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Ac kno wledgmen ts

We could say that everyone's life has several layers. The surface layer is constantly
changing and sometimesit transmutes into a storm. This layer, usually dealswith daily
life happenings,tasks, and responsibilities. The exterior layer, tends to draw great deal
of attention towards itself: the semesteris starting, deadlines are pushing, tasks are
lining up, moving to a new apartment is on the way, and many more. However, I have
learned to focus, and seebeyond the surface layer, deeper into my inner life and what
I consider to be of more importance to me. For the last four years, I have been able
to track the inner progressof my personality and the changesthat happen in the state
of my mind. Every now and then, while sitting behind my desk and sipping co�ee, I
look into the progressand the new challengeson my way, which provide me with fresh
perspective. The droplets of formulas and equations open their way through this arid
soil of technical jargon. I wait for a spark of life, for a sprout of passionto appear. I did
as Alb ert Einstein says :\Life is like riding a bicycle. To keep your balance you must
keepmoving."

Now here is the place to thank several peoplewho have beenpushing me to move.
First of all there is dr. Jan Sanders,thank you very much for being a great supervisor,
for all discussionwe had in your room, for pointing me always in the right direction to
learn things and get the results and for all your help and dedication. I would also like
to thank your wife, Wil for being so kind to me.

I am specially grateful to my secondadvisor dr. Jing Ping Wang for reading the
drafts and thesis and giving bright comments which were so helpful.

I would also like to thank my promotor, prof.dr. Joost Hulshof and my thesis com-
mittee for their support: prof.dr. A. V. Mikhailov (University of Leeds),dr. Jan Draisma
(Technische Universiteit Eindhoven), dr. FedericaPasquotto (Vrije Universiteit) and dr.
Johan van de Leur (Universiteit Utrecht).

I would also like to thank dr. Sara Lombardo for her kind support. Thanks also
go to dr. Guido Carlet and dr. Vladimir Novikov and sta� members of the University
of Kent in the UK where I was a visitor for four months. I am grateful particularly
to the mathematics department of VU, sta� members of Mathematical analysis and in
particular I should thank Maryke Tita wano and drs. S.J. Chedi for their help with
accomodations and my visa procedure. Thanks also go to prof. Ron Perline for his
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permission and exchanged e-mails for his home-grown soliton surface picture which I
used to design the cover of my thesis. I would also should thank my cousin, Mr. Reza
Akbari for his help to make that cover.

I am so happy that during the time I had beenstudying my bachelor in IUST and
master in Sharif university of Technology, I met many peoplewith whom I am still in
touch. Among them are dr. B. Mirzaii, dr. F. Behrouzi, dr. K. Malakpoor and Mr. S.
Mohammadian. I had their valuable support. Theseare friends who I am so grateful to
have. I never forget their kindness. I should also thanks Mrs. A. Kamali Sarvestani for
her hospitality and her lovely sonsIlia and Aria.

During theseyearsin Netherlands I had a great time specially in Eindhoven with my
friends, Ali Etaati, Lusine Hakobyan and Kamyar Malakpoor. We all together had lots
of fun, went to many nice placesspecially our trip to Germany was perfect having fun,
singing Armenian songsin the car and so on. I had also happy moments with my other
friends in Eindhoven, among them are, Amir HosseinGharamarian, Kambiz Pournazeri
and his wife Sima Nasr, Parsa Beigi, Neda Sepacianand many other friends.

In Amsterdam many peopledeserve thanks for their contribution. My dear friend, dr.
Mohammad Abry, was my roommate for four yearsand I am so grateful to get to know
such a friend, my thank also goes to his wife, Monireh and his two lovely sons,Moeen
and Soroush. My other o�cemate, including Dave Visser, Kirsten Valkenburg, Desiree
Basile and Adi Setiawan are all deserve to thank of. I also should thank Hamid Abbasi,
Hamid Falah and Hu Hai for all those moments I had with them playing table tennis.
Thanks go to dr. S. Eslami, his wife, Mr. M. Botshekan and dr. Reza Bakhtiari for
his lovely hospitality in Italy , Pisa and to SaeedTorkzaban and his wife Shiva, as well
as Behnam Norouzizadeh, Leila Mohammadi, Marjan Asgari, Mathijs Louws, Arezoo
Bahramirad. I am so happy as well to have met Hala Elrofai and becamevery close
friend, shepushedme to move forward signi�cantely in my life.

I never forget how I missed my mother Mrs Ghamartaj Nadja�, my sister Miss
Marhamat and my brother Mr. Abolfazl, his wife and my dear nephews,Ali and Amir-
mohammad. Thank you all for your unconditional supports.

Most of all , I must expressmy heartfelt to my wonderful wife, MasoumehRobatmeili.
Having her with me was my on time move. Thank you for all your patience and your
kindnessand understandingto bewith me in a housewith a light, window and happiness.
I should also thank my mother-in-law and father-in-law for their support specially when
wewereat homelast few months. I would alsolike to thank my sisters-in-law particularly
Miss Maryam and Mahboobeh Robatmeili who were so nice to me and I hope one day
we start to watch the rest of \Daii jan Napelon".

Amsterdam, March 2008 EsmaeelAsadi
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In tro duction

Some history

Many of the equationsand systemswhich now are called integrable have beenknown in
di�eren tial geometry. One of them is the famoussine-Gordonequation (SG), which was
derived to describe surfaceswith constant negative Gaussiancurvature. Another one
is the Liouville equation describingminimal surfacesin 3� dimensionalEuclidean space.
For physicists, the prototype examplesof integrable systemsare the Korteweg-DeVries
equation (KD V) [15] and the nonlinear Schr•odinger equation (NLS) [19].

\ what is an inte grable system ?"

This is a question with many answers of varying degreeof precision, generality and
plausibilit y. We will try brie
y to list few of theseanswers.

Newton's equationsof motion are those three famousequationswhich are taught to
every student of elementary ClassicalMechanics. The Kepler two-body problem and a
few other equations turned out to have \exact solutions".

In fact these equations are particular casesof more general mechanical systems,
known as (�nite dimensional) Hamiltonian system, with a Hamiltonian function and a
Poissonbracket.

A Hamiltonian systemis called \completely integrable" if it hasasmany independent
functions in involution with the Hamiltonian function and themselves as it has degrees
of freedom.

In the nineteenth century , Liouville provided a generalframework characterizing the
caseswhere completely integrable Hamiltonian system are \solvable by quadratures",
i.e., the generalsolution is found by integration and algebraic operations only, see[3].

The discovery of the physical soliton is attributed to John Russell's observation in
1834ashe described it in his \Rep ort on Waves" [55]. Much later in 1895Kortewegand
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de Vries derived the equation for water waves in shallow channels, which con�rms the
existenceof solitary waves. The equation which now bearstheir namesis of the form

ut = u3 + uu1 (KD V equation ):

In 1965, Kruskal and Zabusky, following a computationally numerical study of the
Boussinesqanharmonic lattice of equalmasseswhich wasdoneby Fermi, Pastaand Ulam
(FPU), rederived the KDV equation and found its stable pulse-like waves. They named
such wavessolitons . Theseare solitary wavesin the form of pulseswhosebehavior has
many particle-like features. During their evolution, solitons propagate without change
of shape and with no energyloss. When two or more solitons with di�eren t propagation
speedcollide, after a highly nonlinear interaction the pulsesemergewith the sameinitial
form and no energy is lost in radiation in the courseof the interaction.

The stabilit y and particle-like behavior of the solitons could only be explainedby the
existenceof many conservation laws : D t U + DxF = 0; in which U is called conserv ed
densit y and F conserv ed 
ux . Zabusky and Kruskal started to �nd more of them.
Later, it was proved by Miura, Gardner and Kruskal in 1968 that there was indeed a
conserved density of each order [50].

Gardner was the �rst to notice that the KDV equation could be written in a Hamil-
tonian framework. Later Zakharov and Fadeev showed how this could be interpreted
as a completely integrable Hamiltonian system in a same senseas �nite dimensional
integrable systems[77] where one �nds for each degreeof freedoma conserved density.

Perhaps the richest group of equations known to be integrable are pseudospherical
surfaces. They are surfacesin R3 with constant negative Gaussiancurvature. Bianchi
[18] discovered a beautiful relation between iterated B•acklund transformations: the
permutabilit y theorem. This theorem assert that for two B•acklund transformations
f 1 = B� 1 f and f 2 = B� 2 f of a pseudosphericalsurfacef corresponding to angles� 1; � 2

between the normals, there exists a fourth pseudosphericalsurface f̂ which is simulta-
neouslya B•acklund transformation of f 1 and f 2 :

f̂ = B� 1 f 2 = B� 2 f 1:

Moreover f̂ can be computed algebraically from f ; f 1; f 2: In this way, the B•acklund
transformation generatesan in�nite-dimensional `symmetry group' acting on the set of
pseudosphericalsurfacesand the permutabilit y theorem shows the possibility of writing
down explicit solutions starting with a simple f :
We might say that the symmetry of an equation is the conserved geometric feature of
solitons. The symmetry groups of di�eren tial equations were �rst studied by Sophus
Lie. In his framework, these consist of geometric transformations of independent and
dependent variables of the system. In the caseof KDV, there are four such symmetries,
namely arbitrary translation in x and t; Galilean boost and scaling. In the context
of pseudosphericalsurfaces,see[6], B•acklund transformation B� is the transform of a
Bianchi transformation by meansof a Lie transformation L � ; symbolically

B� = L � 1
� B� =2L � : (0.0.1)
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As we explained, we get the following features of an integrable system:

1. in�nitely many generalizedsymmetries;

2. in�nitely many conservation laws;

3. explicit solutions;

4. complete integrabilit y in the senseof Liouville.

Wher e does inte grability come fr om?

A starting point from which all this rich structure can be derived is a zero-curvature
formulation of the underlying problem. The Lax (or Zakharov-Shabat (ZS)) representa-
tion of nonlinear equation can be given in a form of compatibilit y condition

Ut (� ) � Vx (� ) + [U(� ); V (� )] = 0 (0.0.2)

of two linear equations
	 x = U(� )	 ; 	 t = V(� )	 :

See[22] for the reduction of this construction in symmetric space. In that case,U =
�A + Q(x; t) in which A is constant element of the underlying Lie algebra and Q is
potential function. In this way, Zakharov and Mikhailov [76] use a pole expansion
U =

P
U(q)( � � � i )� 1; while others [34, 37] favor polynomial expansions.

The zero curvature representation (0.0.2) has a transparent geometrical origin. In
di�eren tial geometry, the embeddedsurfaceis the Gauss-Codazziequation represented as
a compatibilit y condition of linear equationsfor the moving frame(the Gauss-Weingarten
equations), seeLund and Regge[46]. The spectral parameter � in this representation
describesdeformation of surfacespreserving their properties.

The connection between geometry and integrable systemsis clari�ed by Hasimoto
[31] in 1972. He found the transformation betweenthe equationsgoverning the curvature
and torsion of a thin vortex �lamen t (FM) moving in an incompressibleinviscid 
uid
and the NLS equation. The equation FM can be modeled as


 t = 
 s � 
 ss

in which 
 (s; t) is a curve evolving in 3� dimensional spaceR3: In fact Hasimoto con-
structed the complex function  = � exp(i

Rs
0 � ds) of the curvature and torsion of the

curve 
 ; and showed that if the curve evolvesaccording to the vortex �lamen t equation,
then  solves the cubic nonlinear Schrodinger equation

i t +  ss +
1
2

j j2 = 0:

Lamb [40] used the Hasimoto transformation to connect other motion of curves to the
integrable equations like modi�ed KDV (mKD V) and SG equations. Balakrishnan et
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al. [5] have investigatedanother aspect of spacecurve formulation: the geometricphase
associated with the time evolution of the curve and its connection to integrabilit y.

Sasaki [62] gave a geometric interpretation of the ZS spectral problem in terms of
pseudosphericalsurfaces. Chern and Tenenblat [10] characterized the mKDV hierar-
chy as a relation between local invariants of a certain foliation on a surfaceof constant
nonzeroGausscurvature. Terng, Tenenblat, Sattinger and Uhlenbeck in a seriesof pa-
pers [69, 69, 70, 68, 67], studied the symplectic, Lie theoretic, and di�eren tial geometric
properties of soliton theory. They construct a pencil of connectionsdepending on the
deformation parameter � , and prove that the pencil is 
at for all � 2 R if and only
if the dynamical variables or the invariance of the one parameter of surfacesfollows a
Hamiltonian 
o w. Seealso [9, 8].

Langer and Perline [42] showed in 1991that the dynamics of a nonstretching vortex
�lamen t in R3 gives rise, through the Hasimoto transformation, to the recursion oper-
ator of the NLS hierarchy. The appearanceof the recursion operator can be explained
observingthat the Fren̂et equationsfor the curve in R2 and R3 are equivalent to the ZS
spectral problem without the spectral parameter.

Doliwa and Santini [12] showed that certain elementary geometric properties of the
motion of a curveselectthe hierarchy of integrabledynamics. The motion shouldbenon-
stretching and occur in a N � dimensionalsphereof radius R and the dynamics indepen-
dent of the radius of the sphere. They give a simple geometricmeaningof the Hasimoto
transformation: Hasimoto transformation is induced by a gaugetransformation from the
Fren̂et frame to the parallel or natural frame. Wang [72] usesthis interpretation to �nd
the generalized(from R3 to RN ) Hasimoto transformation.

Generalizing Doliwa and Santini's approach, Sanders,Wang and Be�a showed that
motion of a curve in a 3� dimensional Riemannian manifold with constant curvature
follows an arc-length preserving geometric evolution and the evolution of its curvature
and torsion is always a Hamiltonian 
o w.

Cartan's Lemma leadsus to usethe Lie algebra valued 1� form instead of the Levi-
Civita connectionde�ned on Riemannian manifold, so that having a frame on the curve
embeddedin the Riemannian manifold is equivalent to specifying the Cartan connection
applied on the 
 s. Indeed Sandersand Wang [58] showed that choosing a natural frame
and having the Cartan connection speci�ed according to the natural frame, the Cartan
structure equation leads to the recursion equation of integrable equation. In this way
they found the Hamiltonian operator out of curvature part and symplectic operator
resulted from solving the free torsion tensor. Authors applied a similar method to the
caseof conformal geometry [59], in which casemaking the proper choice of "natural
frame", leadsto the Hamiltonian and symplectic operator.

Outline and Summary of results

In this thesis, we generalized the former idea to other geometries, such as o(p;q)�
orthogonal geometry and mainly to symplectic geometry.

Chapter 1 is an introduction to the algebra of quaternions and the symplectic Lie
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algebra using quaternions.
Chapter 2 explains the variational calculusand in particular de�nes Hamiltonian and

symplectic operators suitable for Lie algebraic domains.
Chapter 3 is an introduction to di�eren tial geometry.
Chapter 4 is the core of the thesis. Starting from Riemannian geometry in Section

4.1 we prove that if we choosethe natural moving frame for a 
o w of a curve preserv-
ing arclength and embedded in the Riemannian manifold with Levi-Civita connection
compatible with its metric, then evolution of the di�eren tial invariants of the curve fol-
lows the vector mKDV equation and gives us the recursion operator to produce higher
symmetriesaswell as the Hamiltonian and symplectic operator. Using Cartan's Lemma
we seethat these objects can be obtained by just writing down the Cartan structure
equation for Euclidean geometry.

We then proceedwith o(p;q)-orthogonal geometry in Section 4.2, generalizing the
Euclidean geometry, choosing the natural moving frame for the connectionmatrix . The
Cartan structure equations lead to the evolution equation

D t u = � I 1
p� 1;qu3x �

3
2

ux < u; u >; I 1
p� 1;q =

�
I p� 1 0

0 � I q

�

which is an mKDV type equation with recursion operator R = HI where the operator
H and I are proved to be the Hamiltonian and symplectic operator, respectively.

Next in Section4.3, weconsiderthe symplectic geometryde�ned by the homogeneous
spaceSp(n)=Sp(1) � Sp(n � 1); which indeed is identi�ed with projective quaternionic
spaceHPn : We study the Cartan structure equation, and seethat choosing natural or
parallel frame

û =: ! (Dx ) =

0

@
0 1 0T

� 1 u � uT

0 u 0

1

A ;

one can �nd the time evolution of invariants of a family of curves embedded in the
homogeneousspace.That is,

�
u
u

�

t
= HI

�
v
v

�
+ A

�
v
v

�
:

Replacing v by trivial symmetry ux ; we obtain a noncommutativ e scalar-vector
mKDV equation:

8
>>>><

>>>>:

ut =
1
4

u3 +
3
8

(� uu1u � uu2 + u2u) +
3
2

hu; ui u1 + hu; u1i u + 1
2uhu; u1i

+2uhu1; ui � 1
2hu1; ui u +

3
2

Cu u2;

u t = u3 +
3
2

u2u +
3
4

u1(u1 +
1
2

u2 + 2hu; ui ):

This is equation 4.3.10. The reduction u = 0 leads to the secondversion of the non-
commutativ e mKDV scalar equation and the reduction u = 0 yields the vector mKDV
equation.
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Then in Section 4.4 one rewrites this equation using the Lie bracket, Killing form
and projections. In the symplectic case,we will seethat

ût = ĤÎ v̂ + Âv̂;

in which

Ĥ = Dx � � 1adû � adûD � 1
x � 0adû ;

Î = �
1
2

ûD � 1
x K (û; :) � (

1
2

� 1 + � 0)� 1adâ(Dx � adû)adâ� 1(
1
2

� 1 + � 0);

Â = � 0 + 2� 1 � adûD � 1
x � 1:

This way of writing the geometric operator can be generalized to any other Cartan
geometry.

We prove that the operator Â is Nijenhuis operator, that is, the Nijenhuis tensor van-
ishes. Furthermore we claim that Ĥ and ĤA� are Hamiltonian operators and Â� 1� Î Â� 1

is symplectic. The proofs can be found in Chapter 6
Generalizing the Drinfel'd-Sokolov method to symplectic geometry, we �nd the Lax

representation of the symplectic casein Chapter 5. The Lax operator is indeed

L = Dx + �A + q;

in which A is the projection of ! (D x ) to the vector spacesp(n)=sp(1) � sp(n � 1) as a
constant element of the symplectic Lie algebra and q is the projection of ! (D x ) to the
subalgebrasp(1) � sp(n � 1):



Chapter 1

Quaternionic algebra

1.1 In tro duction

In this chapter we consider quaternionic numbers and vectors and seehow an inner
product can be de�ned on the space of quaternionic vectors. We intro duce the Lie
algebraof quaternions and compute the Killing form of two elements of this Lie algebra.
We then �nd what can be the relation between the inner product of two vectors in
quaternionic spaceand the Killing form of two speci�c elements of the Lie algebra.

Let us �rst brie
y recall somebasic facts about quaternions. The quaternions were
discovered on 1843 by Sir William Rowan Hamilton. They form a noncommutativ e,
associative algebra over R :

H = f a + bi + cj + dk j a;b;c;d 2 Rg;

where algebra multiplication is de�ned as

i2 = j 2 = k2 = � 1; ij = k = � j i; j k = i = � kj; ki = j = � ik ;

and scalar multiplication de�ned as

� (a + bi + cj + dk) = (�a ) + (�b )i + (�c )j + (�d )k for � 2 R:

In general,by associative algebra over R; we mean a vector spaceover the �eld R with
a multiplication on it which is associative, distributiv e over addition and satis�es

� (q1q2) = q1(�q 2) = (�q 1)q2 for � 2 R and q1; q2 2 H:

Moreover H is an involutiv e algebra, i.e, there is a map � : H ! H such that (uv) � = v� u�

and u�� = u; for u; v 2 H: The involution of q 2 H is conjugation of quaternionic number
q = a + bi + cj + dk; de�ned by

q = a � bi � cj � dk:

Clearly for all u; v 2 H we have that uv = v u: We de�ne the modulus of a quaternion q
by

jqj = (qq)1=2 = (a2 + b2 + c2 + d2)1=2:

The principal properties of the modulus of H are as follows. If q; q1; q2 2 H; then

7



8 Chapter 1. Quaternionic algebra

1. jqj = 0 if and only if q = 0;

2. jq1 + q2j � jq1j + jq2j and jq1q2j = jq1jjq2j;

3. jqj = jqj; and

4. If q 6= 0; then q� 1q = qq� 1 = 1; where q� 1 =
q

jqj2
:

Observe that the set C of complex numbers appears as a real subalgebra of H;
meaning that C can be embeddedin H as an associative algebra over R: More precisely
C can be seenas SpanRf 1; ig residing inside H where SpanRf 1; ig = f a1 + bi j a;b 2 Rg
is spannedby 1; i with coe�cien ts in R: The following result givessomeof the properties
of the subalgebraC in H:(The proofs are elementary and omitted.)

Lemma 1.1.1. Consider C as the real subalgebraSpanRf 1:ig of H: Then:

1. SpanRf 1; ig = f q 2 H j qi = iqg;

2. SpanRf j; kg = f q 2 H j qi = � iqg;

3. �q = q� for every � 2 SpanRf 1; ig = C and q 2 SpanRf j; kg:

Remark 1.1.2. 1. The �rst point to be emphasizedin the third item of this lemma
is that if � 2 C; then � can be obtained from � by an similarit y transformation
� ! q� 1�q in H.(This is impossiblein C except for the trivial casewhere � 2 R:)

2. It follows that H is not an algebra over C; since for � 2 C and q1; q2 2 H; two
quantities q1(�q 2) and (�q 1)q2 are not necessarilyequal.

We now derive two representation of quaternions by complex vector and matrices as
well as real matrices. The identi�cation of C within H a�ords a useful linear represen-
tation of quaternions, as well as n� tuples of quaternions, by complex vectors. Namely,
if q = a0 + � 1i + � 2j + � 3k 2 H; then

q = (� 0 + � 1i ) + (� 2 + � 3i )j = 
 1 + 
 2j (1.1.1)

where 
 1 = � 0 + � 1i and 
 2 = � 2 + � 3i belong to C: Thus, each quaternion q is
uniquely represented by a pair of complex numbers 
 1; 
 1 via (1.1). In fact the function
� : H ! C2 de�ned by

� (q) =
�


 1

� 
 2

�

is a linear one-to-onemap betweenH and C2 asvector spacesover R: This representation
extends to the real vector space Hn of n� tuples of quaternions. Indeed, de�ne the
function

� : Hn ! C2n by � (� ) =
�

� 1

� � 2

�
;
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where � = � 1 + � 2j 2 Hn and � 1; � 2 2 Cn : A seconduseful representation of quaternions
is via M (2; C) as the set of all 2 � 2 complex matrices. Consider the function � : H !
M (2; C) de�ned as follows: if q = 
 1 + 
 2j; as in (1.1), then

� (q) =
�


 1 
 2

� 
 2 
 1

�
:

The function � is simply injective and satis�es, for all q; q1; q2 2 H and � 2 R; the
equations

� (q1 + q2) = � (q1) + � (q2); � (q1q2) = � (q1)� (q2); � (�q ) = �� (q):

Moreover,

� (q) = � (
 1 + (� 
 2)j ) =
�


 1 � 
 2


 2 
 1

�
= � (q) �

where � (q) � denotes the conjugate transposeof the 2 � 2 complex matrix � (q): Thus
� preserves the linear, multiplicativ e, and involutiv e structure of H; that is, � is an
injective � -homomorphism from the real involutiv e algebra H into the real involutiv e
algebra M (2; C):

A homomorphic embeddingof M (n; H) into M (2n; C) is similarly constructed. First,
note that by applying (1.1) entry wise to a matrix Q 2 M (n; H); one can write Q as
Q = � 1 + � 2j; where� 1 and � 2 are n � n complexmatrices. The function � : M (n; H) !
M (2n; C); de�ned for Q = � 1 + � 2j 2 M (n; H) by

�( Q) =
�

� 1 � 2

� � 2 � 1

�

is an injective � � homomorphism: That is, � satis�es, for all Q; Q1; Q2 2 M (n; H) and
� 2 R; the equations:

1. �( Q1 + Q2) = �( Q1) + �( Q2) and �( Q1Q2) = �( Q1)�( Q2);

2. �( �Q ) = � �( Q); and

3. �( Q� ) = �( Q) � where Q� is conjugate transposeof matrix Q 2 M (n; H); that is
Q� = Q

t
:

Observe that for Q1; Q2 2 M (n; H); we have (Q1Q2)� = Q�
2Q�

1 either by direct reasoning
or using similar identit y for complex matrices and properties above of the function � :

Prop osition 1.1.3. Left quaternionic inverseis also right inversefor quaternionic ma-
trices.

Proof. If Q1Q2 = I ; then �( Q1)�( Q2) = I : Hence also I = �( Q2)�( Q1) = �( Q2Q1):
Now � is injective and it follows that Q2Q1 = I : �
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Prop osition 1.1.4. The image of the function � is

�( M (n; H)) = f P 2 M (2n; C) j Ĵ P = PĴ g

where Ĵ = J j , with

J =
�

0 � � I n

� I n 0

�
:

Proof. We seethat �( I n j ) = J; and if �( Q) = P where Q = � 1 + � 2j; then

J P = �( I n j )�( Q) = �( I n j Q) = �( j Q):

Using Lemma 1.1.1, part 3, we seethat

j Q = j � 1 + j � 2j = � 1j + (� 2j )j = � 1j � � 2:

HenceJ P = �( � 1j � � 2): On the other hand, from the de�nition we obtain that

P =

 
� 1 � � � 2

� � 2 � 1

!

=
�

� 1 � � � 2

� � 2 � 1

�
= �( � 1 + � 2j ):

Consequently we get that

PJ = �( � 1 + � 2j )�( I n j ) = �(( � 1 + � 2j )I n j ) = �( � 1j � � 2):

Hence J P = PJ and hence Ĵ P = J j P = J Pj = PJ j = P Ĵ . On the other hand, if

Ĵ P = PĴ ; then J P = PJ: Hencelet P be P =
�

� 1 � 2

� 3 � 4

�
; then we obtain that

� 4 = � 1; � 3 = � � 2:

This indeed, by de�nition, meansthat �(� 1 + � 2j ) = P: �

The following Lemma shows how the function � : Hn ! C2n is related to the function
� : M (n; H) ! M (2n; C):

Lemma 1.1.5. Assumethat Q 2 M (n; H); � 2 Hn ; and � 2 C: Then:

1. � (Q� ) = �( Q)� (� );

2. � (� � ) = �� (� ); and

3. �( Q)� (� ) = �� (� ) if and only if Q� = � �:

Proof. Express Q and � in linear form: Q = � 1 + � 2j and � = � 1 + � 2j; for some
� 1; � 2 2 M (n; C) and � 1; � 2 2 Cn : Thus,

Q� = (� 1 + � 2j )( � 1 + � 2j )

= � 1� 1 + � 1� 2j + � 2(j � 1) + � 2j (� 2j )

= � 1� 1 + � 1� 2j + � 2� 1j + � 2� 2j 2

= (� 1� 1 � � 2� 2) + (� 1� 2 + � 2� 1)j;
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using part 3 of Lemma 1.1.1. Henceby de�nition we obtain that

� (Q� ) =

0

@
� 1� 1 � � 2� 2

� � 1� 2 + � 2� 1

1

A =

0

@
� 1� 1 � � 2� 2

� � 1� 2 � � 2� 1

1

A

=

0

@
� 1 � 2

� � 2 � 1

1

A

0

@
� 1

� � 2

1

A = �( Q)� (� );

which completesthe proof of (1).
To prove (2), note that � � = (� 1 + � 2)� = � 1� + � 2j � = (� 1� ) + (� 2� )j (by Lemma

1.1.1), and so

� (� � ) =

 
� 1�

� � 2�

!

= �
�

� 1

� � 2

�
= �� (� );

which proves(2). It might be remarked that �� = �� 1 + (�� 2)j; hence� (�� ) =
�

�� 1

� � � 2

�

which is not equal to �� (� ) nor � (� )�: To prove (3), �rst assumethat Q� = � �: Apply
� and obtain � (Q� ) = � (� � ): But this equation is, by (1) and (2), precisely �( Q)� (� ) =
�� (� ): Conversely, assumethat �( Q)� (� ) = �� (� ): Then, by (1) and (2), � (Q� ) = � (� � ):
Because� is injective, we have that Q� = � �; thereby proving (3). �

For further study about quaternions, see[20].
Now we will discussthe identi�cation of quaternionic matrices with real matrices.

Sincewe can write Q 2 M (n; H) uniquely as

Q = � 0 + � 1i + � 2j + � 3k

where � 0; � 1; � 2; � 3 are real matrices, The map � : M (n; H) ! M (4n; R) given by

� (Q) =

0

B
B
@

� 0 � � 1 � � 2 � � 3

� 1 � 0 � � 3 � 2

� 2 � 3 � 0 � � 1

� 3 � � 2 � 1 � 0

1

C
C
A

is an injective homomorphism of two real associative algebrasover real numbers. That
meansthat if Q; Q1; Q2 2 M (n; H) and � 2 R; then:

� (Q1 + Q2) = � (Q1) + � (Q2); � (Q1Q2) = � (Q1)� (Q2); � (�Q ) = �� (Q):

It is also clear that

� (Q� ) = � (� t
0 � � t

1i � � t
2j � � t

3k) = � (Q)t :
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1.2 Inner pro duct on quaternionic vectors

The set of all n� tuples of quaternions Hn is a right module over the division ring H: we
call Hn a right H� module. That means,for all q; q1; q2 2 H and � ; � 1; � 2 2 Hn we have
that

1. (� 1 + � 2)q = � 1q + � 2q;

2. � (q1 + q2) = � q1 + � q2;

3. � (q1q2) = (� q1)q2; and

4. � 1 = � :

De�nition 1.2.1. A Hermitian inner product on a right H� module is a quaternionic-
valuedbilinear form on it, which is right-linear in the secondslot, and is positive de�nite.
That is, it satis�es the following properties.

1. < � ; � 1 + � 2 > = < � ; � 1 > + < � ; � 2 >;

2. < � 1; � 2q > = < � 1; � 2 > q;

3. < � 2; � 1 > = < � 1; � 2 >; and

4. < � ; � > � 0 and < � ; � > = 0 if and only if � = 0:

The basic example is the form

< � ; � > = � � � =
nX

i =1

� i � i ; (1.2.1)

(by considering� as column matrix) on the right H� module Hn :
Using (2) and (3) of the de�nition above, we �nd that

< � 1q; � 2 > = q < � 1; � 2 > :

Indeed

h� 1q; � 2i = h� 2; � 1qi = h� 2; � 1i q

= qh� 2; � 1i = qh� 1; � 2i :

On the complex vector spaceC2n ; we can also de�ne an Hermitian inner product as in
(1.2.1). The following proposition relates the Hermitian inner product on quaternionic
vectors as above with that on the corresponding complex vectors de�ned by the map �:
Notice that we will usethe samenotation for both inner products.

Lemma 1.2.1. If � ; � 2 Hn ; then

h� ; � i = h� (� ); � (� )i � h� (� ); Ĵ � (� )i
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Proof. Let � and � be the vectors � = � 1 + � 2j and � = � 1 + � 2j where � 1; � 2; � 1; � 2 2 C:
Then we seethat

h� ; � i = � � � = (� 1
t
� � t

2j )( � 1 + � 2j )

= � 1
t
� 1 + � t

2� 2 + (� 1
t
� 2 � � t

2� 1)j

= h� (� ); � (� )i � h� (� ); J � (� ) i j

= h� (� ); � (� )i � h� (� ); Ĵ � (� )i :

�

1.3 Symplectic group

We will denote the set of invertible n � n matrices over H by GL(n; H): Now we de�ne
the symplectic Lie group over quaternions as

Sp(n) = f Q 2 Gl(n; H) j< Q� ; Q� > = < � ; � > for all � ; � 2 Hng:

Observe that, by de�nition,

< Q� ; Q� > = (Q� ) � Q� = (� � Q� )(Q� ) = � � (Q� Q� ) = < � ; Q� Q� > :

HenceQ 2 Sp(n) if and only if Q� Q = I : Thus by Proposition 1.1.3, we have QQ � = I
as well. Such s matrix is called a unitary quaternionic matrix.

Prop osition 1.3.1. �( Sp(n)) = f N 2 M (2n; C) j N � N = I and Ĵ N = N Ĵ g:

Proof. Observe that � is � -homomorphism and useProposition 1.1.4. �

Prop osition 1.3.2. �( Sp(n)) consist of N 2 M (2n; C) such that

hN � (� ); N � (� )i = h� ; � i ; hN � (� ); Ĵ N � (� )i = h� ; Ĵ � i ; (1.3.1)

for all � ; � 2 Hn : In other word, two inner products h� ; � i and h� ; J � i will be left un-
changedif we substitute � ; � with N � (� ); N � (� ); respectively.

Proof. Let Q 2 M (n; H) and � ; � 2 Hn : Then applying Lemmas 1.1.5 and 1.2.1, we
obtain

h� ; � i = h� (� ); � (� )i � h� (� ); Ĵ � (� )i

and
hQ� ; Q� i = h�( Q)� (� ); �( Q)� (� )i � h�( Q)� (� ); Ĵ �( Q) � (� )i :

Now it is clear that if Q 2 Sp(n) then �( Q) 2 M (2n; C) satis�es (1.3.1). On the
other hand, assumethat N 2 M (2n; C) satis�es in (1.3.1), then from the �rst equation
we obtain that N � N = I and from the secondone, N � Ĵ N = Ĵ : This is nothing but
Ĵ N = N Ĵ : Now the proof of Proposition 1.3.2 is done using Proposition 1.3.1. �
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Seealso [11], p.16-24.
The Lie algebra of symplectic group Sp(n) is

sp(n) = f A 2 M (n; H) j A � + A = 0g:

A Lie bracket is an anti-commutativ e bracket [Q; P] = QP � PQ: The dimension of
sp(n) as vector spaceover R is 2n2 + n: Notice that mentioned Lie group is compact,
connected,semisimple,and simple connectedLie group. Seethe references[73, 11] for
exact de�nitions.

1.4 Killing form in Symplectic Lie algebra

Now we compute the Killing form of the two generalelements of symplectic group and
then for two speci�c ones we see that Killing form can be expressedin term of the
Hermitian inner product. To do so, let us for a while represent a quaternionic number
q by q = q1 + qi i + qj j + qkk: The componentwise product of two quaternions p and q
is de�ned by < p;q > r = p1q1 + pi qi + pj qj + pkqk and so is the componentwise inner
product of vectors � ; � ; by < � ; � > r =

P n
i=1 < � i ; � i > r : It is easyto seethat

< � ; � > r =
1
2

(< � ; � > + < � ; � > );

which shows that componentwise inner product is just symmetrization of the Hermitian
inner product.

Lemma 1.4.1. The Killing form of two elements A and B of the symplectic Lie algebra
is following:

K (A; B ) = � 4(n + 1)
nX

s=1

< Ass; Bss > r � 8(n + 1)
X

p<q

< Apq; Bpq > r : (1.4.1)

The proof can be found in Appendix C. Let us represent a generalelement A of the
symplectic Lie algebra as

A =
�

p � �p t

p P

�
;

where p is a pure quaternionic number, p is quaternionic vector and P 2 sp(n � 1): We
de�ne a projection of sp(n) by

� (A) =
�

0 � �0t

0 P

�
:

This is an orthogonal projection with respect to the Killing form, that is,

K (� (A); (1 � � )(B )) = 0:
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Notice that neether � nor 1 � � is a Lie algebra homomorphism. Indeed

(1 � � )([A; B ]) � [(1 � � )(A); (1 � � )(B )] =

= [A; B ] � [� (A); � (B )] � [(1 � � )(A); (1 � � )(B )]

= [A; � (B )] + [� (A); B ]

= 2[� (A); � (B )]:

Lemma 1.4.2.

K (A; B ) = K (� (A); � (B )) + K ((1 � � )(A); (1 � � )(B )) :

Concerningthe Killing form and Lie bracket of matricesof the type in the last lemma,
we can easily prove the following lemma.

Lemma 1.4.3. For pure quaternionic numbers p;q; r; vectors p; q and matrices P; Q
and R of dimension n � 1 in sp(n � 1); we have that

h�
p 0
0 0

�
;
�

q 0
0 0

� i
=

�
Cpq 0

0 0

�
; (1.4.2a)

h�
0 � pT

p 0

�
;
�

0 � qT

q 0

� i
=

�
Cqp 0

0 qpT � pqT

�
; (1.4.2b)

h�
0 0
0 Q

�
;
�

0 � pT

p 0

� i
=

 
0 � Qp

T

Qp 0

!

; (1.4.2c)

K
���

0 � pT

p 0

�
;
�

0 � qT

q 0

��
;
�

q 0
0 0

��
= K

��
Cqp 0

0 0

�
;
�

q 0
0 0

��
; (1.4.2d)

K
��

p 0
0 P

�
;
��

r 0
0 R

�
;
�

q 0
0 0

���
= K

��
p 0
0 0

�
;
� �

r 0
0 0

�
;
�

q 0
0 0

���
: (1.4.2e)

Proof. First and secondequalities are trivial. For the secondand third ones,we need
just prove that

K
��

p 0
0 P

�
;
�

q 0
0 0

��
= K

��
p 0
0 0

�
;
�

q 0
0 0

��
:

But this follows from

K
��

0 0
0 P

�
;
�

q 0
0 0

��
= 0;

by using the formula for the Killing form of two elements
�

0 0
0 P

�
and

�
q 0
0 0

�
as in the

Lemma 1.4.1. �
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Consequently, though the matrix
h�

0 � pT

p 0

�
;
�

0 � qT

q 0

� i
is not of the type of

one of the matrices inside the bracket, but the Killing form of that with the matrix of

the type
�

q 0
0 0

�
; would give rise to the Killing form of two matrices of former type.



Chapter 2

Variational complex and geometric
operators

2.1 Algebraic approac h to the concept of geometric oper-
ator

De�nition 2.1.1. Let A be any Lie algebra over a ring containing the real numbers.
Then we say that the real vector spaceM is left A� module if a bilinear operation is
given which assignto each pair a 2 A; m 2 M an element a � m 2 M such that

a1 � a2 � m � a2 � a1 � m = [a1; a2] � m:

This is called a representation of A on M .

Example 2.1.1. Let X be a smooth �nite-dimensional manifold. The elements of the
Lie algebra A are vector �elds on X and M is C1 (X ; R). The operation [a1; a2] is the
commutator of vector �elds and a � m is the result of the action of the vector �eld a on
the function m 2 M : Notice that in this example, M has a ring structure. But this is
not essential in the theory of Hamiltonian formalism, as in the next section which will
be devoted to the variational calculus,we would have left A� module M ; without having
ring structure on it.

Our objective is to construct a Hamiltonian structure on the pair (A; M ) using only
the structures present in A and M : There are thus two basicoperation: the commutator
[a1; a2] and the action a� m. We shall attempt to expressall operations in terms of these
basic operations.

We �rst de�ne forms and di�eren tials of forms, analogousto what in the caseof
Example 2.1.1 is called the de Rham complex.

De�nition 2.1.2. A q-form is a multilinear function ! on A with values in M ; that is
! : A � : : : A ! M : A 0-form is by de�nition a �xed element m 2 M : The di�eren tial or
coboundary operator dq is given by the formula

dq! (a1; : : : ; aq+1 ) =
X

i

(� 1)i +1 ai � ! (a1; : : : ; âi ; : : : ; aq+1 ) (2.1.1)

+
X

i<j

(� 1)i ! (a1; : : : ; âi ; : : : ; [ai ; aj ]; : : : ; aq+1 );

where the notation :̂ meansthe argument under the hat sign will be removed.

17
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Remark 2.1.1. In the deRham complexonerestricts attention to antisymmetric forms,
and this has becomethe norm in Lie algebra cohomology. As Loday [45] pointed out
in his study of Leibniz algebras, there is no need to do so. The only reason for the
antisymmetry assumption is that if one works with Lie algebrason which a ring R acts
by left multiplication (as in vector �elds multiplied by functions) and where R itself is a
nontrivial A-module, with rules like (cf. Palais [52])

[f x; y] = f [x; y] � y(f )x; x; y 2 A; f 2 R;

then to show if ! is R-linear, which is the usual tensor assumption, one also has that
dq! is R-linear, one needsto assumethat ! is antisymmetric.

In particular, d0m : A ! M is a linear map with valuesin M ; the value of the 1-form
d0m on an element a 2 A is given by the formula

d0m(a) = a � m:

If � is a 1-form, i.e., a linear mapping � : A ! M ; then

d1� (a1; a2) = a1 � � (a2) � a2 � � (a1) � � ([a1; a2]):

We can simply seethat d1d0m = 0 is equivalent to the principle axiom of A� module M ;
that is:

d1d0m(a1; a2) = a1 � d0m(a2) � a2 � d0m(a1) � d0m([a1; a2])

= a1 � a2 � m � a2 � a1 � m � [a1; a2] � m = 0:

One can verify that dq+1 dq = 0 in general.

De�nition 2.1.3. A q-form ! is called closed if dq! = 0:

We denote by Cq(A; M ) the spaceof q-forms. We observe that Cq(A; M ) is also a
left A-module; the action of a is called the Lie derivative which is given by

L 0
am = a � m; m 2 C0(A; M ) = M ; (2.1.2)

(L 1
a� )(b) = a � � (b) � � ([a; b]); � 2 C1(A; M ): (2.1.3)

The general formula is, with q > 0,

�q
bL q

a = L q� 1
a �q

b � �q
[a;b];

where
�q
a! (b1; : : : ; bq� 1) = ! (a; b1; : : : ; bq� 1) for ! 2 Cq(A; M ):

We can show that
L q

a1
L q

a2
� L q

a1
L q

a2
= L q

[a1 ;a2]
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and

L q
a = �q+1

a dq + dq� 1�q
a: (2.1.4)

One can usetheseCartan rules as axioms to derive formula (2.1.1).
Now we supposethat in the spaceof 1-forms, a subspaceE� � C1(A; M ) is �xed

which contains the di�eren tial of all 0-forms (i.e., of elements of M .) In concretesitua-
tions consideredin the next section, E� will be specially described.

Let H : E� ! A be a linear operator.

De�nition 2.1.4. The operator H is called anti-symmetric if for any � 1; � 2 2 E� we
have

� 1(H � 2) = � � 2(H � 1):

Notation 2.1.1. Sometimeswe usethe notation (� ; a) for � (a):

De�nition 2.1.5. With any anti-symmetric operator H : E� ! A; we connecta 2-form
! H de�ned on the image im(H ) by

! H (a1; a2) = (H � 1a2)(a1); a1; a2 2 im(H ); (2.1.5)

where by H � 1a2 we denote any element � 2 such that H � 2 = a2.

Lemma 2.1.2. The bilinear map ! H is indeeda well-de�ned 2-form, that is, independent
of the choice of � 2 in De�nition 2.1.5.

Proof. Supposea1; a2 2 im(H ), i.e., they have the form ai = H � i : In addition assume
that a2 = H � 3: SinceH is anti-symmetric, we seethat

� 3(a1) = � 3(H � 1) = � � 1(H � 3) = � � 1(a2):

Likewisewe have that � 2(a1) = � � 1(a2): Hencethere holds � 3(a1) = � 2(a1) for any two
members of � 2; � 3 2 H � 1a2 and a1 2 im(H ): �

De�nition 2.1.6. We say that an anti-symmetric operator H : E� ! A is Hamiltonian
if

1. The image of the operator H is a subalgebraof the Lie algebra A and

2. d2! H = 0 on this subalgebra.

In order to indicate criteria that an operator be Hamiltonian, we must obviously
reformulate the condition that the form ! H de�ned by formula 2.1.5 be closeddirectly
in terms of the form generating the operator H :

2.2 Formal Variational Calculus

This section is devoted to the background and set up for geometric operators such as
Hamiltonian, symplectic operator. In particular wedescribenoncommutativ e variational
calculus and explain how this can be set up in the framework of a matrix Lie algebra.
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2.2.1 Classical formal variational calculus

In the formal variational calculus introducedby Gel'fand and Dikii, [27], [26], onestarts
with coordinates u� ; � = 1; : : : ; N , which take their valuesin a �eld or division ring and
then one de�nes A to be the algebra of sumsand products in the u � and its derivatives
with respect to the independent variable x. In other words, A is a free associative
algebra over the real numbers. One then de�nes Der(A), the spaceof derivations on A
as a 2 DerA satisfying

aab= a(a)b+ aa(b):

That meansa act on A according to the Leibniz rule.

Remark 2.2.1. If one takesA to be the spaceof continuous functions on the real line
with pointwise multiplication, then Der(A) = 0.

The spaceDer(A) is a Lie algebra with the bracket de�ned as

[a1; a2] = a1a2 � a2a1:

We can expressa 2 Der(A) as

a =
NX

� =1

1X

k=0

a�
(k)

@
@u�

k
; a�

(k) 2 A:

Here the term a�
(k)

@
@u�

k
stands for the replacement of u�

k by a�
(k) , using the Leibniz rule.

Example 2.2.1. Let A be generatedby uk ; k = 0; : : :. Then aukul = a(k)ul + uka(l ) .

Example 2.2.2. Let

Dx =
NX

� =1

1X

k=0

u�
k+1

@
@u�

k
:

Then Dx 2 Der(A):

De�nition 2.2.1. Let
E = f a 2 Der(A) j [a; D x ] = 0g;

be the spaceof all derivations on A commuting with D x : It is clear that E is a Lie
subalgebraof Der(A) due to the Jacobi identit y. Moreover, sinceevery a 2 Der(A) can
be determined by its action on u�

k , henceevery a 2 E can be determined by its action
on only u� : Indeed if a 2 E; then

a�
(k) = au�

k = aD k
x u� = D k

x au� = D k
x a�

(0) =: a�
k ;

so that a 2 E can be identi�ed with some(a1; : : : ; � N ) 2 AN ; and we can write a 2 E as

a =
NX

� =1

1X

i =0

a�
i

@
@u�

i
;
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with the replacement rule as before. We call elements of the Lie subalgebraE evolu-
tionary vector �elds. The map p : AN ! E assigning (a1; : : : ; aN ) to a is called the
prolongation map.

De�nition 2.2.2. Let W be an arbitrary module over E: Then the Fr�echet derivative
of S 2 W in the direction a 2 E, is de�ned as

DS[a] =
d
d�

S(u + � au)j � =0 2 W

Example 2.2.3. One has D D x [a] = 0, sinceD x is not u-dependent.

Lemma 2.2.2. The Lie bracket on E inducesa Lie bracket on A N :

[a;b]A = Db[p(a)] � Da[p(b)]; a;b 2 AN :

One has [p(a); p(b)]E = p([a;b]A ), that is, p is a Lie algebra homomorphism.

Proof. Assumethat a;b 2 AN and c 2 A are given. Then

[p(a); p(b)]E(c) = p(a)(p(b)c) � p(b)(p(a)c)

=
NX

� =1 ;� =1

1X

i =0 ;j =0

a�
j

@

@u�
j

�
b�

i
@c

@u�
i

�
�

NX

� =1 ;� =1

1X

i =0 ;j =0

b�
j

@

@u�
j

�
a�

i
@c

@u�
i

�

=
NX

� =1 ;� =1

1X

i =0 ;j =0

�
a�

j
@b�

i

@u�
j

�� @c
@u�

i

�
+

NX

� =1 ;� =1

1X

i =0 ;j =0

�
a�

j b�
i

�� @2c

@u�
j @u�

i

�

�
NX

� =1 ;� =1

1X

i =0 ;j =0

�
b�

j
@a�

i

@u�
j

�� @c
@u�

i

�
�

NX

� =1 ;� =1

1X

i =0 ;j =0

�
b�

j a�
i

� � @2c

@u�
j @u�

i

�

=
NX

� =1 ;� =1

1X

i =0 ;j =0

�
a�

j
@b�

i

@u�
j

�� @c
@u�

i

�
�

NX

� =1 ;� =1

1X

i =0 ;j =0

�
b�

j
@a�

i

@u�
j

�� @c
@u�

i

�

= p(p(a)b)(c) � p(p(b)a)(c)

= p(p(a)b � p(b)a)(c)

= p([a;b]A )(c):

Let us explain here someof terms we used. The term

�
a�

j
@b�

i

@u�
j

�� @c
@u�

i

�
;

is computed asfollows. The monomial u�
i in c will be replacedby the expressiona�

j
@b�

i

@u�
j

;

which is itself the result of replacing a�
j with u�

j in b�
i according to the Leibniz rule in

both process.
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Also the term �
a�

j b�
i

�� @2c

@u�
j @u�

i

�

is understood similarly. That is just replacing u �
i and u�

j with b�
i and a�

j respectively in
c:

Notice that p(a)b =
�
p(a)b1; : : : ; p(a)bN

�
2 AN : Also we seethat

p(a)(c) =
NX

� =1

1X

i =0

a�
i

@c
@u�

i

=
NX

� =1

1X

i =0

d
d�

c[u�
i + �a �

i ]j� =0

=
NX

� =1

1X

i =0

d
d�

c[u�
i + � p(a)(u�

i )]j � =0

=
d
d�

c[u + � p(a)(u)]j � =0

= Dc[p(a)]:

HenceDb[p(a)] = p(a)(b) 2 AN : �

De�nition 2.2.3. Let V be a E-module. We de�ne an equivalencerelation on V by

a1 � a2 if and only if a1 � a2 = Dx :a3 for a1; a2; a3 2 V:

Notice that D x 2 E, sothis is well de�ned. Wedenoteequivalenceclassesby ~V = V=Dx V
and its elements by

R
a for a 2 V ; theseare called functionals.

De�nition 2.2.4. We de�ne an action of E on ~V by a �
R

a =
R

a � a for a 2 E; a 2 V:

The action is well de�ned: Let b 2 V: Then we have that

a �
Z

Dx :b =
Z

a � (Dx :b) =
Z

[a; Dx ]:b+
Z

Dx :(a � b) = 0:

So evolutionary vector �elds and functionals go well together.

Lemma 2.2.3. The space ~V is an E� module under the action just de�ned.

Proof. In fact

a1 � a2 �
Z

a � a2 � a1 �
Z

a = a1 �
Z

a2 � a � a2 �
Z

a1 � a

=
Z

a1 � a2 � a � a2 � a1 � a

=
Z

[a1; a2] � a

= [a1; a2] �
Z

a:

�
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In the caseV = A, onehas,due to the Leibniz rule, integration by part as
R

(Dxa)b =
�

R
a(Dxb): Now if a = p(a); a 2 AN ; then for b 2 A; we have that

a �
Z

b =
Z

a � b

=
NX

� =1

Z 1X

i =0

a�
i

@b
@u�

i

=
NX

� =1

Z 1X

i =0

(D i
xa� )

@b
@u�

i

=
Z NX

� =1

a�
1X

i =0

(� Dx ) i (
@b

@u�
i

) (2.2.1)

De�nition 2.2.5. The partial variational derivation �
� u � : A ! A is de�ned by

�
� u� =

1X

i =0

(� Dx ) i @
@u�

i
:

Lemma 2.2.4 (Gel'fand and Dikii[26]). We have that �
� u � � Dx = 0:

Proof. One has [D x ;
@

@u�
i

] =
@

@u�
i � 1

. Therefore

�
� u� � Dx =

1X

i =0

(� Dx ) i @
@u�

i
Dx

=
1X

i =0

(� Dx ) i +1 @
@u�

i
+

1X

i =1

(� Dx ) i @
@u�

i � 1

= 0;

and the result follows. �

Thus onecande�ne �
� u � on ~A; that is, �

� u � : ~A ! ~A: This is usually called in literature
the gradient of functional. The operator �

� u � is called Euler operator .
According to (2.2.1) we can write the action of a on ~A in terms of variational deriva-

tiv es:

a �
Z

b =
NX

� =1

Z
a� � b

� u� :

Remark 2.2.5. SomeHamiltonian operators associated with (a; ~A) have been shown
to be connectedwith certain very interesting nonlinear partial di�eren tial equations (cf
[27],[26] and [28]).
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2.2.2 Variational calculus for geometric dynamical symbols

As we have seenin Chapter 1, we derived the operator acting on a certain subspace
consisting of the functions with valuesin a Lie algebra g: For instance, this subspacein
the symplectic geometry is the spaceof functions with valuesof the form

0

@
0 0 0
0 p � �p t

0 p 0

1

A 2 spn+2 ;

depending on the matrix

U = ! (Dx ) =

0

@
0 0 0
0 u � �u t

0 u 0

1

A

and its derivativesUi = D i
xU for i = 0; : : : :

De�nition 2.2.6. Let K 2 C2(spn+2 ; R). A spaceE� � C1(E; ~V ) is given by the
formula

b?(a) =
Z

K (b; a); b 2 E:

Here we assumethat K is nondegenerate,that is, if b� = 0 it follows that b = 0. We
recall that here V is the associated algebra generatedby single dynamical variables u; u
and their derivativesand furthermore ~V is de�ned as before.

De�nition 2.2.7. The inner product on E de�ned by

< a; b > =
Z

K (a; b);

inducesan inner product on E� as follows:

< a� ; b� > � = < a; b > :

De�nition 2.2.8. If we have nondegeneratepairing, then for the linear operator H :
E� ! E; we can de�ne the adjoint operator H � : E ! E� by

< a; H b� > = < H � a; b� > � :

Now if H : E� ! E is anti-symmetric, then by de�nition a� (H b� ) = � b� (H a� ):
Hence

� < H � b; a� > � = � < b; H a� > = � b� (H a� )

= a� (H b� ) = < a; H b� > = < a� ; (H b� )� > � :

Thus (H b� )� = � H � b:
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Remark 2.2.6. Following the de�nition of adjoint operator H � of H : E� ! E we see
that

c� (H b� ) = (H � c)b: (2.2.2)

Indeed

c� (H b� ) = < c; H b > = < H � c; b� > �

= < (H � c)� ; b > = ((H � c)� )� (b) = (H � c)b

Lemma 2.2.7. We have that D a� [c] = (Dac)� : Moreover, given the anti-symmetric
operator H : E� ! E we have that

DH � [a](c) = � (DH [a](c� )) � ; where H � : E ! E� : (2.2.3)

Proof.

Da� [c](b) =
d
d�

a� [u + � c](b)

=
d
d�

Z
K (a[u + � c]; b)

=
Z

K (
d
d�

a[u + � c]; b)

=
Z

K (Dac;b)

= (Dac)� (b):

Now for the anti-symmetric operator H : E� ! E we have that

DH � [a](c) =
� d

d�
H � [u + � a]

�
(c)

=
d
d�

�
H � [u + � a](c)

�

= �
d
d�

�
H [u + � a](c� )

� �

= �
� d

d�
H [u + � a](c� )

� �

= �
�

DH [a](c� )
� �

:

�

Lemma 2.2.8. We do have that

1. DH [a](b� ) = DH b� [a] � H (Db� [a]);

2. DH � [a](b) = DH � b[a] � H � (Db[a])
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3. Dc� [a](b) = D c� (b) [a] � c� (Db[a]):

4. DS[a](a) = DSb[a] � S(Dba): For the operator S : E ! E� :

Proof.

Dc� (b) [a] =
d
d�

c� (u + � au)(b(u + � au)) j � =0

= Dc� [a](b) + c� (Db[a])

�

Lemma 2.2.9. For the operator H : E� ! E; the following identit y holds:

c�
�

DH [a]b�
�

= b�
�

(DH � [a](c)) �
�

:

Moreover if H is anti-symmetric we have that

c�
�

DH [a]b�
�

= � b� (DH [a](c� )) :

Proof. Firstly we have that

Dc� (H b� ) [a] = c� (DH b� [a]) + Dc� [a](H b� )

= c� (H (Db� [a])) + c� (DH [a](b� )) + Dc� [a](H b� ) (2.2.4)

Similarly we get that

D (H � c)b[a] = (H � c)(Db[a]) + DH � c[a](b)

= (H � c)(Db[a]) + H � (Dc[a])(b) + (DH � [a](c))( b) (2.2.5)

Applying (2.2.2) we seethat

c� (H b� ) = (H � c)b; Dc� [a](H b� ) = (Dc[a])� (H b� ) = (H � Dc[a])b;

and
c� (H (Db� [a])) = c� (H (Db[a])� ) = (H � c)Db[a]:

Hencethe two equations (2.2.4) and (2.2.5) yield the following identit y.

c� (DH [a](b� )) = (DH � [a](c))( b) = b�
�

(DH � [a](c)) �
�

:

Now if H is anti-symmetric, then (D H � [a](c)) � = � DH [a](c� ) by Lemma 2.2.7. �

Remark 2.2.10. Likewisewe can de�ne the adjoint of di�eren tial operator D a where
a 2 E as an operator D �

a : E ! E: Indeed we de�ne it as

< D �
ab; c > = < b; Dac > :
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Remark 2.2.11. Assuming that K is nondegenerate,then we can identify E� with E:
Henceif H : E� ! E is anti-symmetric, then the map H : E ! E satis�es H � = � H :

Lemma 2.2.12. Let m =
R

K (b; c) and a; b; c 2 E: Then

a � m =
Z

K (a; D �
bc+ D �

cb):

Proof. We compute

a � m =
Z

K (Dab; c) + K (b; Dac)

=
Z

K (Dba; c) + K (b; D ca) +
Z

K ([a; b]; c) + K (b; [a; c])

=
Z

K (a; D ?
bc) + K (D ?

cb; a)

=
Z

K (a; D ?
bc+ D ?

cb);

where we usedthe invariance of the Killing form. �

Corollary 2.2.13. d0m 2 E� for each m 2 ~A.

We can de�ne the Lie derivative of the operators betweenE and E� similarly to that
of the q-forms. For instance the Lie derivative of H : E� ! E is the map L aH : E� ! E
de�ned by L aH (b� ) = L a(H b� ) � H (L ab� ): Using the last lemma, we can write the Lie
derivative of all di�eren tial object in terms of the Fr�echet derivatives. In order to do
this we needthe following de�nition.

De�nition 2.2.9. Given the operator H : E ! F; the conjugate operator H y : F� ! E�

is de�ned as
(H y(f� ))( e) = f � (H e):

Lemma 2.2.14. The Lie derivative of the basic objects with respect to b 2 E are given
by the following formulas:

a 2 E; L ba = Dab � Dba; (2.2.6a)

� 2 E� ; L b� = D � h + D y
b� : (2.2.6b)

H : E� ! E; L bH = DH b � DbH � H D y
b; (2.2.6c)

I : E ! E� ; L bI = D I b + I Db + D y
bI ; (2.2.6d)

S : E ! E; L bS = DSb � DbS + SDb; (2.2.6e)

T : E� :! E� ; L bT = DT b + D y
bT � TD y

b; (2.2.6f)

Proof. 1. The �rst one is trivial.
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2. For the secondone, indeed we have

L b� (a) = L b(� (a)) � � (L ba)

= (D � b)(a) + � (Dab) � � (Dab � Dba)

= (D � b)(a) + � (Dba)

= (D � b)(a) + (D y
b� )(a)

Hencewe have that
L b� = D � b + D y

b� :

3. To prove third one we compute

L bH (� ) = L b(H � ) � H (L b� )

= DH � b � DbH � � H (D � b + D y
b� )

= DH b(� ) + H (D � b) � DbH � � H (D � b + D y
b� )

= DH b(� ) � DbH � � H (D y
b� )

Hencewe have that L bH (� ) = DH b � DbH � H D y
b:

4.

L bI (a) = L b(I a) � I (L ba)

= D I ab + D y
bI a � I (Dab � Dba)

= D I b(a) + I (Dab) + D y
bI a � I (Dab � Dba)

= D I b(a) + D y
bI a � I (Dba)

HenceL bI = D I b + D y
bI + I Db:

5.

(L bS)(a) = L b(Sa) � S(L ba)

= DSab � DbSa � S(Dab � Dba)

= DSb(a) + S(Dab) � DbSa � S(Dab � Dba)

= DSb(a) � DbSa + S(Dba)

Thus L bS = DSb � DbS + SDb:

6.

L bT(� ) = L b(T � ) � T(L b� )

= DT � b + D y
bT� � T(D � b + D y

b� )

= DT b(� ) + T(D � b) + D y
bT� � T(D � b + D y

b� )

= DT b(� ) + D y
bT� � T(D y

b� )

Therefore L bT = DT b + D y
bT � TD y

b:
�



2.3. Schoutenbracket 29

2.3 Schouten brac ket

In this section an e�ectiv e algebraic characterization of a Hamiltonian operator will be
given.

De�nition 2.3.1. The Schouten bracket [H ; H ] for the operator H : E� ! E is de�ned
as

[H ; H ](a� ; b� ; c� ) = (L H a� b� )(H c� ) + cycl:;

for a� ; b� ; c� 2 E� :

Notice that the Schouten bracket can be expressedin terms of Fr�echet derivatives:

Prop osition 2.3.1. For the antisymmetric operator H : E� ! E we have that

[H ; H ](a� ; b� ; c� )

= b� (DH [H a� ](c� )) + c� (DH [H b� ](a� )) + a� (DH [H c� ](b� ))

= < DH [H a� ](c� ); b > + < DH [H b� ](a� ); c > + < DH [H c� ](b� ); a > :

Proof. First notice that for a� ; b� ; c� 2 E� ; by de�nition we have

(L H a� b� )(H c� ) = H a� :b� (H c� ) � b� ([H a� ; H c� ])

= < H a� ; D �
bH c� + D �

H c� b > � < b; DH c� H a� � DH a� H c� >

= < DbH a� ; H c� > + < DH c� H a� ; b > � < b; DH c� H a� � DH a� H c� >

= < DbH a� ; H c� > + < b; DH a� H c� >

= < DbH a� ; H c� > + < b; DH [H c� ](a� ) > + < b; H (Da� [H c� ]) >

= < DbH a� ; H c� > + < b; DH [H c� ](a� ) > � < H b� ; Da[H c� ] > :

Now simply if we take cyclic permutation, then we get that

(L H a� b� )(H c� ) + cycl: = < b; DH [H c� ](a� ) > + cycl:

= b� (DH [H c� ](a� )) + cycl:

= [H ; H ](a� ; b� ; c� );

which proves the proposition. �

De�nition 2.3.2. For operator H : E� ! E and b� 2 E� we de�ne linear operator

DH b� : E ! E; by DH b� (a) = DH [a](b� ):

The operator DH b� is dual to the Fr�echet derivative in somesense.

Lemma 2.3.2. For an antisymmetric operator H : E� ! E; the Schouten bracket can
be expressedas image of 1� form of its own argument.

[H ; H ](a� ; b� ; c� ) = c�
�

� (DH b� )(H a� ) + (DH a� )(H b� ) � H ((DH b� )ya� )
�

:
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Proof. According to De�nitions 2.2.9 and 2.3.2, we have that

[H ; H ](a� ; b� ; c� )

= b� (DH [H a� ](c� )) + c� (DH [H b� ](a� )) + a� (DH [H c� ](b� ))

= b� (DH [H a� ](c� )) + c�
�

(DH a� )(H b� )
�

+ a�
�

(DH b� )(H c� )
�

= b� (DH [H a� ](c� )) + c�
�

(DH a� )(H b� )
�

+
�

(DH b� )ya�
�

(H c� ):

Now applying Lemma 2.2.9, we obtain that

[H ; H ](a� ; b� ; c� )

= � c� (DH [H a� ](b� )) + c�
�

(DH a� )(H b� )
�

+
�

(DH b� )ya�
�

(H c� ):

From the fact that H is antisymmetric, the Schouten bracket will take following form:

[H ; H ](a� ; b� ; c� )

= � c� ((DH b� )(H a� )) + c�
�

(DH a� )(H b� )
�

� c� (H ((DH b� )ya� ))

= c�
�

� (DH b� )(H a� ) + (DH a� )(H b� ) � H ((DH b� )ya� )
�

;

which is the desiredresult. �

In the following theorem, we give explicit criteria to decide whether an operator is
Hamiltonian in terms of Fr�echet derivatives.

Theorem 2.3.3. The anti-symmetric operator H : E� ! E is Hamiltonian according to
De�nition 2.1.6 if and only if [H ; H ] = 0:

Proof. First we prove that if [H ; H ] = 0 then im(H ) is closed,or im(H ) is a subalgebra
of E: From the vanishing of the Schouten bracket, the last lemma and nondegeneracy,
we have that

� (DH b� )(H a� ) + (DH a� )(H b� ) � H ((DH b� )ya� ) = 0:

Then we can compute the bracket of two elements of im(H ) as two elements of the Lie
algebra E:

[H a� ; H b� ]

= DH b� H a� � DH a� H b�

= DH [H a� ](b� ) + H (Db� [H a� ]) � DH [H b� ](a� ) � H (Da� [H b� ])

= H
�

Db� [H a� ] � Da� [H b� ]
�

+ DH b� (H a� ) � DH a� (H b� )

= H
�

Db� [H a� ] � Da� [H b� ]
�

� H ((DH b� )ya� )

= H
�

Db� [H a� ] � Da� [H b� ] � (DH b� )ya�
�

:
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Henceim(H ) is subalgebraof the Lie algebra E: Thus the bilinear map ! H is indeed a
2� form and we can compute its exterior derivative. Using the de�nition of action of E
on ~A; Lemmas2.2.2 and 2.2.8, we can prove that (seeAppendix A for the proof)

d2! H (a1; a2; a3) = [H ; H ](b�
1; b�

2; b�
3); ai = H b�

i ; i = 1; 2; 3:

Now the proof is complete. �

Remark 2.3.4. In Chapter 4 we come up with the operator H : E ! E: In fact H is
de�ned on a subspaceof E; but simply we can just de�ne the value of H on remaining
space,which is nothing but spn ; to be zero. This operator can be lifted to the operator
H : E� ! E; since we have identi�ed E� with E: In the other words, we have taken
a speci�c subspaceof C1(E; ~A). Hence we say that H : E ! E is Hamiltonian if the
related lifted operator H : E� ! E is Hamiltonian, that is the Schouten operator [H ; H ]
described in terms of Fr�echet derivative as in Proposition 2.3.1 would vanish. We will
discussthis in the next sections.

2.4 Symplectic operator

Let us now supposethat we have A� module M ; and so we can build a complex (
 ; d)
de�ned by the pair (A; M ): An speci�c exampleof which we will work later on would be
the pair (E; ~A): In this section we will consider linear operators of the form S : E ! E�

and de�ne the symplectic operator by de�ning a symplectic structure asfor Hamiltonian
operator and then we will give a criteria in term of Fr�echet derivatives for an operator
to be symplectic in the formal variational complex.

De�nition 2.4.1. The operator S : E ! E� is anti-symmetric if

(Sa)b = � (Sb)a for a; b 2 E:

Let us assume, throughout this section, that we have the nondegeneratepairing
betweenvector spaceE� and the Lie algebra E as de�ned in the previous section.

De�nition 2.4.2. The adjoint operator S� : E ! E� for the operator S : E ! E� is
de�ned due to the nondegeneracyof pairing as follows:

< S� b� ; a > = < b� ; Sa > � :

If operator S is anti-symmetric, then (Sa) � = � S� a� : This is easyto prove using non-
degeneracy. Indeed

< S� b� ; a > = < b� ; Sa > � = < b; (Sa) � > = (Sa)b

= � (Sb)a = < � (Sb) � ; a > :

De�nition 2.4.3. Supposethat S : E ! E� is a linear operator. Then we de�ne 2-form
! S on E by

! S(a; b) = (Sb)(a): (2.4.1)

It is clear that if S is anti-symmetric, so is ! S:
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De�nition 2.4.4. The anti-symmetric linear operator S : E ! E� is called symplectic
if the 2� form ! S is closed.

Lemma 2.4.1. For an anti-symmetric operator S : E ! E� ; we have that

d2! S(a; b; c) = L a(Sc)(b) + (cycl:) (2.4.2)

where (cycl.) meansterms with arguments cyclically permuted.

Proof.

d2! S(a; b; c) = a:! S(b; c) � b:! S(a; c) + c:! S(a; b)

� ! S([a; b]; c) + ! S([b; c]; b) � ! S([b; c]; a)

= a:Sc(b) + b:Sa(c) + c:Sb(a)

� ! S([a; b]; c) + ! S([b; c]; b) � ! S([b; c]; a)

= L aSc(b) + L bSa(c) + L cSb(a):

�

As in the setup of the Hamiltonian operator, the right hand side of (2.4.2) can be
formulated by de�ning a similar Schouten bracket [S;S] for the operator S : E ! E � :
That is

[S;S](a; b; c) = (L aSc)(b) + cycl:

Corollary 2.4.2. If the pairing is nondegenerate,then the anti-symmetric operator S
is symplectic if and only if the Schouten bracket [S;S](a; b; c); vanishesfor all a; b and c
in E:

The Schouten bracket for the operator S : E ! E� can be expressedin terms of
Fr�echet derivatives.

Lemma 2.4.3. For an anti-symmetric operator S : E ! E� ; we have that

[S;S](a; b; c) = L aSc(b) + cycl: = �
Z

K
�

DS� [a]c� ; b
�

+ cycl:

Proof. By De�nition 2.1.3 we get that

L aSc(b) = a:(Sc(b)) � (Sc)([a; b]) = a: < (Sc) � ; b > � (Sc)([a; b])

=
Z

K (a; D �
(Sc) � b + D �

b(Sc) � ) �
Z

K ((Sc) � ; Dba � Dab)

=
Z

K (D (Sc) � a; b) +
Z

K (Dba; (Sc) � ) �
Z

K ((Sc) � ; Dba � Dab)

=
Z

K (D (Sc) � a; b) +
Z

K ((Sc) � ; Dab)

= �
Z

K (DS� c� a; b) �
Z

K (S� c� ; Dab)

= �
Z

K
�

DS� [a]c� + S� (Dc� [a]); b
�

�
Z

K (S� c� ; Dab)

= �
Z

K
�

DS� [a]c� ; b
�

+
Z

K
�

Dca; S� b�
�

�
Z

K (S� c� ; Dab)
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Henceby taking cyclic permutation, onecan get rid of two last terms of last line, so that
we get the equality as stated. �

Remark 2.4.4. There is a similar observation as we explained in Remark 2.3.4. In fact
to prove that the operator S : E ! E is symplectic, we simply prove that the Schouten
bracket [S;S] described as in the last lemma vanishesusing the properties of the Killing
form and the Jacobi identit y.

2.5 Nijenh uis operator

The concept of Nijenhuis operator has been introduced into the theory of integrable
system in the work of Magri, Gelfand and Dorfman(see [14]) and under the name of
hereditary operators, in that of Fuchssteinerand Fokas, see[24],[23]. The de�ning rela-
tion for this operator wasoriginally found asa necessarycondition for an almost complex
structure to be complex, i.e., as an integrabilit y condition. Its important property is to
construct an abelian Lie algebras.

De�nition 2.5.1. The linear map N : E ! E is a Nijenhuis operator if

[N x; N y] � N [N x; y] � N [x; N y] + N 2[x; y] = 0 (2.5.1)

for any pair x; y 2 E:

In the local version, if u is dynamical symbol, then using the Fr�echet derivatives,the
condition (2.5.1) takes the form as in the following proposition.

Prop osition 2.5.1. In local version, linear map N : E ! E is Nijenhuis operator if and
only if

DN [N y](x) � DN [N x](y) + N (DN [x](y) � DN [y](x)) = 0: (2.5.2)

for any pair x; y 2 E:

Proof. For any pair x; y 2 E: we have that

[N x; N y] � N [N x; y] � N [x; N y] + N 2[x; y]

= DN yN x� DN xN y � N (DyN x� DN xy) � N (DN yx � DxN y)

+ N 2(Dyx� Dxy)

= DN [N x](y) + N (D yN x) � DN [N y](x) � N (D xN y)

� N (DyN x� DN [y](x) � N (D xy)) � N (DN [x](y) + N (D yx) � DxN y)

+ N 2(Dyx� Dxy)

= DN [N x](y) � DN [N y](x) + N (DN [y](x) � DN [x](y)) :

�
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The following theorem explain how one can construct an abelian Lie algebra out of
Nijenhuis operator. The proof can be found in [14], theorem 3.4.

Theorem 2.5.2. Let a 2 E be the symmetry of a Nijenhuis operator N ; i.e., L aN = 0:
Then all elements of N j a 2 E are symmetriesof N for all j; k > 0: If N is invertible, the
sameis true for all j; k 2 Z: Thesesymmetries commute.

An example of such an operator is given in Chapter 4. For more information, see
[51]. Good applications are [48], [38] and [47].



Chapter 3

Preliminaries of Geometry

3.1 Riemannian geometry

In this section we present all conceptsabout Riemannian manifolds that we need later
on. A manifold will be C1 � manifold. A good referencefor thesematters would be [53].

De�nition 3.1.1. Let U be a neighborhood of a point p on a C1 -manifold M. We
denote the ring of C1 -functions on U by C1 (U) and the spaceof derivations on C1 (U)
by X1 (U).

Lemma 3.1.1. The spaceX1 (U) is a Lie algebra.

Proof. Let X i ; i = 1; 2 be derivations, that is, X i (f g) = (X i f )g + f (X i g). The space
X1 (U) is an associative algebra, where the composition is given by (X � Y )( f ) =
X (Y (f )). This implies antisymmetry and the Jacobi identit y, when we de�ne [X ; Y ] =
X � Y � Y � X . One now has to show that the commutator is indeed a derivation. One
has

[X ; Y ]f g = (X � Y � Y � X )( f g)

= X (Y (f )g + f Y(g)) � Y (X (f )g + f X (g))

= X Y (f )g + Y(f )X (g) + X (f )Y (g) + f X Y(g)

� YX (f )g � X (f )Y (g) � Y (f )X (g) � f YX (g)

= X Y (f )g + f X Y(g) � YX (f )g � f YX (g)

= [X ; Y ](f )g + f [X ; Y ](g);

and this implies that [X ; Y ] 2 X1 (U). �

De�nition 3.1.2. A connection on a manifold M is an operator r : X1 (U) � X1 (U) !
X1 (U) which assignsto two C1 vector �elds X and Y with domain U; a third C1

vector �eld denoted by r X Y with the samedomain U; in such a way that the following
properties are satis�ed:

1. r X (Y + Z ) = r X Y + r X Z;

2. r X + W Y = r X Y + r W Y;

3. r f X Y = f r X Y;

35
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4. r X f Y = X (f )Y + f r X Y;

for any X ; W vectors at p 2 M; Y; Z smooth �elds and f a smooth function de�ned
on a neighborhood of p:

De�nition 3.1.3. We say an n� dimensionalmanifold M is a Riemannian manifold if M
is endowed with a symmetric and positive de�nite 2-covariant tensor �eld <; > , that is,
it is C1 (U)-bilinear. The tensor <; > is called the Riemannian metric of the manifold,
and it allows us to de�ne distances, length, angles, orthogonality, etc., in the natural
way. In particular, the length of a vector X is de�ned as

kX k =
p

hX ; X i :

De�nition 3.1.4. A Riemannian connection on a Riemannian manifold M is a connec-
tion r on M such that

1. r X Y � r Y X = [X ; Y ](the connection is torsion free ),

2. Z hX ; Y i = hr Z X ; Y i + hX ; r Z Y i ;
for all �elds X ; Y and Z with the common domain.

De�nition 3.1.5. The curvature tensor of a connection r is a tensor R that assignsto
each pair of vectors X ; Y at a point p a linear transformation R(X ; Y ) of the tangent
spaceto p; as TpM; into itself. After extending X ; Y and Z to smooth vector �elds on
U, R(X ; Y )Z is de�ned via the relation

R(X ; Y )Z = r X r Y Z � r X r Y Z � r [X ;Y ]Z: (3.1.1)

That this de�nes a tensor has to be proved. The value of this expressionis independent
of the way the vector �elds were extended.

De�nition 3.1.6. The torsion tensor of a connection r is de�ned by

T(X ; Y ) = r X Y � r Y X � [X ; Y ];

where X and Y are smooth vector �elds on U:

De�nition 3.1.7. The Riemann-Christo�el curvature tensor (of type (0; 4)) is the
4� covariant tensor

K (X ; Y; Z; W ) = hR(Z; W )Y; X i

for any X ; Y; Z; and W tangent vectors at p:

Riemannian curvature tensorshave the following properties:

Theorem 3.1.2. The following relations are true:

1. K (X ; Y; Z; W ) = � K (Y; X ; Z; W ) = � K (X ; Y; W; Z );
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2. K (X ; Y; Z; W ) = K (Z; W; X ; Y ):

De�nition 3.1.8. Giventwo independent vectorsX ; Y 2 TpM; the normalizedquadratic
form,

sec(X ; Y ) =
K (X ; Y; X ; Y )

hX ; X ihY; Y i � hX ; Y i 2 ;

is called sectional curvature of X ; Y: It can easily be checked that sec(X ; Y ) depends
only on the plane � spannedby X and Y; and so the sectional curvature is also called
K (� ); the Riemannian curvature of the plane section � :

De�nition 3.1.9. A Riemannian manifold M is said to have constant Riemannian cur-
vature { if the Riemannian curvature of all plane sectionsis the constant { :

Prop osition 3.1.3. The following properties are equivalent:

1. K (� ) = { for all 2-planesin TpM:

2. R(X ; Y )Z = { (hY; Z i X � hX ; Z i Y ) for any X ; Y and Z in TpM:

Corollary 3.1.4. Assumethe manifold M has certain constant Riemannian curvature.
Then

1. r X R = 0 along any direction determined by the vector �eld X . That is, the
Riemannian curvature tensor is parallel.

2. If Z is orthogonal to X and Y; then R(X ; Y )Z = 0:

3. If W is orthogonal to X and Y; then K (W; Z; X ; Y ) = 0 for any Z:

3.2 Cartan's moving frame metho d

This method wasintroducedby Elie Cartan at the beginningof last century . Cartan's in-
sight wasthat the local propertiesof a manifold equipped with a geometricstructure can
be very well understood if one knows how the framesof the tangent bundle (compatible
with the geometric structure) vary from one point of the manifold to another.

Let M be an arbitrary Riemannian manifold with metric h; i : We choose a local
orthonormal moving frame X = f ei j i = 1; : : : ; ng: Denote by (� i ) the dual coframe,i.e.,

� i (ej ) = � i
j :

Remark 3.2.1. Notice that the notion of \dual of frame" which is another frame is
de�ned as another frame Y = f f i j i = 1; : : : ; ng so that hei ; f j i = � ij : See[41] for more
discussionon this issue.

Lemma 3.2.2 (E. Cartan). On the Riemannian manifold M as above, there exists a
collection of 1-forms ! i

j uniquely de�ned by the requirements

(a) ! i
j = � ! j

i :
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(b) d� i = � j ^ ! i
j :

Proof. Uniqueness: Suppose! i
j satisfy the conditions mentioned above. Since

f � k j k = 1; : : : ; ng

form a basic for 1-forms and

f � j ^ � k j j; k = 1; : : : ; n and j < kg

a basic for 2-forms, there exist functions f i
j k and gi

j k such that

! i
j =

X

k

f i
j k � k ; and d� i =

X

j <k

gi
j k � j ^ � k ; gi

j k = � gi
kj ;

so that we have then

nX

j

� j ^ ! i
j =

nX

j;k =1

� j ^ f i
j k � k

= �
nX

j;k =1

f i
j k � k ^ � j

=
nX

j;k =1 ;j <k

(f i
j k � f kj )� j ^ � k

Then the condition (a) is equivalent to

(a1) f i
j k = � f j

ik

while (b) gives

(b1) f i
j k � f i

kj = gi
j k :

The above two relations uniquely determine the f 0s in terms of the g0s via a cyclic
permutation of the indices i; j; k as

f i
j k =

1
2

(gi
j k + gj

ki � gk
ij ): (3.2.1)

Existence: Consider the functions gi
j k de�ned by

d� i =
X

j <k

gj
j k � i ^ � k ; gi

j k = � gi
kj :

Next de�ne ! i
j = f i

j k � k where f 0s are given by (3.2.1). Then the forms ! i
j satisfy both

(a) and (b). �
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Let the matrix a be invertible, so that X :a is another moving frame and the dual
frame associated to this moving frame is simply

� X :a = a� 1� X ;

in which � X is the dual 1-forms as above associated to X : In the following lemma we
determine how 1-form ! behavesunder the changeof moving frame.

Lemma 3.2.3. We have that

! X :a = a� 1da + a� 1! X a; (3.2.2)

where ! X and ! X :a are unique 1-forms as in Lemma 3.2.2 associated to moving frames
X and X :a; respectively.

Proof. We compute

d(a� X :a) = da ^ � X :a + a:d� X :a

= da ^ (a� 1:� X ) + a:(� X :a ^ ! X :a)

= (da:a� 1) ^ � X � a:(! X :a ^ � X :a)

= (da:a� 1) ^ � X � a:(! X :a ^ a� 1� X )

= (da:a� 1) ^ � X � (a:! X :a:a� 1) ^ � X

= (da:a� 1 � a:! X :a:a� 1) ^ � X :

On the other hand from the fact a� X :a = � X ; we get that

d(a� X :a) = d� X = � X ^ ! X = � ! X ^ � X :

This implies that

da:a� 1 � a:! X :a:a� 1 = � ! X ; or ! X :a = a� 1:da + a� 1:! X :a:

�

We seethat the 1-form ! corresponding to the moving frame doesnot behave like a
tensor when we changethe coordinate system or moving frame.

De�nition 3.2.1. Cartan connection on a manifold M is an assignment of a matrix
valued 1-form ! to every moving frame such that (3.2.2) holds.

Lemma 3.2.4. Let r be the Levi Civita connection on Riemannian manifold M com-
patible with its metric and e0

i s and � 0s are asmentioned above and also! i
j be the 1-forms

as in Cartan's Lemma. Then
r ek ej = ! i

j (ek )ei :
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Proof. De�ne !̂ i
j by

r ek ej = !̂ i
j (ek )ei :

Sincethe connection is compatible, thus

0 = r ek hej ; el i (3.2.3)

= hr ek ej ; el i + hej ; r ek el i (3.2.4)

= ĥ! i
j (ek )ei ; el i + hej ; !̂ i

l (ek)ei i (3.2.5)

= !̂ l
j (ek) + !̂ j

l (ek); (3.2.6)

Hence!̂ l
j = � !̂ j

l :
The di�eren tial of � i can be computed in terms of the Levi-Civita connection and

we have that

d� i (ej ; ek ) = ej � i (ek) � ek � i (ej ) � � i ([ej ; ek ])

= � � i ([ej ; ek ])

= � � i (r ej ek) + � i (r ek ej )

= � � i (!̂ l
k(ej )el ) + � i (!̂ l

j (ek )el )

= !̂ i
j (ek ) � !̂ i

k(ej )

where the �rst equality follows from the fact that � i (ek )0s are constant and second
equality from the fact that r is torsion free connection. But we seethat

(� ^ !̂ ) i (ej ; ek ) = � l ^ !̂ i
l (ej ; ek )

= � l (ej )!̂ i
l (ek ) � � l (ek )!̂ i

l (ej )

= !̂ i
j (ek ) � !̂ i

k (ej ):

So
d� = � ^ !̂ :

Thus the !̂ 0s satisfy both condition (a) and (b) of Cartan lemma, sothat, by uniqueness,
we must have !̂ i

j = ! i
j : �

In other word, the lemma shows that o(n)� valued 1� form ! = (! i
j ) is the 1 form

associated to moving frame X via Levi-Civita connection r : In particular, as we show
in the following lemma, the 2-forms


 = d! � ! ^ ! ; � = d� � ! ^ � ; (3.2.7)

which are called Cartan curvature form and torsion form, respectively are the Rieman-
nian curvature and torsion tensor on the Riemannian manifold. Together the equations
(3.2.7) form the Cartan structure equation.

Lemma 3.2.5. 1. 
 i
k (el ; ej ) = hR(el ; ej )ek ; ei i :
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2. � l (ej ; ek ) = hT(ej ; ek); el i :
where R and T are curvature and torsion tensorsde�ned in (3.1.1) and (3.1.6).

Proof. By de�nition we have

R(el ; ej )ek = r el r ej ek � r ej r el ek � r [el ;ej ]ek

= r el !
i
k(ej )ei � r ej ! i

k (el )ei � r r el ej �r ej el ek

= + el (! i
k (ej ))ei + ! i

k(ej )! m
i (el )em

� ej (! i
k(el ))ei � ! i

k(el )!
m
i (ej )em

� (! i
j (el )!

m
k (ei )em � ! i

l (ej )! m
k (ei )em )

Hence

hR(el ; ej )ek ; ei i

= + el (!
i
k (ej )) + ! m

k (ej )! i
m (el )

� ej (! i
k (el )) � ! m

k (el )!
i
m (ej )

� (! m
j (el )! i

k (em ) � ! m
l (ej )! i

k (em ))

On the other hand, we have that


 i
k (el ; ej ) = (d! � ! ^ ! ) i

k (el ; ej )

= el (! i
k(ej )) � ej (! i

k(el )) � ! i
k([el ; ej ])

� ! m
k ^ ! i

m (el ; ej )

= el (!
i
k(ej )) � ej (! i

k(el )) � ! i
k(! m

j (el )em � ! m
l (ej )em )

� (! m
k (el )!

i
m (ej ) � ! m

k (ej )! i
m (el ))

= el (!
i
k(ej )) � ej (! i

k(el )) � (! m
j (el )!

i
k (em ) � ! m

l (ej )! i
k (em ))

+ ! m
k (ej )! i

m (el ) � ! m
k (el )!

i
m (ej )

= hR(el ; ej )ek ; ei i

Thus we obtain that

hR(el ; ej )ek ; ei i = (d! � ! ^ ! ) i
k(el ; ej ):

For the proof of the secondpart, seethe comprehensive book written by Michael Spivak
[64] volume I I. �

3.3 Ehresmann connection and Cartan geometry

We generalizethe idea of classicalCartan connection. The content of this sectioncan be
found in various references,Spivak's [64] and Kobayashi's [35] are comprehensive books,
Sharpe [63] describesthe Cartan generalization of Klein's Erlangen program.
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As in Euclideanspacethere is a natural way to parallel-translate and comparevectors
at di�eren t points, likewisein a general manifold a choice of a connection prescribes a
way of translating tangent vectors \parallel to themselves" and to intrinsically de�ne a
directional derivative.

In the caseof a principal bundle P with structure group G over a manifold M :

G //P

�
��

M

Weexplain the rule of a connectionwhenthinking of lifting a vector �eld v 2 TM to a
vector �eld ~v 2 TP in a unique way. For each p 2 P; let Gp bethe vector subspaceof TpP
consistingof all the vectorstangent to the vertical �b er. That is Gp = ker(d� (p)) � TpP
in which d� (p) : TpP ! T� pM :

The lifting of v will be unique if we require ~v(p) to lie in a subspaceof TpP comple-
mentary to Gp: A smooth and G� invariant choice of such a complementary subspaceis
called a Ehresmannconnection (Cf. [17]) on P: This leadsto the following de�nition.

De�nition 3.3.1. A connection on a principal bundle P is a smooth assignment of a
subspaceH p � TpP; for each p 2 P such that:

1. TpP = Gp � Hp;

2. Hgp = Tp(L g)Hp for each g 2 G; where L g is the left-translation in G and conse-
quently Tp(L g) : TpP ! TgpP:

Given a connection, the horizontal subspaceH p is mapped isomorphically by d� onto
T� pM : Therefore the lifting of v is the unique horizontal ~v which projects onto v: An
equivalent way of assigninga connection is by meansof a Lie algebra valued 1� form !
(Cartan connection). If X 2 g; let X y be the vector �eld on P induced by the action of
the 1� parameter subgroup etX : Since the action of G maps each �b er into itself, then
X y is tangent to the vertical �b er at each point, i.e., X 2 Gp: For each v 2 TpP; we
de�ne ! (v) as the unique X 2 g such that X y is equal to the vertical component of v:
It follows that ! (v) = 0 if and only if v is horizontal.

Prop osition 3.3.1. A Cartan connection 1� form ! has the following properties:

1. ! (X y) = X ;

2. L �
g! = Adg! for each g 2 G; in which Ad is adjoint representation of G.

The proof can be found in [35] and appendix A of [63].
Now we de�ne the Cartan geometry basedon the Ehresmann connection. Assume

here that H is a group with the Lie algebra h as subalgebraof g:

De�nition 3.3.2. A Cartan geometry � = (P; ! ) on M modeled on (g; h) with group
H consist of the following data:
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1. a smooth manifold M ;

2. a principal left H bundle P over M ;

3. a g� valued 1� form ! on P satis�es the following conditions:

(a) for each point p 2 P; the linear map ! p : TpP ! g is an isomorphism;

(b) (L h)� ! = Ad(h)! for all h 2 H ;

(c) ! (X y) = X for all X 2 h:

The g� valued form on P given by


 = d! +
1
2

[! ; ! ]

is called the curv ature . If � : g ! g=h is the canonical projection, then � (
) is called
the torsion . If 
 takes values in the subalgebrah; we say that the geometry is torsion
free.

De�nition 3.3.3. Let M is a connectedmanifold. Then Cartan geometry � = (P; � )
has constant curvature if 
 p(X p; Yp) is independent of p 2 P whenever the vector �elds
X and Y are ! � constant vector �elds.

That may also be expressedby saying that the curvature function

K : P ! Hom(C2(g=h); h); K (p) = 
 p(! � 1
p (u); ! � 1

p (v))

is constant.

De�nition 3.3.4. A Cartan geometry whosecurvature vanishesat every point is called

at .

Notice that while structure equation always holds for a Lie group, meaning that the
curvature of Maurer-Cartan form vanishes,not all Cartan geometry are 
at.

3.4 Homogeneous space, symmetric space

The material of this section is taken from [4] and [32]. A homogeneousspace of a
Lie group G is any di�eren tiable manifold P on which G acts transitiv ely, that is, for
p1; p2 2 M ; there is g 2 G so that g:P1 = p2: The subgroup

H = Hp0 = f g 2 G : g:p0 = p0g

is called the isotropy group at p0: It is a theorem that each such P can be identi�ed
with a cosetspaceG=H for somesubgroupH and that this H plays the rule of isotropy
group of somepoint.
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Let g; h be the Lie algebrasof G and H respectively, and let m be the vector space
complement of h in g: Then

g = h � m; [h; h] � h;

and m is identi�ed with the tangent spaceTp0 M of M = G=H at point p0: At the
moment we know nothing of [h; m] and [m; m]:

De�nition 3.4.1. When g satis�es the more stringent conditions:

g = h � m; [h; h] � h; [h; m] � m;

then M = G=H is called a reductive homogeneous space.

These spacespossesscanonically de�ned connection with curvature and torsion.
Evaluated at �xed point p0; the curvature and torsion tensorsare given purely in terms
of the Lie bracket operation on m :

(R(X ; Y )Z )p0 = � [[X ; Y ]h; Z ]; X ; Y; Z 2 m;

T(X ; Y )p0 = � [X ; Y ]m; X ; Y 2 m;

where subscript h and m refer to the component of [X ; Y ] in those vector subspaces.

De�nition 3.4.2. When g satis�es the conditions:

g = h � m; [h; h] � h; [h; m] � m;

[m; m] � h;

then g is called a symmetric algebra and G=H is a symmetric space.

For thesespacesthe above mentioned canonicalconnection is derived from a metric,
which is itself given by the restriction of the Killing form to m: Clearly this connection
is torsion free and curvature tensor is given as

(R(X ; Y )Z )p0 = � [[X ; Y ]; Z ]; X ; Y; Z 2 m:

For the symmetric spaceswith constant curvature, we do have that

� =
K (R(X ; Y )Y; X )

K (X ; X )K (Y; Y ) � K (X ; Y )2 = �
K ([[X ; Y ]; Y ]; X )

K (X ; X )K (Y; Y ) � K (X ; Y )2 ;

for X ; Y 2 m:

Remark 3.4.1. There also can be de�ned a Levi-Civita connection.

Remark 3.4.2. On p.518 of Helgason'sbook [32] there is a table of symmetric spaces.
Directly beneath this table those spaceswhich are Hermitian are listed.

Remark 3.4.3. The spaceSp(n + 1)=Sp(n) � Sp(1) is homogeneousspace. There we
have that m = g=h in which g = sp(n + 1) and h = sp(n) � sp(1): Moreover this spaceis
naturally reductive space.For de�nition see[4].
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Geometric metho d of In tegrable system

4.1 In tegrable system in Riemannian geometry

What follows is the description of a natural frame and natural formulae (in comparison
with the Fren̂et frame and the Fren̂et formulae) for any smooth curve on a Riemannian
manifold under somenondegeneracyconditions that follow from the construction.

Let 
 : U � R ! M bea smooth curveon a Riemannianmanifold M with Riemannian
connection r : From now on we will assumethat all vector �elds are de�ned on some
common open subset U: Let V (x) be the tangent �eld at x obtained by di�eren tiation
with respect to x (also called the velocity vector). We will naturally say that 
 is
parametrized by arclength whenever jV (x)j = 1 for all x in the domain of 
 : Assume
that 
 is nondegenerate,that is, V (x) 6= 0 for all x 2 U: We can then de�ne the �rst
vector in the natural frame, the unit tangent vector, as

e1(x) =
V(x)

jV (x)j
:

Now as is well known in di�eren tial geometry, we can construct the Fren̂et frame. More
explicitly , let the orthonormal basisf e1; e2; e3g along the curve be Fren̂et frame, that is,

0

@
e1

e2

e3

1

A

x

=

0

@
0 k1 0

� k1 0 k2

0 � k2 0

1

A

0

@
e1

e2

e3

1

A :

The matrix in this equation is called the Cartan matrix .
The construction of natural frame is due to the work of Bishop and Hasimoto. In

1975, Bishop, cf. [7] discovered the same transformation as Hasimoto [31] when he
studied the relation between two di�eren t frames to frame a curve in 3� dimensional
Euclidean space. In order to build up the natural frame, let us introduce the following
new basis

0

@
e1

f2

f3

1

A =

0

@
1 0 0
0 cos(� ) � sin(� )
0 sin(� ) cos(� )

1

A

0

@
e1

e2

e3

1

A ; � =
Z

k2:

Its frame equation is
0

@
e1

f2

f3

1

A

x

=

0

@
0 k1cos(� ) k1sin(� )

� k1cos(� ) 0 0
� k1sin(� ) 0 0

1

A

0

@
e1

f2

f3

1

A :

45
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We call the basis f e; f1; f2g the natural frame or parallel frame.
As a matter of fact, Hasimoto transformation is the one which converts the Fren̂et

frame into such a natural or parallel frame. This transformation is induced by a gauge
transformation, cf. [12, 72] where the Hasimoto transformation has been generalized
to arbitrary n� dimensional space. In the following de�nition we have formulated the
parallel frame for a curve embeddedin a n� dimensional Riemannian manifold.

De�nition 4.1.1. The natural orthonormal frame f ei ; i = 1; : : : ; ng is the frame satis-
fying the following equation which are called natural formulae.

8
<

:

r e1 e1 = �
P n

i=2 ki ei

r e1 ei = ki e1; i � 2;
(4.1.1)

In the matrix form we have
0

B
B
B
@

r e1 e1

r e1 e2
...

r e1 en

1

C
C
C
A

=

0

B
B
B
@

0 � k2 : : : � kn

k2 0 : : : 0
...

...
...

...
kn 0 : : : 0

1

C
C
C
A

0

B
B
B
@

e1

e2
...

en

1

C
C
C
A

:

De�nition 4.1.2. Suppose
 (s; t) is any oneparameter family of arclength parametrized
curvesembeddedin a Riemannian manifold, and let X be the vector �led X = 
 t : Then
X is locally arclength preserving if r 
 s X has no tangential component, i.e.,

hr 
 s X ; 
 si = 0:

Remark 4.1.1. The vector �eld X in the above de�nition is called Sym-Pohlmeyer �eld
in the literature, Seefor instance [43], [66] and [54].

In the following theorem, using the natural moving frame for the curves,we analyze
the correspondencebetweencurve evolution and natural curvature evolution by means
of a geometric recursionoperator. See[42, lemma in page81] and [49, theorem 2] in the
caseof Fren̂et moving frame.

Theorem 4.1.2. Let M be n� dimensional Riemannian manifold with constant curva-
ture { ; and let 
 (x; t) be family of curveson M satisfying a geometric evolution system
of equations of the form


 t = h1e1 + : : : + hnen ; (4.1.2)

where f e1; : : : ; eng is the natural frame of 
 ; and h1; : : : ; hn are arbitrary smooth func-
tions of the curvatures k2; : : : kn and their derivatives with respect to x. Assume that
x is the arclength parameter and that evolution (4.1.2) is arclength preserving, that is,
he1; e1i = 1: Then the curvatures k = (k2; : : : ; kn ) satisfy the evolution

k t = HI h � { h;
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where, if we denote by D x the total di�eren tiation operator with respect to x;

I = � Dx � D � 1
x (< k; : > )k ; H = D x + H1

in which

H1g = D � 1
x (kg t � gk t )k ; for g = (g2; : : : ; gn )t :

Proof. A short comment on the calculations to follow: Let us denotee1 = 
 x ; assuming
x to be arclength. Thesevectors are de�ned as the push-forward vectors of the vectors
@
@t

;
@

@x
; tangent to the domain of 
 ; through 
 : That is, if 
 : U � R2 ! M; then


 t = 
 �
@
@t

acting on functions as 
 t (f ) =
@
@t

f (
 (t; x)); likewise for x : meaning that

e1(f ) = 
 x (f ) =
@

@x
f (
 (t; x)) in which f is a function f : M ! R: Thus, by applying 
 t

or 
 x to functions de�ned along 
 ; we are indeed taking their derivativeswith respect to
t or x; respectively. If (4.1.2) is arclength preserving, thesetwo vectors will commute:

[
 x ; 
 t ] = 0;

since
@

@x
and

@
@t

commute and 
 � preservesLie bracket.

Now it follows from De�nition 3.1.4 of the Riemannian connection and the natural
formulae, that


 t hr e1 ei ; r e1 ei i = 2hr 
 t r e1 ei ; r e1 ei i

= 2hr 
 t r e1 ei ; ki e1i

= 2ki hr 
 t r e1 ei ; e1i ; (4.1.3)

for i = 2; : : : ; n: On the other hand we can write:


 thr e1 ei ; r e1 ei i = 
 t hki e1; ki e1i

= 
 t (k2
i )

= 2ki ki;t ; (4.1.4)

where we have denoted ki;t to 
 t (ki ): Observe that here is the �rst place we have used
the fact that curve is arclength-preserving,i.e., he1; e1i = 1:

Hence,using the de�nition of Riemannian curvature tensor, the Riemann-Christo�el
curvature tensor and the fact that e1 = 
 x and 
 t commute, the evolution of ki can be
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derived from (4.1.3) and (4.1.4) as follows.

ki;t = hr 
 t r e1 ei ; e1i

= hr e1 r 
 t ei + r [e1 ;
 t ]ei + R(
 t ; e1)ei ; e1i

= hr e1 r 
 t ei ; e1i + K (e1; ei ; 
 t ; e1)

= e1hr 
 t ei ; e1i � hr 
 t ei ; r e1 e1i + K (e1; ei ; 
 t ; e1)

= e1hr 
 t ei ; e1i � hr 
 t ei ; �
nX

l=2

kl el i + K (e1; ei ; 
 t ; e1)

= e1hr 
 t ei ; e1i +
nX

l=2

kl hr 
 t ei ; el i + K (e1; ei ; 
 t ; e1):

Let us denote hr 
 t ei ; ej i by ! j
i (
 t ) for i; j = 1; : : : ; n according to the Lemma 3.2.4

and Cartan's Lemma 3.2.2. Also let us denote by D x the total di�eren tiation with
respect to x; that is, D x = e1: Then the evolution for ki takes the form:

ki;t = Dx ! 1
i (
 t ) +

nX

l=2

kl ! l
i (
 t ) + K (e1; ei ; 
 t ; e1) (4.1.5)

In order to compute ! l
i (
 t ); we use�rst the fact that the connection is torsion free:

r 
 t e1 = [
 t ; e1] + r e1 
 t

= r e1 
 t

= r e1 (
nX

i =1

hi ei )

=
nX

i =1

e1(hi )ei +
nX

i =1

hi r e1 ei

= (Dx h1 +
nX

i =2

hi ki )e1 +
nX

i =2

(Dx hi � h1ki )ei (4.1.6)

Hencesincehei ; ej i = � ij ; so

0 = ! 1
1(
 t ) = hr 
 t e1; e1i = Dxh1 +

nX

i =2

hi ki ;

and
hr 
 t e1; ei i = ! i

1(
 t ) = Dxhi � h1ki for i = 2; : : : ; n:

Hencewe can solve the �rst equation and �nd h1 in term of h2; : : : ; hn ; as follows:

h1 = � D � 1
x (< k; h > ); where h = (h2; : : : ; hn )t : (4.1.7)
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Notice that the inner product here is just the natural inner product in Rn� 1:
Also we obtain that

hr 
 t e1; ei i = ! i
1(
 t ) = Dx hi � h1ki for i = 2; : : : ; n:

Hence! 1
i (
 t ) = � ! i

1(
 t ) = � Dxhi � D � 1
x (< k; h > )ki : We denote by I the operator

I := � Dx � D � 1
x (< k ; : > )k (4.1.8)

Now using again the properties of Riemannian connectionand Riemannian curvature
tensor we can compute the following expressionfor i; l � 2:

Dx ! i
i (
 t ) = e1hr 
 t ei ; el i

= hr e1 r 
 t ei ; el i + hr 
 t ei ; r e1 el i

= hr 
 t r e1 ei + R(e1; 
 t )ei ; el i + hr 
 t ei ; kl e1i

= hr 
 t (ki e1); el i + K (el ; ei ; e1; 
 t ) + kl hr 
 t ei ; e1i

= ki hr 
 t e1; el i + kl hr 
 t ei ; e1i + K (el ; ei ; e1; 
 t )

= ki ! l
1(
 t ) � kl !

i
1(
 t ) + K (el ; ei ; e1; 
 t ):

Hencewe simply have that

! 1
i (
 t ) = D � 1

x (ki ! l
1(
 t ) � kl !

i
1(
 t )) + D � 1

x (K (el ; ei ; e1; 
 t )) :

Thus, �nally , (4.1.5) leadsto

ki;t = Dx ! 1
i (
 t ) +

nX

l=2

D � 1
x (ki ! l

1(
 t ) � kl ! i
1(
 t ))kl (4.1.9)

+
nX

l=2

D � 1
x (K (el ; ei ; e1; 
 t ))kl + K (e1; ei ; D t ; e1): (4.1.10)

We usethe symbol H for the operator

H := Dx + H1 (4.1.11)

where
H1g = D � 1

x (kg t � gk t )k ; for g = (g2; : : : ; gn )t :

Now we simply write the equation for k t as follows.

k t = HI h +
nX

l=2

kl D
� 1
x (K (el ; e:; e1; 
 t )) + K (e1; e:; 
 t ; e1): (4.1.12)

Since the Riemann-Christo�el curvature tensor K in (4.1.12) is multilinear with re-
spect to C1 (M) in all its components), it is enough to compute K (e1; ei ; ej ; e1) and
K (el ; ei ; e1; ej ) for all i; l = 2; : : : ; n and j = 1; : : : ; n: We seethat

K (e1; ei ; ej ; e1) = K (ej ; e1; e1; ei ) = 0; for j 6= 1; i;
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sinceej then is perpendicular to e1 and ei : On the other hand

K (e1; ei ; ei ; e1) = � K (ei ; e1; ei ; e1) = � sec(ei ; e1) = � {

and
K (e1; ei ; e1; e1) = � K (e1; ei ; e1; e1) = 0:

Thus we have that

K (e1; ei ; ej ; e1) = � { � ij ; for i � 2; and j � 1:

Similarly for all i; l 6= 1 and j � 1; we have

K (el ; ei ; e1; ej ) = K (e1; ej ; el ; ei ) = 0:

Therefore the equation (4.1.12) becomesas follows:

k t = HI h � { h = Rh � { h: (4.1.13)

where the operator R is R = HI ; in which the operators I and H have beende�ned in
(4.1.8) and (4.1.11), respectively. �

Remark 4.1.3. The operator

P(h1e1 + h2e2 + : : : + h3e3) = (� D � 1
x < k; h > )e1 + h2e2 + : : : + h3e3

is called the renormalization operator in [43].

Remark 4.1.4. For related topics and similar constructions, see[74, 75, 61, 42].

Remark 4.1.5. Let us now take h = k x in Theorem 4.1.2. Then we obtain

k t = � k3 +
3
2

hk; k i k x � � k :

Indeed we have

I h = � k2x +
1
2

hk; k i k ; and H1I h = kxhk; k i � khk x ; k i :

Theorem 4.1.6. The operators H is Hamiltonian, that is, the Schouten bracket [H; H] =
0 and I is a symplectic operator. The operator R is thus a hereditary operator.

Proof. See[58]. �

Remark 4.1.7. For a curve 
 embeddedin a Riemannian manifold whosetangent space
embeddedin a Lie algebra it su�cse to be arclength-preserving,that

K (
 s; 
 s) = 1;

in which K is the Killing form of the Lie algebra.
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Remark 4.1.8. One could askwhat sort of geometricoperators and evolution equations
will comeup if we use the Fren̂et frame? The answer can be found in [49] for nonzero
curvature which would be a generalization of [42] in the caseof zero curvature. Brie
y
it was found that evolution of �; � (taken as k1; k2 here) with respect to time, takes the
form �

�
�

�

t
= P̂

�
h3

h1

�

where

P̂ =

0

B
@

� � Dx � Dx � D 2
x

1
�

Dx �
� 2

�
Dx + Dx �

Dx
1
�

D 2
x � Dx

� 2

�
+ �D x Dx (

�
� 2 + Dx

�
� 2 )Dx + � Dx + Dx �

1

C
A

+ {

0

B
@

0
1
�

Dx

Dx
1
�

0

1

C
A :

Notice the di�erence between the curvature of the curve � and sectional curvature { :
The division in 1=� is consequenceof having torsion free connection, see(4.1.6), and
solving the corresponding equations dividing by �: Instead we used nonlocal operator
D � 1

x as in (4.1.7). Then one can split the operator P̂ into the anti-symmetric operators
as below.

P̂ = B + D + E + { C;

in which

B =

0

B
@

� � Dx � Dx � �
� 2

�
Dx

� Dx
� 2

�
0

1

C
A ; D =

�
0 Dx �

�D x � Dx + Dx �

�
;

and

E =

0

B
@

0 D 2
x

1
�

Dx

Dx
1
�

D 2
x Dx (

�
� 2 + Dx

�
� 2 )Dx

1

C
A ; C =

0

B
@

0
1
�

Dx

Dx
1
�

0

1

C
A :

These operators form a quadruplet of compatible Hamiltonians and the Hamiltonian
pair P̂ and C givesa hereditary operator R 1 = P̂C � 1:

Now let us back to Theorem 4.1.2 and evolution of the curve 
 in Riemannian man-
ifold M: Corresponding to the natural frame f e1; : : : ; eng; let us denote Rn-valued dual
1-form � to � = (� 1; : : : ; � n): Then we have that

� (Dx ) = � (e1) = (1; 0; : : : ; 0); � (
 t ) = (h1; : : : ; hn ); (4.1.14)
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where 
 t =
P n

i=1 hi ei : Let us denote by D t the total di�eren tiation with respect to t;
that is, D t = 
 t : According to the Cartan Lemma 3.2.2, we do have that

r e1 ej = ! k
j (e1)ek :

This implies that if we let ! = (! j
i ) i;j ; then in the natural frame (4.1.1), we have that

! (e1) =

0

B
B
B
@

0 � k2 : : : � kn

k2 0 : : : 0
...

...
...

...
kn 0 : : : 0

1

C
C
C
A

: (4.1.15)

As in the proof of Theorem 4.1.2, we could �nd ! (D t ) = ! (
 t ) from the the curvature
of the Levi-Civita connection r and the fact that the connection is torsion free. Thus
we expect to obtain the sameequationsand geometric operator if we useCartan struc-
ture equations (3.2.7) as we discussedabove on the Riemannian manifold modeled on
Euclidean geometry. The Cartan structure equation applied to (e1; 
 t ) = (Dx ; D t ) gives
the following equations:


( Dx ; D t ) = (d! � ! ^ ! )(D x ; D t )

= Dx ! (D t ) � D t ! (Dx ) � ! ([Dx ; D t ])

� ! (Dx )! (D t ) + ! (D t )! (Dx )

= Dx ! (D t ) � D t ! (Dx ) � ! (Dx )! (D t ) + ! (D t )! (Dx );

since[Dx ; D t ] = 0: The torsion form � is as follows:

�( Dx ; D t ) = (d� � ! ^ � )(D x ; D t )

= Dx � (D t ) � D t � (Dx ) � T([Dx ; D t ])

� ! (Dx )� (D t ) + ! (D t )� (Dx )

= Dx � (D t ) � D t � (Dx ) � ! (Dx )� (D t ) + ! (D t )� (Dx ):

We usethe Cartan structure equations:
8
<

:


( Dx ; D t ) = Dx ! (D t ) � D t ! (Dx ) � ! (Dx )! (D t ) + ! (D t )! (Dx )

�( Dx ; D t ) = Dx � (D t ) � D t � (Dx ) � ! (Dx )� (D t ) + ! (D t )� (Dx ):
(4.1.16)

In the caseof Riemannian manifold, we have �( D x ; D t ) = 0:
Now we replacethe instanceof � (D x ); � (D t ) 2 Rn and ! (Dx ) 2 on as in (4.1.14) and

(4.1.15) into the Cartan structure (4.1.16) and keepthe matrix ! (D t ) asgeneralelement
of on which is to be computed. Let us take the matrix ! (D t ) as a generalelement of on

as

! (D t ) =
�

0 � m t

m M

�
; M 2 on� 1 and m t = (m2; : : : ; mn ):
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With respect to this representation, we write ! (D x ) as

! (Dx ) =
�

0 � k t

k 0

�
; k t = (k2; : : : ; kn ):

Similarly we write � (D x ) and � (D t ) as

� (Dx ) =
�

1
0

�
; � (D t ) =

�
h1

h

�
h t = (h2; : : : ; hn ):

Also we write


( Dx ; D t ) =
�

0 � r t

r R

�
R 2 on� 1 and r t = (r2; : : : ; r n ):

Then the Cartan structure equations (4.1.16) in components will be as follows.

Curvature part :
�

r = Dxm � D t k + Mk ;
R = DxM + km t � mk t (4.1.17a)

Torsion part :
�

0 = Dxh1 + hk; hi
0 = Dxh � kh1 + m

(4.1.17b)

where h; i is standard inner product on Rn� 1:
Now from the torsion part, we can solve the �rst equation 4.1.17band �nd that

h1 = � D � 1hk; hi :

Then the secondone can be solved for m as m = � D xh � kD � 1hk; hi = I h; where the
operator I = � D x � kD � 1hk; :i is exactly the operator described in (4.1.8) and proved
to be symplectic.

From the curvature part, we seethat

M = D � 1(mk t � km t ) + D � 1(R ):

This implies that

D t k = Dxm + M k � r

= Dxm + D � 1
x (mk t � km t )k + D � 1(R )k � r

= Hm + D � 1(R )k � r

whereH = D x + H1 is operator (4.1.11) which is proved to be Hamiltonian. Now similar
to the discussionat the end of the proof of Theorem 4.1.2,we obtain R = 0 and r = { h:
Therefore

D t k = Rh � { h;

in which
R = HI :
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Remark 4.1.9. If onecomparesthe computational e�orts of setting up a moving Fren̂et
frame and structure equations (Levi-Civita connection) just using the metric with the
Cartan formulation in terms of connection, the di�erence is striking: not only one can
not seewhat one is doing, but there is no needto seeit, sinceevery thing goesright by
construction, and the entities one writes down are automatically di�eren tial invariants.
See[59].

Remark 4.1.10. Onecanstart with the EuclideanLie algebrag = eucn (R) = on (R)n Rn

and h = on and assumethat ! is the Cartan connection in Euclidean geometry as a
Cartan geometry. Let us choose! (D x ) and ! (D t ) as follows.

! (Dx ) =

0

@
0 � k t 1
k 0 0t

0 0 0

1

A ; ! (D t ) =

0

@
0 � m t h1

m M h t

0 0 0

1

A :

Now if we write down the Cartan structure equation


( Dx ; D t ) = Dx ! (D t ) � D t ! (Dx ) + [! (D t ); ! (Dx )];

then we will �nd exactly the sameformula for evolution of k:

4.2 In tegrable system in (p,q)-Orthogonal geometry

We extend the idea of the last section in �nding the interaction betweengeometry in a
senseof Cartan and integrable system. The direct generalizationof Euclidean geometry
as an example of a Cartan geometry to the Riemannian geometry of signature p;q will
be de�ned as follows.

De�nition 4.2.1. Let

� p;q =
�

I p 0
0 � �I q

�
:

Then de�ne the orthogonal group of signature p;q by

Op;q(R) = f A 2 Glp+ q(R)jA� p;qA t = � p;qg:

The Lie algebra of this Lie group is

op;q(R) = f A 2 M p+ q(R)jA� p;q + � p;qA t = 0g:

Any elements of op;q(R) has the form
�

A B
C D

�
;

where A 2 M (p;p); B 2 M (p;q); C 2 M (q; p) and D 2 M (q; q) and that

A + A t = D + D t = 0; B t = �C :

The reasonwe use � in the de�nition of this Lie group is that we can keep trace of
the Riemannian caseand seehow is consistent with that of last sectionby taking � = � 1
and of courseto standard geometryof orthogonal group of signature p;q by taking � = 1:
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De�nition 4.2.2. The Riemannian geometry of signature p;q in a senseof Klein ge-
ometry, seeSharpe [63] de�nition 3.2., is described as a pair of Lie groups (G; H ) in
which

G = Op;q(R) n Rp+ q; H = Op;q(R):

Similar to the Riemanniancase,we �rst choosea moving frame namely parallel frame
and write the Cartan structure equation having Cartan connection ! with free torsion.
Notice that the Riemannian manifold M = G=H is assumedto have zero constant
curvature. The parallel moving frame is described as

! (Dx ) =
�

A0 B 0

C0 D 0

�
=

0

B
B
B
B
B
B
B
B
B
B
@

0 u1 : : : up� 1 up : : : up+ q� 1

� u1 0 : : : 0 0 : : : 0
...

...
...

...
...

...
...

� up� 1 0 : : : 0 0 : : : 0
�u p 0 : : : 0 0 : : : 0

...
...

...
...

...
...

...
�u p+ q� 1 0 : : : 0 0 : : : 0

1

C
C
C
C
C
C
C
C
C
C
A

;

as an element of op;q(R):

Remark 4.2.1. As in the Riemannian case,we consider x as arclength parameter, so
that the number of invariants are p + q � 1: In general this number is just dim(M) � 1:
In the sequel,we take this consideration into account.

Now let ! (D t ) be the matrix

! (D t ) =
�

A B
C D

�
;

in which the matrices A 2 M (p;p); B 2 M (p;q); C 2 M (q; p) and D 2 M (q; q); possess
the following properties:

A + A t = D + D t = 0; B t = �C :

As in the Riemannian case,let the torsion 1-form at D x and D t be

� (Dx ) = (1; 0; : : : ; 0; 0; : : : ; 0)t ;

� (D t ) = (h1; h2; : : : ; hp� 1; hp; : : : ; hp+ q)t ;

respectively.

Theorem 4.2.2. With the assumptions above, the Cartan struction equations as in
(4.1.16) gives the evolution of u t = (u1; : : : ; up+ q� 1) as below.

D t u = R(I �
p� 1;qh); R = HI ; (4.2.1)
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in which

h t = (h2; : : : ; hp+ q); I �
p� 1;q =

�
I p� 1 0

0 � �I q

�
;

and
H = Dx + H1; I = � Dx � uD � 1

x < u; : > pq;

where

H1w = (D � 1
x (w(I �

p� 1;qu)t � u(I �
p� 1;qw)t )u; for w t = (w1; : : : ; wp+ q� 1);

and
< u; h > pq= < u; I �

p� 1;qh > :

The inner product on the right hand side is the normal inner product on Rp+ q� 1:

Proof. Let us �rst compute the multiplication type terms in the Cartan structure equa-
tion (4.1.16) and �nd that ! (D t )� (Dx ) = (A11; A21; : : : ; Ap1; C11; : : : ; Cq1)t and

! (Dx )� (D t ) = (
p+ q� 1X

k=1

ukhk+1 ; � u1h1; � u2h1; : : : ; � up� 1h1; �u ph1; : : : ; �u p+ q� 1h1)t :

Now we use the Cartan structure equation applied to (D x ; D t ) as described in (4.1.16)
and obtain the following equationsof which the �rst group is concernedwith the curva-
ture part, and the secondone with the free torsion part.

Dx A i 1 + D t ui � 1 �
pX

k=2

A ik uk� 1 +
qX

k=1

B ik �u k+ p� 1 = 0; (4.2.2a)

for 1 < i � p;

Dx A ij + A i 1uj � 1 � A j 1ui � 1 = 0; for 1 < i; j � p (4.2.2b)

Dx B1j � D t up+ j � 1 �
pX

k=2

uk� 1Bkj �
qX

k=1

uk+ p� 1Dkj = 0; (4.2.2c)

for 1 � j � q;

Dx B ij + A i 1up+ j � 1 + ui � 1B1j = 0; (4.2.2d)

for 1 < i � p;1 � j � q;

Dx D ij + Ci 1up+ j � 1 � Cj 1up+ i � 1 = 0; for 1 � i; j � q: (4.2.2e)

Dxh1 �
p+ q� 1X

k=1

ukhk+1 = 0 (4.2.3a)

Dxhi + ui � 1h1 + A i 1 = 0 for 1 < i � p (4.2.3b)

Dxhi � �u i � 1h1 + C(i � p)1 = 0 for p + 1 � i � q + p (4.2.3c)

Now from (4.2.2d) and the fact that B 1j = �C j 1; we �nd that

B ij = � D � 1
x (A i 1up+ j � 1 + �u i � 1Cj 1):
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Also from Equations (4.2.2b) and (4.2.2e) we obtain

A ij = D � 1
x (A j 1ui � 1 � A i 1uj � 1); D ij = D � 1

x (Cj 1up+ i � 1 � Ci 1up+ j � 1):

Henceplugging A ij ; B ij and D ij into (4.2.2a) and (4.2.2c), one can derive the evolution
of ui � 1 for i = 2; : : : p and up+ j � 1 for j = 1; : : : q respectively as below:

D t ui � 1 = � DxA i 1 +
pX

k=2

A ik uk� 1 �
qX

k=1

B ik �u k+ p� 1

= � DxA i 1 +
pX

k=2

uk� 1D � 1
x (Ak1ui � 1 � A i 1uk� 1)

+
qX

k=1

�u k+ p� 1D � 1
x (A i 1up+ k� 1 + �u i � 1Ck1); (4.2.4)

D tup+ j � 1 = Dx B1j �
pX

k=2

uk� 1Bkj �
qX

k=1

uk+ p� 1Dkj

= �D xCj 1 +
pX

k=2

uk� 1D � 1
x (Ak1up+ j � 1 + �u k� 1Cj 1)

�
qX

k=1

uk+ p� 1D � 1
x (Cj 1up+ k� 1 � Ck1up+ j � 1): (4.2.5)

Hencethe evolution equation can be rewritten as follows:

D t u = � (Dx + H1)I �
p� 1;qw = � HI �

p� 1;qw; (4.2.6)

where w = (A21; : : : ; Ap1; C11; : : : ; Cq1)t :
Now (4.2.3a) of the torsion part givesus

h1 = D � 1
x (

p+ q� 1X

k=1

ukhk+1 ): (4.2.7)

Using the inner product de�ned on Rp+ q� 1 we can write h1 as h1 = D � 1
x < u; h >

in which h = (h2; : : : hp+ q)t : Also we can derive A i 1 for 1 < i � p and C(i � p)1 for
p + 1 � i � q+ p from the equations(4.2.3a) and (4.2.3a) of the torsion part as follows:

A i 1 = � Dxhi � ui � 1h1 for 1 < i � p;

C(i � p)1 = �u i � 1h1 � Dxhi for p + 1 � i � q + p:

Theseequationstogether with (4.2.7) give us the formulae for the vector w in terms
of h = (h2; : : : hp+ q)t as below:

w = � Dxh � I �
p� 1;quD � 1

x < u; h >;
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from which we simply �nd that

I �
p� 1;qw = � Dx I �

p� 1;qh � uD � 1
x < u; h >

= (� Dx � uD � 1
x < u; : > pq)( I �

p� 1;qh)

= I (I �
p� 1;qh)

Hencewe can write the evolution (4.2.6) as follows:

D tu = � (Dx + H1)I �
p� 1;qw

= � HI �
p� 1;qw

= HI (I �
p� 1;qh):

�

Let us replace h by the trivial symmetry u x ; and compute the evolution equation
(4.2.1). First we seethat

I (I �
p� 1;qux ) = � I �

p� 1;qu2x �
1
2

u < u; u > :

Then we �nd that

H1I (I �
p� 1;qux ) = u < ux ; u > � ux < u; u > :

Hencewe �nd the evolution equation:

D t u = � I �
p� 1;qu3x �

1
2

ux < u; u > � u < ux ; u >

u < ux ; u > � ux < u; u >

= � I �
p� 1;qu3x �

3
2

ux < u; u > :

This is well known mKDV equation type.

Theorem 4.2.3. The operators H; I and R are Hamiltonian, symplectic and hereditary
operator respectively.

Remark 4.2.4. Notice that the inner product < u; h > pq is nothing but the Killing
form of two speci�c matrices in the Lie algebra op;q(R); namely

0

@
0 û t ~u t

� u 0 0
� u 0 0

1

A ;

0

@
0 ĥ

t ~h
t

� h 0 0
� h 0 0

1

A ;

where for instance û t = (u1; : : : ; up� 1) and ~u t = (up; : : : ; up+ q� 1); likewisefor ĥ
t

and ~h
t
:

Remark 4.2.5. One can compare the operator H presented here and the one derived
in [58] in the caseof Riemannian geometry. In fact we do have that

Hw =
X

i<j

J 0
ij uD � 1 < J 0

ij u; w > pq;

in which J 0
ij = J ij I �

p� 1;q and (J ij )kl = � ik � j l � � il � j k :
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4.3 In tegrable system in symplectic geometry

We consider the group G = Sp(n + 2) over the division ring of quaternions H of all
invertible matrix in GL(n + 2; H) as de�ned in Chapter 1.

Now let H be the closedsubgroupSP(1) � SP(n + 1) of G: In fact SP(1) sits in the
�rst diagonal entry of G and SP(n + 1) sits in the diagonal block left. Let us denote
the Lie algebra of G by g and that of H by h: As is known in the literature, M = G=H
is then a smooth manifold. In fact M is the quaternionic projective spaceHPn� 1: For a
comprehensive reference,see[63].

Similar to the situation in Riemannian manifold [58], given a curve in M; we know
its tangent vectors D x and want to compute all possibleD t : Let ! be Cartan 1� form
with its valuesin the Lie algebrag: We make a speci�c choice of ! (D x ) and leave ! (D t )
as a generalelement of g: We seethat the dimension of M is equal to the dimension of
g=h which is easily computed to be 4n: With x taken to be the arc length parameter,
the dimension of the spaceof di�eren tial invariants in ! (D x ) describing the curve must
be one lessthe dimension of the manifold, that is, 4n � 1; seeRemark 4.2.1.

Instead of working on curvature and torsion separately, we can put them in one
picture. That meanswe can increasethe dimension by one and put � (D x ) in �rst row
of ! (Dx ): Following this schema, we will have ! (D t ) as generalelement of sp(n + 2):

Now let us choosea Cartan matrix ! (D x ) similar to that of the parallel coframe in
Riemannian geometry with proper dimension counting as follows:

! (Dx ) =

0

@
0 1 0t

� 1 u � u t

0 u 0

1

A ;

where ! (D x ) is taken as an element of sp(n + 2):

Remark 4.3.1. Important notice should be taken into consideration that u is purely
imaginary, and u 2 Hn� 1 following the fact that ! (D x ) is in sp(n + 2):

Remark 4.3.2. Other choicesof coframetend to destroy the scalar-vector character of
the analysisand complicate matters tremendously, which is oneof the main reasonswhy
the n-dimensional analysis using Fren̂et frames seemsto be out of reach.

We seethat this matrix is parametrized by 4n � 1 real parameters. Notice that here
we have taken the curvature and torsion part of Cartan form in one picture.

Now ! (D t ) must be a typical element of g which we write as follows:

! (D t ) =

0

@
m11 m12 � m t

1
m21 m22 � m t

2
m 1 m 2 M

1

A :

In the Riemannian case,if we usea parallel frame and assumeconstant curvature { ,
this can be taken zero and we still can derive all the geometricquantities. Therefore we
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have taken the curvature equal to zero. Hencethe Cartan structure equation evaluated
at the evolutionary vector �elds D x ; D t is as follows:

Dx ! (D t ) � D t ! (Dx ) + [! (D t ); ! (Dx )] = 0:

Before we explore the Cartan structure equation, let us de�ne somenotation. Com-
mutators of vectors and scalarsare de�ned by

Cu m 2 := hu; m 2i � hm 2; ui ; Cum22 := um22 � m22u;

where the inner product h�; �i is the Hermitian inner product. Right multiplication by
scalaru on vector h and left multiplication by vector u on scalarh arede�ned respectively
by

Ruh = hu; L u h = uh:

On the other hand, the anti-commutators on vector and scalar quantities are de�ned by

Au h = hu; hi + hh; ui ; Auh = uh + hu:

Now we explicitly write the components of the Cartan structure equation. Among
these equations, the four �rst equations are concernedwith the curvature and the last
three with the torsion. Theseequationsleadto evolution of the scalarinvariant u and the
vector invariant u as combination of geometric operators applied on the proper torsion
variables of ! (D t ) according to the proposition below, in which we have de�ned H1 as
the operator acting on vectors by

H1h =
�
D � 1

x (hu t � uh t )
�

u; (4.3.1)

where,for instance,hu t is the outer product of a vector and a covector, that is, a matrix.
As we have seenbefore,this operator appear also in the caseof Riemannian geometryof
signature p;q; seeTheorem 4.2.2. Hence,for instance, we can write Mu = H1m 2: when
we seein (4.3.2c) below.

Dxm11 � m12 � m21 = 0 (4.3.2a)

Dxm22 � D t u � Cum22 + Cu m 2 + m12 + m21 = 0 (4.3.2b)

Dxm 2 � D t u + Rum 2 + H1m 2 � L u m22 + m 1 = 0 (4.3.2c)

DxM � m 2u t + um 2
t = 0 (4.3.2d)

Dxm 1 � m 2 � um21 = 0 (4.3.2e)

Dxm12 + m11 � m22 + m12u � hm 1; ui = 0 (4.3.2f)

Dxm21 + m11 � m22 � um21 + hu; m 1i = 0 (4.3.2g)

Solving theseequations we obtain

Theorem 4.3.3. The evolution of di�eren tial invariants can be written in the form
�

D t u
D t u

�
= HI

�
m12 + m21

m 1

�
+ A

�
m12 + m21

m 1

�
; (4.3.3)
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where

H =
�

Dx � Cu Cu

� L u Dx + Ru + H1

�
; A =

�
(2Dx � Cu)D � 1

x 0
� L u D � 1

x I

�
;

and

I =

0

B
@

1
2Dx �

1
4

Cu �
1
4

AuD � 1
x

1
2Au

1
2Cu + 1

2uD � 1
x Au

� 1
2L u D � 1

x
1
2Au � 1

2L u Dx + 1
2L u D � 1

x Au

1

C
A :

Proof. We start with (4.3.2b) and (4.3.2c) to �nd the evolution
�

D t u
D t u

�
as presented

below.

�
D t u
D t u

�
=

�
Dx � Cu Cu

� L u Dx + R̂u + H1

� �
m22

m 2

�
+

�
m12 + m21

m 1

�

= H
�

m22

m 2

�
+

�
m12 + m21

m 1

�
: (4.3.4)

Now from (4.3.2f) and (4.3.2g) which are actually the torsion part, we obtain m11 � m22

in terms of m12; m21 and m 1. Hencein the evolution (4.3.4) we subtract and add m11

in a proper way.
�

D tu
D tu

�
= H

�
m22 � m11

m 2

�
+ H

�
m11

0

�
+

�
m12 + m21

m 1

�

= H
�

m22 � m11

m 2

�
+

�
Dx � Cu 0

� L u 0

� �
m11

m 1

�
+

�
m12 + m21

m 1

�

(4.3.5)

If we subtract (4.3.2f) from (4.3.2g), we deducethat

Dx (m21 � m12) = um21 + m12u � Au m 1:

Using the fact that 1
2Au(m12 + m21) = m12u + um21 we obtain that

m21 � m12 = D � 1
x (

1
2

Au(m12 + m21) � Au m 1): (4.3.6)

Taking the di�erence of (4.3.2f) and (4.3.2g), we derive an expressionfor m22 � m11:

m22 � m11 =
1
2

Dx (m12 + m21) +
1
2

Cu m 1 +
1
2

(m12u � um21):

Using the fact that m12u � um21 = � 1
2Cu(m12 + m21) + u(m12 � m21) and (4.3.6) enable

us to convert last equation to the following one.
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m22 � m11 =
1
2

Dx (m12 + m21) +
1
2

Cu m 1

�
1
4

Cu(m12 + m21) �
1
2

uD � 1
x (

1
2

Au(m12 + m21) � Au m 1):

On the other hand, we can write m21 as below.

m21 =
m21 � m12

2
+

m21 + m12

2

=
1
2

D � 1
x (

1
2

Au(m12 + m21) � Au m 1) +
m21 + m12

2
:

Henceby using (4.3.2e), we can express
�

m22 � m11

m 2

�
as follows.

�
m22 � m11

m 2

�

=

 
1
2Dx �

1
4

Cu � 1
2uD � 1 1

2Au
1
2Cu + 1

2uD � 1
x Au

� 1
2L u D � 1

x
1
2Au � 1

2L u Dx + 1
2L u D � 1

x Au

! �
m12 + m21

m 1

�

= I
�

m12 + m21

m 1

�
: (4.3.7)

Now from (4.3.2f) we obtain that

�
m11

m 1

�
=

�
D � 1

x 0
0 I

� �
m12 + m21

m 1

�
: (4.3.8)

The last step is to substitute the equations(4.3.7) and (4.3.8) in the evolution (4.3.5)
to prove the statement of the theorem:

�
D t u
D t u

�
= HI

�
m12 + m21

m 1

�

+
�

Dx � Cu 0
� L u 0

� �
D � 1

x 0
0 I

� �
m12 + m21

m 1

�
+

�
m12 + m21

m 1

�

= HI
�

m12 + m21

m 1

�

+
��

(Dx � Cu)D � 1
x 0

� L u D � 1
x 0

�
+

�
DxD � 1

x 0
0 I

� � �
m12 + m21

m 1

�

= HI
�

m12 + m21

m 1

�
+ A

�
m12 + m21

m 1

�
:

�



4.3. Integrable systemin symplectic geometry 63

Remark 4.3.4. Similar to Remark 4.2.4 in the Riemannian geometry of signature p;q;
if we apply the Killing form formula (1.4.1) in symplectic geometry, then we can seethat

m21 � m21 = D � 1
x (

1
2

Au(m12 + m21) � Au m 1)

= D � 1
x K (

0

@
0 0 0
0 u � u t

0 u 0

1

A ;

0

@
0 0 0
0 m12 + m21 � m t

1
0 m 1 0

1

A ):

Of courseup to someconstant coe�cien t.

Let us put
�

h
h

�
= A

�
m12 + m21

m 1

�
: Then we obtain

�
m12 + m21

m 1

�
= A� 1

�
h
h

�
; A� 1 =

�
Dx (2Dx � Cu)� 1 0
L u (2Dx � Cu)� 1 I

�
:

Hencethe evolution in the theorem takesthe following form:
�

D t u
D t u

�
= R

�
h
h

�
+

�
h
h

�
; R = HIA � 1: (4.3.9)

If we make the specialization
�

h
h

�
=

�
u1

u1

�
; where u1; u1 are the derivatives of u

and u with respect to x, respectively, then we obtain the noncommutativ e evolution
equations:

8
>>>><

>>>>:

ut =
1
4

u3 +
3
8

(� uu1u � uu2 + u2u) +
3
2

hu; ui u1 + hu; u1i u + 1
2uhu; u1i

+2uhu1; ui � 1
2hu1; ui u +

3
2

Cu u2;

u t = u3 +
3
2

u2u +
3
4

u1(u1 +
1
2

u2 + 2hu; ui ):

(4.3.10)

Remark 4.3.5. It is remarkable to seehow the procedurewill go if we choose

! (Dx ) =

0

@
� 1 0t

� 1 u � u t

0 u 0

1

A ; ! (D t ) =

0

@
m11 m12 � m t

1
m21 m22 � m t

2
m 1 m 2 M

1

A :

In this case,the Cartan structure equation on the manifold with zeroconstant curvature
leadsto the following evolution:

0

@
D t �
D t u
D t u

1

A =

0

@
Dx � C� 0 0

0 D � Cu Cu

0 � L u Dx + H + R̂u

1

A

0

@
m11 � m22

m22 � m11

m 2

1

A

+

0

@
(D � C� )m22

(D � Cu)m11

� L u m11

1

A +

0

@
� m12 � m21

m12 + m21

m 1

1

A :
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Then, with little e�ort, we realize that we can not solve theseequations. Therefore the
dimension of the gaugematrix is a criterium for the Cartan structure to be solved. The
problem remainswhy if we put u in entry (2; 2) of the gaugematrix instead of the entry
(1; 1) of this matrix, we succeedto �nd all the integrable properties, but not in entry
(1; 1). In other words, the choice of the frame work is so important that if we changeit
even very slightly, we will get either nasty extra nonlocal expressionwhich we can not
solve or trivial equations. Notice that in this sense,facing such problems, the situation
with the Lax method is the same.

Now we give the speci�c version of De�nition 2.2.6 for the pairing in the current
geometry.

De�nition 4.3.1. The pairing between
�

h
h

�
and

�
g
g

�
is de�ned by

h
�

h
h

�
;
�

g
g

�
i =

Z
K (�

�
h
h

�
; �

�
g
g

�
);

in which � is a sectionof g=h subject to the zeroconstant curvature condition into the
subspaceof the Lie algebra g generatedjust as the Cartan matrix ! (D x ): For instance,
one can take

�
�

h
h

�
=

0

@
0 0 0

0 h � h
T

0 h 0

1

A :

The adjoint of the operator P has beende�ned in (2.2.8). In the current geometry,
this de�nition reducesto:

h
�

h
h

�
; P

�
g
g

�
i = hP �

�
h
h

�
;
�

g
g

�
i :

Sincethe pairing is nondegenerate,P � is well-de�ned.

Example 4.3.1. We compute the adjoint operator of the operator A: We see that

A� =
�

D � 1
x (2Dx � Cu) D � 1

x Cu

0 I

�
: This can be done in a few steps. Let us put A1 =

�
Cu 0
0 0

�
: Then we compute its adjoint as follows.

h
�

h
h

�
; A1

�
g
g

�
i =

Z
K (

0

@
0 0 0

0 h � h
T

0 h 0

1

A ;

0

@
0 0 0
0 Cug 0
0 0 0

1

A )

=
Z

K (

 
h � h

T

h 0

!

;
�

Cug 0
0 0

�
) =

Z
K (

 
h � h

T

h 0

!

;
h�

u 0
0 0

�
;
�

g 0
0 0

� i
)

= �
Z

K (
�

g 0
0 0

�
;
h�

u 0
0 0

�
;

 
h � h

T

h 0

!
i
) = �

Z
K (

�
g 0
0 0

�
;
�

Cuh 0
0 0

�
)

= �
Z

K (
�

g � gT

g 0

�
;
�

Cuh 0
0 0

�
) = �h

�
g
g

�
; A1

�
h
h

�
i ;
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in which wehaveusedLemmas1.4.2and 1.4.3for someof the equalities. ThusA �
1 = � A1:

Now let us put A2 =
�

0 0
L u 0

�
: Hencewe have that

h
�

h
h

�
; A1

�
g
g

�
i =

Z
K (

0

@
0 0 0

0 h � h
T

0 h 0

1

A ;

0

@
0 0 0
0 0 � L u g

t

0 L u g 0

1

A )

=
Z

K (

 
h � h

T

h 0

!

;
�

0 � L u g
t

L u g 0

�
)

=
Z

K (

 
h � h

T

h 0

!

;
h�

0 � uT

u 0

�
;
�

g 0
0 0

� i
)

= �
Z

K (
�

g 0
0 0

�
;
h�

0 � uT

u 0

�
;

 
h � h

T

h 0

!
i
)

= �
Z

K (
�

g 0
0 0

�
;

 
� Cu h � uh

T

uh hu t � uh
t

!

)

= �
Z

K (
�

g 0
0 0

�
;
�

� Cu h 0
0 0

�
)

=
Z

K (
�

g � gt

g 0

�
;
�

Cu h 0
0 0

�
)

= h
�

g
g

�
; A�

2

�
h
h

�
i ;

whereA�
2 =

�
0 Cu

0 0

�
: Hereagain we have usedthe Lemmas1.4.2and 1.4.3and the fact

that the Killing form is invariant under adjoint action. Now it is clear that (D � 1
x )� =

� D � 1
x : Thus we have that

�
CuD � 1

x 0
0 0

� �

= (A1D � 1
x )� = (D � 1

x )� A�
1 = D � 1

x A1 =
�

D � 1
x Cu 0
0 0

�
:

Similarly we do have that
�

0 0
L u D � 1

x 0

� �

= (A2D � 1
x )� = (D � 1

x )� A�
2 =

�
0 � D � 1

x Cu

0 0

�
:

Henceit should be clear that

A� =
�

D � 1
x (2Dx � Cu) D � 1

x Cu

0 I

�
:

In the following proposition we show that there is a meaningful link between the
operator H and A:
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Prop osition 4.3.6. The following equality holds

AH = HA� :

Proof. It is simple multiplication of two matrix operator as follows.

AH � HA� =
�

(2Dx � Cu)D � 1
x 0

� L u D � 1
x I

� �
Dx � Cu Cu

� L u Dx + Ru + H1

�

�
�

Dx � Cu Cu

� L u Dx + Ru + H1

� �
D � 1

x (2Dx � Cu) D � 1
x Cu

0 I

�

=
�

2Dx � 3Cu + CuD � 1
x Cu (2Dx � Cu)D � 1

x Cu

� 2L u + L u D � 1
x Cu � L u D � 1

x Cu + Dx + Ru + H1

�

�
�

2Dx � 3Cu + CuD � 1
x Cu 2Cu � CuD � 1

x Cu

� 2L u + L u D � 1
x Cu � L u D � 1

x Cu + Dx + Ru + H1

�

= 0

�

Corollary 4.3.7. The operator H is antisymmetric as well as HA � , that is H� = � H
and (HA� )� = � HA� : Furthermore the operator I itself is also antisymmetric.

Proof. We decomposethe operator H into two operators and seperately prove that each

of them is antisymmetric. Let us denote the operator
�

0 0
0 Ru

�
by P1: Then we can

compute its adjoint as follows:

h
�

h
h

�
; P1

�
g
g

�
i =

Z
K (

 
h � h

T

h 0

!

;
�

0 � guT

gu 0

�
)

=
Z

K (

 
h � h

T

h 0

!

;
h�

0 � gT

g 0

�
;
�

u 0
0 0

� i
)

=
Z

K (
�

0 � gT

g 0

�
;
h�

u 0
0 0

�
;

 
h � h

T

h 0

!
i
)

=
Z

K (
�

0 � gT

g 0

�
;

 
Cuh hu

t

� hu 0

!

) =
Z

K (
�

0 � gT

g 0

�
;

 
0 hu

t

� hu 0

!

)

=
Z

K (
�

g � gT

g 0

�
;

 
0 hu

t

� hu 0

!

) = h
�

g
g

�
; � P1

�
h
h

�
i :

This indeed shows that P �
1 = � P1: Now put P2 =

�
0 0
0 H1

�
: Then using the notations

de�ned in section 4.4 and Lemmas4.4.1, we seethat
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h
�

h
h

�
; P2

�
g
g

�
i

=
Z

K (

0

@
0 0 0
0 h � h

t

0 h 0

1

A ;

0

B
@

0 0 0

0 0 � D � 1
x (gu t � ugt )u

t

0 D � 1
x (gu t � ugt )u 0

1

C
A )

= �
Z

K (

0

@
0 0 0
0 h � h

t

0 h 0

1

A ;

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ; D � 1
x � 0

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 g � �gt

0 g 0

1

A
ii

)

=
Z

K (
h

0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 h � h

t

0 h 0

1

A
i
;

D � 1
x � 0

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 g � �gt

0 g 0

1

A
i
)

= �
Z

K (D � 1
x

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 h � h

t

0 h 0

1

A
i
;

� 0

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 g � �gt

0 g 0

1

A
i
)

= �
Z

K (D � 1
x � 0

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 h � h

t

0 h 0

1

A
i
;

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 g � �gt

0 g 0

1

A
i
)

= �
Z

K (
h

0

@
0 0 0
0 u � �u t

0 u 0

1

A ; D � 1
x � 0

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 h � h

t

0 h 0

1

A
i i

;

0

@
0 0 0
0 g � �gt

0 g 0

1

A )

= �
Z

K (

0

B
@

0 0 0

0 0 � D � 1
x (hu t � uh

t
)u

t

0 D � 1
x (hu t � uh

t
)u 0

1

C
A ;

0

@
0 0 0
0 g � �gt

0 g 0

1

A ):
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The last expressionis nothing but h
�

g
g

�
; � P2

�
h
h

�
i : HenceP �

2 = � P2: Using the com-

putation in example 4.3.1 together with the two last identities shows that the operator
H is indeed antisymmetric.

In order to prove that the operator I is antisymmetric, having proved part of that,

let us �rst denote P3 =
�

0 0
0 L u D � 1

x Au

�
: Then we can compute its adjoint as follows:

h
�

h
h

�
; P2

�
g
g

�
i =

Z
K (

 
h � h

t

h 0

!

;

 
0 � L u D � 1

x Au g
t

L u D � 1
x Au g 0

!

)

=
Z

K (

 
h � h

t

h 0

!

;
�

0 � u t D � 1
x Au g

uD � 1
x Au g 0

�
)

=
Z

K (

 
h � h

t

h 0

!

;
�

0 � u t

u 0

�
):D � 1

x Au g

= �
Z

D � 1
x K (

 
h � h

t

h 0

!

;
�

0 � u t

u 0

�
):Au g

=
Z

(D � 1
x Au h):(Au g)

= �
Z

(D � 1
x Au h):K (

�
0 � u t

u 0

�
;
�

g � gt

g 0

�
)

= �
Z

K (
�

0 � u t D � 1
x Au h

uD � 1
x Au h 0

�
;
�

g � gt

g 0

�
)

= h
�

g
g

�
; � P2

�
h
h

�
i :

Therefore P �
2 = � P2: Now it should be clear that I is antisymmetric. �

Theorem 4.3.8. The operator N = A is indeed a Nijenhuis operator. That is, the
Nijenhuis tensor vanishes.

Proof. According to De�nition 2.5.1, we have to prove that the identit y (4.3.11) holds:

DN [N  ](' ) � DN [N ' ]( ) + N (DN [' ]( ) � DN [ ](' )) = 0 (4.3.11)

for any pair of vector �elds ';  2 X(M ): In our speci�c case,the ' and  take the

following form: ' =
�

p
p

�
;  =

�
q
q

�
:

Here we are given N ' =
�

(2Dx � Cu)D � 1
x p

� L u D � 1
x p + p

�
: Now we compute the Fr�echet deriva-

tiv e of N as follows and useit later on with di�eren t arguments

DN [ ](' ) =
�

� CqD � 1
x 0

� L qD � 1
x 0

� �
p
p

�
=

�
� CqD � 1

x p
� L qD � 1

x p

�
:
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Now we seethat

DN [N  ](' ) � DN [N ' ]( )

=

 
� C(2D x � Cu )D � 1

x qD � 1
x p

� L � L u D � 1
x q+ qD � 1

x p

!

�

 
� C(2D x � Cu )D � 1

x pD � 1
x q

� L � L u D � 1
x p+ p D � 1

x q

!

=

 
� C(2D x � Cu )D � 1

x qD � 1
x p + C(2D x � Cu )D � 1

x pD � 1
x q

� L � L u D � 1
x q+ qD � 1

x p + L � L u D � 1
x p+ p D � 1

x q

!

:

On the other hand we obtain

DN [' ]( ) � DN [ ](' ) =
�

� CpD � 1
x q

� L p D � 1
x q

�
�

�
� CqD � 1

x p
� L qD � 1

x p

�

=
�

� CpD � 1
x q + CqD � 1

x p
� L p D � 1

x q + L qD � 1
x p

�
:

Hencewe get that

N
�

DN [' ]( ) � DN [ ](' )
�

=

0

@
(2Dx � Cu)D � 1

x

�
� CpD � 1

x q + CqD � 1
x p

�

� L u D � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�
+ (� L p D � 1

x q + L qD � 1
x p)

1

A

Now �rst we prove that the scalar part or the �rst component of expression

DN [N  ](' ) � DN [N ' ]( ) + N (DN [' ]( ) � DN [ ](' ))

in (4.3.11) vanishes:

� C(2D x � Cu )D � 1
x qD � 1

x p + C(2D x � Cu )D � 1
x pD � 1

x q

+(2 Dx � Cu)D � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�

= � C(2D x � Cu )D � 1
x qD � 1

x p + C(2D x � Cu )D � 1
x pD � 1

x q

+2( � CpD � 1
x q + CqD � 1

x p) � CuD � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�

= � 2CqD � 1
x p + CCu D � 1

x qD � 1
x p + 2CpD � 1

x q � CCu D � 1
x pD � 1

x q

+2( � CpD � 1
x q + CqD � 1

x p) � CuD � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�

= + CCu D � 1
x qD � 1

x p � CCu D � 1
x pD � 1

x q � CuD � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�

Jacobi id= CuCD � 1
x qD � 1

x p � CuD � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�

= CuD � 1
x DxCD � 1

x qD � 1
x p � CuD � 1

x

�
� CpD � 1

x q + CqD � 1
x p

�

= CuD � 1
x

�
CqD � 1

x p � CpD � 1
x q

�
� CuD � 1

x

�
� CpD � 1

x q + CqD � 1
x p

�

= 0;
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We have usedoncethe Jacobi identit y as

+ CCu D � 1
x qD � 1

x p � CCu D � 1
x pD � 1

x q = CuCD � 1
x qD � 1

x p:

We manipulate the secondcomponent (vector part) as follows:

� L � L u D � 1
x q+ qD � 1

x p + L � L u D � 1
x p+ p D � 1

x q

� L u D � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�
+ (� L p D � 1

x q + L qD � 1
x p)

= � L � L u D � 1
x qD � 1

x p + L � L u D � 1
x pD � 1

x q � L u D � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�

= L u (CD � 1
x qD � 1

x p) � L u D � 1
x

�
� CpD � 1

x q + CqD � 1
x p

�

= L u D � 1
x Dx (CD � 1

x qD � 1
x p) � L u D � 1

x

�
� CpD � 1

x q + CqD � 1
x p

�

= L u D � 1
x

�
CqD � 1

x p � CpD � 1
x q

�
� L u D � 1

x

�
� CpD � 1

x q + CqD � 1
x p

�

= 0;

In which again we have usedthe Jacobi identit y this time as follows:

� L � L u D � 1
x qD � 1

x p + L � L u D � 1
x pD � 1

x q = L u (CD � 1
x qD � 1

x p):

This is nothing but the Jacobi identit y for the following three elements of sp(n + 2) :
0

@
0 0 0
0 0 � u t

0 u 0

1

A ;

0

@
0 0 0
0 D � 1

x p 0
0 0 0

1

A and

0

@
0 0 0
0 D � 1

x q 0
0 0 0

1

A :

�

Remark 4.3.9. Notice that operator A is not recursionoperator, consequently it is not
invariant under the 
o w.

Remark 4.3.10. Such an operator A appearedas"Starting operator" in Fokas-Santini's
papers[60] and [21] wherethey give the recursionoperator and bi-Hamiltonian structure
in multidimensional equations.

Remark 4.3.11. Since N = A is invertible, so by [14, proposition 3.2], the operator
A� 1 itself is Nijenhuis operator.

In the light of Theorem 4.3.8, the operator R can be written as

R = HIA � 1

= (HA� )(A� 1� IA � 1):

This decomposition of the operator R is the key to �nd Hamiltonian and symplectic
operator. In fact the main result of this chapter is the next theorem presenting these
facts. In the next section we expresstheseoperator in terms of the Lie bracket, Killing
form and someprojections and in the Chapter 6 we will prove the theorem in detail.
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Theorem 4.3.12. The operatorsH and HA � areHamiltonian operatorsand the operator
A� 1� IA � 1 is symplectic.

Remark 4.3.13. Theorems 4.3.8 and 4.3.12 show that the manifold M = G=H is en-
dowed with a so called `Poisson-Nijenhuis structure' as is de�ned in [48]. We will not
go further in this direction. For more information, the reader is referred to the works of
Magri, as presented in for instance [47] and [38].

Remark 4.3.14. Notice that we can decomposethe entry in the �rst column and �rst
row of H: One can write

(Dx + Ru)(2Dx � Cu)� 1(Dx � L u)

= (Dx +
Au � Cu

2
)(2Dx � Cu)� 1(Dx �

Au + Cu

2
)

= (
Au

2
+

2Dx � Cu

2
)(2Dx � Cu)� 1(�

Au

2
+

2Dx � Cu

2
)

=
1
2

Dx �
1
2

Au(2Dx � Cu)� 1 1
2

Au �
1
4

Cu

=
1
2

Dx �
1
2

uD � 1
x

1
2

Au �
1
4

Cu

Remember that the operator actson purely imaginary arguments. Then the last equality
follows from (2D x � Cu)� 1 = 1

2(Dx � 1
2Cu)� 1 and (Dx � 1

2Cu)� 1 acting on real valued
function givesD � 1

x acting on the samefunction, aswell asAu acting on the real functions
givestwice acting u on the samefunction. Indeed the result of action A u on a imaginary
valued function is real function. Therefore the operator (2D x � Cu)� 1 = 1

2(Dx � 1
2Cu)� 1

acting on this real function would yield 1
2D � 1

x action on the same real function, for
assumethat f is the real function and (D x � 1

2Cu)� 1f = g: Then f = (D x � 1
2Cu)g:

Since Cug is imaginary, hencewe do have that D xg0 = f where g0 is the real part of
g: Thus (D x � 1

2Cu)� 1f = g0: One can seethis from the expansionof (D x � 1
2Cu)� 1 as

well. Indeed (D x � 1
2Cu)� 1 = D � 1

x + 1
2D � 1

x CuD � 1
x + :::: HenceCuD � 1

x f = 0: Therefore
we have that (D x � 1

2Cu)� 1f = D � 1
x f :

Also notice that Au acting on the real function f is equal to 2uf :
This decomposition indicates that if we put u = 0; then geometricoperators, Hamil-

tonian, symplectic and recursion operators, will reduce to the ones that appeared in
[30].

4.4 Geometric operators in the form of Lie brac ket, Killing
form and pro jections

In the method we are using, the only tools we have are the Lie algebra and the Cartan
geometry, hencewe expect to be able to write the geometricoperators H and I in terms
of the Lie bracket, the Killing form and proper projections. In this sensefor instance
seeRemark 4.3.4. Also as one can seein the proof of Theorem 4.3.8, we could use the



72 Chapter 4. Geometric method of Integrable system

Jacobi identit y for the matrices in the Lie algebrasp(n + 2) which in fact are projections
of bigger matrices.

Let us de�ne the projections � 0 and � 1 as follows:

� 0

0

@
m11 0 0

0 m22 � �m t
2

0 m 2 M

1

A =

0

@
0 0 0
0 0 0
0 0 M

1

A ;

and

� 1

0

@
m11 0 0

0 m22 � �m t
2

0 m 2 M

1

A =

0

@
0 0 0
0 m22 � �m t

2
0 m 2 0

1

A :

In the following lemma, we give the Lie algebraic form of the operator H1 de�ned as
in (4.3.1).

Lemma 4.4.1.

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ; D � 1
x � 0

h
0

@
0 0 0
0 u � �u t

0 u 0

1

A ;

0

@
0 0 0
0 m22 � �m t

2
0 m 2 0

1

A
ii

=

0

@
0 0 0
0 0 � �u tD � 1(� u �m t

2 + m 2 �u t )
0 � D � 1(� u �m t

2 + m 2 �u t )u 0

1

A :

Proof. The proof just follows from computing the Lie bracket of the elements of the Lie
algebra sp(n + 2): �

Let û and m̂2 be the projection of ! (D x ) and ! (D t ) over the Lie subalgebra h;
respectively as well as â and m̂1; the projections of ! (D x ) and ! (D t ) over the vector
spaceg=h which itself is indeedthe dual orthogonal of h with respect to the Killing form.
In other words

û =

0

@
0 0 0
0 u � �u t

0 u 0

1

A ; â =

0

@
0 1 0

� 1 0 0
0 0 0

1

A ;

and

m̂2 =

0

@
m11 0 0

0 m22 � �m t
2

0 m 2 M

1

A ; m̂1 =

0

@
0 m12 � �m t

1
m21 0 0
m 1 0 0

1

A :

Now let us de�ne the projections � 0 and � 1 on the diagonal and o�diagonal of the
image of � 1 as follows:

� 1

0

@
0 0 0
0 m22 � �m t

2
0 m 2 0

1

A =

0

@
0 0 0
0 m22 0
0 0 0

1

A
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and

� 0

0

@
0 0 0
0 m22 � �m t

2
0 m 2 0

1

A =

0

@
0 0 0
0 0 � �m t

2
0 m 2 0

1

A :

We give someidentities which in fact are interactions of projections � 0; � 1 and � 1:

Prop osition 4.4.2. For every matrix q̂ in the image of � 1; we have that

1. ( 1
2 � 1 + � 0)� 1ad2

aq̂ = � q̂:

2. � 1adâadûadâq̂ = � adû � 1q̂ � � 1ad� 0 û � 0q̂;

The following theorem describeshow we can expressthe geometricoperator in terms
of Lie algebraicnotions, such asKilling form, adjoint representation and the projections.

Theorem 4.4.3. The evolution of the û following the Cartan structure equation on
M = G=H can be expressedas

ût = ĤÎ m̂0 + Âm̂0;

in which the Lie algebra form Î of geometric operator I and Â of Nijenhuis operator A
appearsas

Ĥ = Dx � � 1adû � adûD � 1
x � 0adû ;

Î = �
1
2

ûD � 1
x K (û; :) � (

1
2

� 1 + � 0)� 1adâ(Dx � adû)adâ� 1(
1
2

� 1 + � 0);

Â = � 0 + 2� 1 � adûD � 1
x � 1:

Proof. From the curvature part or in fact the equations (4.3.2b),(4.3.2c) and (4.3.2d)
and the previous lemma, we simply �nd that

ût = Ĥ(� 1m̂2) + m̂0; m̂0 = � 1adâm̂1;

Now the torsion part gives the following matrix equation:

adâ(m̂2) = (Dx � adû)m̂1: (4.4.2)

Since ad2
â 6= �I for any � 2 R; we can not solve equation (4.4.2) in the usual way.

Therefore the existenceof the Nijenhuis operator A plays a crucial rule in the symplectic
geometry. Notice that in the Riemannian casewe do have ad2

â = � I :
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In order to get rid of this di�cult y, we do as follows:

ût = Ĥ

0

@
0 0 0
0 m22 � m11 � �m t

2
0 m 2 0

1

A + Ĥ

0

@
0 0 0
0 m11 0
0 0 0

1

A + m̂0

=

0

@
0 0 0
0 m22 � m11 � �m t

2
0 m 2 0

1

A + (Dx � � 1adû )

0

@
0 0 0
0 m11 0
0 0 0

1

A + m̂0

= Ĥ

0

@
0 0 0
0 m22 � m11 � �m t

2
0 m 2 0

1

A +
�

(2Dx � adû)D � 1
x � 1 + � 0

�
m̂0

= Ĥ

0

@
0 0 0
0 m22 � m11 � �m t

2
0 m 2 0

1

A + Âm̂0: (4.4.3)

Now the matrix
0

@
0 0 0
0 m22 � m11 � �m t

2
0 m 2 0

1

A

can be expressedin terms of m̂2 and consequencelyin terms of m̂1 using the identit y
(4.4.2) as follows:

0

@
0 0 0
0 m22 � m11 � �m t

2
0 m 2 0

1

A = � (
1
2

� 1 + � 0)� 1ad2
am̂2

= � (
1
2

� 1 + � 0)� 1ada(Dx � adû)m̂1: (4.4.4)

Sincem21 � m12 = D � 1
x K (û; m̂0); thus the matrix m̂1 can be written in terms of m̂0 as

follows.

m̂1 =

0

B
B
@

0
m12 � m21

2
0

m21 � m12

2
0 0

0 0 0

1

C
C
A

+

0

B
B
@

0
m12 + m21

2
� �m t

1
m21 + m12

2
0 0

m 1 0 0

1

C
C
A

= �
1
2

âD � 1
x K (û; m̂0) + adâ(

1
2

� 1 + � 0)m̂0:
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Hencewe identify the operator Î as follows:

0

@
0 0 0
0 m22 � m11 � �m t

2
0 m 2 0

1

A = � (
1
2

� 1 + � 0)� 1adâ(Dx � adû)m̂1

= � (
1
2

� 1 + � 0)� 1adâ(Dx � adû)
�

�
1
2

âD � 1
x K (û; m̂0) + adâ(

1
2

� 1 + � 0)m̂0

�

= �
1
2

(
1
2

� 1 + � 0)� 1adâ(adû â)D � 1
x K (û; m̂0)

� (
1
2

� 1 + � 0)� 1adA (Dx � adû)adA (
1
2

� 1 + � 0)m̂0

= +
1
2

(
1
2

� 1 + � 0)� 1(ad2
âû)D � 1

x K (û; m̂0)

� (
1
2

� 1 + � 0)� 1adA (Dx � adû)adA (
1
2

� 1 + � 0)m̂0

= �
1
2

ûD � 1
x K (û; m̂0) � (

1
2

� 1 + � 0)� 1adA (Dx � adû)adA (
1
2

� 1 + � 0)m̂0

= �
1
2

ûD � 1
x K (û; m̂0) � (

1
2

� 1 + � 0)� 1adA (Dx � adû)adA � 1(
1
2

� 1 + � 0)m̂0

= Î ;

in which we have usedthe fact that ( 1
2 � 1 + � 0)� 1(ad2

âû) = � û by applying the previous
lemma. In the last line, we add � 1 at end to have symmetrizedexpression,sinceit would
not changeanything.

Thus replacing the last equation into the evolution (4.4.3), we get that

ût = ĤÎ m̂0 + Âm̂0:

�

Remark 4.4.4. Similar results have been derived in the general caseof Riemannian
symmetric spacesin [2]. The Author has given a de�nition of parallel frame basedon
the choice of â: It seemsthere is a gap if we compare two result. Indeed if we chooseâ
as we have chosenhere, then ! (D x ) will be determined according to his set up and that
is not what we have. This needsfurther research.

Remark 4.4.5. This is exactly the Poisson operator in [69, 1.13] which in general
is de�ned on Hermitian symmetric spaces. See also [70, 68]. The equation (4.4.2)
corresponds to the � coe�cien t of Lax representation, seeChapter 5.

Remark 4.4.6. For the related topics and similar construction, see[36, 74, 75, 61],
and also [42]. For instance in [43], the authors apply a method of Sym and Pohlmeyer,
[66, 54], to the Fordy-Kulish generalizednonlinear Schrodinger systemsassociated with
Hermitian symmetric spaces[22]. Furthermore in [43], the authors givesalso an appro-
priate specialization in the context of the symmetric spaceSO(p + 2)=SO(p) � SO(2)
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which yields evolution equationsfor curvesin Rp+1 and Sp; with natural curvatures sat-
isfying a generalizedmKDV system. In fact this example is related to the constructions
of Doliwa and Santini and illuminates certain features of the latter.

Remark 4.4.7. The rule of A operator is very much similar to that of interwining
operator Z de�ned as in [43, p. 166]. That is

Z (Y ) = adA (Ad � Y)

for Y as Sym-Pohlmeyer �eld and is proved that

Z RY = ( ~R � � )Z Y; RY = �P ([T; asY]); ~RY = (as � adQa� 1
s adQ)adA

in which P is de�ned as
P(B ) = f a� 1

s [Q; Bm ] + Bm g:

There R and P are called respectively geometric recursion operator and renormalization
operator. Seethe next section for the Lie algebraic form of recursion operator H which
is exactly of the form ~R:



Chapter 5

Lax represen tation of an in tegrable
system

5.1 Theory of Lax metho d

It is well known that most of the integrable nonlinear partial di�eren tial equations,

ut = F (t; x; u; ux ; : : : ; unx );

admit a Lax representation,
L t = [A; L ];

in which L; A are linear di�eren tial operators. Originally, the subject is due to the
discovery by Gardner, Greene, Miura and Kruskal in [25] that the eigenvalues of the
Schr•odinger operator are integrals of the Korteweg-de Vries equation. At the same
time, Lax presented a general principle for associating nonlinear evolution equations
with linear operators so that the eigenvalues of the linear operator are integrals of the
nonlinear equation, see[44]. To have a simple picture of the Lax construction, let B be
someHilb ert spaceof functions, for instancea spaceof smooth functions, chosenso that
the function u(t) lies in B : We recall from functional analysis that a Hilb ert spaceis a
vector spacewith an inner product so that there can be de�ned a norm on the space
and in addition it is complete. Supposethat to each function u 2 B ; we can associate
a self adjoint operator L = L u over someHilb ert space,

u ! L u ; (5.1.1)

with the following property: If u changeswith t subject to the equation

ut = K (u);

the operatorsL(t); which alsochangewith t; remain unitary equivalent. If this is the case,
then eigenvaluesof L u constitute a set of integrals for the equation under consideration.
The unitary equivalenceof the operators L(t); mentioned above, meansthat there is a
one-parameterfamily of unitary operators U(t) such that

U(t) � 1L(t)U(t); (5.1.2)

is independent of t: This fact can be expressedby setting the t derivative of (5.1.2) equal
to zero:

� U � 1Ut U � 1LU + U � 1L t U + U � 1LU t = 0: (5.1.3)

77
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As a matter of fact, Stone'stheorem [65], says that a one-parameterfamily of unitary
operators on a Hilb ert spacesatis�es a di�eren tial equation of the form

Ut = AU (5.1.4)

where A(t) is an antisymmetric operator. Conversely, every solution of (5.1.4) with
A � = � A is a one-parameterfamily of unitary operators.

Now substituting (5.1.4) into (5.1.3) we obtain

L t = AL � LA = [A; L ]: (5.1.5)

If u satis�es the equation ut = K (u); then L t can be expressedin terms of u; and all
that remains to verify is that equation (5.1.5) has an antisymmetric solution A: That
means that the unitary equivalence of the operators L(t) is nothing but �nding the
antisymmetric solution A for (5.1.5), which is called the Lax representation.

The drawback of this method is that it requires one to guesscorrectly the relation
(5.1.1) betweenthe function u and the operator L: What we will do later on is that we
take the operator L depending to speci�c function u; then we will proceedby choosing
proper operator, or ansatz, A; so that the Lax representation (5.1.5) hold from which
we �nd the evolution equation.

To put somelight on the subject, let us consider the Schr•odinger operator

L = D 2 +
1
6

u:

Then L t is multiplication by
1
6

ut : Thus we have to �nd an antisymmetric operator A

whosecommutator with L is multiplication. To obtain a nontrivial result, let us choose
A1 = D 3 + aD + Da: The coe�cien t a is to be chosen. Now we have

[A1; L ] = (
1
2

ux � 4ax )D 2 + (
1
2

uxx � 4axx )D +
1
6

uxxx � axxx +
1
3

aux :

Clearly, to eliminate all but the zero order terms we have to choose

a =
1
8

u:

With this choice, [A1; L ] is multiplication by

1
24

(uxxx + uux ):

Setting A = 24A1; we verify that

[A; L ] = K (u);

where K (u) = ut is KDV equation

ut + uxxx + uux = 0:
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Later on, Drinfel'd and Sokolov in [16], showed that given the operator

L = Dx + a� + q(x; t); (5.1.6)

where � is the so called spectral parameter , q belongsto a Lie algebrasg; and a is a
constant element of g; one can construct an operator A =

P n
i=0 pi � i such that the Lax

representation L t = [A; L ] is equivalent to the evolution equation of the form

qt = F (q; qx ; qxx ; : : :): (5.1.7)

The method given in [16], which is basedon bringing the operator L to diagonal form,
allows one to constructively build, in addition to the A operator, the higher symmetries
and integrals (conservation laws) for (5.1.7). The construction of [16], can be generalized
to the caseof L operators of a more general form:

L = Dx + a� n+1 +
nX

i = � m

qi (x; t)� i :

In this chapter, we set up the method of Drinfel'd and Sokolov developed in [16] and
[29]. The proofsherewill be basedon normal form theory for �ltered Lie algebras. Then
we will specializeto the caseof the symplectic Lie algebra.

De�nition 5.1.1. The Lie algebrag =
L

i 2 Z gi is called Z-graded if gi are vector space
such that [gi ; gj ] � gi + j where i; j 2 Z: It is clear that g0 is a subalgebraof g:

Let us consider a Z� graded Lie algebra g =
L

i 2 Z gi and an Lax operator of the
form

L = D + � + q(x; t); q 2 g0: (5.1.8)

Here � 2 g1 satisfy the condition

g = ker(ad� ) � im(ad� ): (5.1.9)

Indeed the condition 5.1.9 is an assumtion on �:
Now let us de�ne Fn =

Q 1
i= n egi whereegi = g� i : Then Fn is a �ltration. Let us denote

� by � � 1 which by de�nition must be in F� 1:

Lemma 5.1.1. Any element Z of the Lie algebra can be written as

Z = [� � 1; X ] + Y; (5.1.10)

where Y 2 ker(ad� � 1 ) and X 2 im(ad� � 1 ): Moreover if Z 2 Fn then Y 2 Fn and
X 2 Fn+1 :



80 Chapter 5. Lax representation of an integrable system

Proof. By decomposition there exist Z (1) 2 ker(ad� � 1 ) and Z (2) 2 g such that Z =
Z (1) + [� � 1; Z (2) ]: Applying decomposition for Z (2) ; we �nd Z (2) = X (1) + X (2) with
X (1) 2 ker(ad� � 1 ) and X (2) 2 im(ad� � 1 ): Hence[� � 1; Z (2) ] = [� � 1; X (2) ]: Now we just
take X = X (2) :

Now supposeZ 2 Fn : Then [� � 1; X ]; Y 2 Fn : Assumethat X 6= 0 and k is lowest
order that X 2 Fk and X k 2 egk is lowest nonzeroterm of it. Then [� � 1; X k ] 2 egk� 1 \ Fn :
Now if k � 1 < n; Then it follows that [� � 1; X k ] must be zero, i.e X k 2 ker(ad� � 1 ):
On the other hand X 2 im(ad� � 1 ) and henceX k 2 im(ad� � 1 ): Thus X k 2 ker(ad� � 1 ) \
im(ad� � 1 ) = 0 which is in contradiction with the assumption that X k is lowest nonzero
term of X : Hencewe concludethat k � 1 � n; and so X 2 Fk � Fn+1 : �

Lemma 5.1.2. Let us de�ne the following maps

Fk=Fk+1
� k

� 1! Fk� 1=Fk
� k � 1

� 1! Fk� 2=Fk� 1:

Now we have that
Fk� 1=Fk = ker(� k� 1

� 1 ) � im( � k
� 1):

Proof. We seethat

ker(� k� 1
� 1 ) = f Z + Fk jZ 2 Fk� 1; [� � 1; Z ] 2 Fk� 1g;

and if Z k� 1 is �rst term of Z; then that meansthat [Z k� 1; � � 1] = 0: Also we have that

im(� k
� 1) = f Z + Fk j9X 2 Fk such that Z � [� � 1; X ] 2 Fkg:

This meansthat Z k� 1 = [� � 1; X k ]: Now supposeZ 2 Fn ; Then by the generaldecom-
position there exist Y 2 ker(ad� � 1 ) and X 2 im(ad� � 1 ) such that Z = Y + [� � 1; X ]: It
is clear that Y; [� � 1; X ] 2 Fn : Hence

Z + Fn+1 = Y + Fn+1 + [� � 1; X ] + Fn+1 :

Obviously [� � 1; Y ] = 0 2 Fn ; henceY + Fn+1 2 ker(� n� 1
� 1 ): Now supposeX 2 Fk : If

k � n + 1 then X 2 Fn+1 : Hence

[� � 1; X ] � [� � 1; X ] = 0 2 Fn+1 :

Thus [� � 1; X ] + Fn+1 2 im(� n
� 1): Therefore

Z + Fn+1 = Y + Fn+1 + [� � 1; X ] + Fn+1 ;

in which Y + Fn+1 2 ker(� n� 1
� 1 ) and [� � 1; X ] + Fn+1 2 im(� n

� 1): Now supposek < n + 1
and X = X̂ + ~X in which ~X 2 Fn+1 : But then

[� � 1; X ] + Fn+1 = [� � 1; X̂ ] + [� � 1; ~X ] + Fn+1 :
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Now since[� � 1; X ]; [� � 1; ~X ] 2 Fn and that [� � 1; X̂ ] 2 Fk� 1 � Fn� 1 so

[� � 1; X̂ ] = 0:

Thus
[� � 1; X ] + Fn+1 = [� � 1; ~X ] + Fn+1 :

Again [� � 1; ~X ] � [� � 1; ~X ] = 0 2 Fn+1 in which ~X 2 Fn+1 : Therefore [� � 1; ~X ] + Fn+1 2
im(� n

� 1): Hence
Z + Fn+1 = Y + Fn+1 + [� � 1; ~X ] + Fn+1 ;

in which Y + Fn+1 2 ker(� n� 1
� 1 ) and [� � 1; ~X ] + Fn+1 2 im(� n

� 1): �

Now wegivea secondproof of Lemma5.1.1usingthe previouslemma: Let usSuppose
that Zk� 1 2 Fk� 1: Then by the previous lemma we have that

Zk� 1 + Fk = Yk� 1 + Fk + Wk� 1 + Fk ;

whereYk� 1 + Fk 2 ker(� k� 1
� 1 ) and Wk� 1+ Fk 2 im(� k

� 1): ThereforeW � [� � 1; X k ] 2 Fk in
which X k 2 Fk and [� � 1; Yk� 1] 2 Fk� 1: Here we can supposethat X k 2 Fk \ im(ad� � 1 ).
On the other hand, we have that [� � 1; Y k� 1

k� 1 ] = 0: Hence

Zk� 1 + Fk = Yk� 1 + [� � 1; X k ] + Fk = Y k� 1
k� 1 + [� � 1; X k ] + Fk :

Thus
Zk� 1 = Y k� 1

k� 1 + [� � 1; X k ] + Ẑk :

Similarly we have
Ẑk = Y k

k + [� � 1; X k+1 ] + Ẑk+1 ;

where again [� � 1; Y k
k ] = 0 and X k+1 2 Fk \ im(ad� � 1 ): Hencewe get that

Zk� 1 = Y k� 1
k� 1 + Y k

k + ::: + [� � 1; X k + X k+1 + ::::] = Y + [� � 1; X ]:

So is clear that Y 2 Fk� 1 \ ker(ad� � 1 ) and X 2 Fk \ im(ad� � 1 ):

Remark 5.1.3. In the notation of [56], L 0 = D + � � 1 + q(0) is in F0
1 and u1 2 F1

0: In
generalL = D + � � 1 + q 2 F0

1 and u 2 F1
0 and L 0 = D + � � 1 + h 2 F0

1 and L 0 and L are
in the sameequivalenceclassand L 0 is normal form for that class. For more information
about normal form theory, see[56].

The following proposition ( [29]) plays a key rule in constructing an integrable equa-
tion using a Lax pair.

Prop osition 5.1.4. There exist an element u =
P 1

1 ui ; ui 2 im(ad� � 1 ) \ egi ; and h =P 1
0 hi ; hi 2 ker(ad� � 1 ) \ egi such that

eadu L = D + � � 1 + h:
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Proof. The claim is that for each n 2 N [ f 0; � 1g there exist

un 2 Fn \ im(ad� � 1 ); and q(n) 2 ker(ad� � 1 ) \ F0 + Fn ;

such that
eadu n (L n ) = L n+1 ; where L n = D + � � 1 + q(n) :

When n = � 1 then we take u� 1 = 0 2 F0 \ im(ad� � 1 ) then L � 1 = L 0 = D + � � 1 + q(� 1)
with q(� 1) = q(0) = q 2 F0 � F0 + ker(ad� � 1 ) \ F0: Now supposethe statement holds for
n: Then by assumption we can write

q(n) = q(n) + yn ;

where q(n) 2 ker(adad� 1 ) \ F0 and yn 2 Fn : Now by semisimpledecomposition

yn = yn + [� � 1; un+1 ];

where yn 2 kerad� � 1 \ Fn � kerad� � 1 \ F0 and un+1 2 Fn+1 \ im(ad� � 1 ) by Lemma
5.1.1. It follows that

D + � � 1 + q(n+1) = eadu n +1 (D + � � 1 + q(n))

= D + � � 1 + q(n) + [un+1 ; � � 1] mod Fn+1

= D + � � 1 + q(n) + yn mod Fn+1 :

Hence
q(n+1) = q(n) + yn mod Fn+1 :

This indeed meansthat q(n+1) 2 kerad� � 1 \ F0 + Fn+1 : Thus the proof of the induction
statement is complete. By the Campbell-Baker-Hausdor� formula there exist

eu(n) 2 F1 \ im(ad� � 1 );

such that

e
adeu ( n ) L 0 = eadu n eadu n � 1 : : : eadu 0 L � 1 = L n = D + � � 1 + q(n) :

Sincein our case
T

Fn = 0; it follows that in the limit n ! 1 one has

ead~u 1 (D + � � 1 + q) = D + � � 1 + q1 :

�

Notice that according to [29], we are supposedto chooseA+ ; A� in such a way that

g = A+ � A� ; and A� � ker(adA� ):

Now lets set

g+ =
M

i> 0

gi + A+ ; g� =
M

i< 0

gi + A� : (5.1.11)

We usegrading and not �ltering from now on. The next result shows that L t and [A+
� ; L ]

sit in the samespace.We show this in more generalform of Lax operator asbelow. One
can seethat the previous theorem holds in this caseas well.
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Prop osition 5.1.5. Consider the Lax operator L = D + A � n+1 +
P n

i= � m qi � i and let
� be a constant from the center of subalgebraker(ad� (� n +1 ) );

A � = e� adu � ; and A+
� = (e� adu � )+ ;

where \+" denotesthe projection onto g+ parallel to g� : Then [A+
� ; L ] 2

P n
i = � m gi :

Proof. We have

[e� adu � ; L ] = [e� adu � ; e� adu (D + � n+1 + h)] = e� adu [� ; D + � n+1 + h]

= e� adu (� � x + [� ; � n+1 ] + [� ; h]) = e� adu (0) = 0;

using the assumption that � is in the center of K er(ad� n +1 ) and that � � (n+1) ; hi 2
K er(ad� n +1 ): Hence

[(e� adu � )+ ; L ] = � [(e� adu � )� ; L ]:

Now [(e� adu � )+ ; L ] sits in
P 1

� m gi and [(e� adu � )� ; L ] in
P n

�1 gi ; hence[(e� adu � )+ ; L ]
sits in intersection spacewhich is

P n
� m gi : Indeed if e� adu � =

P 1
�1 X i + X � +

P 1
1 X i +

X + where X i 2 gi ; X � 2 A� and X + 2 A+ ; then we have that

[(e� adu � )+ ; L ] = [
1X

1

X i + X + ; L ]

=
1X

1

(� X i;x + [X i ; � n+1 ] +
nX

j = � m

[X i ; qj ]) � X + ;x + [X + ; � n+1 ]

+
nX

j = � m

[X + ; qj ]

2
1X

� m

gi ;

and

[(e� adu � )� ; L ] = [
� 1X

�1

X i + X � ; L ]

=
� 1X

�1

(� X i;x + [X i ; � n+1 ] +
nX

j = � m

[X i ; qj ]) � X � ;x + [X � ; � n+1 ] +
nX

j = � m

[X � ; qj ]

=
� 1X

�1

(� X i;x + [X i ; � n+1 ] +
nX

j = � m

[X i ; qj ]) � X � ;x

+
nX

j = � m

[X � ; qj ]

2
nX

�1

gi ;
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using the fact that A � � ker(ad� n +1 ): Hence[(e� adu � )+ ; L ] 2
P n

� m gi :
�

Proof. second pro of : Here L = D + � � (n+1) + q where q 2 F� n=F(m+1) : Let us de�ne
a few notations. We denote Fk=Fk+1 by Gk and Gk + ::: + Gl by Hl

k where k < l: We
want to prove that

[(e� adu � )+ ; L ] 2 Hm
� n :

We seethat

[e� adu � ; L ] = [e� adu � ; e� adu (D + � n+1 + h)]

= e� adu [� ; D + � n+1 + h]

= e� adu (� � x + [� ; � n+1 ] + [� ; h])

= e� adu (0) = 0;

using the assumption that � is in the center of ker(ad� � ( n +1) ) and that � � (n+1) ; hi 2
ker(ad� n +1 ): Hence

[(e� adu � )+ ; L ] = � [(e� adu � )� ; L ]:

Let us put (e� adu � )� = X + X � in which X � 2 A� and X 2 F1 = H1
1 : Also (e� adu � )+ =

Y + X + in which X + 2 A+ and Y 2 H� 1
�1 : Then we have that

[(e� adu � )� ; L ] = � X x � X � ;x + [X ; � � (n+1) ] + [X � ; � � (n+1) ]

+[ X ; q] + [X � ; q]

= � X x � X � ;x + [X ; � � (n+1) ] + [X ; q] + [X � ; q]:

Here [X ; � � (n+1) ] 2 H1
� n ; and [X ; q] 2 H1

� n+1 : Hence[(e� adu � )� ; L ] 2 H1
� n : Similarly

[(e� adu � )+ ; L ] = � Yx � X + ;x + [Y; � � (n+1) ] + [X + ; � � (n+1) ]

+[ Y; q] + [X + ; q]:

Here [Y; � � (n+1) ] 2 H� 1
�1 and [Y; q] 2 Hm� 1

�1 and also [X + ; q] 2 Hm
� n : Hencewe have that

[(e� adu � )+ ; L ] 2 Hm
�1 : Therefore [(e� adu � )+ ; L ] 2 Hm

�1 \ H1
� n = Hm

� n : �

Remark 5.1.6. Instead of Hq
p we may usethe notation in [56] as f pjq and call it q� j et

of fp:

The claim of proposition above is that relation L t = [A+
� ; L ] is equivalent to some

evolution system for the unknown q: In the casewe will work out, the operator L is
taken to be L = D + � + q with q 2 G0 and � � 1 = A � 2 G� 1:

Prop osition 5.1.7. Let M 2 F� n in which n > 0: Supposethat we have

[D t � M ; L 0] = 0 or L 0;t = [M ; L 0]; (5.1.12)

where L 0 = Dx + � � 1 + h and h 2 ker(ad� � 1 ) \ F0: Then M 2 ker(ad� � 1 ):
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Proof. We seethat
ht = [M � n ; � � 1] mod F� n :

Thus [M � n ; � � 1] 2 K er(ad� � 1 ) + F� n : Hence[M � n ; � � 1] 2 ker(ad� � 1 ) and so M � n 2
ker(ad� � 1 ): Thus M 2 ker(ad� � 1 ) + F� n+1 : Now suppose M � n+ i 2 K er(ad� � 1 ) for
i = 0; :::; k � 1: Hence

M = M̂ + ~M ;

in which M̂ 2 K er(ad� � 1 ) and ~M 2 F� n+ k : From (5.1.12), we have that

ht + M̂ x � [M̂ ; h] = � ~M x + [ ~M ; � � 1] + [ ~M ; h]:

Sinceht + M̂ x � [M̂ ; h] 2 ker(ad� � 1 ): The samereasoningshows that M � n+ k = ~M � n+ k 2
ker(ad� � 1 ): Henceby the �ltering topology in F0

ns we get that M 2 ker(ad� � 1 ): �

Lemma 5.1.8. 1. Let � and 
 be arbitrary elements of the center of subalgebra
ker(adA� ): Consider the equation

L t = [A+
� ; L ]; (5.1.13)

then dA 

dt = [A+

� ; A 
 ]:

2. [A+
� ; A 
 ]+ = [A 
 ; (A � )� ]+ = [A+


 ; (A � )� ]+ : Notice that these identities does not
depend on (5.1.13).

Proof. From (5.1.13) we obtain

0 = [dt � A+
� ; L ] = [dt � A+

� ; e� adu L 0] = e� adu [eadu (dt � A+
� ); L 0];

thus
0 = [eadu (dt � A+

� ); L 0] = [dt � bA+
� ; L 0];

where L 0 = Dx + � +
P 0

�1 hi in which hi 2 ker(ad� ) \ gi and � 2 g1: From the last
proposition we know that bA+

� 2 ker(ad� ): Now we want to prove that [dt � A+
� ; A 
 ] = 0

or
[dt � bA+

� ; 
 ] = 0;

or
[ bA+

� ; 
 ] = 0;

since 
 is a constant. Now since 
 is in the center of ker(ad� ) and bA+
� in the ker(ad� );

therefore this equality is trivial. To prove (2), one notice that

[A+
� ; A 
 ] = [(e� adu � )+ ; e� adu 
 ]

= [e� adu � � (e� adu � )� ; e� adu 
 ]

= [e� adu � ; e� adu 
 ] + [e� adu 
 ; (e� adu � )� ]

= e� adu [� ; 
 ] + [e� adu 
 ; (e� adu � )� ]

= [e� adu 
 ; (e� adu � )� ]

= [A 
 ; (A � )� ];

since� ; 
 are in the center of ker(ad� ) as well as in ker(ad� ) itself clearly. �
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Theorem 5.1.9. Let � and 
 be two arbitrary elements of the center of subalgebra
ker(adA� ): Then the 
o ws

L t = [A+
� ; L ]; and L � = [A+


 ; L ];

commute with each other, i.e,

D [A +
� ;L ][A

+

 ; L ] � D [A +


 ;L ][A
+
� ; L ] = 0; or equivalentely; (L t )� = (L � )t :

In particular the 
o ws L tn = [A+
� � n ; L ] will commute. One can choose� = �; since �

and �� n = A� n+1 are naturally in the center of ker(adA� ):

Proof. We have

d
d�

�
dL
dt

�
=

d
d�

[A+
� ; L ] = [

d
d�

A+
� ; L ] + [A+

� ;
d
d�

L ]:

According to Lemma 5.1.8,
d
d�

A � = [A+

 ; A � ]:

So
d
d�

A+
� = [A+


 ; A � ]+ : Thus

d
d�

�
dL
dt

�
= [[A+


 ; A � ]+ ; L ] + [A+
� ; [A+


 ; L ]]:

Similarly
d
dt

A+

 = [A+

� ; A 
 ]+ and that

d
dt

�
dL
d�

�
= [[A+

� ; A 
 ]+ ; L ] + [A+

 ; [A+

� ; L ]]:

Using Jacobi identit y, we obtain

d
d�

�
dL
dt

�
�

d
dt

�
dL
d�

�
= [

d
d�

A+
� �

d
dt

A+

 + [A+

� ; A+

 ]; L ]

= [[A+

 ; A � ]+ � [A+

� ; A 
 ]+ + [A+
� ; A+


 ]; L ]

But
[A+


 ; A � ]+ = [A � ; (A 
 )� ]+ = [A+
� ; (A 
 )� ]+

as in the previous lemma. Therefore

[A+

 ; A � ]+ � [A+

� ; A 
 ]+ + [A+
� ; A+


 ]

= [A+
� ; (A 
 )� ]+ � [A+

� ; A 
 ]+ + [A+
� ; A+


 ]+

= [A+
� ; � A+


 ]+ + [A+
� ; A+


 ]+

= [A+
� ; � A+


 + A+

 ]+ = 0:
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Hence
d
d�

�
dL
dt

�
�

d
dt

�
dL
d�

�
= 0:

�

Now we give somewell known examplesof Z� graded Lie algebras.

Example 5.1.1. The �rst example is the Lie algebra of the Lauren t series

g = b[[�; � � 1]] =
M

i 2 Z

gi ;

where gi consist of elements A� i in which A belongs to the Lie algebra b: Here g is
decomposedinto sum of a polynomial in � and a seriescontaining only negative powers
of �: The instance of this decomposition in the set up above is (5.1.11). Notice that
there we have taken A � = 0 and A+ = b: See[16] to get more on this speci�c Z� graded
Lie algebras.

Example 5.1.2. The secondexample is known as Kac-Moody algebraswhich indeed
assigna Z� gradedLie algebrato any automorphism of �nite order on a given Lie algebra
and is constructed as follows.

Let � be any automorphism of �nite order m on a �nite dimensional Lie algebra
b: By bi we denote a subspaceof the spaceb; consist of elements like X 2 b so that
� (X ) = � i X ; where � is a primitiv e m� root of unit y. We have

b = � i 2 Zm bi ; (5.1.14)

so that [bi ; bj ] � bi + j : We say that b is graduated modulo m: Now, to a Lie algebra
(5.1.14), we assigna graduated Lie algebra L(b; � ); by consideringLaurent series

L(b; e) = b[[�; � � 1]] =
M

i 2 Z

b� i ;

and taking in it a subalgebra
L(b; � ) =

M

i 2 Z

� i bi ;

where bi will be taken as modulo m: We denote gi to bi � i ; so that L (b; � ) =
L

i 2 Z gi :
For more information, seethe work of V. G. Kac in [33].

Prop osition 5.1.10. Supposethat the automorphism � on the Lie algebra b is irre-
ducible, i.e., automorphism with respect to which the algebra can not be decomposed
into a direct sum of invariant ideals. Then there exist elements

E0; : : : ; E r 2 g1; F0; : : : ; Fr 2 g� 1; and H0; : : : ; H r 2 g0;

such that
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1. The setsf E0; : : : ; E r g and f F0; : : : ; Fr g form a basisin g1 and g� 1 respectively and
the set f H 0; : : : ; H r g generatesg0:

2. The following relations hold:

(a) [H i ; H j ] = 0;

(b) [E i ; Fj ] = � ij H i ;

(c) [H i ; E i ] = A ii E j ;

(d) [H i ; Fj ] = � A ij Fj ;

where A ii = 2 for all i:

We use Theorem 5.1.9 to construct a recursion operator for a certain integrable
evolution equations. Let us speci�cally work on Kac-Moody algebrasg de�ned on the
Lie algebrab: Assumethat the the degreeof automorphism � is k: Let us take � = A� in
which A is constant element of b sothat the decomposition (5.1.9) holds. Now we choose
a sequenceof constant elements of center of ker(ad� ) as f A� n gn2 N: Then we would get
a sequenceof commuting equation or hierarchy of integrable equation. Here

A+
A� n + k = (e� adu A� n+ k)+ = � k (e� adu A� n )+ + (� k (e� adu A� n )� )+ :

Hence

L tn + k = [A+
A� n + k ; L ] = � kL tn + [Rk ; L ]; (5.1.15)

whereRk = (� k (e� adu A� n )� )+ is clearly of degreek and must betakenasthe polynomial

Rk = Nk � k + Nk� 1� k� 1 + : : : + N0; N i 2 gi : (5.1.16)

as an element of Kac-Moody algebrasg:
Equating coe�cien ts of � powers of both side of (5.1.15) we will get hierarchy of

equations as well as the Recursion operator as we can see in the section below for
Symplectic Lie algebrasof quaternions.

5.2 Lax metho d in Symplectic geometry

Let us consider the Lie algebra of the Symplectic group b = sp(n + 1): We �rst build
up a Kac-Moody algebrasg de�ned on the Lie algebra b: To be speci�c we de�ne the
automorphism � as follows:

� (X ) = T0X T0� 1;

where

T0 =
�

� 1 0
0 I n

�
:

Obviously � 2 = I d and eigenvalues of � are 1 and � 1; Indeed in this particular case,
� = � 1: Hence

g2i = ge� 2i ; g2i+1 = go� 2i+1 ;
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where

ge =

0

@
� 0 0
0 � �
0 � �

1

A ; go =

0

@
0 � �
� 0 0
� 0 0

1

A :

We immediately seethat if we let a = sp(n) � sp(1); then

ge = a; and go = b=a:

Let us choose

A =

0

@
0 1 0

� 1 0 0
0 0 0

1

A 2 go:

In the next proposition we show that the Kac-Moody algebradecomposeinto the kernel
and image of adjoint representation as in (5.1.9).

Prop osition 5.2.1. Following decomposition holds.

g = ker(adA� ) � im(adA� ):

Moreover

ker(adA� ) =
M

i

0

@
0 t 0

� t 0 0
0 0 0

1

A � 2i+1
M M

i

0

@
p 0 0
0 p 0
0 0 P

1

A � 2i ;

where t is real number, p a pure quaternionic, and P 2 sp(n � 1): Also

im(adA� ) =
M

i

0

@
0 p � pT

p 0 0
p 0 0

1

A � 2i+1
M M

i

0

@
q 0 0
0 � q � qT

0 q 0

1

A � 2i :

where p;q are pure quaternionic numbers.

Proof. Let us take generalelement M of the basic Lie algebra b: Thus M has following
form.

M =

0

@
m11 m12 � m T

1
m21 m22 � m T

2
m 1 m 2 M

1

A ; (5.2.1)

in which m21 = � mT
12 and m11; m22 are pure quaternionic numbers. Hencethe bracket

of M and A is

[M ; A ] =

0

@
� m12 � m21 m11 � m22 m T

2
m11 � m22 m21 + m12 � mT

1
� m 2 m 1 0

1

A : (5.2.2)
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Sincem11 � m22 and m12 + m21 are pure quaternionic number, im(adA� ) is exactly as
in the proposition. Let us suppose[M ; A ] = 0: Hence

m 1 = 0 = m 2; m11 = m22 and m12 + m21 = 0:

Now if M 2 ge, then m11 = m22 and if M 2 go; then m12 + m21 = 0; which indeed
meansthat m12 = � m21 = t 2 R: This shows that ker(adA � ) is as in the proposition.
Also it is clear that the sum of the elements of the form of coe�cien ts of � 2i+1 in
ker(adA � ) and im(adA � ) constitute go and those of � 2i form ge: This shows that the
decomposition holds. �

Notation 5.2.1. From now on, we denote the set of pure quaternionic numbers by
im(H):

Let us take Lax operator L = D x + A � + q as in (5.1.8), in which

q =

0

@
0 0 0T

0 u � uT

0 u 0

1

A 2 sp(n) � sp(1):

Notice that in the caseof real numbersinsteadof quaternions,weseethat q is nothing
but natural frame in comparisonwith the Fren̂et frame in classicaldi�eren tial geometry.

Before we proceed, it would be useful to compute the bracket of general element
M 2 b = sp(n + 1) as in (5.2.1) and the matrix q 2 b as we do it as below.

[M ; U]

=

0

@
0 m12u� < m 1; u > � m12uT

� um21+ < u; m 1 > Cu m 2 � Cum22 � m22uT + um T
2 + uT M

� um21 m 2u + Mu � um22 � m 2uT + um T
2

1

A :

wherethe inner product involved is the hermitian inner product, aswede�ned it Chapter
1.

Notation 5.2.2. The standard inner product on Rn is denoted by <; > r :

Now the degree of � is 2. Therefore the sequenceof 
o ws associated with Lax
operators in (5.1.15) becomes

L tn +2 = [A+
A� n +2 ; L ] = � 2L tn + [R2; L ]; (5.2.3)

and R2 becomes

R2 = N � 2 + M � + K ; N ; K 2 ge and M 2 go: (5.2.4)

Now we compute coe�cien ts of � 0s of (5.2.3). First step: the coe�cien t of � 3: Simply
the coe�cien t of � 3 vanishes, that is :

[N ; A] = 0: (5.2.5)
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This leadsto following integrabilit y conditions.

n11 = n22; (5.2.6a)

n2 = 0: (5.2.6b)

The next coe�cien t is of � 2 which givesus

0 = Utm + [N ; U] + [M ; A] � D xN: (5.2.7)

We derive the following equationsusing grading and equations above.

0 = m12 + m21 + Dxn11; (5.2.8a)

0 = m21 + m12 + n11u � un11 � Dxn11 + utm ; (5.2.8b)

0 = � m 1 + un11 � u tm ; (5.2.8c)

0 = Dx N : (5.2.8d)

From (5.2.8a) and (5.2.8b), we �nd that (2D x + Cu)n11 � utm = 0: Hence

n11 = (2Dx + Cu)� 1utm :

As a result we obtain
�

m12 + m21

m 1

�
=

�
� 1 0
0 I

� �
Dn11

m 1

�

=
�

� 1 0
0 I

� �
D (Cu + 2D) � 1 0
L u (Cu + 2D) � 1 � I

� �
utm

u tm

�

=
�

� D (Cu + 2D) � 1 0
L u (Cu + 2D) � 1 � I

� �
utm

u tm

�
:

Denoting by A the operator

A =:
�

� D (Cu + 2D) � 1 0
L u (Cu + 2D) � 1 � I

�
;

we simply expresslast matrix equation as follows:
�

m12 + m21

m 1

�
= A

�
utm

u tm

�
:

Now the coe�cien t of � is:

[M ; U] + [K ; A] � D xM = 0: (5.2.9)

Hencewe derive the following equations:

0 = k2 + um21 + Dxm 1; (5.2.10a)

0 = DxM ; (5.2.10b)

0 = m12u � Dm12 � k22 + k11� < m 1; u >; (5.2.10c)

0 = � um21 � Dm21 � k22 + k11+ < u; m 1 > = 0: (5.2.10d)
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By adding (5.2.10d) and (5.2.10c) we �nd that

2k22 � 2k11 = m12u � um21 � Dx (m12 + m21) + Cu m 1

= �
1
2

Cu(m12 + m21) + u(m12 � m21)

� Dx (m12 + m21) + Cu m 1:

Notice that we have usedthe fact that

m12u � um21 = �
1
2

Cu(m12 + m21) + u(m12 � m21):

Also by subtracting those two equationswe get that

m12u + um21 � D (m12 � m21) � Au m 1 = 0:

On the other hand, 1
2Au(m12 + m21) = (m12u + um21): Hencewe obtain m12 � m21 as

follows:
m12 � m21 = D � 1(

1
2

Au(m12 + m21) � Au m 1):

Remark 5.2.2. We can expressthis using the Killing form:

m12 � m21 = �
1
2

D � 1K (
�

u � uT

u 0

�
;
�

m12 + m21 � mT
1

m 1 0

�
):

Also we can simply compute m21 as below.

m21 =
m21 � m12

2
+

m21 + m12

2

= �
1
2

D � 1(
1
2

Au(m12 + m21) � Au m 1) +
m21 + m12

2
:

We are able now to compute the following vector.
�

k22 � k11

k2

�

=

 
�

1
4

Cu + 1
2uD � 1 1

2Au � 1
2D � 1

2uD � 1Au + 1
2Cu

1
2L u D � 1( 1

2Au) � 1
2L u � 1

2L u D � 1Au � D

! �
m12 + m21

m 1

�
:

Let us denote the last operator we derived by I :

I =

 
�

1
4

Cu + 1
2uD � 1 1

2Au � 1
2D � 1

2uD � 1Au + 1
2Cu

1
2L u D � 1( 1

2Au) � 1
2L u � 1

2L u D � 1Au � D

!

:

Hencewe write
�

k22 � k11

k2

�
= I

�
m12 + m21

m 1

�
: (5.2.11)
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The constant part gives

[K ; U] � DxK � Utm +2 = 0; (5.2.12)

from which one can �nd the following equation.

utm +2 = � (Cu + D)k22 + Cu k2; (5.2.13a)

u tm +2 = � uk22 + Ku + k2u � Dk2; (5.2.13b)

k11 = 0; (5.2.13c)

DK ij = u i k
j
2 � k i

2u j : (5.2.13d)

This yields the expressionfor
�

utm +2

u tm +2

�
in terms of

�
k22

k2

�
as follows.

�
utm +2

u tm +2

�
=

�
� (Cu + D) Cu

� L u � D + Ru + H1

� �
k22

k2

�
; (5.2.14)

in which the notation H1 is usedto be the operator acting as follows:

H1k2 = D � 1(u i k
j
2 � k i

2u j )u:

We denote by H the operator that just appeared, i.e.,

H =:
�

� (Cu + D) Cu

� L u � D + Ru + H1

�
:

Hencethe constant coe�cien t of Lax representation can be written as follows.

�
utm +2

u tm +2

�
= HIA

�
utm

u tm

�
:

There is a link betweenthe operators A and H in following proposition.

Prop osition 5.2.3.
A� 1HA� = H:

Proof. SeeProposition 4.3.6 of Chapter 4. �

Remark 5.2.4. This may be related to the Hamiltonian map as in [39, theorem 5.2.9],
the map � is Hamiltonian if and only if

�( B ) = D(�) B1D(�) � ;

where B and B1 are Hamiltonian operator acting on C and C1; respectively.
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Remark 5.2.5. We can seethat:

(Dx + L u)(2Dx + Cu)� 1(� Dx + Ru) =

= (Dx +
Au + Cu

2
)(2Dx + Cu)� 1(� Dx +

Au � Cu

2
)

= (
Au

2
+

2Dx + Cu

2
)(2Dx + Cu)� 1(

Au

2
�

2Dx + Cu

2
)

= �
1
2

Dx +
1
2

Au(2D + Cu)� 1 1
2

Au �
1
4

Cu

= �
1
2

Dx +
1
2

uD � 1
x

1
2

Au �
1
4

Cu :

Therefore we can write the operator I as below.

I =
�

(Dx + L u)(2Dx + Cu)� 1(� Dx + Ru) � 1
2uD � 1

x Au + 1
2Cu

1
2L u D � 1( 1

2Au) � 1
2L u � 1

2L u D � 1Au � D

�
:

SeeRemark 4.3.14for the motivation of this decomposition.

Now if we let utm = u1 and u tm = u1; as trivial symmetry, then we get the following
systemof scalar-vector equation.

8
>>>>>>>><

>>>>>>>>:

ut = �
1
4

u3 +
3
8

(uu1u � uu2 + u2u) �
3
2

< u; u > u1

� 2 < u; u1 > u + 1
2u < u; u1 > � u < u1; u >

� 1
2 < u1; u > u +

3
2

Cu u2;

u t = � u3 +
3
2

u2u + u1(
3
4

u1 �
3
8

u2 �
3
2

< u; u > ):

(5.2.15)

We check that if we apply again
R = HIA ;

on the equation itself, the result will commute with the equation itself. This meansthat
we can construct the hierarchy of equations starting with this new integrable system.
The splitting the operator R to Hamiltonian and symplectic has been worked out in
Chapter 4.

Remark 5.2.6. We compute the previous equation (5.2.15), explicitly and step by step.
Let utm = u1 and u tm = u1 then

�
Dn11

m 1

�
=

� 1
2u1

1
2uu � u1

�
:

Hence �
m12 + m21

m 1

�
=

�
� 1

2u1
1
2uu � u1

�
:
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Thus we obtain
�

k22

k2

�
according to (5.2.11) as follows.

�
k22

k2

�
=

0

B
@

1
8

Cuu1 +
1
4

u2 + ( 1
2u < u; u > � 1

2Cu u1) + 1
2u(�

1
4

u2+ < u; u > )

1
2u(�

1
8

u2+ < u; u > ) +
1
4

uu1 � ( 1
2u1u + 1

2uu1 � u2)

1

C
A

=

0

B
@

1
8

Cuu1 +
1
4

u2 + (u < u; u > � 1
2Cu u1) �

1
8

u3)

1
2u(�

1
8

u2+ < u; u > ) � ( 1
2u1u +

1
4

uu1 � u2)

1

C
A ;

and so (5.2.14) yields the following expressionfor
�

utm +2

u tm +2

�
explicitly in terms of

�
u
u

�

and its total derivatives.

�
utm +2

u tm +2

�
=

0

B
B
B
B
B
B
B
B
@

�
1
4

u3 +
3
8

(uu1u � uu2 + u2u) �
3
2

< u; u > u1

� 2 < u; u1 > u + 1
2u < u; u1 > � u < u1; u >

� 1
2 < u1; u > u +

3
2

Cu u2

� u3 +
3
2

u2u + u1(
3
4

u1 �
3
8

u2 �
3
2

< u; u > )

1

C
C
C
C
C
C
C
C
A

:

5.3 Higher symmetry

We apply the recursion operator R to the equation 5.2.15and �nd �fth order equation

of the hierarchy as follows To have short expression,let us put R
�

u
u

�
=

�
S0

S1

�
: Then

we have that

S = 16u5 + (� 40u)u4 + u3

h
30u2 � 60u1 + 40 < u; u >

i

+ u2

h
60 < u1; u > +20 < u; u1 > � 24 < u; u > u � 50u2

+10u1u + 10u1u0 � 36u < u; u > +50uu1 � 5u3
i

+ u1

h
50 < u2; u > +40 < u1; u1 > � 7 < u1; u > u � 7 < u1; u > u

+30 < u; u2 > +23 < u; u1 > u + 30 < u; u > 2 � 15u3 +
5
2

u2u

� 30u1 < u; u > �
5
2

uu1u +
45
2

uu2 � 23u < u; u1 >

� 53u < u1; u > +
25
2

u1u2u2
1 �

5
8

u4 � 6u2u1 + 15u2 < u; u >

�
5
2

uu1u � 23u < u; u1 > � 53u < u1; u > + u1u2 +
25
2

u2
1

i
:



96 Chapter 5. Lax representation of an integrable system

and also we obtain that

S0 = u5 +
5
2

u4u �
5
2

uu4 � 5uu3u + u2u3 +
5
2

u3u1 +
3
2

u3u2 �
5
2

u1u3

1
2

u2u1u � u2uu1 �
3
8

u2u3 �
7
2

u1u2u �
3
2

u1uu2 � 4uu2u1

�
19
8

uu2u2 �
1
2

uu1u2 +
13
8

u2u2u +
9
8

u3u2

�
1
4

u4u1 +
7
8

u3u1u +
7
8

u2u1u2 +
7
4

u2u2
1 +

3
8

uu1u3 +
5
4

uu1uu1

�
3
4

uu2
1u +

1
4

u1u2u1 �
5
4

u1uu1u �
5
4

u2
1u2 �

5
2

u3
1

3u4 < u; u > � 3u3 < u; u > u � 7u3 < u; u1 > � 2u3 < u1; u >

� 6u2 < u; u > 2 +5u2 < u; u1 > u + 3u2 < u; u2 > +5u2 < u1; u > u

+6u2 < u1; u1 > � 27u2 < u2; u > u + 6u < u; u > 2 u

+12u < u; u >< u; u1 > +24u < u; u >< u1; u >

� 7u < u; u1 > u2 � 25u < u; u2 > u � 13u < u; u3 >

� 7u < u1; u > u2 + 12u < u1; u >< u; u > � 20 < u1; u1 > u

� 9u < u1; u2 > +5u < u2; u > u + 21u < u2; u1 >

+57u < u3; u1 > � 8 < u; u > u < u; u1 > +16 < u; u > u < u1; u >

+26 < u; u >< u; u1 > +2 < u; u >< u1; u > u + 4 < u; u1 > u3

+24 < u; u1 > u < u; u > +9 < u2; u1 > u � 7 < u3; u > u

� 6 < u1; u >< u; u > u + 14 < u1; u1 > u2 + 63 < u; u3 > u

� < u1; u > u3 + 18 < u; u1 >< u; u > u + 37 < u; u2 > u2

+12 < u1; u > u < u; u > +7 < u2; u > u2 + 39 < u1; u2 > u

� 6uu1u < u; u > � 3uu1 < u; u > u � 4uu1 < u; u1 > � 24uu1 < u1; u >

� 14u < u; u1 > u1 � 12u < u; u1 >< u; u > � 14u < u1; u > u1

� 3u1u2 < u; u > +3u1u < u; u > u + 7u1u < u; u1 > � 3u1u < u1; u >

+4u1 < u1; u > u + 12u1 < u1; u1 > +66u1 < u2; u > +6u1 < u; u > 2

+4u1 < u; u1 > u + 6u1 < u; u2 > � 6 < u; u > uu1u + 8 < u; u1 > uu1

+24 < u; u > u1 < u; u > +29 < u; u1 > u1u + 74 < u; u2 > u1

� 2 < u1; u > uu1 + 9 < u1; u > u1u + 28 < u1; u1 > u1 + 14 < u2; u > u1

� 9uu2 < u; u > +3u2u < u; u > +6u2 < u; u > u + 11u2 < u; u1 >

+31u2 < u1; u > � 6 < u; u > uu2 + 6 < u; u > u2u + 29 < u; u1 > u2

+9 < u1; u > u2 + 6u3 < u; u > +4 < u; u > u3

+18 < u; u >< u; u2 > � 12 < u; u >< u1; u1 >

� 54 < u; u >< u2; u > � 20 < u3; u1 > � 30 < u4; u > +30 < u; u4 >

� 6 < u2; u >< u; u > +12 < u1; u1 >< u; u >

+42 < u; u2 >< u; u > +60 < u; u1 > 2 +20 < u1; u3 > � 60 < u1; u > 3;
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The code we used to �nd out that the equation itself will commute with what we can
�nd by applying the recursion operator is written in FORM, see[71] and [57].





Chapter 6

Computation of Geometric operator

6.1 Hamiltonian operator

This section is devoted to the computation of the Hamiltonian operator. In Chapter
4, Theorem 4.3.12,we claimed that the operator H = HA � is indeed Hamiltonian. We
proved alsothat the operator A is a Nijenhuis operator, seeTheorem 4.3.8. As is known,
seefor instance[69], the operator H is indeeda Hamiltonian operator. We will prove that
the Lie algebra form of H which is denoted by Ĥ; as in Theorem 4.4.3, is Hamiltonian
using the de�nition and techniques described in Chapter 2. We will prove that

Z
K (p̂i ; D Ĥ[Ĥp̂i +2 ](p̂i +1 )) = 0: (6.1.1)

Notation 6.1.1. Herewe have taken the sum over index i; but we take into account the
rule of shifting, that is for instance, we can add to index i; by 1; 2 and use,for instance,
the fact that

p̂i +3 = p̂i ; p̂i +4 = p̂i +1 : (6.1.2)

Notation 6.1.2. Here and after, we simply usethe notation H for the operator Ĥ and
pi for the matrix p̂i and likewisefor û so that we write as

H = Dx � � 1adu � aduD � 1� 0adu :

The Fr�echet derivative of H is

DH [q] = � � 1adq � adqD � 1� 0adu � aduD � 1� 0adq:

Now we compute the expressionon the left of (6.1.1):
Z

K (pi ; DH [H pi +2 ](pi +1 ))

=
Z

K
�

pi ; (� � 1adH pi +2 � adH pi +2 D � 1� 0adu � aduD � 1� 0adH pi +2 )pi +1

�

= �
Z

K (pi ; � 1adpi +2 ;x � � 1adu pi +2 � adu D � 1
x � 0adu pi +2

pi +1 )

�
Z

K (pi ; adpi +2 ;x � � 1adu pi +2 � adu D � 1
x � 0adu pi +2

D � 1� 0adupi +1 )

�
Z

K (pi ; aduD � 1� 0adpi +2 ;x � � 1adu pi +2 � adu D � 1
x � 0adu pi +2

pi +1 ): (6.1.3)

99
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This expressionis a combination of the Schouten brackets of three operators constituting
the operator H ; these are, H 1 = Dx ; H2 = � 1adu and H3 = aduD � 1� 0adu : In order to
prove that H is Hamiltonian, we show that

[H i ; H j ] = 0; for i; j = 1; 2; 3:

We will break the proof of this claim into the several part.

Lemma 6.1.1. The Schouten bracket [H 3; H3] vanishes.

Proof. We explain every singlestep and every single rule we use,so that later on we will
just do it. It is clear from (6.1.3) that

[H3; H3](p1; p2; p3) =
Z

K (pi ; adadu D � 1
x � 0adu pi +2

D � 1� 0adupi +1 )

+
Z

K (pi ; aduD � 1� 0adadu D � 1
x � 0adu pi +2

pi +1 ):

We simplify the �rst term as follows:
Z

K (pi ; adadu D � 1
x � 0adu pi +2

D � 1� 0adupi +1 )

=
Z

K (pi +1 ; adadu D � 1
x � 0adu pi

D � 1� 0adupi +2 ):

in which we have used the shifting rule (6.1.2). For the secondterm, we derive the
following:

Z
K (pi ; aduD � 1� 0adadu D � 1

x � 0adu pi +2
pi +1 )

= �
Z

K (adupi ; D � 1� 0adadu D � 1
x � 0adu pi +2

pi +1 )

=
Z

K (D � 1adupi ; � 0adadu D � 1
x � 0adu pi +2

pi +1 )

=
Z

K (D � 1� 0adupi ; adadu D � 1
x � 0adu pi +2

pi +1 )

= �
Z

K (adadu D � 1
x � 0adu pi +2

D � 1� 0adupi ; pi +1 );

where the �rst equality follows from the fact that the Killing form is invariant under the
adjoint action, that is,

K (adX Y; Z ) + K (Y; adX Z ) = 0; X ; Y; X 2 g: (6.1.4)

The secondequality follows the integration by parts, the third equality follows the rule
stated in Lemma 1.4.2, the fourth equality again the invariance of the Killing form.
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Hencewe obtain

[H3; H3](p1; p2; p3) =
Z

K (pi +1 ; adadu D � 1
x � 0adu pi

D � 1� 0adupi +2 )

�
Z

K (adadu D � 1
x � 0adu pi +2

D � 1� 0adupi ; pi +1 ):

Now using the Jacobi identit y for the three elements u; D � 1� 0adupi +2 and D � 1� 0adupi

of the Lie algebra g; we obtain

[H3; H3](p1; p2; p3) =
Z

K (pi +1 ; aduadD � 1
x � 0adu pi

D � 1� 0adupi +2 ):

Again using the rules mentioned above, we seethat

[H3; H3](p1; p2; p3) = �
Z

K (adupi +1 ; adD � 1
x � 0adu pi

D � 1� 0adupi +2 )

= �
Z

K (� 0adupi +1 ; adD � 1
x � 0adu pi

D � 1
x � 0adupi +2 ):

The last integrand we obtained is in the image of total derivative, more precisely,

Remark 6.1.2.

DxK (p;adqr ) = K (px ; adqr ) + K (p;adqx r ) + K (p;adqr x )

= K (px ; adqr ) + K (adr p;qx ) � K (adqp;r x ):

Hence
DxK (pi ; adpi +1 pi +2 ) = 3K (pi x ; adpi +1 pi +2 ):

Therefore K (pi x ; adpi +1 pi +2 ) = 1=3Dx K (pi ; adpi +1 pi +2 ):

It follows that

[H3; H3](p1; p2; p3) = �
1
3

Z
DxK (D � 1

x � 0adupi +1 ; adD � 1
x � 0adu pi

D � 1
x � 0adupi +2 ):

Henceby de�nition [H 3; H3](p1; p2; p3) = 0: �

Lemma 6.1.3. [H 3; H2] = 0:

Proof. From (6.1.3), we obtain that

[H3; H2](p1; p2; p3)

= +
Z

K (pi ; � 1adadu D � 1
x � 0adu pi +2

pi +1 ) +
Z

K (pi ; ad� 1adu pi +2 D � 1� 0adupi +1 )

+
Z

K (pi ; aduD � 1� 0ad� 1adu pi +2 pi +1 ): (6.1.5)
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Now we manipulate the expressionon the right. The �rst term is simpli�ed as follows:
Z

K (pi ; � 1adadu D � 1
x � 0adu pi +2

pi +1 ) =
Z

K (pi ; adadu D � 1
x � 0adu pi +2

pi +1 )

= �
Z

K (adadu D � 1
x � 0adu pi +2

pi ; pi +1 ) =
Z

K (adpi aduD � 1
x � 0adupi +2 ; pi +1 )

= �
Z

K (aduD � 1
x � 0adupi +2 ; adpi pi +1 ) =

Z
K (D � 1

x � 0adupi +2 ; aduadpi pi +1 )

=
Z

K (D � 1
x � 0adupi +2 ; � 0aduadpi pi +1 )

Here we have used Lemma 1.4.2, 6.1.4, anti-symmetricit y of the Lie bracket, (6.1.4)
(twice), and Lemma 1.4.2, respectively.

The secondand third terms of (6.1.5) together simplify as follows:
Z

K (pi ; ad� 1adu pi +2 D � 1� 0adupi +1 ) + K (pi ; aduD � 1
x � 0ad� 1adu pi +2 pi +1 )

= �
Z

K (ad� 1adu pi +2 pi ; D � 1
x � 0adupi +1 ) � K (adupi ; D � 1� 0ad� 1adu pi +2 pi +1 )

= �
Z

K (ad� 1adu pi +2 pi ; D � 1
x � 0adupi +1 )

+
Z

K (D � 1
x adupi ; D � 1� 0ad� 1adu pi +2 pi +1 )

= �
Z

K (� 0ad� 1adu pi +2 pi ; D � 1� 0adupi +1 )

+
Z

K (D � 1
x � 0adupi +1 ; � 0ad� 1adu pi pi +2 )

= �
Z

K (� 0adadu pi +2 pi ; D � 1
x � 0adupi +1 ) + K (D � 1

x � 0adupi +1 ; � 0adadu pi pi +2 )

= �
Z

K (� 0(adadu pi +2 pi � adadu pi pi +2 ); D � 1
x � 0adupi +1 )

=
Z

K (� 0aduadpi pi +2 ; D � 1
x � 0adupi +1 )

=
Z

K (� 0aduadpi +1 pi ; D � 1
x � 0adupi +2 ):

Here the �rst is term modi�ed according to (6.1.4), Lemma 1.4.2, and �nally the fact
that one has

� 0ad� 1adu pi +2 pi = � 0adadu pi +2 pi : (6.1.6)

Similarly the secondterm is manipulated using (6.1.4), integration by part, Lemma1.4.2,
and again the equality (6.1.6). Then thesetwo terms together modi�ed using the Jacobi
identit y and then shifting rule. Now it should be clear that

[H3; H2](p1; p2; p3)
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vanishes. �

Lemma 6.1.4. [H 2; H2] = 0:

Proof. We seethat

[H2; H2](p1; p2; p3) =
Z

K (pi ; � 1ad� 1adu pi +2 pi +1 )

=
Z

K (pi ; ad� 1adu pi +2 pi +1 )

= �
Z

K (pi ; adpi +1 � 1adupi +2 )

=
Z

K (adpi +1 pi ; � 1adupi +2 )

= �
Z

K (adpi +1 pi ; � 1adpi +2 u)

= �
Z

K (adpi +1 pi ; adpi +2 u � � 0adpi +2 u)

=
Z

K (adpi +2 adpi +1 pi ; u) +
Z

K (adpi +1 pi ; � 0adpi +2 u)

=
Z

K (adpi +1 pi ; � 0adpi +2 u)

=
Z

K (� 0adpi +1 pi ; � 0adpi +2 u)

=
Z

K (ad� 0pi +1 � 0pi ; ad� 0pi +2 � 0u)

= �
Z

K (ad� 0pi +2 ad� 0pi +1 � 0pi ; � 0u)

= 0:

Notice that we have usedthe equality

Z
K (adpi +2 adpi +1 pi ; u) = 0;

using the Jacobi identit y and also the fact that

� 0adpi +1 pi = ad� 0pi +1 � 0pi : (6.1.7)

This concludesthe proof of the lemma. �

Lemma 6.1.5. [H 1; H2] = 0



104 Chapter 6. Computation of Geometric operator

Proof.

[H1; H2](p1; p2; p3) = �
Z

K (pi ; � 1adpi +2 ;x pi +1 )

= �
Z

K (pi ; adpi +2 ;x pi +1 )

= �
1
3

Z
DxK (pi ; adpi +2 pi +2 )

= 0:

This concludesthe proof of the lemma. �

Lemma 6.1.6. [H 1; H3] = 0

Proof.

[H1; H3](p1; p2; p3) =

= �
Z

K (pi ; adpi +2 ;x D � 1
x � 0adupi +1 ) �

Z
K (pi ; aduD � 1

x � 0adpi +2 ;x pi +1 )

=
Z

K (adpi +2 ;x pi ; D � 1
x � 0adupi +1 ) +

Z
K (adupi ; D � 1

x � 0adpi +2 ;x pi +1 )

= �
Z

K (D � 1
x adpi +2 ;x pi ; � 0adupi +1 ) +

Z
K (� 0adupi +1 ; D � 1

x adpi;x pi +2 )

=
Z

K (� 0adupi +1 ; D � 1
x adpi pi +2 ;x ) +

Z
K (� 0adupi +1 ; D � 1adpi;x pi +2 ;x )

=
Z

K (� 0adupi +1 ; adpi pi +2 )

=
Z

K (� 0adupi +1 ; � 0adpi pi +2 )

=
Z

K (ad� 0u � 0pi +1 ; ad� 0pi � 0pi +2 )

=
Z

K (� 0u; ad� 0pi +1 ad� 0pi � 0pi +2 )

= 0:

Here again (6.1.7) plays a key role. �

Now we obtain the main result out of theselemmas.

Theorem 6.1.7. The operator

H = Dx � � 1adu � aduD � 1� 0adu

is a Hamiltonian operator.
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Now we can simply prove that the operator HA � or its systematic form in terms of
the Lie bracket and projection as ĤÂ� is also Hamiltonian. In fact we have that

ĤÂ� = (Dx � � 1adu � aduD � 1
x � 0adu)( � 0 + 2� 1 � � 1D � 1

x � 1adu)

= (Dx � � 1adu � aduD � 1
x � 0adu)( � 0 + 2� 1) � � 1� 1adu + � 1adu � 1D � 1

x � 1adu

= (Dx � � 1adu � aduD � 1
x � 0adu)( � 0 + 2� 1) � � 1� 1adu + adu � 1D � 1

x � 1adu

= (Dx � � 1adu � aduD � 1
x � 0adu)( � 0 + 2� 1) � � 1� 1adu + aduD � 1

x � 1� 1adu

= Dx � � 1adu � aduD � 1
x � 0adu +

Dx � 1 � � 1adu � 1 + � 1� 1adu + aduD � 1
x � 1� 1adu :

Let us write ĤÂ� = C1 + C2 in which

C1 = Dx � � 1adu � aduD � 1
x � 0adu ;

and
C2 = Dx � 1 � � 1adu � 1 + � 1� 1adu + aduD � 1

x � 1� 1adu :

We already proved that C1 is Hamiltonian, that is, [C1; C1] = 0: Similarly we can prove
that [C2; C2] = 0: It is not di�cult to show that [C1; C2] = 0: Hence we can simply
concludethe following lemma.

Theorem 6.1.8. ĤÂ� is also Hamiltonian.

Remark 6.1.9. Indeed this representation of the Hamiltonian operator is a speci�c case
of typical Hamiltonian operators, seefor instance a seriesof papers [69], [70] and [68]
and [13].

6.2 Symplectic operator

As announced in Chapter 4, this section is devoted to the proof of the fact that the
operator A � 1� IA � 1 is symplectic. In order to do so, is enough to show that the Lie
algebra form Â� 1� Î Â� 1 of this operator is symplectic. This will be done in a few steps.
First we give someidentities which we uselater on.

Prop osition 6.2.1. Using the notation of Section 4.4, we have that

1. ( 1
2 � 1 + � 0)� 1ad2

aq = � q:

2. � 1adaaduada� 1q = � adu � 1q � � 1ad� 0u � 0q;

where the matrix q and u have the form

q =

0

@
0 0 0
0 q � qt

0 q 0

1

A ; u =

0

@
0 0 0
0 u � u t

0 u 0

1

A : (6.2.1)

We have removed here the hat sign on top of the symbols for the matrices to have a
simpler looking notation.
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Now using this proposition, the operator Î can be expressedand simpli�ed as in the
following lemma.

Lemma 6.2.2. The operator Î can be decomposedas

Î = S0 + S1 + S2;

in which

S0 = �
1
2

uD � 1
x K (u; �); S1 =

1
2

Dx � 1 �
1
4

ad� 1u � 1;

and

S2 = Dx � 0 �
1
2

ad� 0u � 1 �
1
2

� 1ad� 0u � 0:

Proof.

Î

= �
1
2

uD � 1
x K (u; �) � (

1
2

� 1 + � 0)� 1ada(Dx � adu)ada� 1(
1
2

� 1 + � 0)

= �
1
2

uD � 1
x K (u; �) � (

1
2

� 1 + � 0)� 1ad2
a� 1(

1
2

� 1 + � 0)Dx

+(
1
2

� 1 + � 0)� 1adaaduada� 1(
1
2

� 1 + � 0)

= �
1
2

uD � 1
x K (u; �) + (

1
2

� 1 + � 0)Dx

+(
1
2

� 1 + � 0)( � adu
1
2

� 1 � � 1ad� 0u � 0)

= �
1
2

uD � 1
x K (u; �) + (

1
2

� 1 + � 0)Dx

�
1
4

ad� 1u � 1 �
1
2

ad� 0u � 1 �
1
2

� 1ad� 0u � 0

�

In the following proposition we compute Â� 1; Â� 1� and also prove that the operator
Î and consequently the operator Â� 1� Î Â� 1 is anti-symmetric.

Prop osition 6.2.3. We do have that

1. Â� 1 = DxB � 1 + (ad� 0uB � 1 + � 0); in which B = (2D x � ad� 1u)� 1:

2. B � = � B :

3. Â� 1� = B Dx � 1 + B � 1ad� 0u � 0 + � 0:

4. S�
i = � Si for i = 0; 1; 2:
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Proof. 1. We seethat

ÂÂ� 1 = (� 0 + 2� 1 � aduD � 1
x � 1)(Dx B � 1 + (ad� 0 B � 1 + � 0))

= 2DxB � 1 + ad� 0uB � 1 + � 0 � aduB � 1

= (2Dx � adu + ad� 0u)B � 1 + � 0

= (2Dx � ad� 1u)B � 1 + � 0

= � 1 + � 0:

Similarly we have that

Â� 1Â = (Dx B � 1 + (ad� 0 B � 1 + � 0))( � 0 + 2� 1 � aduD � 1
x � 1)

= 2Dx B � 1 � DxB ad� 1uD � 1
x � 1

+2ad � 0uB � 1 � ad� 0uB ad� 1uD � 1
x � 1 + � 0 � ad� 0uD � 1

x

= Dx B (2Dx � ad� 1u)D � 1
x � 1

+ad � 0uB (2Dx � ad� 1u)D � 1
x � 1 + � 0 � ad� 0uD � 1

x

= � 1 + � 0:

2. We can write the operator B as follows.

B =
1
2

(I �
1
2

D � 1
x ad� 1u)� 1D � 1

x

=
1
2

(I +
1
2

D � 1
x ad� 1u +

1
4

D � 1
x ad� 1uD � 1

x ad� 1u + : : :)D � 1
x

=
1
2

(D � 1
x +

1
2

D � 1
x ad� 1uD � 1

x +
1
4

D � 1
x ad� 1uD � 1

x ad� 1uD � 1
x + : : :):

Notice that the summation is �nite when applied to elements of the Lie algebraE:
Now using the integration by parts and (6.1.4), we �nd that

Z
K (B p;q) =

Z
K (

1
2

(D � 1
x +

1
2

D � 1
x ad� 1uD � 1

x

+
1
4

D � 1
x ad� 1uD � 1

x ad� 1uD � 1
x + : : :)p;q)

=
Z

K (p; �
1
2

(D � 1
x +

1
2

D � 1
x ad� 1uD � 1

x

+
1
4

D � 1
x ad� 1uD � 1

x ad� 1uD � 1
x + : : :)q)

=
Z

K (p; � B q):

Hencewe proved that B � = � B :
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3. We can compute the adjoint of the operator Â� 1 as follows.
Z

K (Â� 1p;q) =
Z

K ((Dx B � 1 + ad� 0uB � 1 + � 0)p;q)

= �
Z

K (B p;Dx � 1q) � K (B � 1p; � 1ad� 0u � 0q) + K (p; � 0q)

= +
Z

K (p;B Dx � 1q) + K (p;B � 1ad� 0u � 0q) + K (p; � 0q)

= +
Z

K (p; (B Dx � 1 + B � 1ad� 0u � 0 + � 0)q):

Henceby de�nition Â� 1� = B Dx � 1 + B � 1ad� 0u � 0 + � 0:

4. For this equality, we useLemma 1.4.2. SeeRemark 6.2.4 below.
Z

K (S0p;q) =
Z

K
�

�
1
2

uD � 1
x K (u; p); q

�

= �
Z

1
2

K (u; q):D � 1
x K (u; p)

= +
Z

1
2

D � 1
x K (u; q):K (u; p)

= +
Z

1
2

K (uD � 1
x K (u; q); p)

=
Z

K
�

� (
1
2

uD � 1
x K (u; q)) ; p

�

Hence by the de�nition of adjoint operator, we seethat S�
0 = � S0: Notice that

this can be consideredas an example of how we work with such expressions.For
instancethe technique usedherecanbeseenin the lemmasafterwards proving that
Â� 1� Î Â� 1 is symplectic, or applied to the current case,more precisely Â� 1� S0Â� 1

is symplectic.

Now we compute the adjoint operator of S1 :
Z

K (S1p;q) =
Z

K
�

(
1
2

Dx � 1 �
1
4

ad� 1u � 1)p;q
�

= +
Z

K (
1
2

Dx � 1p; � 1q) �
1
4

K (ad� 1u � 1p; � 1q)

= �
Z

K (� 1p;
1
2

Dx � 1q) + K (� 1p;
1
4

ad� 1u � 1q)

= �
Z

K (p;
1
2

Dx � 1q) + K (p;
1
4

ad� 1u � 1q)

=
Z

K
�

p; � (
1
2

Dx � 1 �
1
4

ad� 1u � 1)q
�

So that S�
1 = � S1:
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Similarly we can manipulate S�
2 as follows using the sametechnics.

Z
K (S2p;q)

=
Z

K
�

(Dx � 0 �
1
2

ad� 0u � 1 �
1
2

� 1ad� 0u � 0)p;q
�

=
Z

K (Dx � 0p; � 0q) �
1
2

K (ad� 0u � 1p; � 0q) �
1
2

K (� 1ad� 0u � 0p; � 1q)

= �
Z

K (� 0p;Dx � 0q) +
1
2

K (� 1p; � 1ad� 0u � 0q) +
1
2

K (� 0p;ad� 0u � 1q)

= �
Z

K (p;Dx � 0q) +
1
2

K (p; � 1ad� 0u � 0q) +
1
2

K (p;ad� 0u � 1q)

=
Z

K
�

p; (� Dx � 0 +
1
2

� 1ad� 0u � 0 +
1
2

ad� 0u � 1)q
�

:

Thus S�
2 = � Dx � 0 + 1

2 � 1ad� 0u � 0 + 1
2ad� 0u � 1 = � S2:

�

Remark 6.2.4. There is a technical point here: using Lemma 1.4.2, if we have � i in the
�rst component of the Killing form, then that would move to the other component. For
exampleK (� 0p;q) = K (p; � 0q) or K (� 1p;ad� 0u � 0q) = K (� 1p; � 1ad� 0u � 0q) and so on.

The next lemmais essential in what follows, in particular in proving that the operator
mentioned above is symplectic.

Lemma 6.2.5. The following identit y holds for the operator B and arbitrary matrices
p;q; r of the form (6.2.1):

Z
K (adB � 1pB � 1r; � 1q) = �

Z
K (ad� 1pB � 1r � ad� 1r B � 1p;B � 1q):

Proof. By de�nition and the Leibniz rule we have that

2DxK (adB � 1 pB � 1r; B � 1q)

= K (ad2D x B � 1pB � 1r; B � 1q)

+ K (adB � 1p2DxB � 1r; B � 1q)

+ K (adB � 1pB � 1r; 2Dx B � 1q)

= K (ad� 1pB � 1r; B � 1q) + K (adad� 1u B � 1pB � 1r; B � 1q)

+ K (adB � 1p� 1r; B � 1q) + K (adB � 1pad� 1uB � 1r; B � 1q)

+ K (adB � 1pB � 1r; � 1q) + K (adB � 1pB � 1r; ad� 1uB � 1q)

= K (ad� 1pB � 1r; B � 1q) � K (adB � 1 r ad� 1uB � 1p;B � 1q)

+ K (adB � 1p� 1r; B � 1q) + K (adB � 1pad� 1uB � 1r; B � 1q)

+ K (adB � 1pB � 1r; � 1q) � K (ad� 1uadB � 1pB � 1r; B � 1q):

We have usedthe fact that 2D xB � 1p = � 1p + ad� 1uB � 1p:
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Now using the Jacobi identit y we obtain

2Dx K (adB � 1pB � 1r; B � 1q) = K (ad� 1pB � 1r; B � 1q) + K (adB � 1p� 1r; B � 1q)

+ K (adB � 1 pB � 1r; � 1q):

Henceby de�nition
Z

K (ad� 1pB � 1r; B � 1q) + K (adB � 1p� 1r; B � 1q) + K (adB � 1pB � 1r; � 1q) = 0:

The statement is proved. �

Now we yield the operators Â� 1� Si Â� 1 explicitly .

Lemma 6.2.6. 1.

A� 1� S2A� 1 =
1
2

B � 1adad� 0 u D x � 0uB � 1 �
1
2

B Dx � 1ad� 0u � 0

+ B � 1ad� 0uDx � 0 + Dxad� 0uB � 1 + Dx � 0 �
1
2

ad� 0uDx B � 1:

2. A� 1� S1A� 1 = 1
2B D 3

xB � 1 �
1
4

B Dxad� 1uDxB � 1:

3. For the operator S0 we have that

A� 1� S0A� 1 = �
1
2

B Dx

�
(� 1u)D � 1

x K (u; Dx B � 1 + � 0)
�

�
1
2

(� 0u)D � 1
x K (u; Dx B � 1 + � 0):

Proof. 1. We have that

A� 1� S2A� 1

= �
1
2

B Dx � 1ad� 0uad� 0uB � 1 �
1
2

B Dx � 1ad� 0u � 0

+ B � 1ad� 0uDxad� 0uB � 1 + B � 1ad� 0uDx � 0

�
1
2

B � 1ad� 0uad� 0uDxB � 1

+ Dxad� 0uB � 1 + Dx � 0 �
1
2

ad� 0uDxB � 1

= �
1
2

B � 1adD x � 0uad� 0uB � 1 +
1
2

B Dx � 1ad� 0uadD x � 0uB � 1

�
1
2

B Dx � 1ad� 0u � 0

+ B � 1ad� 0uDx � 0 + Dxad� 0uB � 1 + Dx � 0 �
1
2

ad� 0uDx B � 1

=
1
2

B � 1adad� 0 u D x � 0uB � 1 �
1
2

B Dx � 1ad� 0u � 0

+ B � 1ad� 0uDx � 0 + Dxad� 0uB � 1 + Dx � 0 �
1
2

ad� 0uDx B � 1:
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We usethe Jacobi identit y in the last expressionon the �rst two terms, so that

�
1
2

B � 1adD x � 0uad� 0uB � 1 +
1
2

B Dx � 1ad� 0uadD x � 0uB � 1

=
1
2

B � 1adad� 0 u D x � 0uB � 1:

2. The secondidentit y is simple.

3. Now for the third one,notice that the imageof ad� 0uB � 1 is contained in the image
of � 0; since the image of B � 1 is contained in the image of � 1: Hencewe do have
that for instance K (u; ad� 0uB � 1�) = 0 using the invariance property of the Killing
form under adjoint action (6.1.4). Taking thesefacts into account we seethat

A� 1� S0A� 1 =

= (B Dx � 1 + B � 1ad� 0u � 0 + � 0)( �
1
2

uD � 1
x K (u; �))( D x B � 1 + ad� 0uB � 1 + � 0)

= (B Dx � 1 + B � 1ad� 0u � 0 + � 0)( �
1
2

uD � 1
x K (u; Dx B � 1 � + � 0�))

= �
1
2

B Dx

�
(� 1u)D � 1

x K (u; DxB � 1 + � 0)
�

�
1
2

(� 0u)D � 1
x K (u; DxB � 1 + � 0):

This concludesthe proof of the three statements of the lemma. �

As we discussedin Chapter 2, in order to prove that an operator is symplectic, we
�rst needto compute its Fr�echet derivative.

Lemma 6.2.7. The Fr�echet derivativesof Â� 1� S0Â� 1; Â� 1� S1Â� 1 and Â� 1� S2Â� 1 are
expressedas follows:

1.

D Â � 1� S2 Â � 1 [pi +2 ]

= +
1
2

B ad� 1pi +2 B � 1adad� 0u D x � 0uB � 1 +
1
2

B � 1adad� 0 pi +2 D x � 0uB � 1

+
1
2

B � 1adad� 0u D x � 0pi +2 B � 1 +
1
2

B � 1adad� 0 u D x � 0uB ad� 1pi +2 B � 1

�
1
2

B ad� 1pi +2 B Dx � 1ad� 0u � 0 �
1
2

B Dx � 1ad� 0pi +2 � 0

+ B ad� 1pi +2 B � 1ad� 0uDx � 0 + B � 1ad� 0pi +2 Dx � 0

+ Dxad� 0pi +2 B � 1 + Dxad� 0uB ad� 1pi +2 B � 1

�
1
2

ad� 0pi +2 DxB � 1 �
1
2

ad� 0uDxB ad� 1pi +2 B � 1:
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2.

D Â � 1� S2 Â � 1 [pi +2 ]

= +
1
2

B ad� 1pi +2 B D 3
xB � 1 +

1
2

B D 3
xB ad� 1pi +2 B � 1

�
1
4

B ad� 1pi +2 B Dxad� 1uDxB � 1 �
1
4

B Dxad� 1uDxB ad� 1pi +2 B � 1

�
1
4

B Dxad� 1pi +2 DxB � 1:

3.

DA � 1� S0A � 1 [pi +2 ]

= �
1
2

B ad� 1pi +2 B Dx

�
(� 1u)D � 1

x K (u; Dx B � 1 + � 0)
�

�
1
2

B Dx

�
(� 1pi +2 )D � 1

x K (u; DxB � 1 + � 0)
�

�
1
2

B Dx

�
(� 1u)D � 1

x K (pi +2 ; DxB � 1 + � 0)
�

�
1
2

B Dx

�
(� 1u)D � 1

x K (u; DxB ad� 1pi +2 B � 1)
�

�
1
2

(� 0pi +2 )D � 1
x K (u; Dx B � 1 + � 0)

�
1
2

(� 0u)D � 1
x K (pi +2 ; Dx B � 1 + � 0)

�
1
2

(� 0u)D � 1
x K (u; DxB ad� 1pi +2 B � 1):

Proof. We apply the Leibniz rule many times. Notice that we do have

Dad� 1u [pi +2 ] = ad� 1pi +2 ;

and

DB [pi +2 ] = B ad� 1pi +2 B :

�

To prove that Â� 1� Î Â� 1 is symplectic, it is enough to show that the operators
Â� 1� Si Â� 1 for i = 0; 1; 2 are symplectic. As we have seen these operator are anti-
symmetric. We start with the operator involving S0: In order to shorten the proof, let
us introduce some notation. We denote � 1pi = qi and � 0pi = q i : Also � 0u = v and
� 0u = v:

Theorem 6.2.8. The operator Â� 1� S0Â� 1 is symplectic.
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Proof. As we discussedin Chapter 4, we needto prove that

[A� 1� S1A� 1; A� 1� S1A� 1] =
Z

K (pi ; D Â � 1� S0 Â � 1 [pi +2 ](pi +1 )) = 0;

where the bracket is the Schouten bracket. But we have that

[A� 1� S0A� 1; A� 1� S0A� 1] =
Z

K (pi ; D Â � 1� S0Â � 1 [pi +2 ](pi +1 ))

= �
Z

K
�

qi ;
1
2

B adqi +2 B Dx

�
(v)D � 1

x K (v; Dx B qi +1 )
� �

�
Z

K
�

qi ;
1
2

B adqi +2 B Dx

�
(v)D � 1

x K (v; q i +1 )
� �

�
Z

K
�

qi ;
1
2

B Dx

�
(qi +2 )D � 1

x K (v; Dx B qi +1 )
� �

�
Z

K
�

qi ;
1
2

B Dx

�
(qi +2 )D � 1

x K (v; q i +1 )
� �

�
Z

K
�

qi ;
1
2

B Dx

�
(v)D � 1

x K (qi +2 ; Dx B qi +1 )
� �

�
Z

K
�

qi ;
1
2

B Dx

�
(v)D � 1

x K (q i +2 ; q i +1 )
��

�
Z

K
�

qi ;
1
2

B Dx

�
(v)D � 1

x K (v; Dx B adqi +2 B qi +1 )
� �

�
Z

K
�

q i ;
1
2

(q i +2 )D � 1
x K (v; Dx B qi +1 )

�

�
Z

K
�

q i ;
1
2

(q i +2 )D � 1
x K (v; q i +1 )

�

�
Z

K
�

q i ;
1
2

(v)D � 1
x K (qi +2 ; DxB qi +1 )

�

�
Z

K
�

q i ;
1
2

(v)D � 1
x K (q i +2 ; q i +1 )

�

�
Z

K
�

q i ;
1
2

(v)D � 1
x K (v; Dx B adqi +2 B qi +1 )

�
: (6.2.2)

We now choosesubexpressionsand show they are zero.

1. The �rst expressionto be consideredis
Z

K
�

q i ; �
1
2

(q i +2 )D � 1
x K (v; q i +1 )

�
+

Z
K

�
q i ; �

1
2

(v)D � 1
x K (q i +2 ; q i +1 )

�
:

The �rst and secondterms of this expressionbecome,respectively,

�
Z

1
2

K (q i ; q i +2 ):D � 1
x K (v; q i +1 ); �

Z
1
2

K (q i ; v):D � 1
x K (q i +2 ; q i +1 ):
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That is becausea real valued expressionsuch as D � 1
x K (v; q i +1 ) can pulled out of

the integrand

� K
�

q i ;
1
2

(q i +2 )D � 1
x K (v; q i +1 )

�
:

Then we apply integration by part and the shifting rule. We obtain the following
terms:

+
Z

1
2

D � 1
x K (q i ; q i +2 ):K (v ; q i +1 ); �

Z
1
2

K (q i +1 ; v):D � 1
x K (q i ; q i +2 ):

Now it is clear that the expressionwe chosevanishes.

2. Similar to the �rst one, we seethat the expression
Z

K
�

q i ; �
1
2

(q i +2 )D � 1
x K (v; Dx B qi +1 )

�

+
Z

K
�

qi ; �
1
2

B Dx

�
(v)D � 1

x K (q i +2 ; q i +1 )
� �

will vanish as well:

+
Z

K
�

q i ; �
1
2

(q i +2 )D � 1
x K (v; Dx B qi +1 )

�

+
Z

K
�

qi ; �
1
2

B Dx

�
(v)D � 1

x K (q i +2 ; q i +1 )
��

= �
Z

1
2

K (q i ; q i +2 ):D � 1
x K (v; Dx B qi +1 )

�
Z

1
2

K (DxB qi ; v):D � 1
x K (q i +2 ; q i +1 )

= +
Z

1
2

D � 1
x K (q i ; q i +2 ):K (v; Dx B qi +1 )

�
Z

1
2

K (DxB qi +1 ; v):D � 1
x K (q i ; q i +2 )

= 0

3. The next expressionis:

+
Z

K
�

q i ; �
1
2

(v)D � 1
x K (qi +2 ; Dx B qi +1 )

�

+
Z

K
�

qi ; �
1
2

B Dx

�
(qi +2 )D � 1

x K (v; q i +1 )
��

+
Z

K
�

q i ; �
1
2

(v)D � 1
x K (v; Dx B adqi +2 B qi +1 )

�

+
Z

K
�

qi ; �
1
2

B adqi +2 B Dx

�
(v)D � 1

x K (v; q i +1 )
��

;
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which can be simpli�ed as follows.

1
4

Z
D � 1

x K (q i +1 ; v ):K (qi ; advB qi +2 ) � K (advB qi ; qi +2 ):D � 1
x K (v; q i +1 )

�
1
4

Z
D � 1

x K
�

q i +1 ; v ):K (qi ; advB qi +2 ) + K (advB qi ; qi +2 ):D � 1
x K (v; q i +1 ):

Now it is clear that the expressionis zero. Seefor more details Appendix B.

4. The last expressionis:

+
Z

K
�

qi ; �
1
2

B adqi +2 B Dx

�
(v)D � 1

x K (v; Dx B qi +1 )
� �

+
Z

K
�

qi ; �
1
2

B Dx

�
(qi +2 )D � 1

x K (v; Dx B qi +1 )
� �

+
Z

K
�

qi ; �
1
2

B Dx

�
(v)D � 1

x K (qi +2 ; Dx B qi +1 )
� �

+
Z

K
�

qi ; �
1
2

B Dx

�
(v)D � 1

x K (v; Dx B adqi +2 B qi +1 )
� �

:

Again this expressionis converted to the following one by using the samerule as
in third item:

�
Z

1
4

K (adqi +2 B qi ; v):D � 1
x K (v; Dx B qi +1 )

+
Z

1
4

K (adqi +2 B qi ; v):D � 1
x K (v; Dx B qi +1 )

�
Z

1
4

D � 1
x K (DxB qi +1 ; v):K (v; adqi B qi +2 )

+
Z

1
4

D � 1
x K (DxB qi +1 ; v):K (v; adqi B qi +2 )

Now in the last expressionevery term is canceledby another, so that the whole
expressionvanishes.Seefor more detail on this computation Appendix B.

�

In what follows, we simply usethe following identit y as a rule.

2DxB � 1q = � 1q + ad� 1uB � 1q: (6.2.3)

Theorem 6.2.9. The operator A � 1� S1A� 1 is symplectic.
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Proof. The Schouten bracket is computed and simpli�ed, using (6.2.3), as follows.

[A� 1� S1A� 1; A� 1� S1A� 1] =
Z

K (pi ; DA � 1� S1A � 1 [pi +2 ](pi +1 )

= �
1
4

Z
K

�
qi ; (B adqi +2 B DxadvDxB + B DxadvDx B adqi +2 B )qi +1

�

�
1
4

Z
K

�
qi ; B Dxadqi +2 DxB qi +1

�

+
1
2

Z
K

�
qi ; B adqi +2 B D 3

xB qi +1 + B D 3
xB adqi +2 B qi +1

�

=
1
4

Z
K

�
B adqi +2 B qi ; DxadvDxB qi +1

�
�

1
4

Z
K

�
DxadvDxB qi ; B adqi +2 B qi +1

�

�
1
4

Z
K

�
DxB qi ; adqi +2 DxB qi +1

�

+
1
2

Z
K

�
DxB adqi +2 B qi ; D 2

xB qi +1

�
�

1
2

Z
K

�
D 2

xB qi ; Dx B adqi +2 B qi +1

�

=
1
4

Z
K

�
B adqi +2 B qi � B adqi B qi +2 ; DxadvDxB qi +1

�

�
1
16

Z
K

�
advB qi +1 + qi +1 ; adqi (advB qi +2 + qi +2 )

�

+
1
2

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; D 2

x B qi +1

�

= �
1
4

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; advDxB qi +1

�

�
1
16

Z
K

�
advB qi +1 + qi +1 ; adqi qi +2

�

�
1
16

Z
K

�
qi +1 ; adqi advB qi +2

�

�
1
16

Z
K

�
advB qi +1 ; adqi advB qi +2

�

+
1
4

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; Dx advB qi +1 + Dxqi +1

�

= �
1
16

Z
K

�
advB qi +1 + qi +1 ; adqi qi +2

�

�
1
16

Z
K

�
qi +1 ; adqi advB qi +2

�

�
1
16

Z
K

�
advB qi +1 ; adqi advB qi +2

�

+
1
4

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

In Appendix B we have simpli�ed the terms in the last expressionthat has beenfound.
There, in the Lemmas B.0.13 and B.0.11, we proved that the terms in the secondline
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and third line are simpli�ed to:

�
1
16

Z
K

�
qi +1 ; adqi advB qi +2

�
=

1
16

Z
K

�
advqi +1 ; adqi B qi +2 � adqi +2 B qi

�

and

�
1
16

Z
K

�
advB qi +1 ; adqi advB qi +2

�

= �
1
32

Z
K

�
advadvB qi +1 + B advadvqi +1 ; adqi +2 B qi � adqi B qi +2

�
:

The last term, as in the Lemma B.0.12, becomes

1
4

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

=
1
8

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadD x vB qi +1

�

+
1
16

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadvqi +1 + advqi +1

�

+
1
16

Z
K

�
advB qi +2 + qi +2 ; adqi +1 qi

�
:

This hasbeenproved again in Appendix B. Henceby replacing theseequationsinto the
expressionfor the Schouten bracket we obtain:

[A� 1� S1A� 1; A� 1� S1A� 1]

= �
1
32

Z
K

�
advadvB qi +1 + B advadvqi +1 ; adqi +2 B qi � adqi B qi +2

�

+
1
8

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadD x vB qi +1

�

+
1
16

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadvqi +1

�

=
1
16

Z
K

�
adqi +2 B qi � adqi B qi +2 ;

1
2

B advadvqi +1 + 2B advadD x vB qi +1 �
1
2

advadvB qi +1

�

Again by using (6.2.3), we can �nd that

advadvB qi +1 = B (2Dx � adv)advadvB qi +1

= 2B adD x vadvB qi +1 + 2B advadD x vB qi +1 + 2B advadvDx B qi +1

� B advadvadvB qi +1

= 2B adD x vadvB qi +1 + 2B advadD x vB qi +1

+ B advadvadvB qi +1 + B advadvqi +1 � B advadvadvB qi +1

= 2B adD x vadvB qi +1 + 2B advadD x vB qi +1 + B advadvqi +1 :
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Using the last identit y in the Schouten bracket, we obtain the following equation:

[A� 1� S1A� 1; A� 1� S1A� 1]

=
1
16

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadD x vB qi +1 � B adD x vadvB qi +1

�
:

Now for the secondcomponent of the Killing form in the integrand, we can use the
Jacobi identit y and seethat

[A� 1� S1A� 1; A� 1� S1A� 1]

= +
1
16

Z
K

�
adqi +2 B qi � adqi B qi +2 ; � B adB qi +1 advDxv

�
:

We apply Lemma 6.2.5 to simplify the Schouten bracket as follows:

[A� 1� S1A� 1; A� 1� S1A� 1] =
1
16

Z
K

�
adB qi +2 B qi ; adB qi +1 advDxv

�
:

Now we take the last step. We usethe invarianceproperty of the Killing form under the
adjoint action (6.1.4):

[A� 1� S1A� 1; A� 1� S1A� 1] = �
1
16

Z
K

�
adB qi +1 adB qi +2 B qi ; advDxv

�
:

This expressionis simply zero if we apply the Jacobi identit y to the �rst component of
the Killing form. �

Theorem 6.2.10. The operator A � 1� S2A� 1 is symplectic.

Proof. The Schouten bracket of the operator is as follows:

[A� 1� S2A� 1; A� 1� S2A� 1] =
Z

K (pi ; D Â � 1� S2Â � 1 [pi +2 ]pi +1 )

=
Z

K
�

q i ; Dx adq i +2
B qi +1 + Dxadv B adqi +2 B qi +1

�

+
Z

K
�

q i ; �
1
2

adq i +2
DxB qi +1 �

1
2

adv DxB adqi +2 B qi +1

�

+
Z

K
�

qi ;
1
2

B adqi +2 B � 1adadv D x v B qi +1 +
1
2

B � 1adadq i +2 D x v B qi +1

�

+
Z

K
�

qi ;
1
2

B � 1adadv D x q i +2
B qi +1 +

1
2

B � 1adadv D x v B adqi +2 B qi +1

�

+
Z

K
�

qi ; B adqi +2 B � 1adv Dxq i +1 + B � 1adq i +2
Dxq i +1

�

+
Z

K
�

qi ; �
1
2

B adqi +2 B Dx � 1adv q i +1 �
1
2

B Dx � 1adq i +2
q i +1

�
:
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Those subexpressionswhich are compatible are listed below and it is proved that each
of them cancels.The �rst of thesethree subexpressionsis:

�
1
2

Z
K

�
q i ; adq i +2

DxB qi +1

�
�

1
2

Z
K

�
qi ; B Dx � 1adq i +2

q i +1

�

+
Z

K
�

q i ; Dxadq i +2
B qi +1

�
+

Z
K

�
qi ; B � 1adq i +2

Dxq i +1

�

= �
1
2

Z
K

�
Dx adq i +2

q i ; B qi +1

�
+

1
2

Z
K

�
B qi +1 ; Dx � 1adq i

q i +2

�

+
Z

K
�

adq i +2
Dxq i ; B qi +1

�
�

Z
K

�
B qi +1 ; � 1adq i

Dxq i +2

�

= �
Z

K
�

Dxadq i +2
q i ; B qi +1

�

+
Z

K
�

adq i +2
Dxq i ; B qi +1

�
+

Z
K

�
B qi +1 ; � 1adD x q i +2

q i

�

=
Z

K
�

� Dxadq i +2
q i + adq i +2

Dxq i + adD x q i +2
q i ; B qi +1

�

= 0:

This has beendone by just applying the rules usedso far. For instance, in the �rst line
we usedinvarianceof the Killing form (6.1.4) and integration by parts, and also the fact
that the operator B is anti-symmetric.

The secondsubexpressionis:

1
2

Z
K (qi ; B adqi +2 B � 1adadv D x v B qi +1 ) + K (qi ; B � 1adadv D x v B adqi +2 B qi +1 )

The �rst term of the expressionis simpli�ed to

�
1
4

Z
K

�
B adqi +2 B qi ; � 1adadv D x v B qi +1

�

using B � = � B and the invariant property (6.1.4). The secondterm similarly becomes

1
2

Z
K

�
adadv D x v B qi ; B adqi +2 B qi +1

�
;

using the samerules. Then if one applies the shifting rule, we obtain

1
2

Z
K

�
adadv D x v B qi +1 ; B adqi B qi +2

�
:

Hencethe couple simpli�es to:

�
1
2

Z
K

�
B adqi +2 B qi � B adqi B qi +2 ; adadv D x v B qi +1

�
:
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Now if we apply Lemma 6.2.5 we obtain the following expression:

�
1
2

Z
K

�
adB qi +2 B qi ; adadv D x v B qi +1

�
:

Again using the invariance rule, we obtain:

�
1
2

Z
K

�
adB qi +1 adB qi +2 B qi ; adv Dxv

�
:

The last term is zero becauseof the Jacobi identit y.
The last subexpressionis:

1
2

Z
K

�
qi ; B � 1adadq i +2 D x v B qi +1

�
+

1
2

Z
K

�
qi ; B � 1adadv D x q i +2

B qi +1

�

�
1
2

Z
K

�
q i ; adv DxB adqi +2 B qi +1

�
�

1
2

Z
K

�
qi ; B adqi +2 B Dx � 1adv q i +1

�

+
Z

K
�

q i ; Dxadv B adqi +2 B qi +1

�
+

Z
K

�
qi ; B adqi +2 B � 1adv Dx q i +1

�
:

Applying the rules just mentioned, the expressionbecomesas follows:

�
1
2

Z
K

�
adB qi +1 B qi ; adq i +2

Dxv
�

�
Z

K
�

adB qi +1 B qi ; adv Dxq i +2

�

�
1
2

Z
K

�
Dxadv q i ; B adqi +2 B qi +1

�
+

1
2

Z
K

�
B adqi +2 B qi ; Dx � 1adv q i +1

�

+
Z

K
�

adv Dxq i ; B adqi +2 B qi +1

�
�

Z
K

�
B adqi +2 B qi ; � 1adv Dx q i +1

�
:

Now, using Lemma 6.2.5, the �rst line becomes

�
1
2

Z
K

�
adB qi +1 B qi ; adq i +2

Dxv + adv Dxq i +2

�
:

Applying the shifting rule, the �rst line equals
Z

K
�

adv Dx q i +1 ; B adqi B qi +2 � B adqi +2 B qi

�
;

So that the the whole expressiontakes the form

�
1
2

Z
K

�
B adqi B qi +2 � B adqi +2 B qi ; adq i +1

Dx v + adv Dxq i +1

�

�
1
2

Z
K

�
Dxadv q i +1 ; B adqi B qi +2 � B adqi +2 B qi

�

+
Z

K
�

adv Dx q i +1 ; B adqi B qi +2 � B adqi +2 B qi

�

=
1
2

Z
K

�
� Dxadv q i +1 + adv Dxq i +1 + adD x v q i +1 ; B adqi B qi +2 � B adqi +2 B qi

�
:
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The last expressionis zero, sinceD x is a derivation. Henceit has beenproved that
the Schouten bracket

[Â� 1� S2Â� 1; Â� 1� S2Â� 1]

vanishesand this shows that the operator Â� 1� S2Â� 1 is a symplectic operator. �





App endix A

Computations in Hamiltonian operators

In this appendix, we prove the following identit y for an anti-symmetric operator H :
E� ! E :

d2! H (a1; a2; a3) = [H ; H ](b�
1; b�

3; b�
2);

where [H ; H ] is the Schouten or Schouten bracket of H and ai = H b�
i for b�

i 2 E� :
We compute the left hand side of the identit y. Using the formula for the coboundary
operator d2 as in (2.1.4) or (2.1.1), we have that

d2! H (a1; a2; a3)

= a1:! H (a2; a3) � a2:! H (a1; a3) + a3:! H (a1; a2)

� ! H ([a1; a2]; a3) + ! H ([a1; a3]; a2) � ! H ([a2; a3]; a1)

= a1:! H (a2; a3) + a2:! H (a3; a1) + a3:! H (a1; a2)

� ! H ([a1; a2]; a3) + ! H ([a1; a3]; a2) � ! H ([a2; a3]; a1):

Henceusing De�nition 2.1.5 of the 2-form ! H ; we �nd that

d2! H (a1; a2; a3)

= L a1 (b�
3(a2)) + L a2 (b�

1(a3)) + L a3 (b�
2(a1))

� b�
3([a1; a2]) + b�

2([a1; a3]) � b�
1([a2; a3]):

Using (2.1.3), we seethat

d2! H (a1; a2; a3)

= b�
3(L a1 a2) + (L a1 b�

3)(a2)

b�
1(L a2 a3) + (L a2 b�

1)(a3)

b�
2(L a3 a1) + (L a3 b�

2)(a1)

� b�
3([a1; a2]) + b�

2([a1; a3]) � b�
1([a2; a3])

= (L a1 b�
3)(a2) + (L a2 b�

1)(a3) + (L a3 b�
2)(a1)

= (L H b�
1
b�

3)(H b�
2) + (L H b�

2
b�

1)(H b�
3) + (L H b�

3
b�

2)(H b�
1):

According to De�nition 2.3.1, this shows that

d2! H (a1; a2; a3) = [H ; H ](b�
1; b�

3; b�
2):
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App endix B

Some Killing form iden tities

Justi�cation of someequlities used in Theorem 6.2.9 did not �t there to include. Here
we prove that those equlities indeed holds.

Lemma B.0.11. Let B be the antisymmetric operator B = (2D x � adv)� 1 acting on
purely imaginary (in the quaternion sense)functions. Then

X

i 2 Z=3

Z
K

�
advB qi +1 ; adqi advB qi +2

�

=
1
2

X

i 2 Z=3

Z
K

�
advadvB qi +1 + B advadvqi +1 ; adqi +2 B qi � adqi B qi +2

�
:

Here we explicitly sum over i 2 Z=3, contrary to the convention of Notation 6.1.1.

Proof. The integral on the left hand sideof the equality can be expandedasbelow using
the invarianceof the Killing form K and Jacobi identit y and sorting out the expressions
afterwards.

Z
K

�
advB qi +1 ; adqi advB qi +2

�

=
1
2

Z
K

�
advB qi +1 ; adqi advB qi +2

�
+

1
2

Z
K

�
advB qi +1 ; adqi advB qi +2

�

=
1
2

Z
K

�
advB qi +1 ; adqi advB qi +2

�
�

1
2

Z
K

�
adqi advB qi +1 ; advB qi +2

�

=
1
2

Z
K

�
advB qi +1 ; � advadB qi +2 qi � adB qi +2 adqi v

�

�
1
2

Z
K

�
� advadB qi +1 qi � adB qi +1 adqi v; advB qi +2

�

=
1
2

Z
K

�
advadB qi +1 qi ; advB qi +2

�
�

1
2

Z
K

�
advB qi +1 ; advadB qi +2 qi

�

+
1
2

Z
K

�
adB qi +1 adqi v; advB qi +2

�
�

1
2

Z
K

�
advB qi +1 ; adB qi +2 adqi v

�

125
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Now the expressionbecomesas follows using the invariance of the Killing.
Z

K
�

advB qi +1 ; adqi advB qi +2

�

=
1
2

Z
K

�
advadvB qi +1 ; adB qi +2 qi

�
�

1
2

Z
K

�
advadvadB qi +1 qi ; B qi +2

�

+
1
2

Z
K

�
adB qi +2 advB qi +1 ; adqi v

�
�

1
2

Z
K

�
adB qi +1 advB qi +2 ; adqi v

�

= �
1
2

Z
K

�
advadvB qi +1 ; adqi B qi +2

�
�

1
2

Z
K

�
adB qi +1 qi ; advadvB qi +2

�

+
1
2

Z
K

�
adB qi +2 advB qi +1 ; adqi v

�
�

1
2

Z
K

�
adB qi +1 advB qi +2 ; adqi v

�

It follows that

X

i 2 Z=3

Z
K

�
advB qi +1 ; adqi advB qi +2

�

=
1
2

X

i 2 Z=3

Z
K

�
advadvB qi +1 ; adqi +2 B qi � adqi B qi +2

�
� K

�
advadB qi +1 B qi +2 ; adqi v

�

=
1
2

X

i 2 Z=3

Z
K

�
advadvB qi +1 ; adqi +2 B qi � adqi B qi +2

�
+ K

�
adB qi +1 B qi +2 ; advadqi v

�

It follows from Lemma 6.2.5 that the following identit y holds for the operator B :
Z

K
�

adB qi +1 B qi +2 ; �
�

=
Z

K
�

B adqi +1 B qi +2 � B adqi +2 B qi +1 ; �
�

:

We �nd that

X

i 2 Z=3

Z
K

�
advB qi +1 ; adqi advB qi +2

�

=
1
2

X

i 2 Z=3

Z
K

�
advadvB qi +1 ; adqi +2 B qi � adqi B qi +2

�

�
1
2

X

i 2 Z=3

Z
K

�
B advadqi +1 v; adqi +2 B qi � adqi B qi +2

�
:

=
1
2

X

i 2 Z=3

Z
K

�
advadvB qi +1 � B advadqi +1 v; adqi +2 B qi � adqi B qi +2

�

=
1
2

X

i 2 Z=3

Z
K

�
advadvB qi +1 + B advadvqi +1 ; adqi +2 B qi � adqi B qi +2

�

�
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Lemma B.0.12.
Z

K
�

DxB adqi +2 B qi � DxB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

=
1
2

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadD x vB qi +1

�

+
1
4

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadvqi +1 + advqi +1

�

+
1
4

Z
K

�
advB qi +2 + qi +2 ; adqi +1 qi

�
:

Proof. Remember that D xB =
1
2

+
1
2

advB .

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

=
1
2

Z
K

�
advB adqi +2 B qi � advB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

+
1
2

Z
K

�
adqi +2 B qi � adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

and it follows that
X

i 2 Z=3

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

=
1
2

X

i 2 Z=3

Z
K

�
advB adqi +2 B qi � advB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

�
1
2

X

i 2 Z=3

Z
K

�
adD x vadqi +2 B qi ; B qi +1

�
+

1
2

X

i 2 Z=3

Z
K

�
B qi +2 ; adqi adD x vB qi +1

�

�
1
2

X

i 2 Z=3

Z
K

�
B qi ; adqi +2 Dxqi +1

�
+

1
2

X

i 2 Z=3

Z
K (B qi +2 ; adqi Dxqi +1 )

=
1
2

X

i 2 Z=3

Z
K

�
advB adqi +2 B qi � advB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

�
1
2

X

i 2 Z=3

Z
K

�
adD x vadqi B qi +1 ; B qi +2

�
+

1
2

X

i 2 Z=3

Z
K

�
B qi +2 ; adqi adD x vB qi +1

�

�
1
2

X

i 2 Z=3

Z
K

�
B qi +2 ; adqi +1 Dxqi

�
+

1
2

X

i 2 Z=3

Z
K (B qi +2 ; adqi Dxqi +1 )

=
1
2

X

i 2 Z=3

Z
K

�
advB adqi +2 B qi � advB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

�
1
2

X

i 2 Z=3

Z
K

�
adB qi +1 adqi Dxv; B qi +2

�
�

1
2

X

i 2 Z=3

Z
K

�
B qi +2 ; Dx adqi +1 qi

�
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where the last two terms whereobtained by applying the Jacobi identit y and the deriva-
tion property. We now have, using again Lemma 6.2.5,

X

i 2 Z=3

Z
K

�
DxB adqi +2 B qi � DxB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

=
1
2

X

i 2 Z=3

Z
K

�
advB adqi +2 B qi � advB adqi B qi +2 ; adD x vB qi +1 + Dxqi +1

�

+
1
2

X

i 2 Z=3

Z
K

�
adB qi +1 B qi +2 ; adqi Dxv

�
�

1
2

X

i 2 Z=3

Z
K

�
B qi +2 ; Dxadqi +1 qi

�

=
1
2

X

i 2 Z=3

Z
K

�
adqi +1 B qi +2 � adqi +2 B qi +1

; B advadD x vB qi + B advDxqi � B adqi Dx v
�

+
1
4

X

i 2 Z=3

Z
K

�
advB qi +2 + qi +2 ; adqi +1 qi

�

=
1
2

X

i 2 Z=3

Z
K

�
adqi +1 B qi +2 � adqi +2 B qi +1 ; B advadD x vB qi + B Dxadvqi

�

+
1
4

X

i 2 Z=3

Z
K

�
advB qi +2 + qi +2 ; adqi +1 qi

�

=
1
2

X

i 2 Z=3

Z
K

�
adqi +1 B qi +2 � adqi +2 B qi +1 ; B advadD x vB qi

�

+
1
4

X

i 2 Z=3

Z
K

�
adqi +1 B qi +2 � adqi +2 B qi +1 ; advqi + B advadvqi

�

+
1
4

X

i 2 Z=3

Z
K

�
advB qi +2 + qi +2 ; adqi +1 qi

�

=
1
2

X

i 2 Z=3

Z
K

�
adqi +2 B qi � adqi B qi +2 ; B advadD x vB qi +1

�

+
1
4

X

i 2 Z=3

Z
K

�
adqi +2 B qi � adqi B qi +2 ; advqi +1 + B advadvqi +1

�

+
1
4

X

i 2 Z=3

Z
K

�
advB qi +2 + qi +2 ; adqi +1 qi

�

where we usedthe relation B D x =
1
2

+
1
2

B adv. �
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Lemma B.0.13.

X

i 2 Z=3

Z
K

�
qi +1 ; adqi advB qi +2

�

= �
X

i 2 Z=3

Z
K

�
advqi +1 ; adqi B qi +2 � adqi +2 B qi

�
:

Proof.

X

i 2 Z=3

Z
K

�
qi +1 ; adqi advB qi +2

�

= �
X

i 2 Z=3

Z
K

�
qi +1 ; advadB qi +2 qi

�
�

X

i 2 Z=3

Z
K

�
qi +1 ; adB i +2 adqi v

�

= +
X

i 2 Z=3

Z
K

�
advqi +1 ; adB qi +2 qi

�
+

X

i 2 Z=3

Z
K

�
adB qi +2 qi +1 ; adqi v

�

= �
X

i 2 Z=3

Z
K

�
advqi +1 ; adqi B qi +2

�
�

X

i 2 Z=3

Z
K

�
adqi +2 B qi ; adqi +1 v

�

= �
X

i 2 Z=3

Z
K

�
advqi +1 ; adqi B qi +2 � adqi +2 B qi

�
:

�





App endix C

Computation of Killing form

Here we give a direct proof of Lemma 1.4.1.

Proof. Let X 1; X 2 be the subsetsof spn de�ned by

X 1 = f E (q)
ss j s = 1; : : : ; n; q = i; j; kg;

X 2 = f F (1)
r s ; F (i )

r s ; F (j )
r s ; F (k)

r s j r < s with r = 1; : : : ; n � 1; s = 2; : : : ; ng;

respectively, in which, for instance, E (i )
ss is a matrix with entry (E (i )

ss )ss = i and zero
elsewhere, F (1)

r s with entry (F (1)
r s )r s = 1 and (F (1)

r s )sr = � 1 and zero elsewhere,matrix
F (i )

r s with entry (F (i )
r s )r s = i = (F (i )

r s )sr : and zero elsewhere.Then X 1 [ X 2 is a basis for
sp(n; H):

Let us denote linear map adA � adB shortly by T and take element E from the �rst
set X 1 in which Ess 6= 0: Then we can compute the matrices below.

(B E)r t =
�

0 if t 6= s
B r sEss if t = s

; (EB )r t =
�

0 if r 6= s
EssBst if r = s

:

Hence

[B ; E ]r t =

8
>><

>>:

0 if r; t 6= s
� EssBst if r = s; t 6= s
B r sEss if r 6= s; t = s
BssEss � EssBss if r = s; t = s

:

Now we need to compute (TE)ss: To do so we compute following entry of matrices
A[B ; E ] and [B ; E ]A:

(A[B ; E ])ss = Ass(BssEss � EssBss) +
nX

k=1 ;k6= s

AskBksEss;

([B ; E ]A)ss = (BssEss � EssBss)Ass +
nX

k=1 ;k6= s

(� EssBsk)Aks:

131
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Thus we have

(TE)ss = [A; [B ; E ]]ss

= (AssBssEss + EssBssAss) � (AssEssBss + BssEssAss)

+
nX

k=1 ;k6= s

(AskBksEss + EssBskAks):

Now we take element F from the secondsubsetX 2 of basis in which Fpq 6= 0; for p < q:
Then

(B F )r t = B r pFpt + B r qFqt =

8
<

:

0 if t 6= p;q
B r qFqp if t = p
B r pFpq if t = q;

and

(F B )r t = Fr pBpt + Fr qBqt =

8
<

:

0 if r 6= p;q
FpqBqt if r = p
FqpBpt if r = q;

Hence

[B ; F ]r t =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

0 if r 6= p;q
� FpqBqt if r = p; t 6= p;q
� FqpBpt if r = q; t 6= p;q
B r qFqp if t = p; r 6= p;q
B r pFpq if t = q; t 6= p;q
BpqFqp � FpqBqp if r = p; t = p
BppFpq � FpqBqq if r = p; t = q
BqqFqp � FqpBpp if r = q; t = p
BqpFpq � FqpBpq if r = q; t = q

Thus we have that

(A[B ; F ])pq = App(BppFpq � FpqBqq) + Apq(BqpFpq � FqpBpq)

+
nX

k=1 ;k6= p;q

Apk(BkpFpq);

and

([B ; F ]A)pq = (BpqFqp � FpqBqp)Apq + (BppFpq � FpqBqq)Aqq

+
nX

k=1 ;k6= p;q

(� FpqBqk )Akq:
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Therefore we obtain

(TF )pq = (AppBpp + ApqBqp)Fpq + Fpq(BqpApq + BqqAqq)

� (AppFpqBqq + BppFpqAqq + ApqFqpBpq + BpqFqpApq)

+
X

k=1 ;k6= p;q

(ApkBkpFpq + FpqBqkAkq):

Then K (A; B ) can be obtained as follows.

K (A; B ) =
nX

s=1

(TE (i )
ss ) i + (TE (j )

ss ) j + (TE (k)
ss )k

+
X

p<q

(TF (1)
pq )1 + (TF (i )

pq ) i + (TF (j )
pq ) j + (TF (k)

pq )k

=
nX

s=1

[� 8 < Ass; Bss > r � 6
nX

k6= s;k=1

< Ask ; Bsk > r ]

+
X

p<q

[� 4 < App; Bpp > r � 4 < Aqq; Bqq > r � 12 < Apq; Bpq > r

� 4(
X

k6= p;q

< Apk ; Bpk > r + < Aqk ; Bqk > r )]

= � 4(n + 1)
nX

s=1

< Ass; Bss > r � 8(n + 1)
X

p<q

< Apq; Bpq > r ;

where the following identities have beenused:

P
p<q [< App; Bpp > r + < Aqq; Bqq > r = (n � 1)

P n
s=1 < Ass; Bss > r ;

P n
s=1

P n
k6= s;k=1 < Ask ; Bsk > r = 2

P
p<q < Apq; Bpq > r ;

P
p<q

P
k6= p;q(< Apk ; Bpk > r + < Aqk ; Bqk > r ) = 2(n � 1)

P
p<q < Apq; Bpq > r :

�
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Summary

Many of the equations and systemswhich now are called integrable have been known
in di�eren tial geometry. One of them is the famous sine-Gordon equation which was
derived to describethe pseudosphericalsurfaces.The B•acklund transformation generates
an in�nite-dimensional `symmetry group' acting on the set of pseudosphericalsurfaces
and the permutabilit y theorem of Bianchi, shows the possibility of writing down explicit
solutions starting with a simple surface. Another oneis the Liouville equation describing
minimal surfacesin Euclideanspace.For physicists, the prototypeexamplesof integrable
systemsare the Korteweg-DeVries equation and the nonlinear Schr•odinger equation.

A starting point from which all this rich structure can be derived is a zero-curvature
formulation of the underlying problem or the Lax representation of nonlinear equations.
The zero curvature representation has a transparent geometrical origin. In di�eren tial
geometry, the embedded surface is the Gauss-Codazzi equation represented as a com-
patibilit y condition of linear equations for the moving frame.

The connection between geometry and integrable systemsis clari�ed by Hasimoto
in 1972. He found the transformation between the equations governing the curvature
and torsion of a thin vortex �lamen t moving in a 
uid and the NLS equation. In fact
Hasimoto constructed the complex function of the curvature and torsion of the curve
and showed that if the curve evolves according to the vortex �lamen t equation, then
this function solves the cubic nonlinear Schrodinger equation. One can �nd, through
the Hasimoto transformation, the recursion operator for NLS hierarchy as well. Later
is showed that the Hasimoto transformation is induced by a gaugetransformation from
the Fren̂et frame to the parallel or natural frame.

Generalizing theseresult to the motion of a curve in the Riemannian manifold with
constant curvature following an arc-length preserving geometric evolution, gives rise to
the evolution of its curvature and torsion which proved to be Hamiltonian 
o w. By using
the parallel frame, one can �nd the recursion operator as well as the Hamiltonian and
Symplectic operators. This can be doneequivaletly by Cartan structure equation having
a Cartan connection which is speci�ed according to the frame we choose. Similarly this
method can be used in conformal geometry as well.

In this thesis,weconsiderthe symplectic geometryde�ned by the homogeneousspace
which indeed is identi�ed with projective quaternionic space. We study the Cartan
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structure equation, and seethat choosing natural or parallel frame, one can �nd the
time evolution of invariants of a family of curves embedded in the homogeneousspace,
the recursion operator, Nijenhuis operator as well as the Hamiltonian and symplectic
operators. Replacing the unknown variables with trivial symmetries, one can get an
noncommutativ e integrable system. We also expressall those operators in terms of
Lie bracket, Killing form and projections on the underlying subspaces.The method is
employed is enoughgeneralto say that choosing a \righ t frame" would lead the Cartan
structure equation to integrable equations together with all geometric operators.

Generalizing the Drinfel'd-Sokolov method to the symplectic geometry, we �nd the
Lax representation of the equation we found.
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