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Abstract

We consider Markov Decision Processes under light traffic conditions. We develop
an algorithm to obtain asymptotically optimal policies for both the total discounted and
the average reward criterion. This gives a general framework for several light traffic
results in the literature. We illustrate the method by deriving the asymptotically
optimal control of a simple ATM network.

1 Introduction

In this paper we consider Markov decision processes (MDPs) with as objective the computa-
tion of optimal decision rules. To do this in general a system of N equations in N unknowns
has to be solved, where N is the number of states. In real problems this IV is usually very
big making this computation very complex. We focus on a class of MDPs with a special
structure such that we can derive this solution in a recursive way. We develop an algorithm
to compute optimal policies under light traffic, which means that there is a parameter of
the system that tends to zero, for total discounted and average costs. There are two reasons
for the use of such an algorithm: 1) With a computer the asymptotically optimal policy can
be computed very fast (relatively to the regular optimal policy). 2) Structural properties of
the asymptotically optimal policy can often be obtained easily.

Smith [11] considers a repairman model and expresses the average time the system is
down as a function of some parameter. He computes an asymptotical optimal policy using
a power series expansion of the stationary probabilities when this parameter is in a neigh-
bourhood of zero, corresponding to cases of highly reliable and highly unreliable systems.
This method is related to the power series algorithm (see [1]). Katehakis and Levine [4]
are the first who use the optimality equation to obtain an asymptotically optimal policy.
They look at a model where distinguishable servers have to be assigned to different types
of jobs. The same method is used in Katehakis and Derman [3], Katehakis and Levine [5],
Levine and Finkel [9] and Koole and Vrijenhoek [8]. These references only consider specific
applications of the algorithm, the aim of this paper is to develop assumptions under which
the method works, to derive an algorithm which can easily be applied and to illustrate the
algorithm with an example. Note that all models studied in the papers mentioned above fit
in our framework.

Model: The state space E and the action sets in all the states i, A(¢) are finite. We denote
the traffic intensity with p. When action a is chosen in state 7 there is a transition to state
j with probability p(i,a,j)(p) and a direct cost c(i,a)(p). We assume that there exists a
p* > 0 such that p(i, a, e)(p) is a probability distribution for all i,a and p € [0, p*].
Because we have finite state and action sets it is known (Derman [2]) that for discounted
as well as for average cost for every p there is at least one minimising policy that is stationary



and deterministic. Such a policy f is one which, whenever the system is in state i € F,
selects an action f(i) € A(i) as a deterministic function of ¢ only. From now on we restrict
ourselves to this class of policies, which we denote by F. Our main condition is:

Condition 1 We can classify the states in levels 0,1, ..., M such that

i) The transitions are of the form

. . . . N—=1(:))T
p(isa,5)(p) = qli,a, j)p" =1
where (i) denotes the level of state i and q(i,a,j) is independent of p.

it) We can order the states in each level in such a way that there are no transitions to
higher ordered states in the same level.

11i) There are integers so and s1 such that the costs are of the form

clira)(p) = 3 )’

S$=38po

with ¢*) (i, a) independent of p.

Remark:  Similar assumptions can be found in [6]. There the parameter can be chosen
completely arbitrary, and taken equal to 1 afterwards. Here however it is not just an artificial
paramater but it is the case where p approaches 0 where are interested in. Thus taking the
limit to zero of this parameter should mean something, for example high or low traffic or a
very reliable or very unreliable system. Therefore we call p the traffic intensity.

For a policy f € F we define the direct cost vector ¢y as cf(i) = c(i, f(i)) and cgf)(i) =

c®) (i, f(i)). The transition matrix P has as entry in row i and column j the number
p{j = p(i, f(i),7) for 4,5 € E, and similarly quj = q(4, f(9),7). Under condition 1 we can
write Py = G;O) + pGS}) + pMGE‘-M) with G;O) a probability matrix and all rowsums of

Ggf) equal to zero for 0 < s < M.

2 Discounted costs

Let us fix p for the moment. For a policy f € F, initial state i € E and discount factor
3 € [0,1) we denote the total discounted expected costs by v? (7). We know that the vector

v? solves the following system of equations:
U? =cf+ 5va?. (1)

The discounted value of the process is denoted by v° and defined as v° = mingscp U? . We

call a policy f* optimal if vf* = 9%, This value vector solves the Discounted Optimality
Equation, i.e.

F = mi PpoPy. 2
v? =min{cy + SPpu"} (2)

As ’u? and v® depend on p, we denote them by v?(p) and v?(p) in the sequel.

Definition 2.1 A policy f* is called asymptotically optimal if there exists a p* € (0,1) such
that for all p € (0, p*): v (p) = v?* (p).



Theorem 1 Fiz 3. Under condition 1 there exists a [(-discounted asymptotically optimal
policy f*. We can compute f* and its corresponding costs in a recursive way.

Before we give the proof we formulate and prove some lemmas.

Lemma 2.1 Fiz a policy f € F and a discount factor 3. We can express v?(p) as a power

Series erpansion in p:
oo

(¢
ooy =30 ey,

t=80
Proof: From (1) it follows that

v} (p) ={I = BPs(p)} 'es(p)

This matrix inversion can be done by Cramer’s rule and hence the value can be written as
the quotient of two polynomials in p with finite degree. It follows that the number of poles

is also finite and that p = 0 cannot be a pole because Py(0) = G;O) is a probability matrix.
Hence, there exists a positive r; such that v?(p) is analytic in a disc around p = 0 with
radius 7f. Therefore we can express it as a powers series expansion at p = 0 that converges
for p < ry. If we substitute this expansion in (1) we obtain:

Zpt B,(¢) ch(t)‘f'ﬁzpmG(m)Zptﬁ(t

t=0 t=sg
e} 0 t
( t) t—s
Zptv?),zpt(+ﬂzptz ﬂ()G( )
t=0 t=s0 t=0  s=0
Equating successive coefficients gives, if sg > 0:
SO = P0G
v?v(l) — /U?’(O)chl) _'_,U?’(l)Gl(fo)
,U?»(So*l) _ Zzo O1 B, (S)G;S()*lfs)7
and it is easy to see that v?’(t) =0fort=0,...,80— 1. O

Lemma 2.2 For p small enough the power series expansion of the discounted value in p
converges for every policy.

Proof: The set F' is finite and therefore if we take p1 = minscp 7y all the power series
converge for p € (0,7). O

Lemma 2.3 There exists p2 and a strategy f* € F such that f* is optimal for p € (0, p2).

Proof: If there is no asymptotical optimal strategy f*, there is a state x such that there
exists a sequence of p that tends to zero and the corresponding sequence of optimal strategies
has two limit points. So there exists a decreasing sequence {p;}32; and two policies f; and
f2 such that v?l (x, p2;) < U?Q (x, p2i) and vjﬁcl (x, p2it1) > ’U?Q (2, p2i+1). From the continuity

of v? it follows that v?l (z,p) — 11][; (z,p) is equal to zero a infinite number of times. Fix



a state x, two policies f1 and fo and discount factor 5. By Cramer’s rule we can express
U? (z, p) as a quotient of two polynomials in p. So

I63 o 153 77(ﬂvf171"p) 77(67f2ax,p)
Uf1(x7p) Ufz(xap) - 6(6,f1,$,p> 6(B,f2,$7p>'

From the argument above we can conclude that the polynomial v(3, f1,x, p)d(8, f2,x, p) —
Y(B, f2,x,p)(B, f1,x, p) is equal to zero an infinite number of times, but not everywhere,
which cannot be true. O

For the computation of these series it is convenient to introduce the following definitions.

Definition 2.2

L(i) = {jeE:j<i}
UW) = {jeE:j>i}
L(m) = {ie E:Il(i)=m}

Proof of Theorem 1: From the lemma’s 2.2 and 2.3 it is clear that if we define p* =
min{pi, p2} the value can be expressed as a power series extension on p € (0, p*). The only
thing that still has to be proven is that we can do the computations in a recursive way.

If we put the transformed transitions and costs in (2) we obtain the following set of
equations:

Zpt(t) _ glAln[Zps(sZa+ﬂZpt(t)

t=s¢
Y A g0, {3 e) - ip*vé”()”

VED) t=s t=s

If p is small enough then this minimising can also be done by first minimising the term with
p°°, next minimising the term with p**! and so on. We derive the following minimisation
problem, with ¢ > sq:

és‘))(z) = min { 0)(3,a) + 3 Z (i,a,5){ SO)(])—UéSO)(i)}} +ﬂv£;°)(i)

a€A(7) L)

vff)(i) = min {c(t)(i,a) +ﬁ[ Z Q(iaa7j){vg)( _ Uét)( )}

(t—1) ,,
aEAB (2) JeL()
M™(4,t)

3 SHED SR It alt) B RO RO

m=1 jeL(l(i)+m)

with
M*(i,t) = min{M —1(i),t— s},
AV (i) = irfﬁ)n[ C)ia)+8 Y ali,a.0) {0 () — 05 ()}

JEL(1)

Ag)(i) = argtmlln {c(t)(z a +ﬂ[ Z i,a,7) {U(t) v(ﬁt)(i)}
a€ AV (i) JEL()
M™(i,t)

YT a6 -0+ ) |

m=1jeL(i(i)+m)



This is equivalent to

min |:C(SO)<i, a) + ﬁZjGL(i) q(la aaj)v[(f())(j)}
a€A(7) 1-— ﬂ{l - ZjEL(i) q(27aa])}

vy)()) = min {1—5{1— > q(i,a,j>}}1-

(t—1) .
a€Agz " (0) JEL()

of) =

(60001+3] 5 im0 0
JEL(3)
M*(i,t)

YD q(z',a,ﬁ{v;;‘m)(j)vg‘m)u)}}}
m=1 jeL(l(i)+m)

(s0) (t=1)

For the computation of v}f) (1) we only need to know vy’ up to vg and the components

0toi—1of vét). So if we want to compute v we have to start with véso)

(so+1)
Us

, then compute

and so on. Each vector has to be computed in the order according to its numbering.

|

Algorithm for discounted costs:

for i € E do
AGO (i) = A(i)
S = 8o
M*(i,s) = min{M — (i), s — 5o}
repeat
foric F do
for a € A(S)( ) do

JEL(1)
ia)+ 8] D alisan ol ()
JEL(4)
MR (s—m) (s—m)
" > a0 -] |
© (m:l €L(L(1)+m)
vy (i) = min x4 ( a)

a€A§ (i)

A(;H)(i) = argmin x(s)(

acA§ (i)

i, a)

s:=s+1;
until [AS (i) = 1 for i € B

The remaining question is at which power of p we can stop. The answer to this cannot
be given in general. If after a number of steps all the action spaces appearing in the
minimisation contain one action we know that the corresponding policy is asymptotically
optimal. However, we cannot bound the vectors v,(gt) so there is no bound on the error if we

approximate v° by Z —so psvés‘J). The same holds if the action spaces contain more than

one state. We can nelther guarantee that all remaining policies are asymptotically optimal.
In practice this problem does not seem to be a great disadvantage. In most applications the



action sets converge fast to one element. Compared to the usual ways of solving MDPs, a
very accurate solution can be computed in a relatively short time.

3 Average costs

For the average costs our approach is similar to the discounted costs. First we introduce
a condition under which the system will always be unichain and the expected average cost
does not depend on the starting state.

Condition 2 In every state i € E there is under every action a € A(i) a transition to a
state in a lower level or to a state in the same level but with a lower order.

We denote the average costs under a policy f € F by g and the bias vector by wy.
From now on we write the vector with each element equal to one as e. Under condition 2
the pair (g7, wy) satisfy the following system of equations.

gre+wy = cy + Prwy (5)

The minimal average cost is defined by g = minfcr g and the minimal bias vector by
w = minycp- wy with F* = {f : g5 = g}. They solve the optimality equation for average
costs.

g=@ﬂw+3m—w} (6)

Under condition 2 it is known that g is a unique solution and w is unique up to a constant.
Similar as in the discounted case we can introduce the parameter p and write gs(p) and

wy(p).

Lemma 3.1 Under the conditions 1 and 2 there exists for every policy f € F' power series
expansions of the expected average costs and of the bias vector.

o0
ar(p) =3 p'g¥

t=so
wi(p) =3 ptw;t)
t=sp

Proof: We know that we are allowed to choose one component of w¢(p). We choose
wg(p,0) = 0. With this extra equation the system (5) has a unique solution. If we define
the vector hy(p) and the matrix S¢(p) as

1 if j =0,
ifi=0 d e . .
1—pli(p) ifj>0,i=j.

we can rewrite (5) with this extra equation as

Sp(p)hg(p) = cr(p).

It is known (??) that this matrix Sy(p) has an inverse if the corresponding Markov chain
has a unique stationary distribution which is true under condition 2 and so

hy(p) = {S(p)} " ¢s(p). (7)



The proof of the the existence of the power series expressions of gy and wy is similar to
lemma 2.1. O

Condition 2 is strong, it is possible to weaken it and obtain similar results. To simplify
our theory and algorithm we do not study such weaker conditions in this paper. See [10].
The proof of the following two lemmas is identical to the proof of 2.2 and 2.3.

Lemma 3.2 Under the conditions 1 and 2 the PSE of the average cost converges for p small
enough for every policy f € F.

Lemma 3.3 Under the conditions 1 and 2 there exist p* > 0 and f* € F such that f* is
average optimal for p € (0, p*).

So we can express g(p) as power series for p small enough

Zpt (t)

tSO

Algorithm for average costs:

for : € E do

Al0) (i) = A(i)
S = Sp;
repeat

for a € A®)(0) do

min{M,s—so}
h(a) = {c(0a)+ > p(0ak)w =™ (k)}
m=1 keL(m)
¢® = min h¥(a)

ac€ A=) (0)
AGTD(0) = argmin 2 (a)
a€A(s)(0)
w®(0) =0

for i =1to N do
for a € A®) (i) do

(%) (ia) :{ Z p(iaj)}i1 { ) (ia) — g + Z p(iag)w® (j)

jEL(i) JEL(3)
M*(i,s)

3> plapfetTmE) - w6}

m=1 jeL(m+1())

() = i () (4
w'®)(7) aerjl(lsl)l(i)x (ia)
AGTD(4) = argmin () (ia)

a€A) (i)
s=s+1

until |A®)(i)] =1 for i € E.

Theorem 2 Under the conditions 1 and 2 the PSE of g(p) and the asymptotically optimal
policy f* can be computed recursively with the previous algorithm.

Proof: To examine the expected average cost under a policy f we have to know the
structure of the underlying Markov chain. From condition 2 it follows that the process is
unichain and so there is precisely one closed and communicating set. In all states there



is a positive probability to visit state 0 in finite time so 0 has to be part of the closed
communicating set. The component of equation (5) corresponding to state 0 is

81 M :
=D O+ Y " Y al{ws(i) —wr(0)}). (8)

§=50 m=1 JEL(M)

Since wy(p) is unique up to a constant we can choose w¢(p,0) = 0. This choice does not

influence the value of g;(p) and it follows that the first coefficient of g (p) is equal to chO) (0).
For the other coefficient we have:

5—50
(S —Cf + Z Z q” s m) ) <9)
m=1jeL(m)

These components does also depend on wy¢(p). To determine wy(p) we use the other equa-
tions of system (5). So

wf @) = |0~ g + 3 afw (10)
JEL(3)
M*(i,s) -1
+ > > d{e e -6 | X 6
m=1 jelL(m+l(i)) JEL(i)
The algorithm now follows in the same way as in the discounted case. O

It is clear that, if the algorithm stops it will produce the asymptotically optimal policy,
and a number of terms of the power series expansion of the asymptotically minimal expected
average reward. If this policy is unique the algorithm will stop in a finite number of steps,
but we can not give any bound on the number of iterations. However, if the optimal policy
is not unique, the algorithm will not stop. Depending on the considered problem one should
bound the number of iterations in a way that if there are more policies possible after that
number of iterations, the difference between the expected average reward under these policies
is very small.

4 Example

Model With the next model we illustrate the method of the previous pages. We consider
two service centers each with their own finite buffer, with the sizes N1 and No. Both queues
have arrivals from outside the system according to a Poisson process with parameters \;
and Ag. All the customers that have been served at queue 1 are routed to queue 2,but
the customers that finished service at queue 2 leave the system. The service times are
exponentially distributed with parameters p; and ps. In the first center we can stop the
service. We want to compute a policy that minimises the probability that a customer finds
a full queue and is lost. If we consider this model as part of an ATM network blocking
probabilities are often very small and hence motivate the light traffic conditions This model
is studied by Koole and Liu [7] with the average cost criterion. There the optimality of a
monotone switching curve, increasing in the number of customers has been proven. After
showing the optimal policy under light traffic we will relate both results.

Formulation The state is described by the number of customers in both queues. So the

state space is
FE = {(il,iz) :0 S ij S Nj7j = 172}.



The decision that has to be made in each state is whether or not to serve customers of type

1, so
(10,1} ifdy #£0;
AG) = { {0}  otherwise

and the transition probabilities

p)\1 ifil#Nl,j1:i1+1and Jo = i9;

p>\2 if ig 7é NQ, j1 = il and jg = iQ + 1,
pli,a,j)p) =4 ifa=1,j1 =i —1and j =i+ 1;

pz  ifig #0, j1 =4 and jp = ia;

0 otherwise,

for j # i and
pliya,i)(p) =1—=> p(i.a,j)(p).
j#i

The cost is the probability of blocking a customer, so

C(iv a)(p) = p)\l]‘{ille} + p)‘Ql{izzNz} + /~L11{12:N2,(l:1}

The level of a state i becomes the total number of customers and in a level the state
with most type 1 customers has the highest ordering. We start with the discounted case and
see that the discounted optimal policy will never serve if the number of free places in the
buffer of the first queue is more than or equal to the number of free places in the buffer of
the second queue. If the free places in the second buffer is one more than in the first buffer
the optimal strategy does depend on the parameters. For N; = 15 and Ny = 10 this policy
can be found in table 1.

Theorem 3

AP (i1, N2) = {0} if iy = 0,..., Ny,

v (i) = 0.
Forn=1,2,...
{0} ile—i1+1>N2—i27N2—i2§n;
A Gy i) = {1} if Ni —i1 <n—1,Ny —iy <N —ip — 14
g {0} or {1} if Ny —i1 <n—1,Ny —iy = Na —ipg — 1;
{0,1} otherwise
BT IAT e . ]
T ifiir =Ny —n+1,i5 < Ny —n—1;

T=0— =) }" fir<Ni—n+liz=No—n+l1;
ﬂn—l/\?

B"
T=A=pnyr =50

vé’”) (ilv i2) =

Wi\ =3y

AD . .
{1—5(1—M1—H2)}2{1—5(1—M2)}"_1 } fir=Ni—n+liy=Ny—mn
0 ifilglen,Z‘QSNgfn.

Proof: The proof is by induction. First see what happens in the first iteration. We
compute véo) by the following equation:

©) . Hlfip=Nya=13 T 5[1{(1:1}/1111;0) (i1 — 1,32 + 1) + szgo) (i1,12 — 1)] 1
vy (i) = min — — — (11)
acA(i) 1—B[1 = p1lge=1y — p2]




and from this it follows that

v @) = 0 Vi
)~ _ {0,1} if ig # N
A5 (1) = { {0} if io = Ny

Next we show what happens in the second iteration. The equation that we use is:

1),. . 1),. .
00 = iy Ml + el + Bl - Liz 1
1),/. . —1
-+u2vé)(lh12-1)ﬂ [1—B[1— p1liam1y — p2]] (12)

The cases mentioned in the lemma must all be considered separately, we show the case
that i1 = Ny,i9 < Ny — 2, the others are similarly.

A1+ 51{a:1}ﬂlvél)(N1 -1,1)

1
L0 = )
= min{ M M }
1—=3"1=B[1— ]
=B -m]

1) : P ﬂ[l{azl}ﬂlvél)(Nl —Lix+1)+ :“2”2?1)(]\]1’2'2 — 1]
’Uﬂ (N1712) = min
a2 1= 1 = pal{azry — ho

M+ Bz 75—
min 1—-8[1—p1]
a=0,1 1 — B[1 — py11a—1y — pio]
N
1= B[1 - ]

and hence )
AP (N1,i2) = {1}

Finally we consider iteration n+1.

v (i) :nnhheAm_m@)ﬂ[ulhﬁzuvgnﬁlflﬁb*%1)+;mvg0@hi2—l)
+M@g”Nh+¢Jg—uﬁ”%@y+&@g*khny+n—vg”%m}
-1
[1—B[1 = pl{az1y — pol]

Again, all cases have a similar approach and we show the case i1 = Ny —n+1,is < No—n—1.

B STV (Ny =1+ 2,0)

() i
v N _n+1’0 = min
& (v b= BN TS iy
gyt
P\ mgaanrT
1— B[l — p]
BrINY

{1 =61 —p)i"
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and

,U,QU[(;L)(Nl —n+1lis—1)+ )\1@;3”71)(]\/'1 —n+ 2,i2)
1= B[1 = p1lge—1y — p2]

71—2)\n71
1

(n) . _ .
vy (N1 —n+1i-2) = Jnin

n—1yn

5
Fe e pa ey T M T Aa T

=7 1= B[ — p1 — po
= gAY . 1—56(%/“) t1
{1=8QAQ —p)}"t 1= B —p — pol
BT

{1 -0 —p)m

O

It is important to note that if N7 > Ns in the states of the form (i1,0) with i3 < N7 — N»
there is no service at the first queue.

Next, we want to consider the average cost case. The problem is that condition 2 does
not hold. We can deal with this problem by using the results of [7]. They showed that if in
a state (i1, 0) there is no service at queue 1, the same holds in the states (i1, 42) with i3 > 0.
This means that there will always be at least ¢; customers in queue 1. With a coupling
argument it can be showed that this can never lead to an optimal policy, so we can assume
that in an optimal policy in all states of the form (i1,0) there is service in the first service
center. If we adjust the action spaces in this way condition 2 will hold and we can apply
the algorithm. We state the results without proof, which would be similar to that for the
discounted case.

Theorem 4 The optimal policy under average cost f* is of the form:

if Ny — 41 > No — 2,13 # 0;

0
) . _ L A7 AZ )
F() = 0 if Ny —i1+1=Ny—1is,i0 #0 and o < [T
0 ifi;=0
1 otherwise.

In the following tables we show the discounted and average optimal policies. A * in the
table means that the optimal action depends on the system parameters.

22:10 | 0000000000000000 22:10 | 0000000000000000
9/000000000000000* 9/000000000000000*
8100000000000000*1 8100000000000000*1
710000000000000*11 710000000000000*11
6/000000000000*111 6/000000000000*111
5/00000000000*1111 5/00000000000*1111
410000000000*11111 410000000000*11111
3/000000000*111111 3/000000000*111111
2/00000000*1111111 2/00000000*1111111
1/0000000*11111111 110000000*11111111
0[000000*111111111 0j0111111111111111

1: 1 0123456789012345 1: 1 0123456789012345

Table 1. Discounted optimal policy

The optimal policy is a special form of an increasing switching curve and is called the
balanced hole policy. Simulations show that in general this policy behaves well if the load in

Table 2. Average optimal policy

the second center is high compared to the load in the first queue.
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