0;:::;0;0;:::;0);

respectively.
Theorem 4.2.2. With the assumptionsabove, the Cartan struction equations as in
(4.1.16) givesthe ewlution of u' = (Uy;:::;Up+q 1) asbelow.

D = R(ly 1.4h); R =HI; (4.2.1)
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in which
I 0

h'=(hoi:iiihpea)i 1p 1= 5 lq
and

H=Dy+Hy; | = Dy uD, <u;:i>pg
where

Hiw = (D, '(W(lp 1qW)' Ul 1.qW)Du;  for wh= (Wi;iiWprg 1);
and
<ush>p=<uily 14h >

The inner product on the right hand side is the normal inner product on RP*9 1:

Proof. Let us rst compute the multiplication typeterms in the Cartan structure equa-

pPxa 1
I (Dx) (Dy) = ( uchisr; Uthy; uzhgiiiz; up 1ha; Uphgiii; Upsq )"

k=1
Now we usethe Cartan structure equation applied to (Dy; D) as described in (4.1.16)
and obtain the following equationsof which the rst group is concernedwith the curva-
ture part, and the secondone with the free torsion part.

xXP Xxd
DxAi1+ Duj 1 AU 1+ Bik Uk+p 1= 0; (4.2.2a)
k=2 k=1
for 1<i p;
DxAj + Aitlj 1 Ajui 1=0; for 1<i;j p (4.2.2b)
xXP xd
DxBij DiUp+j 1 Uk 1Bj Uk+p 1Dkj = 0; (4.2.2c)
k=2 k=1
for 1 | q
DxBijj + AitUp+j 1+ Ui 1By = 0; (4.2.2d)
for 1<i p;1 j @
DxDj + CiqUp+j 1 Cjaup+i 1=0; for 1 i o (4.2.2e)
pxa 1
Dxhy Ughk+r = 0 (4.2.3a)
k=1
Dyhi + uj 1thi+ Aj1=0 for 1<i p (4.2.3b)
Dxhi  uj 1hi+C; jp=0 for p+1 i qg+p (4.2.3c)

Now from (4.2.2d) and the fact that By; = Cj1; we nd that

Bij = Dxl(Ai1Up+j 1+ Uj 1Cj1)2
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Also from Equations (4.2.2b) and (4.2.2e) we obtain
Aij = Dy YAjui 1 Ay 1); Djj = DL XCj1upei 1 Citlpsj 1):

Henceplugging Aj ;Bjj and Dj into (4.2.2a) and (4.2.2c), one can derive the ewolution
ofui 1 fori=2:::pandup+j 1 forj = 1;:::qrespectively asbelow:

xP xa

DxAir + Aik Uk 1 Bik Uk+p 1
k=2 k=1
xP

DxAir+ U 1Dy M(Akaui 1 Ajrug 1)
k=2

Diuj 1

xa
+ Ukep 1Dx H(Aitlpsk 1+ Ui 1Ck1); (4.2.4)
k=1

xP xa
Dtup+j 1 = D«xByj Uk 1Bgj Uk+p 1Dkj
k=2 k=1
xP
DxCj1+ U 1Dy M(AkiUp+j 1+ Uk 1Gj1)
k=2

xa
Ucrp 1Dy H(CiaUpek 1 Cralpsj 1): (4.2.5)
k=1

Hencethe ewlution equation can be rewritten as follows:

Diu= (Dx+ Hylp pqWw = Hl, 1.qw; (4.2.6)
wherew = (Ao1;::1;Ap1; Crsiie Jqu)t1
Now (4.2.3a) of the torsion part givesus
pxa 1
hy = D, ( Ukhys1): (4.2.7)
k=1

Using the inner product de ned on RP*9 ! we can write h; ash; = D, ! < u;h >

in which h = (hy;:::hpyo)': Also we can derive Aj; for 1 < i p and C; p for
p+1 i g+ pfrom the equations(4.2.3a)and (4.2.3a) of the torsion part asfollows:
Air = D hj uj 1hy for 1< P;
Ci p1 = Ui 1hy Dxhj for p+1 i q+p:

Theseequationstogether with (4.2.7) give us the formulae for the vector w in terms
of h = (hy;:::hpi )t asbelow:

w= Dyh 1, quD, "< u;h>;
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from which we simply nd that

w = Dyl, 34h uDy'<u;h>
= ( Dx uD,'<u;i>pg)(ly, 190)
= 1p 1)

Hencewe can write the ewlution (4.2.6) as follows:

p 1q

Du = (Dx + Hl)lp 1.qW
= HIp 1:qW
HI (1 14D):

Let us replace h by the trivial symmetry uy; and compute the ewlution equation
(4.2.1). First we seethat

I(Ip l;quX) = lp 1qU2x %u S >
Then we nd that
H1I(IIO 1;qux) T U< Ug,U> Ux < Uu;u>:
Hencewe nd the ewlution equation:

1
Diu = |p 1;qU3x Eux<u;u> u< uyx,u>
u<uyx;u> uy<uu>
3
= |p 1;qU3x Eux<u;u>:

This is well known mKDV equation type.
Theorem 4.2.3. The operatorsH;| and R are Hamiltonian, symplectic and hereditary
operator respectively.
Remark 4.2.4. Notice that the inner product < u;h > pq is nothing but the Killing

form of two speci ¢ matrices in the Lie algebraop,q(R); namely
0 Rt 0 v 1
0 o' u 0 A
@u 0 0A; @ o oA;
u 0 O h 0 O

Remark 4.2.5. One can compare the operator H preseried here and the one derived
in [58] in the caseof Riemannian geometry In fact we do have that

_ 0 1 0,- .
Hw = JijuD <Jiju,w > b
i<j

in which 39 = Jj 1, 1qand (Jj ) = i j1 il jk:
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4.3 Integrable system in symplectic geometry

We consider the group G = Sp(n + 2) over the division ring of quaternions H of all
invertible matrix in GL(n + 2;H) asde ned in Chapter 1.

Now let H bethe closedsubgroupSP (1) SP(n+ 1) of G: In fact SP (1) sits in the
rst diagonal entry of G and SP(n + 1) sits in the diagonal block left. Let us denote
the Lie algebraof G by g and that of H by h: As is known in the literature, M = G=H
is then a smooth manifold. In fact M is the quaternionic projective spaceHP" !: For a
comprehensie reference,see[63].

Similar to the situation in Riemannian manifold [58], given a curve in M; we know
its tangent vectors Dy and want to compute all possibleD¢: Let ! be Cartan 1 form
with its valuesin the Lie algebrag: We make a speci ¢ choiceof ! (D«) and leave! (Dy)
as a generalelemen of g: We seethat the dimension of M is equal to the dimension of
g=h which is easily computed to be 4n: With x taken to be the arc length parameter,
the dimension of the spaceof di erential invariants in ! (D) describing the curve must
be one lessthe dimension of the manifold, that is, 4n 1, seeRemark 4.2.1.

Instead of working on curvature and torsion separately we can put them in one
picture. That meanswe can increasethe dimension by oneand put (Dy) in rst row
of I (Dx): Following this schema, we will have ! (D) as generalelemeri of sp(n + 2):

Now let us choosea Cartan matrix ! (D) similar to that of the parallel coframein
Riemannian geometry with proper dimension courting as follows:

0 1
0 1 o
1(DY)=@ 1 u UA;
0O u O

where! (Dy) is taken as an elemert of sp(n + 2):

Remark 4.3.1. Important notice should be taken into consideration that u is purely
imaginary, and u 2 H" ! following the fact that ! (Dy) is in sp(n + 2):

Remark 4.3.2. Other choicesof coframetend to destroy the scalar-vector character of
the analysisand complicate matters tremendously, which is one of the main reasonswhy
the n-dimensional analysis using Frenet frames seemsto be out of read.

We seethat this matrix is parametrized by 4n 1 real parameters. Notice that here
we have taken the curvature and torsion part of Cartan form in one picture.
Now ! (D) must be a typical elemen of g which we write as follows:

0 _tl
Mi1 M1z my

! (Dt) = @m21 Mmoo thA :
mp; moy M

In the Riemannian case,if we usea parallel frame and assumeconstart curvature { ,
this can be taken zeroand we still can derive all the geometric quartities. Therefore we
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have taken the curvature equalto zero. Hencethe Cartan structure equation evaluated
at the ewlutionary vector elds Dy; Dy is asfollows:

Dx! (Dt) D! (Dx)+ [' (Dy);! (Dx)] = 0

Before we explore the Cartan structure equation, let us de ne somenotation. Com-
mutators of vectors and scalarsare de ned by

Cumo:=hu;moi  hmyui; Cymaz = umy MooU;

where the inner product h; i is the Hermitian inner product. Right multiplication by
scalaru onvector h and left multiplication by vector u on scalarh are de ned respectively
by

Ryh = hu; Lyh= uh:

On the other hand, the anti-commutators on vector and scalar quartities are de ned by
Ayh = hu;hi + hh;ui; Ayh= uh+ hu:

Now we explicitly write the componerts of the Cartan structure equation. Among
these equations, the four rst equations are concernedwith the curvature and the last
three with the torsion. Theseequationsleadto ewlution of the scalarinvariant u and the
vector invariant u as combination of geometric operators applied on the proper torsion
variables of ! (D) accordingto the proposition below, in which we have de ned H; as
the operator acting on vectors by

Hih = D, Yhut uh') u; (4.3.1)

where, for instance,ht! is the outer product of a vector and a covector, that is, a matrix.

As we have seenbefore, this operator appear alsoin the caseof Riemannian geometry of
signature p;q; seeTheorem 4.2.2. Hence,for instance, we can write Mu = Him»: when
we seein (4.3.2c) below.

Dymi1s M2 mo1 =0 (4.3.2a)
Dymy; Diu Cymaox+ Cyma+ mMmyz+ mo =0 (4.3.2b)
Dym, Diu+ Rymo+ Hmy, Lyimyp+mi=20 (4.3.2¢)
DM mou'+ um,'= (4.3.2d)
Dymi; my umy; =0 (4.3.2e)
Dymiz+ M1 Mo+ Mpu Mmqui=0 (4.3.2f)
Dymoi+ mqy; Moy umor+ hu;mqi=0 (4.3.29

Solving these equations we obtain

Theorem 4.3.3. The ewlution of di erential invariants can be written in the form
miz + Moy

Dy Mzt Mar : (4.3.3)
D:u m mi
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where
= Dx Cu Cy . a= (@Dx CyDy* 0 .
B Lu Dx+ Ru+ H]_ ’ Lqul I ’
and 0 1 1 1
3D« zlcu zlAuDX 1Ay $Cu + uD, A,
| = %) X:
sLuDIA, Sl Dy + LuD, A,
Proof. We start with (4.3.2b) and (4.3.2c) to nd the ewlution gtz as presered
t
below.
Diu  _  Dx Cy Cy M2z | Miz+ Mz
D:u Ly Dy+Ry+H my mi

Mmoo + Mi2 + Moy
mo m1

= H (4.3.4)
Now from (4.3.2f) and (4.3.2g) which are actually the torsion part, we obtain m1; mo;

in terms of m1; M1 and m;. Hencein the ewlution (4.3.4) we subtract and add m14
in a proper way.

Diu  _ g M2 mll | g M | M+ my
D:u mo 0 mi
-y M2 M Dx Cu 0 my | M+ mzn
mo I—u 0 mi mi
(4.3.5)
If we subtract (4.3.2f) from (4.3.29g), we deducethat
Dx(mz1 mgz) = umai+ mppu  Aymy:
Using the fact that %Au(m12+ M21) = MU+ UMy1 We obtain that
- 1,1 .
Mp1 M= Dy (EA“(m12+ Ma1)  Aymy): (4.3.6)

Taking the di erence of (4.3.2f) and (4.3.29g), we derive an expressionfor my,  mjz:

1 1 1
Mo My 5DX(le+ ma1) + Ecuml+ é(mlzu umpy):
Using the fact that miou  umyg = %Cu(m12+ m»y1) + u(myz mMy1) and (4.3.6) enable

us to corvert last equation to the following one.
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1 1
Mo, My = ZDyx(mp+ myy)+ Cymy
2 2

1 1 1
Zcu(m12+ ma1) EUDX l(EAu(mlz"' mo1) Aymy):

On the other hand, we can write m»; as below.

Mm21 Mi2 + ma1 + My2

mz1 =

2 2
1 1 Mo+ M
= ID,MGAu(Miz+ ma) Agmy) + —2 2
2 2 2
Henceby using (4.3.2€), we can express mzzm M1 asfollows.
2
M2 My1
ma

|
1 L
1 1 1 1 1 1 m m
_ ?DX ZCU §UD 1§Au ECU + §UDX Au 12+ 21

LD, 1A, 3Ly Dy+ 3LuD, A, mi
= Merma (4.3.7)
mj
Now from (4.3.2f) we obtain that
1 +
M o Dx 0 mz+ma (4.3.8)
mi 0 I miq

The last stepis to substitute the equations(4.3.7) and (4.3.8) in the ewolution (4.3.5)
to prove the statement of the theorem:

D:u R M1z + Mo1
D:u m1
. Dx Cu 0 Dt 0 mp+mzu | Mt my
Ly 0 0 I mi m1
M+ m
my
. (Dx Cu)D,* 0 + DyD,! 0 Mo+ My
LyD,?! 0 0 I mi
M+ m Mo+ M
— HI 12 21 4 A 12 21

mi mi
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Remark 4.3.4. Similar to Remark 4.2.4in the Riemannian geometry of signature p;q;
if we apply the Killing form formula (1.4.1) in symplectic geometry then we can seethat

1
Dy 1(§Au(m12 + mp1) Agmy)

M1 M21 =
0 10 1
00 O 0 0 0
= DyK(@ u TA;@ mp+my  miA):
Ou O 0 mi 0

Of courseup to someconstart coe cien t.

+
Let us put ho o M2¥Mar oo e obtain

h m1

Dx(2Dx Cuy) ' O
Lu(2Dx Cy) * |

Mmi2 + M21

h
— 1 . 1_
m1q = A h A a

Hencethe ewlution in the theorem takesthe following form:

DtU _ h h 1.

D, U = R h + h ;. R =HIA (4.3.9)
If we make the specialization E = 31 : where uz;u; are the derivatives of u
1

and u with respect to x, respectively, then we obtain the noncommutative ewlution
equations:

8 1 3 3
% U = Zu3+ E_B( uuu  uuy + upu) + EhJ;uiu1+ hu;uqiu+ %um;uli
. . 3
% +2uhug;ui - Shuguiu+ EC“uz; (4.3.10)
3 1 .
Tour = Uzt Supu+ Zul(u1+ §u2+ 2hu;ui):
Remark 4.3.5. It is remarkable to seehow the procedurewill go if we choose
0 1 0 1
1 ot mi; Miq2 mtl
IDy)=@ 1 u TA; 1(D)=@my my MMHA:
0O u O mp mz M

In this case,the Cartan structure equation on the manifold with zeroconstart curvature
leadsto the following ewolution:

0 1 0 10 1
D¢ Dx C 0 0 My M2
D:u 0 L Dy+ H+ R m

t 0 §f o~ "1 ?
(D C )mp M2 My

+@D CymuA+ @mpp+ my A
Lumas mi
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Then, with little e ort, we realize that we can not solve these equations. Therefore the
dimension of the gaugematrix is a criterium for the Cartan structure to be solved. The
problem remainswhy if we put u in eniry (2;2) of the gaugematrix instead of the entry
(1;1) of this matrix, we succeedto nd all the integrable properties, but not in entry
(2;1). In other words, the choice of the frame work is soimportant that if we changeit
ewven very slightly, we will get either nasty extra nonlocal expressionwhich we can not
solve or trivial equations. Notice that in this sensefacing such problems, the situation
with the Lax method is the same.

Now we give the speci c version of De nition 2.2.6 for the pairing in the current
geometry

De nition  4.3.1. The pairing between E and g is de ned by
h g £ h g
h h o g i=  K( ho g );

in which  is a sectionof g=h subject to the zeroconstart curvature condition into the
subspaceof the Lie algebra g generatedjust asthe Cartan matrix ! (Dy): For instance,

one can take
o0 0O O 1
=@ n RA:
0 h 0

The adjoint of the operator P hasbeende ned in (2.2.8). In the current geometry,
this de nition reducesto:

h 5 9. _ h . g..
h h P g i = hP h ' g i:
Sincethe pairing is nondegenerate P is well-de ned.

Example 4.3.1. We compute the adjoint operator of the operator A: We see that
D,1(2Dx C,) D,!C,

A = 0 | : This can be donein a few steps. Let us put A; =
Cu O . . -
0 o - Then we compute its adjoint as follows.
h z O0 0O O 1o 0 !
h AL 2i= K@ h R'A;@ Cyg OA)
| O h O 0 0I 0
. ke Ao, T on BT Muo g0l
h o ' 0 O h o ' O0O0’'0O
|
z T z
. kg0 Mo RT N % g0 cn o
B 00’ 0O0'"h o0 B 00’ 0 O
Z
_ g g Cuh 0 | _ g h ..
- K( g 0 i 0 )_ h g !Al h Iv
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in which we have usedLemmas1.4.2and 1.4.3for someof the equalities. ThusA; = Ay

Now let us put A, = LO 8 : Hencewe have that
u
h z 00 0 O 1 00 0 0 1
hp At gi = K@ h AA@ o LA
0 h I0 0 Lug 0
Z =T t
- K ( h h 0 Lug )
h 0 ' Lug 0
z ' oh . i
- k¢h b 0 T g0
- h o ' u 0 00
z h !
_ k(90 .to T hon
- 00’ u 0 ' h
z !
_ K ( g 0 . Cyh uh )
i 00 uh hot uh
- 00"’ 0O O
z g 0 Cuh 0
— u
- K( g 0 " 0 O )
R B L
= h g A, h i
whereA, = 8 COU : Here again we have usedthe Lemmas1.4.2and 1.4.3and the fact

that the Killing form is invariant under adjoint action. Now it is clear that (D, 1) =
D, 1. Thus we have that

cuD,! 0 D,1C, 0
on 0 = (Alel) = (Dx 1) Al = DxlAl = XO u 0
Similarly we do have that
0 0o _ N 1 _ 0 D,cy
Lqul 0 - (A2DX ) - (Dx ) AZ - 0 0

Henceit should be clear that

D, 2Dy C,) D,!Cy,

A= 0 |

In the following proposition we show that there is a meaningful link between the
operator H and A:
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Prop osition 4.3.6. The following equality holds
AH = HA :

Proof. It is simple multiplication of two matrix operator as follows.

_  (@Dx CuDy* 0 Dx Cy Cu
AH - HA = LyD, | Ly Dx+Ry+H
Dx Cy Cu D, 12Dy C,) D,!Cy
Lu DX + Ru + Hl O I
_ 2Dy 3C,+ CyD, 'C, (2Dy Cy)D,Cy
- 2L, + LyD,'Cy LyD,Cy+ Dy + Ry + Hyg
2Dy  3C,+ CyD, !C, 2C, C,Db,'cy
2Lu+ LuDXlCu LuDXlCu+ Dx+ Ru+ Hl
= 0
Corollary 4.3.7. The operator H is antisymmetric aswell asHA , that isH = H
and (HA ) = HA : Furthermore the operator | itself is also antisymmetric.
Proof. We decomposethe operator H into two operators and seperately prove that eat
of them is antisymmetric. Let us denote the operator 0 R? by P;: Then we can
u
compute its adjoint as follows:
!
Z _T'
h g h h 0 gu'
h P i = K :
h "t g | Choo gu o
Z . .
- Tk A ho g™ uo |
h 0 ' d 00
Z h !
_ T k(© g uoonon
B g 0O " 00" h o
I I
z : z :
_ k(9 9 . Gh R T 0 g 0 hu
g 0 ' hu O g 0 ' hu O
I
Z t
_ g g . 0 hu ,_,.9¢ h
= K : = h P i
(g o hu o ) 9 1 h
This indeed shows that P; = P1: Now put Py = 0 |_(|) : Then using the notations
1

de ned in section4.4 and Lemmas4.4.1, we seethat
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h p, 9
h g
0 1 0
z 00 O 0 0 0
= K@ nh hn'A; 0
(c))h 0 0 D,gu' ughu 0
z 00 O
= K(@ h h'A;
Oh O
0 1 0 10 1
h 00 O h 00 0 00 i
@ u uA;D,Yo @ u uA;@ g gA )
OL(J) 0 Lo 0O u (1) 0O0g O
Z ho0O O 00 07
= K(@ u uA:@ n RA
Ou O 0h 0
0 10 1
h 00 00 0 j
D, o @ u uA;@ g ¢'A)
R T T S
z h 00 O 00 0 j
= K(Dy* @ u uA;@ h §'A
Ou O 0h 0
0 10 1
h 00 0 00 0 j
o @ u utA;@ g ¢iA)
0 u 00 0 g 00
1 1
z h 00 O 00 07
= KD o @ u uA;@ h h'A
0Ou 0 Oh O
0 10 1
h 00 O 00 0 |
@ u uA;@ g gA)
OuOO Olg 0 0 Lo
Z hO0O O h 00 O 0 0
= K(@ u uA;D,'y @ u utA;@
Ou O Ou O 0 h
0 1
00 O
@ g g¢'A)
0g O
0 1
z 0 0 0 04
= K (@0 0 Dy }(hut uﬁt)ulg;@o
0 D, Ynhut uh')u 0 0

Q o o

1

Dy Y(gut ugt)utg)

g'A):

67
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The last expressionis nothing but h g ;o Po 2 i: HenceP, = Pj: Using the com-

putation in example 4.3.1together with the two last identities shaws that the operator
H is indeed antisymmetric.
In order to prove that the operator | is antisymmetric, having proved part of that,

let us rst denoteP3 = 0 01 : Then we can compute its adjoint as follows:
0 LyD,!A,
h z h Ht! '
h ,P2 g i = K( : 0 I—uDX Aug )
h g h 0 I L.D, *Aug 0
Z .
_ K( h ht . 0 Uth 1Aug )
- h 0 ' uD,!Aug 0
z K
_ h h .0 T, 1
= KO, o iy o )Dx'Aug
‘ 1, , h Ht! o
= D, "K( ho o U0 ):Aug
z
= (D, *Auh):(A0)
g o o g ¢
- Z(DX Auh)K( u 0 ’ g 0 )
— K( 0 UtDXl'A‘Uh . g gt )
- uD, *Ayh 0 g O
- n 9. h ..
= h g Py h l:
Therefore P, = P2: Now it should be clear that | is antisymmetric.

Theorem 4.3.8. The operator N = A is indeed a Nijenhuis operator. That is, the
Nijenhuis tensor vanishes.

Proof. According to De nition 2.5.1, we have to prove that the identity (4.3.11) holds:

DnIN () DwnIN"JC )+ N(MN[IC) Dn[IC) =0 (4.3.11)
for any pair of vector elds '; 2 X(M): In our specic case,the ' and take the
following form: ' = P ;o= q

p q
(2Dx Cy)D,1p

Herewe are givenN' = : Now we compute the Fredet deriva-

LuDyx'p+ p
tive of N asfollows and useit later on with di erent argumerts
v_ CD,t 0 p _ CDp
DN[ ]( )_ Lqul 0 P - Lqulp
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Now we seethat

DnIN () DnIN'I() |

1 14
Cep, CU)DquDxl p Cep, CU)DleDxl q
L L,bytqrgPx P L Lqu1p+pD,X q

1 lq
C(ZDX Cu)DxquX p+ C(ZDX Cu)DxlpDX q :

L LUDqu+qu1p+ L I_qulerprlq
On the other hand we obtain
' 1 — Cprlq Cqulp
On[IC) DNLIC) = P Lips1p

Hencewe get that
gl Dn[1C) DnI[IC)

(2Dx Cy)D,! C,D, g+ CD,p
Lqu:L Cpr 1q+ Cqu 1p + ( LPDx1q+ Lqulp)

- @ A

Now rst we prove that the scalarpart or the rst componert of expression
DnIN J() DwINTIC )+ N(N[IC) DnIIC))
in (4.3.11) vanishes:
1 1
C(zox Cu)DxquX p+ C(ZDX Cu)DxlpDX q
+(2DX CU)Dxl Cprlq+ Cqu 1p
1 1
= C2py cu)Dx 1qPx P+ Cap, cy)p, 1pPx M
+2( Cprlq+ Cqulp) Cqul Cpr 1q+ Cqu 1p
- 2CD, 'p+ CCququX1p+ 2C,D, 1q cCqulprlq
+2( CyD,'q+ C¢D,'p) CuD,' CpD, g+ CqD,'p

= +CCUDX lqulp CCUDX lprlq Cqul CpDy lq"' CqDx 1p

Jacobi id
2 CuCp, 1Dy CuDy' CpDy g+ CqDy'p
= CuDy 'DxCp 1Dy 'p CuDy*  CpDy'q+ CqDy 'p

= CuDy ! CqDy'p CpD,'g CyD,' CoD,'g+ CD,'p
= 0,

69
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We have usedoncethe Jacobiidentity as
+Cep, 1aPx P Ceyp, 1pPx ‘0= CuCp, 1,Dx *p:
We manipulate the secondcomponent (vector part) asfollows:
L L b, q+qPx prL LuD, tp+pPx 'q
LuDy'  CpDy'q+ CqDy'p + ( LpDy g+ LqDy 'p)
= L . p.PxP*tL [, 1,Dx'd LuDy*  CpDy'g+ CqDy'p
= LU(CDxquxlp) L,D,'  CyD,'q+ CD,Mp
= LuDy'Dx(Cp,1Dx'P) LuDy'  CpDy'a+ CDy'p
= LyDy' CeDy'p CpDy'q  LuDy'  CpDy'g+ CoDy'p
= 0
In which again we have usedthe Jacobiidentity this time as follows:
L Lo, 2aPx P+ L (b, 1Px = Lu(Cp, 1,Dx 'P):

This is nothing but the Jacobi identity for the following three elemerts of sp(n + 2) :

0 1 0 1 0 1
0 0 O 0 0 0 0 0 0
@ o u©A; @ D,!p A and @ D,'q OA:
Ou O 0 0 0 0 0 0

Remark 4.3.9. Notice that operator A is not recursionoperator, consequetly it is not
invariant under the ow.

Remark 4.3.10. Such anoperator A appearedas”Starting operator” in Fokas-Sarini's
papers[60] and [21] wherethey give the recursionoperator and bi-Hamiltonian structure
in multidimensional equations.

Remark 4.3.11. SinceN = A is invertible, so by [14, proposition 3.2], the operator
A 1itself is Nijenhuis operator.

In the light of Theorem 4.3.8, the operator R can be written as

R = HIA !
(HA )(A 1A Y):

This decomposition of the operator R is the key to nd Hamiltonian and symplectic
operator. In fact the main result of this chapter is the next theorem presering these
facts. In the next section we expressthese operator in terms of the Lie bracket, Killing
form and someprojections and in the Chapter 6 we will prove the theoremin detail.
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Theorem 4.3.12. The operatorsH and HA are Hamiltonian operatorsand the operator
A 1IA 1issymplectic.

Remark 4.3.13. Theorems4.3.8 and 4.3.12shawv that the manifold M = G=H is en-
dowed with a so called "Poisson-Nijentuis structure' asis de ned in [48]. We will not
go further in this direction. For more information, the readeris referred to the works of
Magri, as presened in for instance [47] and [38].

Remark 4.3.14. Notice that we can decomposethe erntry in the rst column and rst
row of H: One can write

(Dy + Ry)(2Dyx Cu) Y(Dx Lu)

Cu)

— (DX+AU Ay + Cy

5—)@Dx Cu) '(Bx =)
Ay 2Dy C, 1, Ay 2Dy Cy
= (=24 =/ Hy =
(52 + 22 4@D, Gy A S Y
1 1 1 1
= EDX EAU(ZDX Cu) 1§Au ZCU
1 1 1 1
= 5Dx E“DxléA“ zlcu

Remenber that the operator acts on purely imaginary argumerts. Then the last equality
follows from (2D« C,) '= 3(Dx 3C,) 'and (Dx 3C,) ! acting on real valued
function givesD, ! acting on the samefunction, aswell asA acting on the real functions
givestwice acting u on the samefunction. Indeedthe result of action A, on aimaginary
valued function is real function. Thereforethe operator (2D, C,) = %(DX %Cu) 1
acting on this real function would yield %DX ! action on the same real function, for
assumethat f is the real function and (Dx  3Cy) f = g: Thenf = (Dx 3Cy)0:
Since Cyg is imaginary, hencewe do have that Dygo = f where go is the real part of
g: Thus (Dy %Cu) f = go: One can seethis from the expansionof (D %Cu) las
well. Indeed (D« 3Cy) = D, '+ 3D, 'C D, + ::: HenceCyD, 'f = 0: Therefore
we have that (Dy 2%Cu) Y =D, f:

Also notice that A, acting on the real function f is equalto 2uf :

This decomposition indicates that if we put u = 0; then geometric operators, Hamil-

tonian, symplectic and recursion operators, will reduce to the onesthat appearedin
[30].

4.4 Geometric operators in the form of Lie bracket, Killing
form and pro jections

In the method we are using, the only tools we have are the Lie algebra and the Cartan
geometry hencewe expect to be able to write the geometricoperatorsH and | in terms
of the Lie bracket, the Killing form and proper projections. In this sensefor instance
seeRemark 4.3.4. Also as one can seein the proof of Theorem 4.3.8, we could usethe
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Jacobiidentity for the matricesin the Lie algebrasp(n+ 2) which in fact are projections
of bigger matrices.
Let us de ne the projections o and ; asfollows:

0 1
maiq 0 0 00 O
0@0 my; mA=@ 0 0A;
0 mo M 0O 0M
and 0 1 0 1
maiq 0 0 0 0 0
1@0 mpy mA=@0 my mbA:
0 mo M 0 mo 0

In the following lemma, we give the Lie algebraic form of the operator H; de ned as
in (4.3.1).

Lemma 4.4.1.

0 1 0 10 1

h 00 O h 00 O 0O O 0 ii
@ u uA:D,ty @ u UuA;@ my; mbA
0 u 0 0O u 0 0 my 0

0 1

0 0 0

= @ 0 u'D X umb+ mout)A:

0 D I umb+ moubu 0

Proof. The proof just follows from computing the Lie bracket of the elemerts of the Lie
algebrasp(n + 2):

Let 0 and i, be the projection of ! (Dy) and ! (D) over the Lie subalgebrah;
respectively as well as & and rhy; the projections of | (Dy) and ! (D) over the vector
spaceg=h which itself is indeedthe dual orthogonal of h with respect to the Killing form.
In other words

0 1 0 1

00 0 10
0=@ u UuA; a=@ 1 0 0A;

Ou O 0 00

and 0 1 0 1
mq1 0 0 0 miqo mtl
Mm=@0 mypy myA; Mm=@my, 0 0 A:

0 mo M m1q 0 0

Now let us de ne the projections ¢ and 1 on the diagonal and o diagonal of the
image of 1 asfollows:

0 1 0
0 0 0
1@0 Moo thA = @0 Moo OA
0 mj 0 0 0
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and 0
0 O

1

0

0@0 Moo thA:
0 mo 0

1
A

@O
o o

0
0
m

o3 o

2

We give someidentities which in fact are interactions of projections o; 1 and i:

Prop osition 4.4.2. For every matrix ¢ in the imageof 1; we have that

1. (3 1+ o) 1ad24= @

2. 1adaadoadaq: ado 1Q 1ad olt OQ;

The following theorem describeshow we can expressthe geometricoperator in terms
of Lie algebraicnotions, suc asKilling form, adjoint represeration and the projections.

Theorem 4.4.3. The ewlution of the @ following the Cartan structure equation on
M = G=H can be expressedas

0 = ﬁf\mo+ A\mo;

in which the Lie algebraform {* of geometric operator | and A of Nijenhuis operator A
appearsas

A = Dy iady adaD, ' oady;

1 1 1
= EoDle(o;:) (5 1+ 0) 180a(Dx  adw)ada 1(5 1+ o);
A = +21 adyD,?! 1

Proof. From the curvature part or in fact the equations (4.3.2b),(4.3.2c) and (4.3.2d)
and the previous lemma, we simply nd that

0r = A( 1) + Mo, Mo = jadathy;
Now the torsion part givesthe following matrix equation:
ady(rhy) = (Dx  ady)rhy: (4.4.2)

Sincead? 6 | for any 2 R; we can not solve equation (4.4.2) in the usual way.
Therefore the existenceof the Nijenhuis operator A plays a crucial rule in the symplectic
geometry Notice that in the Riemannian casewe do have adg = |I:
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In order to getrid of this dicult y, we do as follows:
0 1 0 1

0 0 0 O O O
0 = Pl@o Mo My mt2A+P|@O mip 0A+I’?‘10
0 mo 0 O O O
0 1 0 1
0 0 0 0O 0O O
= @ myp mip mbA + (Dx qady) @ myy 0A + g
0 mo 0 0O O O
0 1
0 0 0
= lﬁl@o Mo My mt2A+ (ZDX ado)Dxl 1+ o l'?"lo
0 mo 0
0 1
0 0 0
= A@ my myr mLA + Amg: (4.4.3)
0 mo 0
Now the matrix 0 1
0 0 0
@O Moo miq mtzA
0 mo 0

can be expressedin terms of i, and consequencelyin terms of i using the identity
(4.4.2) asfollows:

0] 1
0 0 0 1

@ my; my miA = (5 1+ o) 1adim;
0 mo 0

1
= (51% 0) 12da(Dx ads)rhy: (4.4.4)

Sincemy; mix = D, 1K (0; mp); thus the matrix rh, can be written in terms of g as
follows.

0 1
0 Mo . Mao1 0
hy = %M 0 0§
2
0 0 0 0
1
+
0 Mo > Moy mtl
+ %m21+ mi2 0 0
2
m1q 0 0

1 1
58D, K (0; o) + ada(5 1+ o)ho;
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Hencewe identify the operator {* as follows:

0 1
0 0 0 1
@ my; my; miA = (5 1+ o) 18da(Dx ady)r,
0 mo 0
_ 1 1 1 . 1
= (5 1+ o) 1ada(Dx ady) zan K (0; o) + ada(é 1+ o0)Mo
11

=(5 1+ o) 1ada(ade®)D, 'K (0; o)

1 1
(5 1+ o) 1ada(Dx ado)adA(E 1+ oMo

11
+5(5 1% o) 1(adg0)Dy 'K (0; ho)

1 1
(5 1+ o) 1ada(Dyx ado)adA(z 1+ o)o

2
1 1 1 1
= 0D K(GiMo) (5 1+ o) 1ada(Dx  adw)ada(; 1+ o)ho
1 1 1
= 50D« 'K (0; tho) (5 1+ o) 18da(Dx adg)ada 1(5 1+ o)ho
=
in which we have usedthe fact that (% 1+ 0) 1(ad§0) = O by applying the previous

lemma. In the last line, we add 1 at endto have symmetrized expression,sinceit would
not change anything.
Thus replacing the last equation into the ewolution (4.4.3), we get that

0 = ﬁf\mo+ Amoi

Remark 4.4.4. Similar results have been derived in the general case of Riemannian
symmetric spacesin [2]. The Author has given a de nition of parallel frame basedon
the choice of &: It seemsthere is a gap if we comparetwo result. Indeed if we chooseé&
aswe have chosenhere,then ! (D) will be determined accordingto his set up and that
is not what we have. This needsfurther researt.

Remark 4.4.5. This is exactly the Poisson operator in [69, 1.13] which in general
is de ned on Hermitian symmetric spaces. Seealso [70, 68]. The equation (4.4.2)
correspondsto the coe cient of Lax represenation, seeChapter 5.

Remark 4.4.6. For the related topics and similar construction, see[36, 74, 75, 61],
and also[42]. For instancein [43], the authors apply a method of Sym and Pohlmeyer,
[66, 54], to the Fordy-Kulish generalizednonlinear Schrodinger systemsasscaiated with
Hermitian symmetric spaces[22]. Furthermore in [43], the authors givesalso an appro-
priate specialization in the context of the symmetric spaceSO(p + 2)=SO(p) SO(2)
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which yields ewlution equationsfor curvesin RP*! and SP; with natural curvatures sat-
isfying a generalizedmKDV system. In fact this exampleis related to the constructions
of Doliwa and Sartini and illuminates certain features of the latter.

Remark 4.4.7. The rule of A operator is very much similar to that of interwining
operator Z de ned asin [43, p. 166]. That is

Z(Y)= ada(Ad Y)
for Y as Sym-Pohlmeyer eld and is proved that
ZRY = (R )ZY; RY = P ([T;aY]);RY = (as adoa ‘adg)ada

in which P is de ned as
P(B) = fag '[Q;Bm] + Bmy:

There R and P are called respectively geometric recursion operator and renormalization
operator. Seethe next sectionfor the Lie algebraic form of recursion operator H which
is exactly of the form R:



Chapter 5

Lax representation of an integrable
system

5.1 Theory of Lax metho d

It is well known that most of the integrable nonlinear partial di erential equations,

admit a Lax represenation,
Le=[AL];

in which L; A are linear dierential operators. Originally, the subject is due to the
discovery by Gardner, Greene, Miura and Kruskal in [25] that the eigervalues of the
Sdrodinger operator are integrals of the Korteweg-de Vries equation. At the same
time, Lax preseried a general principle for assaiating nonlinear ewolution equations
with linear operators so that the eigervalues of the linear operator are integrals of the
nonlinear equation, see[44]. To have a simple picture of the Lax construction, let B be
someHilb ert spaceof functions, for instance a spaceof smooth functions, chosensothat
the function u(t) liesin B : We recall from functional analysisthat a Hilb ert spaceis a
vector spacewith an inner product so that there can be de ned a norm on the space
and in addition it is complete. Supposethat to ead function u 2 B ; we can assaiate
a self adjoint operator L = L, over someHilb ert space,

u! Ly; (5.1.1)
with the following property: If u changeswith t subject to the equation
ur = K (u);

the operatorsL (t); which alsochangewith t; remain unitary equivalert. If this isthe case,
then eigervaluesof L, constitute a set of integrals for the equation under consideration.
The unitary equivalenceof the operators L (t); mertioned above, meansthat there is a
one-parameterfamily of unitary operators U(t) sud that

u(t) L)u(); (5.1.2)

is independert of t: This fact can be expressedoy setting the t derivative of (5.1.2) equal
to zero:

U U Ltu+uU Lwu+uU Ly = o (5.1.3)

77
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As a matter of fact, Stone'stheorem [65], says that a one-parameterfamily of unitary
operators on a Hilb ert spacesatis es a di erential equation of the form

U = AU (5.1.4)

where A(t) is an antisymmetric operator. Conversely every solution of (5.1.4) with
A = A is aone-parameterfamily of unitary operators.
Now substituting (5.1.4) into (5.1.3) we obtain

Lc= AL LA = [A;L]: (5.1.5)

If u satis es the equation u; = K (u); then L; can be expressedin terms of u; and all
that remainsto verify is that equation (5.1.5) has an antisymmetric solution A: That
means that the unitary equivalence of the operators L(t) is nothing but nding the
antisymmetric solution A for (5.1.5), which is called the Lax represertation.

The drawbadk of this method is that it requires one to guesscorrectly the relation
(5.1.1) betweenthe function u and the operator L. What we will do later on is that we
take the operator L depending to speci ¢ function u; then we will proceedby choosing
proper operator, or ansatz, A; so that the Lax represettation (5.1.5) hold from which
we nd the ewlution equation.

To put somelight on the subject, let us considerthe Scrodinger operator

1
L=D2+ Zu:
6

: s 1 . ,
Then L. is multiplication by —u;: Thus we have to nd an antisymmetric operator A

whosecommutator with L is multiplication. To obtain a nontrivial result, let us choose
A1 = D3+ aD + Da: The coecient ais to be chosen. Now we have

1 1 1 1
[Ay;L]= (EUX 4ax)D2+ (Euxx dayy )D + éuxxx 8yxx + éaux3

Clearly, to eliminate all but the zero order terms we have to choose

a= tu
_8_

With this choice, [A1; L] is multiplication by

1

ﬂ(uxxx + UUy):
Setting A = 24A1; we verify that

[A; L] = K(u);
whereK (u) = u; is KDV equation

Ut + Uyyyx + UUy = O:
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Later on, Drinfel'd and Sololov in [16], showved that given the operator
L=Dyx+a + qxt); (5.1.6)

where is the socalled spectral parameter , g belongstopa Lie algebrasg; and a is a
constart elemen of g; one can construct an operator A = L, p; ' sud that the Lax
represertation L; = [A; L] is equivalent to the ewlution equation of the form

G = F (0 Ox; Oexi00): (5.1.7)

The method given in [16], which is basedon bringing the operator L to diagonal form,
allows oneto constructively build, in addition to the A operator, the higher symmetries
and integrals (consenation laws) for (5.1.7). The construction of [16], can be generalized
to the caseof L operators of a more generalform:

X .
L=Dy+a "+ g(x;t) '
i= m

In this chapter, we set up the method of Drinfel'd and Sokolov deweloped in [16] and
[29]. The proofsherewill be basedon normal form theory for Itered Lie algebras. Then
we will specializeto the caseof the symplectic Lie algebra.

L
De nition  5.1.1. The Lie algebrag=  ;,, g is called Z-gradedif g; are vector space
sudh that [gi; 9] gi+j wherei;j 2 Z: It is clear that go is a subalgebraof g:

L
Let us considera Z graded Lie algebrag = i»70i and an Lax operator of the
form

L=D+ +qxt); g2 go: (5.1.8)
Here 2 g; satisfy the condition
g= ker(ad ) im(ad ): (5.1.9)
Indeed the condition 5.1.9'5 an assuntion on :
Now let usde ne F, = ilzn gi whereg; = g i: Then F, isa ltration. Let usdenote
by 1 which by de nition must bein F 1:
Lemma 5.1.1. Any elemen Z of the Lie algebracan be written as

Z=[ 1;X]+Y; (5.1.10)

whereY 2 ker(ad ;) and X 2 im(ad ,): Moreover if Z 2 F, then Y 2 F, and
X 2 Fpsr:
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Proof. By decomposition there exist Z() 2 ker(ad ,) and Z® 2 g suc that Z =
ZO + [ 1:Z237: Applying decomposition for Z@: we nd z@ = X® + X @ with
X® 2 ker(ad ,) and X®@ 2 im(ad ,): Hence[ 1;Z@]1=1[ 1;X@]: Now we just
take X = X @:

Now supposeZ 2 Fn: Then [ 1;X];Y 2 Fy: Assumethat X 6 0 and k is lowest
orderthat X 2 Fy and Xy 2 ¢ is lowest nonzeroterm of it. Then[ 1;Xk]2 g 1\ Fn:
Now if k 1 < n; Then it follows that [ 1;X] must be zero, i.e Xy 2 ker(ad ,):
On the other hand X 2 im(ad ,) and henceXy 2 im(ad ,): Thus X 2 ker(ad )\
im(ad ) = 0 which is in cortradiction with the assumptionthat X is lowest nonzero
term of X: Hencewe concludethat k 1 n;andsoX 2 Fx Fpi1:

Lemma 5.1.2. Let usde ne the following maps

k k 1
Fe=Fs1 ! " Fx 1=Fk ! Fy 2=F¢ o

Now we have that
Fe 1=Fk = ker( .1 im( *)):

Proof. We seethat
ker( ;1) =fZ+ FjZ 2 Fx 15[ 1;Z]2 Fy 19
and if ZK 1is rst term of Z; then that meansthat [ZK 1; 1] = 0: Also we have that
im( X)) =fZ+ Fj9X 2 F¢ suchthat Z [ 1;X]2 Fa:
This meansthat zk 1= [ 1;Xk]: Now supposeZ 2 F,; Then by the generaldecom-
position there exist Y 2 ker(ad ,) and X 2 im(ad ,) suchthat Z=Y +[ q;X]1It
is clearthat Y;[ 1;X]2 F,: Hence

Z+Fnr =Y+ Frar [ 4 X]+ Fpar:

Obviously [ 1;Y] = 02 Fu; henceY + Fpi1 2 ker( ”11): Now suppose X 2 Fy: If
k n+ 1then X 2 Fn41: Hence

[ ©X] [ 1;X]=02Fn41:
Thus[ 1;X]+ Fns1 2 im( ";): Therefore
Z+ Fper =Y+ Fpear + [ 13 X]+ Fpag;

in which Y + Fp41 2 ker( ”11) and[ 1;X]+ Fpep 2im( ";): Now supposek < n+ 1
and X = X + X in which X 2 Fn.1: But then

[ X1+ Foaa=[ 4X]+[ X1+ Fra:
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Now since[ 1;X];[ 1;X]2 F, andthat [ 1;)@]2Fk1 Fn 150
[ X]=o0
Thus
[ ;X]+Fper = 1;X]+ Fper:

Again[ 1;X] [ 1;X]= 02 Fp+1 in which X 2 Fnp: Therefore[ 1;X]+ Fpep 2
im( ";): Hence
Z+Fpip =Y+ Fpaa + [ 10X+ Fpag;

in which Y + Fnip 2 ker( "1 and[ 1;X]+ Fnep 21im( ™)):

Now we give a secondproof of Lemma5.1.1usingthe previouslemma: Let us Suppose
that Zy 12 Fx 1: Then by the previous lemma we have that

Zx 1+ Fe= Y 1+ Fe+ Wi 1+ Fy;

whereYy 1+ Fy 2 ker( K 11) and W, 1+ F 2 im( K 1): ThereforeW [ 1;Xk]2 F¢in
which Xx 2 Fx and [ 1;Yk 1] 2 Fx 1: Here we can supposethat Xy 2 Fx\ im(ad ).
On the other hand, we have that [ 1;Y,* ;'] = 0: Hence

Ze 1+ Fe= Y 1+ [ uXed+ Fe= YO+ X+ Fe
Thus
Ze 1= YD oXud+ L

Similarly we have
2¢= Y+ [ Xk ]+ Zians

where again [ 1;Yk"] = 0and Xk4+1 2 Fx\ im(ad ,): Hencewe get that
Z 1= Y e [ X X ] = Y+ [ XD
Soisclearthat Y 2 Fx 1\ ker(ad ;) and X 2 F¢\ im(ad ,):

Remark 5.1.3. In the notation of [56], Lo = D+ 1+ (g isin F and u; 2 F3: In
generalL=D+ j1+qg2Flandu2FjandLo=D+ j1+h2FlandLgandL are
in the sameequivalenceclassand L ¢ is normal form for that class. For more information
about normal form theory, see[56].

The following proposition ( [29]) plays a key rule in constructing an integrable equa-
tion using a Lax pair.

P
Brop osition 5.1.4. There exist an elemen u = } uj;ui 2 im(ad ;)\ g; and h =
5 hi;hi 2 ker(ad )\ g suc that

L =D+ +h
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Proof. The claim is that for eahh n 2 N[ f0; 1g there exist
Un 2 Fp\ im(ad ,); and qgn) 2 ker(ad ,)\ Fo+ Fp;
such that
€%n(Ly) = Lns1; where Ln=D+ 1+ gy
Whenn = 1lthenwetakeu ;=02 Fo\ im(ad ,)thenL ;1=Lo=D+ 1+q g
with g 1) = ¢o) = 92 Fo Fo+ ker(ad )\ Fo: Now supposethe statemert holds for
n: Then by assumption we can write
Gy = Qiny + Yn,
whereq,y 2 ker(adaq ;)\ Fo and yn 2 Fn: Now by semisimpledecomposition
Yn=Ynt [ 1Unal;
wherey, 2 kerad ,\ F, kerad ;\ Fo and un+1 2 Fper \ im(ad ;) by Lemma
5.1.1. It follows that
D + 1 + O(I'H‘l) = eadun+1 (D + 1 + O(I']))

= D+ 1+ qn* [Un+; 1] mod Fpa

= D+ 1+ a(n) + Vi mod Fp4p:
Hence

Qn+1) = G(n) + Vi mod Fp+1:

This indeed meansthat q,+1) 2 kerad |\ Fo+ Fn41: Thusthe proof of the induction
statemen is complete. By the Campbell-Baker-Hausdor formula there exist

8y 2 F1\ im(ad ),
sud that

ad
€ mlg= et 1@l =L, =D+ 1+ gy

T
Sincein our case F, = 0O; it follows that in the limit n! 1 onehas

et D+ 1+¢=D+ 1+q:

Notice that accordingto [29], we are supposedto chooseA. ;A in suc a way that
g=A: A ; and A ker(ada ):

Now lets set
M M
g, = g+A; g = g+ A: (5.1.11)
>0 i<0
We usegrading and not Itering from now on. The next result shovsthat Ly and[A™ ;L]
sit in the samespace. We show this in more generalform of Lax operator asbelon. One
can seethat the previous theorem holds in this caseas well.
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n
i= m

Prop osition 5.1.5. Considerthe Lax operator L = D + A "*1 + g ' and let

be a constart from the certer of subalgebraker(ad ( ., );

A =ed . and A* = (e @ ),;
where\+" denotesthe projection onto g, parallel to g : Then [A™;L] 2 P Lo
Proof. We have
[ed L] = [ed ;e®@ D+ 1 +h]=ed[:D+ puq+h]
e®M( x+[; anl+[;h)=e®0)=0

using the assumption that is in the certer of K er(ad
Ker(ad ,,, ): Hence

) and that (n+1)hi 2

n+1

(e * Jeill= [ * ) ;L)
Now [(e 2% ),;L]sitsin ' g and[(e @ ) ;L]in "_ g; hence[(e 2% ),;L]

sits in intersection spacewhichis " g:Indeedife @ =" L1 X;+X + I X+
X+ whereX; 2 g;X 2 A andX. 2 A, ; then we have that
d b3
[(e @ )esL]l=1[ Xi+ X4;L]
1
S X
= ( Xix + [Xi; ner]+ Xi;g]D) Xsex+ X+ nel]
1 j= m
xo
+ X401
j= m
b3
2 i
m
and
Xl
[(e @ ) ;LI=[ Xj+X ;L]
1
X1 X X
= ( Xix + [Xi; neal+ Xi;gl) X x+[X ; nal+ X gl
1 j= m j= m
X1 X
= ( Xix + [Xiy ner]+ [Xi;qj]) X x
1 j= m
X
+ X ;q]
j= m
X
2 gi;

1
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P
using the fact that A ker(ad ., ): Hence[(e 3 ),.;L]2 " _ g

n+1

Proof. second proof: HereL = D +  (441) + qwhereq2 F =F(y4q) : Let usde ne
a few notations. We denote Fx=Fy+1 by Gk and G¢ + ::: + G, by HL wherek < |: We
want to prove that

[(e 2 )y;L]2 H™:

We seethat
[e 2 ;L] = [e® ;e (D+ 4+ h)
= e[ D+ g+ h]
= eadu( x*t [ neal+ [ ;h])

= e 2 (0)=0;

using the assumptionthat is in the certer of ker(ad ., ) and that (441 ;hi 2
ker(ad ,., ): Hence
[(e *% )uiLl= [(e ™ ) ;LI

Letusput (e @ ) = X+X inwhichX 2A andX 2 F;= H} :Also(e 3 ), =
Y + X, in which X, 2 A, andY 2 H,* : Then we have that

(e ady ) ;L] = Xx X x+[X; me]*+* X 5 eyl
+H[X;q + [X ;q]
= Xx X x*+[X;  epnl¥ Xid+ Xk

Here[X; (n+1)]2 HY,;and [X;q] 2 H!,;: Hence[(e 3% ) ;L]2 H!,: Similarly
[(e 2 )iiL] = Yx Xenw+[Yi (enl* Xe:  (neny]
+HY;q + [X+:d):

Here[Y; (ns1y]2 Hy' and[Y;q) 2 HT ! and also[X.;q] 2 H™,: Hencewe have that
[(e @ ),;L]2 HT : Therefore[(e @ ),;L]2 HT \ H = H™:

Remark 5.1.6. Instead of HS we may usethe notation in [56] asf P9 and call it q jet
of fP:

The claim of proposition above is that relation Ly = [A* ;L] is equivalert to some
ewlution system for the unknown ¢: In the casewe will work out, the operator L is
takento beL =D+ +qwith g2 Ggand 1=A 2G 1.

Prop osition 5.1.7. Let M 2 F |, in which n > 0: Supposethat we have
[Di M;Lgl=0 or Logt=[M;Lol (5.1.12)

whereLg= Dy+ i1+ handh2ker(ad ,)\ Fo: Then M 2 ker(ad ,):
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Proof. We seethat
hi=[M "; 1 mod F g:

Thus[M ", 4]2 Ker(ad ,)+ F n:Hence[M "; ]2 ker(ad ,) andsoM "2
ker(ad ,): Thus M 2 ker(ad ,) + F n+1: Now supposeM "*! 2 Ker(ad ,) for
i=0;:;k 1 Hence
M = M + N;

in which M 2 K er(ad and M 2 F ik From (5.1.12), we have that

he+ My [M:h]= N+ [M; 4]+ [M;h]:
Sinceh;+ M, [M;h]2 ker(ad ,): The samereasoningshovsthat M "tk = N Ntk 2
ker(ad ,): Henceby the ltering topology in FOs we get that M 2 ker(ad ,):

Lemma 5.1.8. 1. Let and be arbitrary elemeris of the certer of subalgebra
ker(ads ): Considerthe equation

Ly = [A*;L]; (5.1.13)
then % = [A*;A ]
2.[A";A Ll =[A;(A) 1+ = [A*;(A ) ]+: Notice that theseidentities does not
dependon (5.1.13).
Proof. From (5.1.13) we obtain
0=[d A*;L]=[d A";e *®Lol=e *®[¥(d A")Lol;
thus
0=[%(d A*)Lol=[d A" ;Lo];
wherelLg = Dy + + P 01 h; in which h; 2 ker(ad )\ g and 2 gi: From the last
proposition we know that &* 2 ker(ad ): Now we want to prove that [d; A*;A ]= 0
i [d A" 1=0
or
& 1=0
since is a constart. Now since isin the center of ker(ad ) and AR* in the ker(ad );
therefore this equality is trivial. To prove (2), one notice that
[ATSA ] [(e * )sje 2 ]
= e ady (e ady ) e ady ]
= [e ady ‘e ady 1+ [e ady (e ady ) ]
= e[ ]+ (e )]
= [ ;e ® )]
= [AA) T

since ; arein the certer of ker(ad ) aswell asin ker(ad ) itself clearly.
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Theorem 5.1.9. Let and be two arbitrary elemerts of the certer of subalgebra
ker(ada ): Then the ows

Ly=[A";L]; and L =[A";L]
commute with ead other, i.e,

D[A+;L][A+;L] D[A+;|_][A+;L]=O; or equivalentely; (L) = (L )¢

In particular the ows Ly, = [A* ;L] will commute. One can choose = ; since
and "= A "1 arenaturally in the certer of ker(ada ):

Proof. We have

d do

d ooy d oood o
g rr d—[A L= [—A";L]+ [A d—L]

d
According to Lemma 5.1.8,

d
—A =[A"A ]
d [ 1 ]
d + + . .
So A" = [A;A ].: Thus

d dL _ +. . +.rAF - .
i = [[A*;A ]+ L]+ [AT;[AYL]:

Similarly %A* = [A";A ]+ and that

d do _ .. _ At e
a d_ - [[A 1A ]+!L]+[A 1[A !L]]

Using Jacobi identit y, we obtain

d dt  d db _ .d., d., . .

= [[A"A 1+ [ATA L+ [AT AL

But
AT AL =AA) L=AA)

asin the previous lemma. Therefore

AT Al [ATA L +[ATAT]
AT (A) 1+ [ATA L +[ATATL
[A+, A+]+ + [A+;A+]+

[AT; AT+ AT =0
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Hence

Now we give somewell known examplesof Z graded Lie algebras.

Example 5.1.1. The rst exampleis the Lie algebraof the Lauren t series

M
9= b[[; 1H=_ Gi;

i2Z

where g; consist of elemenis A ' in which A belongsto the Lie algebra b: Here g is
decomposedinto sum of a polynomial in  and a seriescortaining only negative powers
of : The instance of this decomposition in the set up above is (5.1.11). Notice that
there we havetaken A = 0 and A: = b: See[16] to get more on this specic Z graded
Lie algebras.

Example 5.1.2. The secondexampleis known as Kac-Moody algebraswhich indeed
assignaZ gradedLie algebrato any automorphism of nite order onagiven Lie algebra
and is constructed as follows.
Let be any automorphism of nite order m on a nite dimensional Lie algebra
b: By b; we denote a subspaceof the spaceb; consist of elemerns like X 2 b so that
(X) = 'X;where isaprimitivem root of unity. We have

b= i2z,bi; (5.1.14)

sothat [bi;bj] bi+j: We say that b is graduated modulo m: Now, to a Lie algebra
(5.1.14), we assigna graduated Lie algebraL(b; ); by consideringLaurent series

M _
L(b;e)=bl[; 'N= b’

i2z
and taking in it a subalgebra M
L(b; )= 'bi;

i2z
_ L

where b; will be taken as modulo m: We denoteg; to b; '; sothat L(b; ) = 5,0
For more information, seethe work of V. G. Kac in [33].

Prop osition 5.1.10. Supposethat the automorphism on the Lie algebrab is irre-
ducible, i.e., automorphism with respect to which the algebra can not be decomposed
into a direct sum of invariant ideals. Then there exist elemerts

such that
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2. The following relations hold:
(@ [MHi;Hj]1=0;
(b) [Ei;Fj1= jHi;
(¢) [Hi;Eil= AGEj;
(d) [Hi;Fl1=  AjFy;
where A = 2 for all i
We use Theorem 5.1.9 to construct a recursion operator for a certain integrable
ewlution equations. Let us speci cally work on Kac-Moody algebrasg de ned on the
Lie algebrab: Assumethat the the degreeof automorphism isk: Let ustake = A in
which A is constart elemen of b sothat the decomposition (5.1.9) holds. Now we choose

a sequenceof constart elemerts of certer of ker(ad ) asfA "gnh2n: Then we would get
a sequenceof commuting equation or hierarchy of integrable equation. Here

A — (e aduA n+k)+ — k(e aduA n)+ + ( k(e aduA n) )+:

A nek
Hence

Ltpey = [Ax nesL]= KLy, + [RiL; (5.1.15)
whereR, = ( ¥(e @A M) ), isclearly of degreek and must betaken asthe polynomial
Re= N K+ N 1 K1+:::4 Ng; Nij2d': (5.1.16)

as an elemen of Kac-Moody algebrasg:

Equating coe cien ts of powers of both side of (5.1.15) we will get hierarchy of
equations as well as the Recursion operator as we can seein the section below for
Symplectic Lie algebrasof quaternions.

5.2 Lax metho d in Symplectic geometry

Let us considerthe Lie algebra of the Symplectic group b = sp(n + 1): We rst build
up a Kac-Moody algebrasg de ned on the Lie algebrab: To be speci ¢ we de ne the
automorphism  as follows:

(X)=TXTO1
where
o_ 10
™= 0 Iy
Obviously 2 = Id and eigervaluesof are 1 and 1; Indeed in this particular case,

= 1. Hence
e 2i. o 2i+1.

g2i = g ’ g2i+l = g )
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where 0 1 0 1
00 0

g°= @0 A, ¢°=@ 0 0A:

0 00

We immediately seethat if welet a= sp(n) sp(1); then

g°=4a and ¢°= b=a

Let us choose 0 1
0 10

A=@ 1 0 0A 2
0O 0O

In the next proposition we show that the Kac-Moody algebradecomposeinto the kernel
and image of adjoint represettation asin (5.1.9).

Prop osition 5.2.1. Following decomposition holds.

g= ker(ada ) im(ada ):

Moreover
0 1 0 1
M 0O t O M M p 0O O
ker(ady )= @ t 0 0A 2+ @ p 0A 2
i 0O 0O i 0 0 P
wheret is real number, p a pure quaternionic, and P 2 sp(n  1): Also
0 1 0
M 0 p P MM 9 0 0 .
imada )= @p 0 o0 A 2% @ q q'A 2
i p 0 O i 0 g 0

where p;q are pure quaternionic numbers.

Proof. Let us take generalelemert M of the basic Lie algebrab: Thus M has following
form.

0 1
Mi1 M2 my
M=@my my mMIA; (5.2.1)
m; moy M
in which my; = m}z and m11; My, are pure quaternionic numbers. Hencethe bracket
of M and A is
0 .1
M2 M1 M1 M2z My
IM;A]= @my; my my+mp mMIA: (5.2.2)

moy mi 0
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Sincemi; My and myz + Moy are pure quaternionic number, im(ada ) is exactly as
in the proposition. Let us suppose[M ; A] = 0: Hence

mi=0=my, mMmyr=my, and myx+ My = 0:

Now if M 2 ¢ then my; = my and if M 2 @° then mi, + my; = 0; which indeed
meansthat mi2 = my; = t 2 R: This shaws that ker(ada ) is asin the proposition.
Also it is clear that the sum of the elemens of the form of coecients of 2*1 in
ker(ads ) and im(ady ) constitute g° and those of 2 form g®: This shows that the
decomposition holds.

Notation 5.2.1. From now on, we denote the set of pure quaternionic numbers by
im(H):

Let ustake Lax operator L = Dy + A + gasin (5.1.8), in which

0 1
00 oOF

q=@ u u'A 2spn) spl):
O u O

Notice that in the caseof real numbersinstead of quaternions, we seethat qis nothing
but natural frame in comparisonwith the Frenét frame in classicaldi erential geometry

Before we proceed, it would be useful to compute the bracket of general elemert
M 2 b= sp(n+ 1) asin (5.2.1) and the matrix g2 b aswe do it asbelow.

BM;U] 1
0 mpu < mi;u> m12UT
= @ umspi+ < U;Mq > Cumy Cymoyy mzzUT+uW;+UTMA:
umog mou+ Mu umsoo m2UT + umg

wherethe inner product involved is the hermitian inner product, aswe de ned it Chapter
1.

Notation 5.2.2. The standard inner product on R" is denotedby <; >, :

Now the degreeof is 2. Therefore the sequenceof ows assaiated with Lax
operatorsin (5.1.15) becomes

Ltn+2 = [A; n+2 1L] = 2Ltn + [RZ:L], (523)
and R, becomes
R,=N ?+M +K; N:K2¢g® and M 2 g% (5.2.4)

Now we compute coe cien ts of & of (5.2.3). First step: the coe cien t of 3: Simply
the coe cient of 2 vanishes, that is :

[N;A]l= O (5.2.5)
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This leadsto following integrability conditions.

N1 = Naz;
n, = 0O

The next coe cien t is of 2 which givesus
0= U, +[N;U]+ [M;A] DxN:

We derive the following equations using grading and equations above.

0 = mapz+ mp+ Dynag;

0 = mar+ mpz+ Nnyu unyy Dynag+ U,
0 = mi+ UNg1 U, ;

0 = DxN:

From (5.2.8a) and (5.2.8b), we nd that (2D« + Cy)ni11 Uy, = O: Hence
N1 = (2Dx + Cy) ‘ug,:

As a result we obtain

mqio + Mo _ 10 Dnll
mi a 0 | mi
B 10 D(Cy+2D)?! 0 |,
- 0 | Ly(Cy+2D) 1 I uy,
_ D(Cy+2D) * 0  uy,
- Lu(Cu+2D) & I uy,

Denoting by A the operator

A= DE+22) ' 0
T Ly(Cy+2D) Y1
we simply expresslast matrix equation as follows:

Mg+ Ma1 _ Ut
mi Ut

m

m

Now the coe cient of is:
[M;U]+ [K;A] DxM =0

Hencewe derive the following equations:

0 = Kkz+ umpy+ Dymy;

0 = DyM;

0 = mpu Dmp kep+ kin < mgju>;

0 = ums; Dmy k22+ k11+ <u;m;>=0:

91

(5.2.6a)
(5.2.6b)

(5.2.7)

(5.2.8a)
(5.2.8b)
(5.2.8¢)
(5.2.8d)

(5.2.9)

(5.2.10a)
(5.2.10b)
(5.2.10c)
(5.2.10d)
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By adding (5.2.10d) and (5.2.10c)we nd that

2k 2K11 MU ump;  Dy(miz+ mp) + Cymy

1
ECu(mlz"' m1) + u(M2  Mpy)

Dx(mg2 + mpg) + Cymy:
Notice that we have usedthe fact that
MU Ump; = %Cu(mn*‘ Mz1) + U(Mz  Mzg):
Also by subtracting those two equationswe get that
Mmiou+ umyp; D(Myz mp) Aymyi= 0

On the other hand, A, (M12 + M21) = (MU + UMoq): Hencewe obtain my, My as
follows:

1
miz My =D YCAu(mpz+ mp) Aymg):
2

Remark 5.2.2. We can expressthis using the Killing form:

1. 4,,u T Miz+ My ]
m moy= =D 'K : L)
12 21 2 ( u 0 mi 0 )
Also we can simply compute my; as below.
_ M1 Miz | M1+ M2
mz1 = +
2 2
1

Mo+ Mip

1
5D 1(§Au(m12+ mp1)  Aymg) + 5

2

We are able now to compute the following vector.

koo K11

Ko
|

1 !
~Cy+ iuD A, ID luD A +iCc, mp+my

A%LUD 1AL Ly ILyD A, D mi

Let us denote the last operator we derived by | :
|

1 !
Zﬁcu +tuD 2A, iD fuD !A,+ ICy .
sLuD Y(3A0) 3L iLuD A, D

Hencewe write

Koz ki _ | M+ My

” . (5.2.11)
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The constart part gives
[K;U] DyK U, =0 (5.2.12)

from which one can nd the following equation.

Utny, = (Cu+t D)kaz+ Cuky; (5.2.13a)
Uty = ukoo + Ku + kou DKky; (5.2.13b)
kig = 0 (5.2.13c)
DKI = u'k, kio: (5.2.13d)
This yields the expressionfor 3“‘”2 in terms of kk22 as follows.
tm+2 2

Uty 12 — (CU + D) Cu k22 .

utm+2 - I—U D + RU + Hl k2 ] (5214)

in which the notation H; is usedto be the operator acting as follows:
Hik, = D 1(UiEj2 izUj)U:
We denote by H the operator that just appeared,i.e.,

(Cu+ D) Cu

H= Ly D+ Ry+ Hy

Hencethe constart coe cient of Lax represenation can be written as follows.

m

utm+2 = HIA ut
Ut 2 Uty

There is a link betweenthe operators A and H in following proposition.

Prop osition 5.2.3.
A 'HA = H:

Proof. SeeProposition 4.3.6 of Chapter 4.

Remark 5.2.4. This may be related to the Hamiltonian map asin [39, theorem 5.2.9],
the map is Hamiltonian if and only if

(B)=D() BiD() ;

where B and B; are Hamiltonian operator acting on C and Cj; respectively.
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Remark 5.2.5. We can seethat:

(Dx + Lu)(2Dx + Cy) 1( Dx + Ry) =

+
= 0.+ 2D, 4 ¢ o Der P
Uy + - =z =t
1 1 1 1
= EDX + EAU(ZD + Cy) léAu ZCU
1 1 1 1
= EDX + EUDX 1§Au ZCU:

Therefore we can write the operator | as below.

(Dy + L1“)(2DX1+1C”) l(l Dy + Ry) %1qu 1A1u + 3Cy
§|—uD (iAu) ELU ?LUD Ay D

SeeRemark 4.3.14for the motivation of this decomposition.

Now if we let ui,, = u; and uy,, = uj; astrivial symmetry, then we get the following
system of scalar-vector equation.

2<uUjui>u+ fu<uiuy> u<ugu>

8u— ~u +§(uuu uuy + Usu) §<U'u>u
% t=  ZUst gluus 2t U2 > , 1
% F<upu>u+ zCuuz; (5.2.15)
©u

3
t= Uzt g

u u+u(§u §u2 3¢ u;u >):
5U2 1(zu1 ; ;

8 2
We ched that if we apply again
R = HIA;

on the equation itself, the result will commute with the equation itself. This meansthat
we can construct the hierarchy of equations starting with this new integrable system.
The splitting the operator R to Hamiltonian and symplectic has been worked out in
Chapter 4.

Remark 5.2.6. We compute the previous equation (5.2.15), explicitly and step by step.
Let uy,, = u; and uy,, = uj then

1
Dnj1 - 5Uj
mi suu Uy
Hence .
Miz+ M2y _ zU1

mi fuu  ug
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K22
ko
0 1

1 1 . 1 1 1 )
Koo _ %gCuU1+ ZU2+ (iu <uu> QCuU1)+ §U( Zu2+ <uu >)g

Thus we obtain accordingto (5.2.11) as follows.

1 1
Fu( §u2+ <uju>)+ Zuu1 (Fuiu+ uup  uy)
0 1
1 1 1
“Cyur+ SUs+ (U< u;u> iCyu —ud
%)Sul ZUz2+ ( zull) 5 )X;
2u( §u2+ <u;u>) (Auu+ Zuus u»)

and so (5.2.14) yields the following expressionfor Ut +2 explicitly in terms of
tm+2

and its total derivatives.

1
0 41 3 3
Zu3+ é(uulu uuy + usu) §< u;u> u;
2<Ujup> U+ U< UujuL> U< ug;u>
utm+2 - l

<u 'u>u+3Cu
1, Auu?2
Uty 4o 2 2

u+§uu+u(:—3u :_3u2 :—3<U'u>)
3% 5U2 1z g 5 < U

5.3 Higher symmetry

We apply the recursion operator R to the equation 5.2.15and nd fth order equation
of the hierarchy as follows To have short expression,let us put R 3 = go : Then
1
we have that
h i
S= 16us+ ( 40u)us+ uz 30u®> 60Uy + 40< u;u >
h

+up; 60< ug;u> +20< U;uqg > 24<u;u>_u 50u>
i
+10usu+ 10ujug 36U < u;u > +50uu; 5u®
h
+u; 50< up;u> +40< uj;u;p> 7<Ugu>UuU 7<uUug;u>wu

5
+30 < Ujuy> +23 < uju;> U+ 30< u;u>2 15u3+ SUau

5 45
30u; < U;U> —UUU+ —Uuup, 23u< U;up>

2 2
. 2_5 2,2 §4 2 2 .
b3au < ul,u>+2u1u uf 8u 6u-u;, + 15u“ < u;u >

5 , 25 )
éuulu 23 < uU;u;> bB3Au<ujg;u> +uu +?ul:
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and also we obtain that

5 5 , 5 3 , 5
Sp= us+ §U4U EUU4 5uusu + u“usz + §U3U1+ —=usu —Uujus

2 2
luuu Uouu 3uu3 7uuu 3uuu 4uu,u
5U2Us 2uly gz Uizl Suiuu 2Uq
19uu u? luuu +13u2u u+9u3u
g uu2 5UULUz + - UTUzU + SUPU
1, 7 3 7o 2, 155 3 3,9
“utuy + —uwduu + —uZugul + —uu? + Suugud + Suuguu
ZUTUL+ guiuiu+ qutuy ZUTUL+ guus Zuu1uUL
3 o, 1 5 S S 59 93
=z + = =z =z =z
Zuuiu+ Zuiufun Zuiuugu quiu® o Sud

u<uu> 3d<uiu>u 7Tl <uiur> 28<ugu>

6ul< u;u>2+5ul< uju;> u+3ui<uiu,> +5ui<uju>u
+6U< UuUup> 27U < uu>u+6u<uu>?u

+12u< U;u >< U;up> +24u< U;u>< Uuq;u >

7u< uiup>U?> 25u<ujupx>u 13u< ujusz>

Tu < ul;u>u2+ l2u< uj;u>< u;u> 20< uj;uz>u

9u< Uuj;uz> +u< u;u>u+ 2lu< urug >

+57u< uzu;> 8<u;u>u<ujur>+l6<U;u>u<uz;u>
+26 < U;U>< U;U;L> +2 < U,U>< Ug;u>u+4<u;ug> ud

+24 < u;up>u<Uu;u>+9<uur>u 7<usu>u

6< up;u>< u;u>u+ 14<uq;ug > u®+ 63< u,us>u
<upu>ud+18<uiu;>< uju> U+ 37< Ujuy> U?

+12 < Uju>U<UU>+7 < Upu>Uu?+39<ug;us>u

uuju< u;u> 3uur< Uu;uU>UuU 4uui< u;up> 24uui<u;u>
ldu< u;u;>u; l2u< u;ur>< u;u> l1ldu<uji;u> ug
3uu?< uju> +3uUu< UjU> U+ 7uU< UjUg > 3uu< Ugiu >
+4uU; < Ug;U > U+ 12u; < Uq;Ug > 466U < U U > +6Ug < u;u >2
+4U; < U;U7L> U+ 6up < U;Ux> 6< U;U>Uuu+ 8< U;up > uuq
+24 < u;u> U< U;u>+29< U;ur> Uu+ 74< Ujuzx > U

2< U;U>UuUup+9< uUg;u>uu+ 28< ug;ug> upt+ 14< usu > ug
uus < U;u> +3UUu< U;U> +BU < U;U> U+ 1lup < Uup >
+31luz < U;U> B< UU> UUx+6B< U;U> Uu+ 29< U;uUp > Uy
+9 < uUj;u>UuUx+6Buz< u;u>+4 < U,u> Us

+18 < u;u>< U;upx> 12< U;u>< Uq;up>

54< u;u>< up;u> 20< uz;up> 30< ugu>+30< u;uy>
6< Up;U>< u;u>+12< ujq;u;>< uU;u>

+42 < UjUuy>< U;u> +60 < U;u;y >2+20 < uj;u3> 60< uqu >3
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The code we usedto nd out that the equation itself will comnute with what we can
nd by applying the recursion operator is written in FORM, see[71] and [57].






Chapter 6

Computation of Geometric operator

6.1 Hamiltonian operator

This section is dewted to the computation of the Hamiltonian operator. In Chapter
4, Theorem 4.3.12, we claimed that the operator H = HA is indeed Hamiltonian. We
proved alsothat the operator A is a Nijenhuis operator, seeTheorem 4.3.8. As is known,
seefor instance[69], the operator H is indeeda Hamiltonian operator. We will prove that
the Lie algebraform of H which is denoted by Pl; asin Theorem 4.4.3, is Hamiltonian
using the de nition and teghniquesdescribed in Chapter 2. We will prove that

K (0 Dp[APi+21(pi+1)) = O (6.1.1)

Notation 6.1.1. Herewe have taken the sum over index i; but we take into accourt the
rule of shifting, that is for instance, we can add to index i; by 1;2 and use, for instance,
the fact that

Biez = Bis Pisa = Pisa: (6.1.2)

Notation 6.1.2. Here and after, we simply usethe notation H for the operator A and
pi for the matrix p; and likewisefor 0 sothat we write as

H=Dy iad, ad,D ! cad,:
The Fredet derivative of H is
Duld= iady adqD ' oad, adyD ! oady:

Now we compute the expressionon the left of (6.1.1):
z

K (pi; D [Hpi+2 1(Pi+1))

Z
= K p;( i1ady Pis2 ady pis2 D ! oady, adyD ! oady Pi+2 )pi+1
Z
= 7 K (pl’ ladpi +2 X 1adypi+2  adyDy ! oady pj+2 pi+1)
K (pl ' adpi+2 X 1adypi+2  adyDy ! oady pj+2 D ! Oadu pi+l)
Z

K (pi;adyD ! oad (6.1.3)

Pi+2 :x 1adupi+2 adyDy 1 oadu pi+2 pi+1):

99
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This expressionis a combination of the Schouten brackets of three operators constituting
the operator H; theseare, Hy = Dy;H> = jady, and Hz = ad,D ! pady: In order to
prove that H is Hamiltonian, we shaw that

[Hi;Hj]=0; for i;j =123
We will break the proof of this claim into the seweral part.

Lemma 6.1.1. The Sdcouten bracket [H 3; H3] vanishes.

Proof. We explain every single step and every singlerule we use,sothat later on we will
just doit. It is clear from (6.1.3) that
z

[H3;Hal(P1ip2ips) = K(Piiadag,p,* yadupis, D - 020uPis1)
Z

+ K (pi;adyD ! Oadadqul oady pis Pi+1):

We simplify the rst term asfollows:
Z

K (pi;adadu Dx ! oadupi+z D * Oad“pi+1)
z

= K (pi+1;ad,4,p, 1 ad,p P b oadupis2):

in which we have used the shifting rule (6.1.2). For the secondterm, we derive the
following:
z

K(pi;aduD * 0ad, . 1 padyps, Pi+1)
z

K (adupi ' D ! Oadadu Dx ! oady pi+2 pi+1)
Z
K (D 1adupi; Oadadu Dy ! oadupi+2 pi+1)
Z

K (D 1 Oadupi;adadqul oadupis2 Pi+1)
Z

K(adadqul oadu pi+2 D ! oadypi; Pi+1);

wherethe rst equality follows from the fact that the Killing form is invariant under the
adjoint action, that is,

K(adx Y;Z)+ K(Y;adx 2)=0; X;Y;X 2g¢: (6.1.4)

The secondequality follows the integration by parts, the third equality follows the rule
stated in Lemma 1.4.2, the fourth equality again the invariance of the Killing form.
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Hencewe obtain
4

[H3;Hal(p1;p2;p3) = K (pi+1;80,4,p, 1 oadyp P b oadupi+2)
Z
K (ad D ' oadypi;pi+1):

ady Dy ! oady pj+2

Now using the Jacobi identity for the three elemers u;D 1 cadypi+2 and D 1 adyp;
of the Lie algebrag; we obtain
z

[Hs;Hal(p;p2ips) = K(piss;adiady 1+ g o, D 1 oadupisz):
x ~ oa0upi

Again using the rules mentioned above, we seethat
Z

K (adupi+1;ady 1
Z

K( oadupist; ade L adyp; Dx ! oadypisz):

[H3: H3](p1; p2; p3) D ! padupi+2)

oady pi

The last integrand we obtained is in the image of total derivative, more precisely

Remark 6.1.2.

DxK (p;adqr) K (px;adgr) + K (p;adg r) + K (p;adqr)

K (px;adgr) + K (adrp;ok) K (adgp;rx):

Hence
DxK (pi;adp., pi+2) = 3K (pi,;adp,; Pi+2):
Therefore K (pi,; adp,.,, Pi+2) = 1=3DxK (pi; ady,,, pi+2):

It follows that
4

[H3; Ha](p1; p2; p3) = DxK (D" oadypi+1;ady 1 Dy oadypi+2):

1
§ oadypi — X
Henceby de nition [H3;H3](ps1; p2;p3) = O:

Lemma 6.1.3. [H3;H2] = O:

Proof. From (6.1.3), we obtain that

[Hg; H2l(p1; P25 P3) 7

= +  K(ps 1adadu Dx ! oadupi+2 pi+1) +  K(pi;ad jad,pi., D ! oadypi+1)
4

+  K(pi;adyD ' 0ad jad,p., Piv1): (6.1.5)
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Now we manipulate the expressionon the right. The rst term is simplied as follows:

Z Z
K (pl ' 1adadu Dx ! oady pi+2 pi+1) = K (pl ;adadu Dx ! oady pi+2 pi+1)
Z Z
= K (adadu Dy ! oady Pi+2 pi ’ pi+1) - K (adpi adUDX ! Oadu pi+2 : pi+l)
Z Z

K (aduDy ' o0adupi+2 ;ads pis1) = K (Dy' o0adupis2 ;adyady, pi+1)
Z

K(Dy?! oadypisz ; oadyady pi+1)

Here we have used Lemma 1.4.2, 6.1.4, anti-symmetricity of the Lie bracket, (6.1.4)
(twice), and Lemma 1.4.2, respectively.

The secondand third terms of (6.1.5) together simplify as follows:
z

K (pi;ad jadyp., D 1 0adupis1) + K (pi;aduDy ' 0ad jad,p., Pivt)

Z

K (ad ,adepss PiiDx ' 0adupiz1) K (@dupi;D * oad ,agup., Pist)
z

K(ad 1ady pi+2 pi;Dxl Oadupi+1)

z

+

K (D, *aduypi;D * oad ,adypi., Pi+1)
Z

K( Oad 1ady pi+2 pl’D ! Oadupi+1)

z

+

K(Dy?! oadypic1; o0ad jad,p Pi+2)
Z

K ( 0@dadypi., Pi; Dyt 0adupis1) + K(Dy ' 0adupi+1; o@dad,p Pi+2)
Z

K ( o(@dadyp., Pi @0ag,p Pi+2); Dyt o0adypis1)

z
K ( oadyady pi+2;Dy ' 0adupi+1)

z

K ( oadyady,, pi;DXl oadypi+2):

Here the rst is term modied accordingto (6.1.4), Lemma 1.4.2, and nally the fact
that one has

Oad 1adu pi+2 pi = Oadadu Pi+2 Pi (616)

Similarly the secondterm is manipulated using (6.1.4), integration by part, Lemma1l.4.2,
and again the equality (6.1.6). Then thesetwo terms together modi ed using the Jacobi
identity and then shifting rule. Now it should be clear that

[H3; H2](p1; P2; P3)
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vanishes.

Lemma 6.1.4. [H;H2] = 0:

Proof. We seethat
Z

K (pi; 1a8d jadip., Pi+1)
Z

K (pi;ad ;adypi.s Pi+1)
Z

K (pi;ady,, 1adupi+2)

[H2; H2](p1; P2; P3)

Z
K (adp,, pi; 1adypi+2)
Z
K (adp,., pi; 120y, U)
Z
K (adpi +1 Pi; adpi +2 u Oadpi +2 U)
7 Z
K (adpi +2 adpi+1 Pi; U) + K (adpi +1 Pis Oadpi +2 U)
Z
K (adp.,, Pi; oadp,, U)
Z
K ( oadpi+1 Pi; Oadpi +2 U)
Z

K(ad op., oPi;ad gp,, ou)
y

K (ad oPi+2 ad opi+1 OPis Ou)

Notice that we have usedthe equality

Z
K (adp,., ady,,, pi;u) = O;

using the Jacobi identit y and also the fact that

oady., pi = ad gp,; opi: (6.1.7)

This concludesthe proof of the lemma.

Lemma 6.1.5. [H1;H2]=0
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Proof.
Z

K (pl ; 1adpi+2 X pi+1)
Z
= K (pi;adpi+2 X pi+l)
Z

1
= 3 DxK (pi; adp,,, pi+2)

[H1;H2](p1; p2; P3)

This concludesthe proof of the lemma.

Lemma 6.1.6. [H1;H3]=10

Proof.

[H 1 Hslgp1; p2; ps) = 7
- K (pi;adp., , Dy * oadypi+1) K (pi;adyDy * o0adp,., , Pi+1)
Z Z

K (adp,,, . Pi; Dy 0adupie1) + K (adypi;Dyt oady,, , Pi+1)
Z Z

K (Dy'ady,, , Pi; oadupis1) + K ( 0adupi+1;Dy tady, pis2)
Z Z

K ( oadypi+1; Dy tady pivzx) + K ( 0adupi+1;D 'ady, pie2:x)
Z

= K ( oadupi+1;adp pi+2)
Z

= K ( oadypi+1; oady pi+2)
Z

= K(@d ,u opi+1;ad op, oPi+2)
Z

= K ( ou;ad gp,, ad op oPi+2)

= 0

Here again (6.1.7) plays a key role.

Now we obtain the main result out of theselemmas.

Theorem 6.1.7. The operator
H = DX ladu aduD 1 Oadu

is a Hamiltonian operator.
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Now we can simply prove that the operator HA or its systematic form in terms of
the Lie bracket and projection as AA is alsoHamiltonian. In fact we have that
AA = (Dx 1ady adyDy' oady)( o+ 21 1Dy* iady)
= (Dx i1ady adyDy' oady)( o+ 21) 1 1ady+ iady 1Dy ' 1ad,
= (Dx 1ady ad,Dy' oady)( o+ 2 1) 1 1ad,+ ady, 1D, ' 1ady
= (Dx 1ady adDy' oady)( 0+ 21) 1 1ady+adyD, ' 1 sady
= DX 1adu adu DX 1 Oadu +
Dx 1 1ady 1+ 1 1ady+ adyD, ' 1 jady:

Let us write AA = C; + C, in which
C]_ = DX ]_a.du aduDX 1 Oadu,

and
Co=Dyx 1 iady 1+ 1 jady,+ ad,D,! ;1 jad;:

We already proved that C; is Hamiltonian, that is, [C1; C1] = 0: Similarly we can prove
that [Cy;Cy] = 0O: It is not dicult to show that [C1;Cy] = 0: Hence we can simply
concludethe following lemma.

Theorem 6.1.8. AA is also Hamiltonian.

Remark 6.1.9. Indeedthis represeration of the Hamiltonian operator is a speci ¢ case
of typical Hamiltonian operators, seefor instance a seriesof papers [69], [70] and [68]
and [13].

6.2 Symplectic operator

As announcedin Chapter 4, this section is dewted to the proof of the fact that the
operator A 1 IA 1 is symplectic. In order to do so, is enoughto show that the Lie
algebraform A 1 {'A 1 of this operator is symplectic. This will be donein a few steps.
First we give someidentities which we uselater on.

Prop osition 6.2.1. Using the notation of Section 4.4, we have that
1. (3 1+ o) 1adlg= q
2. jadjadyad, 19= ady 19 1ad oy o0,

where the matrix g and u have the form
0 1 0 1

00 O 00 O
q=@ q qA; u=@ u UA: (6.2.1)
0g O Ou O

We have removed here the hat sign on top of the symbols for the matrices to have a
simpler looking notation.
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Now using this proposition, the operator {* can be expressedand simplied asin the
following lemma.

Lemma 6.2.2. The operator { canbe decomposedas
f'=so+S1+ S

in which 1 1 1
Sp = EuDX WK(u; ), Si= EDX 1 Zad UL

and

1
S = Dxo zadg 1

2 ]_a.d ou 0

2

Proof.

1 1 1
= EUDX K (u;) (5 1+ o) 18da(Dx ady)ads 1(5 1+ o)

1 1 1
= EUDX K (u;) (E 1+ o) 1ad} 1(5 1+ 0)Dx

1 1
+(§ 1+ o) 1ad;adyads 1(5 1+ o)
1
2
1 1
"‘(z 1+ o) ad“i 1
1 1
= EUDx K (u; ) + (5 1+ 0)Dx

1 1 1
Zad u 1 Ead ou 1 2

1
UDy K (Ui )+ (5 1+ 0)Dx

lad ou 0)

1ad ou 0

In the following proposition we computeA 1A 1 andalso prove that the operator

f and consequetly the operator A 1 fA ! is anti-symmetric.

Prop osition 6.2.3. We do have that

1.A 1=DyB 1+ (ad B 1+ o);inwhichB = (2Dx ad,,) “
2.B = B:
3.A 1 =BDy 1+ B 1ad,y o+ o

4.5, = S§fori=012
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Proof. 1. We seethat

AR 1
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(0+21 adyD,! 1)(DxB 1+ (ad ,B 1+ o))
2DyB ;+ad, B 1+ o adB i

(2Dy ady+ad,)B 1+ o

(2Dx ad ,y)B 1+ o

1+ o

Similarly we have that

A A

(DxB 1+ (@d B 1+ o)( 0+ 21 adyD,' 1)
2D,B ; DyBad ,,D,!;

+2ad ,,B 1 ad,Bad,D,! 1+ o ad D,
DyB(2Dx ad ,,)D,?! ;

+ad ., B(2Dx ad, )D,! 1+ o ad,D,?

1t o

2. We can write the operator B as follows.

1
B = (I
2(

1
= (| +
2(

1
2
11 11 1 oap 1
EDX ad ,, + ZDX ad ,,D,"ad ,, + :::)D,

D, tad ,,) 'D,?

1 1 1
= E(DX1+ ~D,tad ,,D, '+ 20x 'ad ,,D,tad ,yD, 1+ ::2):

2

Notice that the summation is nite when applied to elemeris of the Lie algebraE:
Now using the integration by parts and (6.1.4), we nd that

z

K (Bp;q)

z

1 1
K (E(Dx L+ EDX 1ad 1UDx !

1
+7Dx'ad ,uDy"ad ,uDy * + 1:)p;0)

z
1 1
= K(p; E(Dxl+ EDX 1ad 1UDx1
1
+-D, 'ad ,,D, ad ,,D, 1+ ::1)q)
24
= K(p; BO):

Hencewe provedthat B = B:
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3. We can compute the adjoint of the operator A ! asfollows.
z z
KA 'p;g)= K(DxB 1+ad B 1+ o)p;0)
Z

K(Bp;Dx 10) K(B 1p; 1ad oy 00) + K(p; o0)
Z

+ K(p;BDy 10) + K(p;B 1ad ,y od) + K(p; 00)
z

+ K(p;(BDx 1+ B 1ad,u o0+ 0)0):

Henceby de niton A 1 = BDy 1+ B jad .4 o+ o

4. For this equality, we useLemma 1.4.2. SeeRemark 6.2.4 below.
Z Z 1
K(Sopi) = K SuDy'K(uip)iq
z
1
= KD, K (uip)

=+ %DX K (u; 9):K (u; p)

- %K(qulK (u;0); p)

K (GUD, 'K ()

Hence by the de nition of adjoint operator, we seethat S, = Sp: Notice that
this can be consideredas an example of how we work with suc expressions.For
instancethe technique usedherecanbe seenin the lemmasafterwards proving that
A 1A 1issymplectic, or applied to the current case,more preciselyA 1 SoA 1

is symplectic.
Now we compute the adjoint operator of S; :
Z Z
1 1
K(Sipid) = K (5Dx 1 zad,u 1)pig
Z
1 1
= + K(EDX 1P; 10) ZK(ad wu 1P; 10)
Z
1 1
= K( 1P 5Dx 20) + K( 1p;ad ,u 10)
Z
1 1
= K(p:5Dx 10) + K(p;Zad 1u 10)
z

1 1
K p; (EDX 1 Zad w19

Sothat S; = Si:
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Similarly we can manipulate S, as follows using the sametechnics.

z
K (S2p;0Q)
z 1 1
= K (DX 0 Ead ou 1 E lad ou 0)paq
z
1 1
= K (Dx op; 00 QK(ad ou 1P; 00) EK( 1ad oy op; 10)
z
1 1
= K ( op;Dx 00) + EK( 1p; 1ad oy 0Q) + EK( ob;ad ,y 10)
z
1 1
= K(p;Dx o0 + EK(p; 1ad oy 00) + EK(p;ad ou 10)
z
1 1
= K p;( Dy o+§ 1ad ju ot Ead"“ g :
ThusS,= Dy o+ 3 1ad,u o+ 3ad oy 1= Sp

Remark 6.2.4. Thereis atechnical point here: usingLemma 1.4.2,if we have ; in the
rst componert of the Killing form, then that would move to the other componert. For

exampleK ( op;q) = K(p; o9) or K( 1p;ad ,u 00) = K( 1p; 1ad ,u 0Q) and soon.

The next lemmais essetial in what follows, in particular in proving that the operator
mentioned above is symplectic.

Lemma 6.2.5. The following identity holds for the operator B and arbitrary matrices
p;q;r of the form (6.2.1):
z Z

K(adg ,pB 1r; 10) = K(ad pB 1r ad, B 1p;B 10):

Proof. By de nition and the Leibniz rule we have that

2DxK (adg ,pB 1r;B 10)
K (adzp,B ;pB 1r;B 10)
K(adg ,p2DxB 1r;B 10)
K(adg ,pB 1r;2D«xB 10)
K(ad ,pB 1r;B 10) + K(adag ,,8 ,pB 1r;B 10)
K(adg ,p 1r;B 10) + K(adg ,pad ,yB 1r;B 10)
K(adg ,pB 1r; 10) + K(adg ,pB 1r;ad 4B 10)
K(ad ,pB 1r;B 10) K(ads ,rad ,uB 1p;B 10)
K(adg ,p 1r;B 10) + K(adg ,pad ,yB 1r;B 10)
K(adg ,pB 1r; 1090 K(ad ,yadg ,pB 1r;B 10):

nm + + 1 + + 1

+ +

We have usedthe fact that 2DyB 1p= 1p+ ad B 1p:
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Now using the Jacobi identity we obtain

2DXK(adB 1pB 1r;B 1(]) = K(ad 1pB 1r;B 1C|)+ K(adB 1p 1F;B 1(])
+ K(adB 1pB 1r; 1(]):

Henceby de nition
Z

K(ad 1pB 1r;B 1(])"‘ K(adB 1p 1r; B 1(])'1' K(adB 1pB 1r; 1C|) =0
The statemert is proved.
Now we yield the operators A 1 S;A 1 explicitly.
Lemma 6.2.6. 1.
ALSA 1= 1B jad B ‘8D, 1ad
2 =5 180ad (uDx oub 1 > x 180 ou 0

1
+B 1ad OUDX 0+ Dxad OUB ]_+ DX 0 Ead OUDXB ]_

1
2.A 's,A 1=1IBD3B ; 7BDxad ,uDxB 1:

3. For the operator Sp we have that

1
AlsAal = 5BDx ( 1u)D, 'K (u;DyB 1+ o)

1
5( ou)D, 'K (u;DxB 1+ o):
Proof. 1. We have that
AlsAl
1 1
= EBDX 1ad Ouad OUB 1 EBDX 1a.d ou 0

+ B 1ad OuDXad OUB 1 + B 1a.d oUDX 0
1
EB ]_a.d Ouad OUDXB 1
1
+ Dxad OUB ]_+ DX 0 Ead OUDXB 1
1 1
= EB 1ade ouad ouB 1+ EBDX 1ad ouade ouB 1

1
EB DX 1ad ou 0

1
+ B _‘]_ad OUDX O+ Dxad OUB l+ DX 0 Ead OUDXB 1

1 1
= 5B 180a iDc uB 1 5BDx 1ad ou o

1
B 1ad OUDX 0+ Dxad OUB ]_+ DX 0 Ead OUDXB ]_

+
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We usethe Jacobiidentity in the last expressionon the rst two terms, sothat

1 1
EB 18.de ouad ouB 1+ EBDX 1ad ouade ouB 1
1
= 5B 180a (uDy B 1t

2. The secondidentity is simple.

3. Now for the third one, notice that the imageof ad ,,B i is cortained in the image
of o; sincethe image of B ; is cortained in the image of 1: Hencewe do have
that for instanceK (u;ad ,4B 1) = 0 using the invariance property of the Killing
form under adjoint action (6.1.4). Taking thesefacts into account we seethat

AlsAl=s

1
(BDx 1+ B 1ad g ot o) 5
1
(BDx 1+ B 1ad o o+ o)( ZUDy'K(UiDxB 1 + o))
1
= 3BDx (1D, K (U;DxB 1+ o)

1
E( oU)D, 'K (u;DxB 1+ o):

UDle(U; N(DxB 1+ ad B 1+ o)

This concludesthe proof of the three statemerts of the lemma.

As we discussedin Chapter 2, in order to prove that an operator is symplectic, we
rst needto compute its Fredet derivative.

Lemma 6.2.7. The Fredet derivativesof A 1 SpA LA 1 S;A Tand A 1 S,A Lare
expressedas follows:

1.

DA 1 5,4 :[Pis2]

1 1
= +3Badp,, B 180 ubx uB 1% 5B 180ad g, D ouB 1

1 1

+ EB 180ad (D opi2 B 17 EB 180ad o Dy cuBad 1p., B 1
1 1
EBad 1pi2 BDx 18d gu 0 2
+ Bad 1pi+2 B 1ad ,uDyx o+ B jad opi+2 Px 0
+Dyad ops2 B 1 F Dxad ,,Bad 1piv2 B 1

BDx iad opi+2 O

1 1
Ead opi+2 DxB 1 Ead OquBad 1Pi+2 B l
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2.
Da 15,4 1[Pi+2]
- . %Bad i, BDIB 1+ %B D3Bad ,p., B 1
%Bad 1oz BDxad ,uDyB 1 %B Dxad ,uDxBad 5., B 1
%B Dyad ,p., DxB 1:
3.

Da 1 50 1[Pi+2]
1

= 5Bad,p, BDx ((1U)D'K(U;DxB 1+ o)
%BDX ( 1Pi+2)Dy 'K (U;DxB 1+ o)
%BDX ( 1U)Dy 'K (pi+2:DxB 1+ o)
%BDX ( 1u)D, 'K (u;DyBad ,p,, B 1)

1
E( obi+2)Dy 'K (U;DxB 1+ o)
1
E( ou)D, 'K (pi+2;DxB 1+ o)

1
S ou)D, *K (u;DxBad ,p,, B 1):

Proof. We apply the Leibniz rule many times. Notice that we do have
Dad 1u[pi+2] = ad 1p., ;

and
DB[pi+2] = Bad 1Pi+2 B:

To prove that A A ! is symplectic, it is enoughto show that the operators
A 1sA 1fori = 01,2 are symplectic. As we have seenthese operator are anti-
symmetric. We start with the operator involving Sp: In order to shorten the proof, let

us introduce some notation. We denote i1p; = g and op; = ¢;: Also ou = v and
ou = Vv:

Theorem 6.2.8. The operator A * SpA 1 is symplectic.
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Proof. As we discussedin Chapter 4, we needto prove that
z
[A'SIA KA T SIA Y= K(piDy 1 gpp 1[Pis2](Pier)) = O;

where the bracket is the Schouten bracket. But we have that
Z

[A 1 SoA LA 1 SoA Y= K(piiDg 1 gp 1[Pis2](Pis1))
1
= K qi;EBaquZBDX (v)D, K (v;DxBg+1)

1

K qi;EBaquzBDX (V)D, 'K (V; Qi)
1

K qi;éBDx (Qi+2)Dx1K(V;DxBQ+1)
1

K g;5BDx (G+2)Dy 'K (Vi disg)
1

K qi;EBDx (V)Dle(Qi+2;DxBQ+1)
1

K qi;EBDx (V)Dle(qi+2;qi+1)
1

K qi;EBDx (V)Dle(V;DxBadqi+zBQi+l)
1

K 0i; 5(dis2)Dx K (v;DxBGis1)
1 1 .

K CIi,E(CIHz)Dx K(V;Qi+1)
1

K qi;E(V)Dle(Qi+2;DxBQi+l)
.1 1 .

K qi’E(V)Dx K (di+2:di+1)
1

K qi;é(v)Dle(v;DxBadqmBq+1) : (6.2.2)

We now choosesubexpressionsand show they are zero.

1. The rst expressionto be consideredis
z z
. 1 1 . . 1 1 . .
K a; E(qi+2)Dx K(vigi+) + K q; E(V)Dx K (Gi+2;di+1) -

The rst and secondterms of this expressionbecome,respectively,
z Z
1 . . 1 . . 1 . . 1 . .
EK (G5 Gi+2):Dy "K (Vi iy ); EK (9i;V):Dy "K (Qi+2 5 j+1 )
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That is becausea real valued expressionsud asD, K (v;q;,;) can pulled out of
the integrand

1
K Qi;E(QHZ)Dle(V;qu) ;

Then we apply integration by part and the shifting rule. We obtain the following
terms:
Z Z

1 1
+ 5D K (@i Qie2 ) K (Vi ); 5K (i1 V):Dx HK (03 Gisz):
Now it is clear that the expressionwe chosevanishes.

2. Similar to the rst one, we seethat the expression
z 1
K d;; é(qi+2)Dx 'K (v;DxBg+1)

Z
K a5 3BDx (DK (Gheaithen)
will vanish as well:
K G 5(A2)D K (viDsBGu)
¢ K G 3BDx (D, K (dziia)
= 2K(@i82)Dy 'K (v DxB )
%K(DXBq;V):DxlK(Qi+2;Qi+1)
= + %Dle(qi;QHZ):K(V;DXBQHl)
2K (DB VD K (030122

K 2D, K (321 DxB 1)

*_ K 9 3BD: @)D, K (i)

+z K q;; %(V)Dle(v;DxBaquzBq+1)

+ K G iBady,BDy (VD 'K(Vidi) ;

2



6.2. Sympletic operator 115

which can be simpli ed asfollows.

z

1
2 D, 'K (dis1;V):K (G;advBG+2) K (adyBg;G+2):Dy 'K (Vi Qjsy)
z

1
2 Dx K divg;V)K(G;a0vBG2) + K (@dyB G G2 ):Dy TK (V; G4y )
Now it is clear that the expressionis zero. Seefor more details App endix B.

4. The last expressionis:

Z
1
+ K g EBaquZBDX (v)D, K (v;DxBG+1)
Z
1
+ K a; 5BDx (G+2)Dy 'K (v;DxBG+1)
Z
1
+ K g; EBDX (V)Dle(Q+2;DxBQi+1)
Z
1
+ K g 3BDx (V)D, 'K (v;DxBadg,, Bg+1)

Again this expressionis corverted to the following one by using the samerule as
in third item:

y
1
7K (@dg., BG;v):D, 'K (v DxBG+1)
y
1
+  K(adg,, Bg;v):D, 'K (v;DxBgi+1)
1
7D K (DxB G413 v):K (v;adg Bai+2)

1
+ 3D« K (DxBG.1;V):K (v;adg BG2)

Now in the last expressionevery term is canceledby another, so that the whole
expressionvanishes. Seefor more detail on this computation Appendix B.

In what follows, we simply usethe following identity as a rule.
2DyB 19= 19+ ad ., ;B 1q (6.2.3)

Theorem 6.2.9. The operator A 1 S;A 1 is symplectic.
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Proof. The Schouten bracket is computed and simpli ed, using (6.2.3), as follows.
z
A 'SIA 5A PSIA = K(piiDa 1 spa 2[Pis2](Pivn)
z
K ¢;(Bady,, BDyad,DyB + BDyad,DyBady,, B)g+1

N =

K ¢;BDxady,, DxBg+1

N

K q;Bady,, BD3Bg.; + BDSBad,,, Bg1
z

1
K Bady,, Bg;DyxadyDyxBg+1 2 K DyadyDyBqg;Bady,, Bg+1

N

N

K DxBg;adg,, DxBG+1

N

z
1
K DyBadg,, Bg;DZBG+ 5 K DZBqg;DxBady,, BG+

P NP AR DEPENE DR
N

= K Bady,,Bg Bady;Bg+2;DxadyDxBg+1

| B
N

K adyBg+1 + G+1;adg (adyBg+2 + G+2)

NP

K DyBadg,Bq DyBadyBg.2;DZBGw
z
= K DxBadqi+2 Bq DxBadqqu+2,advaBq|+1

NI~ =

N
N

K adyBg+1 + G+1;adg G2

N

K G+1;adgadyBg+2

=&l Gl
N

K adyBg+1;adyadyBag+2

N

F NS

K DyBady,,Bg DyxBad;Bg+2;DxacdyBg+1 + DyG+1
Z

1
= 1_2 K adyBg.+1 + Q+1;adqul+2
1
162

1
l—% K adeq+1,adqladeq+2
1
+ 2 K DyxBady,,Bg DxBad;Bg+2;adp,vBg+1 + DxG+1

K G+1;adgadyBg+2

In Appendix B we have simpli ed the terms in the last expressionthat has beenfound.
There, in the LemmasB.0.13 and B.0.11, we proved that the terms in the secondline
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and third line are simplied to:

Z Z
1 1
— K g+1;adgadyBg+2 = — K adg+1;adyBg+2 adg,, Bg
16 16
and
1 Z
— K adVBQHl;adqiadeqHZ
1GZ
1
= 2 K adyad,Bqg+; + Badyadyg+1;adyg,, BGg adyBg+2
The last term, asin the Lemma B.0.12, becomes
Z
1
2 K DyxBady,,Bg DxBad;Bg+2;adp,vBg+1 + DxG+1
Z
1
= 3 K ady,, Bg ady;Bg+2;Badvadp, B+
Z
1
+ 16 K adyg,,Bg ad;Bg+2;Badyadyg+1 + adyG+1
Z
1
+
16

K adyBg+2 + G+2;adg,, G -

117

This hasbeenproved againin Appendix B. Henceby replacing theseequationsinto the

expressionfor the Schouten bracket we obtain:
[A 1;1A LA lsA Y
1
= - K adad,Bg.; + Badvadyg+1;adg,, Bg adg;Bg+2

EZ

1
+ s K ady,,Bg ady;Bg+2;Badyadp,vBg+1
Z
1
+ 16 K ady,, Bg adgBg+2;Badvadg+1
Z
1
T K adyg,,Bg ad;Bg+2;
1 1
EBad\,ad\,qu + 2Badyadp, B g+1 Ead\,ad\,Bqu

Again by using (6.2.3), we can nd that

adyadyBg+1 = B(2Dx ady)adyad,Bg+1
= 2Badp,vadyBg+1 + 2Badyadp,yBg+1 + 2BadyadyDyxBg+1
Bad,ad,ad,B g1
2Badp,vad,Bqg+1 + 2Badyadp, B G+1
+ Badyad,ad,Bg+; + Badyadyg+1 Badyad,ad,Bg+;
2Badp,vadyBg+1 + 2Badyadp, vBg+1 + Badyad,G+1:
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Using the last identity in the Scouten bracket, we obtain the following equation:

[A zl S$SA LA 1sA Y

1
= 16 K adyq,,Bg ad;Bg+2;Badyadp,vBg+1 Badp,vadyBg+1

Now for the secondcomponert of the Killing form in the integrand, we can use the
Jacobi identit y and seethat

[A 1ZslA LA gAY
1
= +—- K adg,,Bqg ad;Bg+2; Badgg,, adyDyVv :

16
We apply Lemma 6.2.5to simplify the Sdouten bracket as follows:
1 Z
A1TsSA LA gAY = 16 K @a0sq.,BG;adsg,, ad,Dyv

Now we take the last step. We usethe invariance property of the Killing form under the
adjoint action (6.1.4):
1 z
AlsALAlgAal = 16 K 2adeg.;adsq., BgiadDxv

This expressionis simply zeroif we apply the Jacobiidentity to the rst componert of
the Killing form.

Theorem 6.2.10. The operator A 1 S,A 1 is symplectic.

Proof. The Schouten bracket of the operator is as follows:

Z
[A'SA HA TSA M= K(piiDy 1 g8 1lPiv2]pivg)
Z
= K q;;Dxadg,,, Bg+1 + DyadyBady,, BG4
z 1 1
+ K a; éaqu2 DxBGi+1 Ead\,DXBaquZ BG1
Z
1 1
+ K g;5Badg., B 180a4,0,vBG+1 + 5B 180ad,,,, D,vB G+
Z
1 1
+ K Q;EB 180ad, Dy q;,, BG+1 + EB 180y, D, vBady,, Bg+1
Z
+ K g;Badg,, B 1ad,DxQj;; + B 1adg,,, Dx0isg
z 1 1
+ K q¢; zBady,,BDx 1adyqj,; 5BDyx 1adg,, Qi

2 2
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Those subexpressionswhich are compatible are listed belowv and it is proved that eadh
of them cancels.The rst of thesethree subexpressionss:

Z Z
1 1
5 K gj;adg,, DxBG+ 2
? z

K q|,DXadql+2 Bq+1 + K q,B 1adqi+2 qu|+1

z z

1 1
5 K Dxadg,,q;;Bg+1 + 5 K Bgs1;Dx 1adg Qs
2 2
Z Z

K adg,,, Dx0i;Bg+1 K BG+1; 18dg DxQjsp

z

K Dxadg,,, d;;Bg+1

Z Z

K adg,, Dx0i;BG+«1 + K BGs1; 18dp,q,,, di
Z

K DXadOli+2 gi + a‘in+2 Dxq; + adeOli+2 4i;Bg+1

K ¢;BDx 1adg,,, Qi1

+

+

+

= 0

This has beendone by just applying the rules usedsofar. For instance, in the rst line
we usedinvariance of the Killing form (6.1.4) and integration by parts, and alsothe fact
that the operator B is anti-symmetric.
The secondsubexpressionis:
z

1
> K(g;Badg,, B 180ad,0,vBG+1) + K(G;B 1adad,0,vBadg,, BG+1)

The rst term of the expressionis simplied to

z
1
Z K Badqi+2 Bq, 1adadvaqu+1
usingB = B and the invariant property (6.1.4). The secondterm similarly becomes
Z
1

> K adag,, ., BG;Bady,, BGg+1 ;

using the samerules. Then if one appliesthe shifting rule, we obtain
Z
1
> K adag,,, ., BG+1;BadgBg2
Hencethe couple simpli es to:
z

> K Bady,, Bg BadyBg+2;adad, p,vBg+1
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Now if we apply Lemma 6.2.5we obtain the following expression:
z

1
E K adBQi+ZBq;adadvaqui+1
Again using the invariance rule, we obtain:

1Z
z K aqui+l aqui+2 Bq,ad\/DXv

The last term is zero becauseof the Jacobi identit y.
The last subexpressionis:
Z Z

1
K G;B 1adag,,, DwBG+1 + 5

Z

1
52
K

K ;B 1adad,Dyq;,, BG+1

N

K q;;adyDxBady,, Bg+1 K ¢;Bady,, BDx 1adyQj,g

NV~ NI

+ K q;;DxadyBady,, Bg+1 + g;Badg,, B 1adyDyqsq

Applying the rules just mertioned, the expressionbecomesas follows:

Z Z
1
5 K adsg., Bgiadg,, Dxv K adgq., Bg;adyDxQi.
Z Z
1 1
2 K Dyxadyq;;Bady,, Bg+1 +§ K Bady,, BGg;Dx 1ad,Qjs
Z
+ K ad,Dyq;;Bady,, BG+1 K Badg,, Bg; 1adyDxQj.q

Now, using Lemma 6.2.5,the rst line becomes

Z
1
> K adgg,, Bg;adg,, Dxv + adyDxQ;j.,

Applying the shifting rule, the rst line equals
Z

K advaq|+l,Badqqu+2 Baququ ,

Sothat the the whole expressiontakesthe form
Z

K Bad;Bg+> Badg,, Bg;ady,, Dxv + adyDx0j.
Z
K Dyxadyqi+;;BadyBg+> Badg,, Bg

NV~ NP

+ K advaq|+l,Badqqu+2 Baququ
Z

1
= > K Dyadyqj,; + adyDxqj4; + adp,v0i+;;BadyBg+2 Badg,,Bg :
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The last expressionis zero, sinceDy is a derivation. Henceit has beenproved that
the Schouten bracket

A

A TsA LA LTSA Y

vanishesand this shows that the operator A 1SA lisa symplectic operator.






App endix A
Computations in Hamiltonian operators

In this appendix, we prove the following identity for an anti-symmetric operator H :
E! E:

d?  (ag; ap; @) = [H;H](by; by by);
where [H;H] is the Sdouten or Schouten bracket of H and & = Hb; for b, 2 E :

We compute the left hand side of the identity. Using the formula for the coboundary
operator d? asin (2.1.4) or (2.1.1), we have that

! 1 (ag; ap; a)
al h(aias) @l n(anas) + ast! u(ar a)
(s agliag) + T ([arsagl a2) ! wi([a2; ] @)
a1:!l H(az;as) + @l W(ag ) + asl! H(an; &)
'y ([as; a2l ag) + ! H([as; asl;a2) ! H ([ag; as); a):

Henceusing De nition 2.1.50f the 2-form ! ; we nd that

d?! i (ag; ap; @)
La, (b3(a2)) + Lay(b1(as)) + Lag(by(a1))
bs([ar; a2]) + by([an;as])  by([az; as]):
Using (2.1.3), we seethat
d?! 1y (ag; ap; @)
= bg(Laar) + (Labs)(a2)
bi(Layas) + (La,by)(a3)
by(Lagar) + (Laghy)(aa)
bs([a1; a2]) + by([a1;as])  by([az; as))
= (Labs)(a2) + (La,by)(as) + (Lagby)(a1)
= (Lub,b3)(Hby) + (Lyp,by)(Hbs) + (Lyp,by)(Hb,):

According to De nition 2.3.1,this shows that

d?! b (a1; ap; 8g) = [H; H1(by; bg; by):

123






App endix B

Some Killing form identities

Justi cation of someequlities usedin Theorem 6.2.9did not t there to include. Here
we prove that those equlities indeed holds.

Lemma B.0.11. Let B be the antisymmetric operator B = (2D, ad,) ! acting on
purely imaginary (in the quaternion sense)functions. Then

x Z
K adyBqg+1;adyad,Ba+2
iiZ=3 7
= 3 K advad/Bg+1 + BadvadyG+1;ady,, Bg  adyBg+
i2Z2=3

Here we explicitly sum overi 2 Z=3, contrary to the convertion of Notation 6.1.1.

Proof. The integral on the left hand side of the equality can be expandedasbelow using
the invariance of the Killing form K and Jacobiidentit y and sorting out the expressions
afterwards.

Z
K ad,Bqg+1;adyadyBag+2
lZ 1Z
= 5 K adyBqg+1;adygad,Bg+2 *5 K ad,Bqg+1;adygad,Bag2
Z Z
1 1
= > K adyBg+1;adyad,Bag+2 > K adgadyBg+1;adyBag+2
Z
1
= > K adBg+1; advadsq,, g adsg,,adyV
Z
1
> K advadsq,, § adgg,, adyVv;adyBg+2
Z Z
1 1
= > K adyadgq,, G;ad/Bgo > K ad,Bg+1;advadsg,, G
Z Z
1 1
+ > K adgg,, adgV;adyB g2 > K ad,Bg+1;adgg,, adyV

125
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Now the expressionbecomesas follows using the invariance of the Killing.

Z
K adyBg+1;adgadyBg+2
1Z 1Z
= 5 K adyadyBo+1;adsq., G > K adyadvadgq.,, G;B G+
Z Z
1 1
+ > K adgq,, adyBG+1;adgV > K adgg,, adyBg+2;adgV
Z Z
1 1
= Z K adyadyBg+1;adg Bg+2 2_ K adggq,, G;advad,Bg2
1 1
+ E K aqui+2 ad\/Bq+l,aquV E K aqui+1 adeq+2,aquV
It follows that
x Z
K adyBqg+1;adyad,Bag2
iiz;? 7
= > K adyadyBg+1;ady,, Bg adgBg+2 K adyadgq,, BG+2;adyV
i22=3
1x 4
= > K adyadyBg+1;ady,, Bg adyBg+2 + K adgq,, Bg+2;adyadgv
i22=3

It follows from Lemma 6.2.5that the following identity holds for the operator B:

Z Z
K aqui+1 qu+2; = K Bain+1 qu+2 Badqi+2 qu+l;
We nd that
X Z
K adyBqg+1;adyad,Ba+2
iiZ)z<3 7
= > K adyad,Bg+1;ady,, Bg adyBg.2
i27=3
1 X
> K Badyady,, v;adg,, Bg ady;Bg»
i27=3
1 X Z
= 5 K adyad,Bg+1 Badyady,, v;adg,, Bg adgBg+2
i27=3
1x Z
= 3 K advadyBg+1 + Bad,ad,G+1;adg,, Bg adgBg+2

i272=3



Lemma B.0.12.Z

K DyxBady,,Bg DxBad;Bg+2;adp,vBg+1 + DxG+1
Z

1

> K adyg,,Bg ady;Bog.2;Badvadp,yBg+1
Z

1

4 K ady,, Bg ady;Bg+2;Badvadyg+1 + adyG+1
z

1

i K adyBg+2 + G+2;adg,, G -

1 1
Proof. Remenber that D4B = > + éad\,B.

Z
K DyxBady,,Bg DxBad;Bg+2;adp,vBg+1 + DxG+1

K adBady,, Bg adBad;Bg+2;adp,vBo+1 + DxG+1

K ain+2 Bg a-dqiqu+2;a-dD><qui+1 + DxG+1

and it follows that

1 X Z

T Tl el Sl el e
w

NI = NI = NI = NI = NI = NI = NI N
N
><N

K DyBady,,Bg DyxBad;Bg+2;adp,vBG+1 + DxG+1

1]
w

K adBady,,Bg adBad;Bg+2;adp,vBG+1 + DxG+1
Z 1 X Z

K adp,vadg,, Bg;Bg+1 + > K BG+2;adgadp,vBg+1
3Z X .£z=3

K Bg;ady,, DxG+1 + > K(BG+2;adgDxG+1)
3 i27=3
Z

K ad,Bady,,Bg adBad;Bg+2;adp,vBG+1 + DxG+1
°z L X Z

K adevadquQ+1;BQ+2 + E K Bq+2;adqiadDXvBQi+l
3Z X §z=3

K Bq+2;adqi+1 qu| + E K(Bq+2;adqliq+1)

i27=3

Z

K adBady,, Bg adBad;Bg+2;adp,vBG+1 + DxG1
°z L X Z

K adgg., adg DxV;Bg+2 3 K BG+2;Dxady,, G

i27=3 i27=3

127
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Appendix B. SomeKil ling form identities

wherethe last two terms where obtained by applying the Jacobiidentit y and the deriva-
tion property. We now have, using again Lemma 6.2.5,

x Z

K DyxBady,,Bg DyBadyBg+2;adp,vBg+1 + DxG+1

i2Z2=3

1 X 4
i2Z2=3
X Z

i22=3
x Z

NI, NI N

i27=3

K

K

K

adyBady,, Bg adyBadyBo+2;adp,yBg+1 + DxG+1

Z
1 X
adgq,, BG+2;adg Dyv > K Bg+2;Dxadg,, G
i27=3

a‘in +1 Bg+2 a—dqi +2 Bg+1

;Badyadp,vBg + BadyDyg BadyDyv

X

1]
w

XN
N

I
w

XN
N

I
w

XN
N

1]
w

XN
N

1]
w

XN
N

1]
w

XN
N

I
w

XN
N

;
XN
w

M DR NEFE O BDEFE OB O NE OBME NP DR
N

i27=3

K

K

adyBg+2 + G+2;ady,, G

ady,, Bg+> adg,, Bg+1;Badyadp,vBg + BDyad,q

adyBg+2 + Gsz;ady,, G

adyg,, Bg+> adg,, Bg+1;Badyadp,vBg

ady,, Bg+2 adg,, Bg.+1;ad,qg + Badyadyg

adyBg+2 + G+2;ady,, G

ady,, Bg adyBg+2;Badyadp,vBg+1

ady,, Bg adyBg+2;ad,G+1 + Badyad,g+1

adyBg+2 + G+2;ady,, G

. 1 1
where we usedthe relation BDy = > + EB ad,.
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Lemma B.0.13.

Proof.

x Z
K Qi+1;adqiadeQi+2
i22;(3 7
= K ad,G+1;adgBg+2 adg,Bg :
i22=3

x Z
K g+1;adgad,Bg2
i22=3
x Z x Z
K qi+1;adVaqui+2q K G+1;ads,,, adqu
i272=3 i27=3
x £ x Z
+ K advq+l;adBCIi+2q + K aqui+2 Qi+1iadqu
i22=3 i22=3
x £ X Z
K adyG+1;adgBg+2 K ady,, Bg;adg,, v
1223, i22=3
X

K ad,G+1;adgBg+2 adg,Bg :






App endix C

Computation of Killing form

Here we give a direct proof of Lemma 1.4.1.

Proof. Let X1;X2 bethe subsetsof sp, de ned by
X1=fEQjs=1:::;n; q=1ij kg;

Xo= fFDFOFO:F®jr<s with r=1:::;n 1, s=2:::;ng;
respectively, in which, for instance, EY is a matrix with entry (Egs))ss = i and zero
elsewhere, Fr(é) with ertry (Fr%))rs = 1 and (Fr(é))Sr = 1 and zero elsewhere,matrix
Fr(is) with entry (Fr(is))rs == (Fr(is))sr: and zero elsewhere.Then X1 [ X is a basisfor
sp(n; H):

Let us denotelinear map ady adg shortly by T and take element E from the rst
set X1 in which Egs 6 0: Then we can compute the matrices below.

_ 0 if tés _ _ 0 if rés )
(BE)I’t B Bl’SESS |f t = S ’ (EB)I’t B EssBst |f r = S )
Hence
8 .
3 0O if r;tés
[B E]rt — EssBst |f r= S,t 6 S

2 BisEss if rés;t=-s

Now we needto compute (TE)ss: To do so we compute following entry of matrices
A[B;E] and [B;E]A:

X

(A[B;E])ss = Ass(BssEss EssBss) + AskBisEss;
k=1:k6s

X
([B; E]A)ss = (BssEss EssBss)Ass + ( EssBsk)Aks:
k=1:k6s

131
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Thus we have

(TE)ss = [A[B;E]lss
= (AssBssEss+ EssBssAss)  (AssEssBss + BssEssAss)
X
+ (AskBksEss + EssBskAks):
k=1:k6s

Now we take elemert F from the secondsubsetX , of basisin which Fpq 6 O; for p< g
Then
8
< 0 if t6 p;q
BrgFgp if t=p
BrpFpg if t=g;

(BF)rt = BrpFpt + BrgFqt

and
8 .
< 0 if rép;q
(FB) = Frpot + Frqut = quBqt if r=p
" FgpBpt if r=gq
Hence

8 0 if rép;q
% FogBq If r=p;t6 p;q
BrgFgp If t=p;r 6 p;q

[B;Flrt BrpFpg if t=0;t6 p;q
BpgFgp FpgBgp if r=p;t=p
BppFpg FpgBgg if r=pit=gq
BggFgp FagpBpp if r=gqgt=p
BqFpg FgpBpg if r=gqgt=gq

Thus we have that

(A[B ; F])pq = App(Bpprq ququ) + qu(ququ ququ)
xn
+ Apk(BkpFpq);
k=1;k6 p;q

and

((B;F1JA)pg = (BpgFap  FpaBap)Apg+ (BppFpg  FpaBaa)Agg
xo
+ ( FpgBak)Akq:
k=1 k6 piq
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Therefore we obtain

(TF)pg = (AppBpp + ApgBap)Fpg + Fpa(BapApg + BagAga)
(Agngquq + BppFpgAgq + ApaFapBpg + BpaFapApa)
+ (ApkBipFpg + FpgBakAka):
k=1;kép;q

Then K (A; B) can be obtained as follows.

K(A;B)= (TEQ) + (TEE) + (TEY)"
X s=1
+ (TR + (TR + (TEUNY + (TF)*
p<q
xXn X
[ 8< Ag;Bss>r 6 < Ask; Bsk >¢]
s=1X k6 s;k=1
+ [ 4<AppBpp>r 4< AggiBgg>r  12< ApgiBpg >y
pea
4( < Apk;Bpk > + < Ag; Bak >71)]
k6 pq

X X
4n+ 1) < Ass;Bss > 8(n+ 1) < ApgiBpg >r;
s=1 p<q

where the following identities have beenused:

P
p<a[S ApoiBpp >r + < AggiBgg >r= (3 1) o=1 < AssiBss >
= = 2:1 Ess;k:l < Ask;Bsk >r= 2 p<q < Ap(Bqu >,

p<q ksp;q(< Apk;Bpk >r + < Ag;Bgk >r) = 2(n 1) p<q < ApgiBpg>r -
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Summary

Many of the equations and systemswhich now are called integrable have been known

in di erential geometry One of them is the famous sine-Gordon equation which was
derivedto describethe pseudosphericaburfaces.The Badlund transformation generates
an in nite-dimensional “symmetry group' acting on the set of pseudosphericalsurfaces
and the permutabilit y theorem of Bianchi, shaws the possibility of writing down explicit

solutions starting with a simple surface. Another oneis the Liouville equation describing
minimal surfacesin Euclidean space. For physicists, the prototype examplesof integrable
systemsare the Korteweg-De Vries equation and the nonlinear Schrodinger equation.

A starting point from which all this rich structure can be derived is a zero-cunature
formulation of the underlying problem or the Lax represertation of nonlinear equations.
The zero curvature represettation has a transparent geometrical origin. In di erential
geometry the embedded surfaceis the Gauss-Calazzi equation represened as a com-
patibilit y condition of linear equationsfor the moving frame.

The connection between geometry and integrable systemsis claried by Hasimoto
in 1972. He found the transformation betweenthe equations governing the curvature
and torsion of a thin vortex lament moving in a uid and the NLS equation. In fact
Hasimoto constructed the complex function of the curvature and torsion of the curve
and showed that if the curve ewlves according to the vortex lament equation, then
this function solves the cubic nonlinear Scrodinger equation. One can nd, through
the Hasimoto transformation, the recursion operator for NLS hierarchy as well. Later
is showved that the Hasimoto transformation is induced by a gaugetransformation from
the Frenet frame to the parallel or natural frame.

Generalizing theseresult to the motion of a curve in the Riemannian manifold with
constart curvature following an arc-length preserving geometric ewolution, givesrise to
the ewlution of its curvature and torsion which proved to be Hamiltonian o w. By using
the parallel frame, one can nd the recursion operator as well as the Hamiltonian and
Symplectic operators. This canbe doneequivaletly by Cartan structure equation having
a Cartan connectionwhich is speci ed accordingto the frame we choose. Similarly this
method can be usedin conformal geometry as well.

In this thesis, we considerthe symplectic geometryde ned by the homogeneouspace
which indeed is identied with projective quaternionic space. We study the Cartan
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structure equation, and seethat choosing natural or parallel frame, one can nd the
time ewlution of invariants of a family of curvesenmbeddedin the homogeneousspace,
the recursion operator, Nijenhuis operator as well as the Hamiltonian and symplectic
operators. Replacing the unknown variables with trivial symmetries, one can get an
noncommnutativ e integrable system. We also expressall those operators in terms of
Lie bracket, Killing form and projections on the underlying subspaces.The method is
employed is enoughgeneralto say that choosinga \righ t frame" would lead the Cartan
structure equation to integrable equationstogether with all geometric operators.

Generalizing the Drinfel'd-Sokolov method to the symplectic geometry we nd the
Lax represertation of the equation we found.
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