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We study two single-server multi-class systems in tandem. As simple optimal policies exist only
in special cases, our objective is to study simple policies which perform close to optimality. For
one such policy, which is based on the uc rule, we prove that it is optimal in an asymptotic sense.

Numerical work comparing this policy with the optimal one is also supplied.

1. INTRODUCTION

Stochastic scheduling is concerned with assigning service to customers in some cost-efficient way.
For numerous simple models the policy minimizing some specified cost function has been obtained.
See Righter [5] for an overview.

However, for less simple models often there is no hope to derive the optimal policy explicitly,
due to its complexity. For these types of models there is a need for simple policies which can be
shown to perform close to optimality. Good examples of these types of results can be found in
Weiss [6], in which multi-server systems are studied. It is well known that for single-server systems
and appropriate cost functions the uc rule is optimal. For multi-server systems this holds only
for some special cases, as there are extra conditions on the service times needed, as in [3]. In his
paper Weiss shows that the pc rule also performs well for multi-server systems, and bounds on its
performance are given.

Here we do not study multi-server systems, but two single-server systems in tandem. Here too
there are results for special cases, as shown in Hordijk & Koole [3]. There it is derived that, for
exponential service times and instantaneous costs linear in the numbers of customers, the uc rule
is optimal in the last center of a tandem system if the service time parameters are ordered. More

specifically, assume that p; is the service rate of class j customers in the second center, and let c;
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be their holding cost rate, then the pc rule serves the customers in decreasing order of p;c;. With
reindexing we assume that p1cq > -+ > py, ¢y (with m the number of customer classes). Then the
pe rule minimizes the expected holding costs if in addition p; < -+ < p,,. There are no results
known on the policy to be employed in the first center.

In this paper we will study a policy, based on the uc rule, which prescribes both the server
assignment in the first and in the second center. Using dynamic programming, we will show that
this tandem pc rule is optimal in an asymptotic sense. It uses the pc rule in the second center, and
serves the customers in the first center in decreasing order of fi;(¢; —c¢;) (variables with (without) a
tilde refer to the first (second) center). We show that as long as the second center does not empty
(due to the availability of many customers), this policy is optimal. This is used to give a bound
on the difference in expected costs at T' between the tandem puc rule and the optimal policy. This
bound goes to 0 if the number of customers in the second center increases. These results can be
found in section 2.

Actually, we consider two models. In the first one the order in which the customers are served
by the tandem puc rule may differ between the centers. In this case the number of customers in the
highest priority queue in the second center must be big enough. The other model has 2 queues in
each center, and equal service orders in both centers. In this case the total number of customers
in the second center has to be large.

The same method can also be used to study discounted costs instead of costs incurred over a
finite horizon. This is done in Koole [4], where a single server single center model with switching
costs is studied. We cannot apply the method yet to average costs. This is an interesting area of
further research.

In section 3 we present some numerical results. For computational reasons only discounted
and average costs for the infinite time horizon are considered. With discounting the tandem uc
rule is practically optimal for the cases considered. In the average cost case however the relative

differences between between the tandem pc rule and the optimal policy were significantly larger.

2. RESULTS

Let us start by formulating our model precisely. We have a system of two centers in series, with
customers joining the first center according to a marked Markov arrival process (MMAP), intro-
duced below. We choose an MMAP because it is Markovian in nature, and every arrival process
can be approximated with it arbitrarily close (Asmussen & Koole [1]). Both centers consist of m
queues, and each customer in queue j at center 1 (2) has a service time which is exponentially
distributed with parameter fi; (u;). At each center there is a server, which can be assigned to the
customers available at the center in a preemptive manner. Customers who finish service at the first

center join the same queue at the second center, customers departing from the second center leave
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the system. The scheduling of the servers is done on line, based on full state information. The cost

structure will be specified later.

2.1. Definition. (marked Markov arrival process) Let A be the finite state space of a Markov
process with transition intensities A, with z,y € A. When this process moves from x to y, then
with probability qu an arrival in class j, 1 < j < m, occurs. The arrival events are mutually
exclusive, and 2311 @, < 1.

First we formulate the dynamic programming (d.p.) equation for our model. For this equation
we will then derive certain properties, which are the basis of our main results.

Assume (without restricting generality) that >, A, = v for all x and that v+ +p < 1,
where ¢ = max; u; and i = max; fi;. This can always be done by scaling of the process. Thus
the transition rates can now be interpreted as transition probabilities of an embedded discrete time
model. Let (x,7,4) denote the state of our system, with x the state of the MMAP, and 7 (i) the
queue length vector at center 1 (2). Define e; = (0,...,0,1,0,...,0), with the 1 in jth position.

The following transitions are possible: from (z,7,1%) to (z,7—ej,i+¢;), corresponding to a class
Jj customer moving from center 1 to center 2 (which event has transition rate fi;, given that the
server at center 1 serves class j, and that 7; > 0); from (x,%,4) to (z,7,7 — e;), corresponding to a
class j customer leaving center 2 (with rate p;, given that the server at center 2 serves class j, and
that i; > 0); from (z,7%,1) to (y,7+e;, 1), corresponding to a transition of the MMAP and an arrival
of a class j customer (with rate )\quiy); from (z,7,1) to (y,7,17), corresponding to a transition of

the MMAP without an arrival (with rate Az, (1 — >, a,))-

Now consider the following dynamic programming equation:
+1 . i n j n
Vo) = . { Z)‘wy ( Z QayVlyite;i T (1= Z qgcy)v(y,ii)) +
LTy i=1 =1
V(e iepsiter) + (= BV 00+
ey + (1= )0y + (L= = = W =
PIRO DML IIESCED SUNTATY S 21)
y =1 j=1
mjin {ﬂj“?x,z—ej,zurej) + (B — [5)V(s7.4) }+
mjin {ij?z,i,i—ej') + (1 — /lj)”&,z,i)} +(1—y—p- :U’)v?m,i,i)’
0
V(i) =00
The minimization ranges over all non-empty queues, and idleness corresponds to action 0 with

o = o = 0. This equation differs from standard d.p. equations in the sense that there are no

direct costs, only salvage costs c. Thus v?x 7,i) can be interpreted as the minimal expected costs
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incurred after n steps of the embedded discrete time model, when starting in (z,7,1).
Now we prove certain properties of the value function v™, assuming that the same properties
hold for the costs c. We start by proving monotonicity in both centers, i.e., we formulate conditions

on ¢ under which serving an arbitrary customer (if available) is better than idling.
2.2. Lemma. If

Wz i—ej, ites,) < W(g,7,0) for %‘1 >0 (2.2)
and

w(w,i,ifejl) < W(g 7,i) for ijl >0 (2.3)
hold for the cost function w = ¢, then they hold for all v™, n > 0.

Proof. By induction. The lemma trivially holds for v°. Now assume that the lemma holds up to

n. We start with (2.2). We will write v™*! in terms of v™, by inserting the d.p. equation, and then
n+1 n+1

(xvi_ejlfi"'ejl) ("E?'Z:i)

out it is easily seen that the inequalities for terms corresponding to arrivals follow directly by the

we will prove the inequality by term-by-term comparison. When writing v and v
induction hypothesis.

Consider the departures from the first center. Let j* be the optimal action in the first center
in state (z,7,i). If j* # ji, j* is allowable in state (z,7 — ej,,7 + e;,) and the term follows by
induction. If j* = j;, and 7 = e;,, then idling is the only action in state in state (x,7 —e;,,i +€;,)
and the term follows by induction. If there is at least one more customer available, say in queue
Jo2, and j* = 71, then

mjin {ﬂjvzlx,i—ejl —ej,itej +ej) + (ﬂ - ﬂj)v?w,i—Ejl ,i+6j1)} <
o o (2.2)
'uj2v(x,i—ejl —ejy,ites; Fejy) + (,u - sz)v(x,i—ejl,i+ej1)
- n - \n (2.2)
iu“jzv(x,ifejl,iJrejl) + (:u - sz)v(xjfejl,zﬁrejl)
ﬂjlv?r,i—ejl,i—i-ejl) + (l&’ - l&jl)v?x,i,i) =
Injin {ﬂjv’(nz,i—q,i—&-ej) + (IEL - ﬂj)v?xﬂ,i) }
Consider the departures from the second center. The optimal action in (z,7,4) is allowable in
(x,7—ej4,,1+ ej,). Therefore the term follows easily by induction.

Consider (2.3). The terms regarding arrivals and the departures from the first center follow by
induction, because the optimal action in the first center in (x,7,1) is also allowable in (z,7,i —e;, ).
Regarding the departures from the second center, the optimal action in (z,7,1%) is also allowable in
(2,7, — ej, ), unless it is j;. But then we can use action 0, which means idleness of the server in

the second center, in (z,7,7 — e, ). o



Now we have the following theorem which follows from lemma 2.2 and uniformization tech-

niques (see e.g. Van Dijk [2]):

2.3. Theorem. The optimal policy at T is non-idling in both centers for all cost functions
satisfying (2.2) and (2.3).

Without any difficulty we could have added direct costs in the d.p. equation, leading to the
same result for the total expected costs incurred from time 0 to time 7.

Let us see what the inequalities mean for linear costs, i.e. ¢(; ;) = Zj Cjl;j +Zj cjij. Equation
(2.3) requires that ¢; > 0 for all j. It is easily seen that (2.2) requires ¢; — ¢; > 0 for all j. This
is not surprising, as this number is the cost reduction when a class j customer moves from center
1 to 2. This gives us a conjecture on how an asymptotic optimal policy might be: serve in center
1 the queue with highest fi;(¢; — ¢;) and follow in center 2 the pc-rule, i.e. serve the queue with
highest f1;¢;. This indeed gives us the tandem pc-rule.

Note that there are, besides linear costs, many interesting cost functions satisfying (2.2)
and (2.3).

The tandem pc rule is not optimal in general. Indeed, the tandem pc rule is only concerned
with reducing the costs myopically, while an optimal policy would also have to consider objectives
like keeping enough work available for the second server. However, there seem to be no other effects
than those related to emptiness of the second center withholding the tandem pc rule from being

optimal. Therefore, if we assume that the second center never empties, we have the following.
2.4. Lemma. Assume idleness is not allowed. If
ﬂjlw(x,ifejpﬂrejl) + (/1 - ﬂjl)w(m,i,i) S ﬂjQw(m,i7€j27i+€j2) + (/1 - ﬂjz)w(mj,i)

for j1 < jo and ij17ij2 >0 (24)

and, for some j*,
/’Lj*w(wyai*ej*) + (/’L - /’LJ*)w(wviﬂ) S Mjlw(wviﬂiiejl) + <’U/ - M-jl)w(zj’l)
for jl with ’ijl >0 (25)

hold for the cost function w = c, then they hold for v", n > 0, whenever n < i;«.

Note that it follows from (2.5) and the d.p. equation (2.1) that it is optimal to serve queue j*
in center 2, hence queue j* has highest priority, and will be served because we assume that there
are customers in that queue. The inequality (2.4) together with the d.p. equation then gives that

the policy that assigns the server to the non-empty queue with smallest index (the SIP) is optimal
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for time horizon n in the first center, if the number of customers in the highest priority queue of
center 2 is at least n.

If the cost function is linear, i.e., cz74) = 32, €1 + 3, ¢;1;, and satisfies (2.4) then fi1(¢1 —
€1) > -+ > fim(Em—cm). The inequalities (2.5) for this linear cost function imply that pj«c;= > pjc;
for all j with i; > 0. Hence the optimal rule which follows from the inequalities is the tandem pc

rule.

Proof of lemma 2.4. By induction. Assume the lemma holds up to n. We start with (2.4).
Assume n + 1 < ij«. The terms concerning arrivals follow immediately, using induction, because
n < i;+. Consider the terms corresponding to departures from center 1. Let j* be the optimal
action in state 7. Because 7;, > 0, j* is also optimal in 7 — e;,. If j* # ji, then the terms follow

easily by induction. If j* = j;, then
fijy Hllel {ﬂjv?z,i—ejl —ejyitej +e;) + (a— ﬂj)v&,i—eh ,i+ej1)}+

(i — fij,) mjin {ﬂj”&,z—ej,wej) + (A — ﬂj)v?z,i,i)} <
[y o V(s iy —e; vibes, +egy) T Mo (B = Bga V(s e, ite; )T
(o — ﬂjl)ﬂjzv?z,z—ejz,weh) + (= 1, ) (B = fig V(e 7y =
js mjin {ﬂjv?z,z—eh—ej,wrem reg) T = 1)V(0 e, iesy) }+

(= g it {00z, iy + (B = )0y |-

Consider the second center. By (2.5), serving queue j* is always optimal. The terms follow by
induction. Note that we used (2.5) at step n with at least n + 1 customers in queue j*. Also the
dummy term follows easily.

Consider (2.5). Again the terms concerning arrivals and the dummy transition follow easily.
The optimal action in the first center of (z,7,4) depends only on 7. Because the number of customers
in queue j* in state (x,7,i —e;,), (x,7,% — e;+) and (x,7,4) is i, — 1 or more, there are at least n
customers available, meaning that, by (2.4), the same action is optimal in each state. Therefore
also the terms concerning departures from the first center follow easily. Concerning the second

center, serving queue j* is optimal in each state. Also these terms follow easily by induction. o
Lemma 2.4 is the basis of our heavy traffic theorem.

2.5. Theorem. For all T, cost functions satisfying (2.4) and (2.5), and € > 0 there is a number N
such that the tandem pc-rule in both centers is e-optimal at T, if there are more than N customers

in queue j* at time 0.



Proof. Let Ny denote the fixed number of customers in the first center, at time 0. We compare
the costs of two policies: the tandem pc-rule and the optimal policy R*. Let the r.v. ®I (uc) and
®T(R*) denote their expected costs, where x is the starting state of the whole system.

If we condition on the times of the jumps, R* results in an discrete-time policy on these jump
times. Note that the tandem pc rule is a stationary policy. Thus, if we assume that the number
of jumps is smaller than N, then, by lemma 2.4, we find that the tandem uc performs better than
R*. This leads to IE(®L (uc)|AS) — IE(®L(R*)|A%) < 0, with Ax the event that there are N or
more jumps in [0, 7.

This results in

E®] (jc) — B (R) =

(BT (ne) | Aw) — (T (R")| Aw) ) P(An)+
(T(@7 (ne) A%) — (T (R)|A5) ) P(A%) <

(T(@7 () | Aw) — T(@T (R")| Ax) ) P(An).

The expected number of arrivals, conditioned on Ay, is smaller than N + T'/~. Thus the expected
number of customers available at T, conditioned on Ay, for both the tandem pc-rule and R*, is
smaller than Ny + 2N + T'/~. The expected costs are bounded by (N7 + 2N + T'/~)c for some c.
It remains to show that there is a NV such that IP(Ayx)(N1 42N +T'/y)c < 5.
as IP(Ay) and NIP(Ay) | 0 as N — oo. o

This follows easily

If idleness is allowed, we can combine lemma 2.4 and 2.2:

2.6. Theorem. For all T, cost functions satisfying (2.4), (2.5), (2.2) and (2.3) and £ > 0 there is
a number N such that the tandem pc-rule in both centers is e-optimal at T, if there are more than

N customers in queue j* at time 0.

Now we restrict ourselves to m = 2 centers, and we assume that the tandem pc-rule has the
same priority in both centers, i.e. serving queue 1 is optimal in both centers if there are sufficiently
many customers in queue 2 of center 2. In lemma 2.7 we relax this requirement to the condition

that for fixed time horizon n there are at least n customers in the second center.

2.7. Lemma. Assume idleness is not allowed. If

ﬂlw(x,i—el,i—i-el) + (ﬂ - ﬂl)w(x,i,i) < ﬂ?w(z,i—m,i—&-ez) + (ﬂ - ﬂz)w(w,i,i)
for 51,52 >0 (26)

and

PAW(g 7i—er) T (10— P1)Wz i) < PoW(z5i—es) T (1 — H2)W(z,i4)
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for iq,i5 > 0 (2.7)

hold for the cost function w = ¢, then they hold for v™, n > 0, whenever n < i1 + io.

Proof. By induction. Assume the lemma holds up to n. We start with (2.6). Assume n+1 < i +is.
The terms concerning arrivals follow immediately, using induction, because n < i1 4+ i3. Consider
the terms corresponding to departures from center 1. In 7 and 7 — eg it is optimal to serve queue 1.
Thus

A Hl]ln {ﬂjv?z,i—61—€j,i+61+ej) + (’&' o ﬂj)v?"t’i_elvi"'el) }+
(/1 - /11) Hl]ln {ﬂjv?z,i—ejyi-i-ej) + ('&’ o ﬂj)v&ﬂyi)} <
ﬂ1ﬂ2v?x,57617627i+81+62) + (A - /12)?1&5761,”5:1)"‘

(IEL - ﬁl)ﬂQU’(rL:E,i—eg,i—‘,—ez) + ([L - ﬂl)(u [L2)/U’(nrjai) =

/:l2 Hljln {ﬁjv?x,576276j7i+62+€j) + ([L - ﬂj)v?xv’i*eQ’iJ’»ez) }+

(i — fiz) mjin {ﬂj”?x,zfej,wej) + (i — ﬂj)“?x,z,i)}-

Consider the second center. If i; > 0, serving queue 1 is optimal in i + e, ¢ and 7 + es, using that

(2.7) holds for i; + i3 > n+ 1 at stage n. Then
1&’1 m]m {lu’jv?z,i—el,i—}-el—q) + (,U, - /j’j)v?w,i—el,i—i-el) }+

(ft — fi1) min {ij?m,z,i_ej) + (1 — :U’j)v?x,i,i)} =
J

ﬂllu’lv?m,i—el,i—f—el—el) + ﬁl (,U, - /“Ll)v’(n:r,i—el,i—i-el)‘f‘

I . o e
(= ) a0y ey + (B — 1) (10— p1)0(5 5.5 <

/NLQMlUZLx,ifeg,i+egfel) + /:22(# - /-’Ll)v?x,'i—eQ’iJrez)_'_
(B — ﬂQ)/j’lv?r,i,i—el) + (A= fz) (e — ’u'l)v?wﬂ:i) -
)ELQ Injln {ij?x,ifeg,i+627€j) + ('u - uj)v?x15762’i+62) }+
(f — fi2) mjin {Nj“?x,z,ifej) + (1= 1)V 7.4 }

We wanted to prove the inequality for all i with n + 1 < i1 4+ i3. We used at stage n (2.6) with
i1 + 12 + 1 > n customers in the second center.

If i1 = 0, then i3 > 0. Thus serving queue 2 is optimal in ¢ and ¢ + es. Then

fua min {M?w,z—el,i+el—ej> (= 1)V e i) }+
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(i — fin) mjin {lujv?m,i,i—ej) + (n— :U’j)v?m,i,i)} <

[Llu2v?m,i—el,i+el—eg) + /11(,UJ - lu’2)v?x,i—el,i+el)+

o o (2.6)
(= 1) 120y ey + (B — 1) (10— p2)0(y 5.5 <

ﬂ2ﬂ20?$7i762,i+82762) + /12(,& o 'uz)v?ﬂ?ﬂ*e%ﬂfw)_'_
(i — ﬂz)mv?xmf@) + (i — fiz)(p — #2)1’&571) =

fi2 Ingln {'ujv?x,ifez,i+62*€j) + ('u B 'uj)v?x’i*ebpr@)}—i_

(= iz min { a0y 5y + (0= )0z -
Also the dummy term follows easily.

Consider (2.7). Again the terms concerning arrivals and the dummy transition follow easily.
The optimal action in the first center of (z,7,7) depends only on i. Because the number of customers
in center 2 in state (z,7,i — e1), (z,7,7 — e2) and (z,7,4) is i1 + i2 — 1 or more, there are at least
n customers available, meaning that, by (2.6), the same action is optimal in each state. Therefore
also the terms concerning departures from the first center follow easily. Concerning the second

center, we have
241 Hl]ln {lujv?z,i,i—el—q) + (,U, - lu’j)v?w,i,i—el) }+
(1 —p1) mjin {lujv?m,i,i—ej) + (n— :U’j)v?m,i,i)} <
Mllu’2v?m,i,z’—el—eg) + pa(p — :U’2)’U?x,i,i—e1)+

n

(1 = B P20y 75— eq) + (10— 1) (1 — p2) V0,

)
% Inlel {,u]v(m Ti—ea—e;) + (n— ,LL] U(z,z,z €2) }

(/JJ MQ)mln{:U‘Jv(wzz e;) + (:u NJ U(xzz)

Analogous to theorem 2.5, this results in the following:

2.8. Theorem. For all T, cost functions satisfying (2.6) and (2.7) (and (2.2) and (2.3) if idleness
is allowed) and € > 0 there is a number N such that the tandem pc rule in both centers is e-optimal

at T, if there are more than N customers in the second center at time 0.

3. COMPUTATIONS

It is interesting to compare the tandem pc rule and the optimal policy numerically for the infinite

time horizon. We did this again using dynamic programming for a single set of service and holding

9



cost rates, and for varying arrival rates (we took the arrivals Poisson). Both discounted and average
costs were considered. The model we did our computations for can be found in figure 1. One reason
for choosing this particular set of parameters is that we cannot expect the uc rule to be optimal in

the second center (according to [3] since pic; > pace and pyg > ps2).

A center 1 ) c center 2 1% C

A* 1 4 2 1.1

A* 2 2 1 2
Figure 1

In table 1 the results, using value iteration, for the discounted cost case are summarized. For all
combinations we computed the relative difference between the costs under the optimal policy and
under the pc-rule, for the starting states with each queue empty (upper entries) and 5 customers
in each queue of both centers (lower entries). Of course we had to make the state space finite. We
did this by giving an upper bound on the total number of customers in the system. By doing it
this way, buffer influences are minimized. Note that the average load is equal to %)\*, and thus
A* = 0.6 gives an average load of 0.9.

For most instances the difference between both policies was below machine precision. Only for
higher values of the discount factor  there was some difference. It is remarkable to see that the
tandem pc rule works better for the empty initial state. This can be explained by the fact that in

this case there are few customers available, giving less choice for the servers.

6 =0.01010.25 0.5 0.75
x 0 0 0 0 2.6-1078
AT =0.1 0 0 0 0 4.3.10—6
0 0 0 0 4.0-1077
0.2 0 0 o0 0 4.2.10-6
0 0 0 0 4.5:1077
0.3 0 0 0 0 2.1.10-6
0 0 0 0 0
0.4 0 0 o0 0 <10-15
0 0 0 0 0
0.5 0 0 0 0 <10-15
0.6 0 0 0 0 <10~ 14
: 0 0 0 <10-' <1013

Table 1. Discounted costs

The results for the average cost case in table 2 indicate that theorem 2.5 does not hold for
average costs. The results for high traffic intensities are less accurate (indicated with ~) due to the
finite state space, although we had a model with a maximum of 60 customers, giving more than
6 - 10° states.
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A* R* e rel. diff.
0.1| 0.886 0.889 | 0.0034
0.2| 2.134 2.171 0.017
0.3| 4.024 4.202 0.044
04| 7248 | ~7.939 | 0.095
0.5 |~ 14.092 | = 16.862 | 0.20
0.6| ~36.6 | ~48.5 0.32
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