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Abstract. We consider the Poisson equations for denumerable Markov chains
with unbounded cost functions. Solutions to the Poisson equations exist in
the Banach space of bounded real-valued functions with respect to a weighted
supremum norm such that the Markov chain is geometrically ergodic. Under
minor additional assumptions the solution is also unique. We give a novel
probabilistic proof of this fact using relations between ergodicity and recurrence. The expressions involved in the Poisson equations have many solutions
in general. However, the solution that has a ﬁnite norm with respect to the
weighted supremum norm is the unique solution to the Poisson equations. We
illustrate how to determine this solution by considering three queueing
examples: a multi-server queue, two independent single server queues, and a
priority queue with dependence between the queues.
Key words: Geometric ergodicity, Poisson equations, Lyapunov functions,
Multi-server queue, Priority queue

1 Introduction
Markov decision processes have been applied to a wide range of stochastic
control problems. Particularly, inventory management, inspection-maintenance-replacement systems, and economic planning and consumption
models were the earliest applications of this theory. Typically, these systems
and models have a bounded cost function, possibly with an inﬁnite state
space. A great deal of literature is devoted to such models, see, e.g.,
Bertsekas [1, 2], Kumar and Varaiya [15], Puterman [19], Ross [20], and
Tijms [23].
When Markov decision processes are applied to the control of queueing
systems, unbounded cost functions with an inﬁnite state space are common.
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The algorithms and methods (e.g., value iteration and policy iteration)
developed for bounded cost functions are valid in the Banach space of
bounded real-valued measurable functions on the state space. Clearly, this
does not hold anymore when working with unbounded cost functions. The
remedy to this situation is to introduce a larger suitable Banach space.
Lippman [16] constructs a Banach space with a weighted norm such that
the dynamic programming operator remains a contraction mapping with
respect to the weighted norm. In the discounted cost case some minor additional assumptions are needed to ensure the existence of optimal stationary
policies. Under additional conditions the same result for the average cost case
is derived via limits of the discounted cost case. Sennott [21] relaxes the
conditions of Lippman and derives conditions for the existence of deterministic average optimal policies.
Dekker [6] and Spieksma [22] study ergodicity and recurrence concepts
and enforce stronger conditions for the existence of average optimal policies.
However, the results are more practical since they allow explicit formulas and
results on convergence of algorithms. Hernández-Lerma and Lasserre [12]
also use the stronger conditions for the same reason (the more general setting
is discussed in Hernández-Lerma and Lasserre [11]). They give a detailed
overview of the theory of Markov decision processes with Borel state spaces
and unbounded cost functions.
In this paper we consider the Poisson equations of average cost Markov
chains with denumerable state spaces and unbounded cost functions. In
contrast to the case of ﬁnite state spaces these equations may have more than
one solution, even in the bounded cost case. Dekker [6] shows that the
solution to the Poisson equations is unique (up to a constant) when we restrict
to a Banach space given by a suitable weighted norm. We give an alternative
probabilistic proof of Dekker’s result using relations between ergodicity and
recurrence. The main contribution of this paper is to show how to derive
the unique solution to the Poisson equations in practical situations by
construction of a suitable weighted norm.
The results are relevant to a variety of cases. Value iteration requires that
the dynamic programming operator is a contraction mapping with respect to
some Banach space. When cost functions are unbounded, one needs to
construct this space by choosing an appropriate norm. In Section 5 we show
how to construct such a norm based on results of Spieksma [22].
In policy iteration one starts with a ﬁxed policy. The next step is to solve
the Poisson equations induced by this policy in order to obtain the average
cost and the value function for this policy. Next, using these expressions one
can improve the policy and iterate the procedure. In this case, improving the
policy using the right value function is particularly important. When the
wrong value function is used convergence of the algorithm is not guaranteed
and can be very slow (see, e.g., Chen and Meyn [4], and Meyn [17]).
Ott and Krishnan [18] introduce the idea of one-step policy improvement
for deriving approximations to complex systems. The approach in this idea is
that for speciﬁc policies the average cost and the value function of complex
systems can be derived explicitly (see, e.g., Bhulai and Koole [3], Groenevelt,
Koole and Nain [10], Koole and Nain [14]). Then, one step of policy iteration
can result in a good approximation to the optimal policy of the system.
However, using a value function with the wrong structure may give bad
approximations.
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The organization of this paper is as follows. We start with some preliminary results on ergodicity and recurrence in Section 2. In Section 3 we
study the Poisson equations for Markov chains with a multichain structure.
Then the unichain case is studied in Section 4. Finally, we apply the results to
some queueing systems in Section 5.
2 Preliminaries
Consider a discrete-time uncontrolled Markov chain, given by the tuple
ðX ; P ; cÞ. Here, fXt gt2N0 is the X -valued uncontrolled Markov chain, P the
matrix of transition probabilities, and c the cost function. We will assume that
X is a denumerable set. Let BðX Þ denote the Banach space of bounded realvalued functions u on X endowed with the supremum norm, i.e.,
kuk ¼ sup juðxÞj:
x2X

We want to study Markov chains with unbounded cost functions. However,
these cost functions are not contained in the Banach space BðX Þ. A remedy to
this situation is to consider suitable larger Banach spaces instead of the space
BðX Þ. In order to construct such a space, consider a function w : X ! ½1; 1Þ,
which we will refer to as a weight function. The w-norm is deﬁned as
u
juðxÞj
 
:
kukw ¼   ¼ sup
w
x2 X wðxÞ
The operator norm of a matrix A on X  X is given by
1 X
kAkw ¼ sup
jAij jwðjÞ:
i2 X wðiÞ j2 X
A function u is said to be bounded if kuk < 1, and w-bounded if kukw < 1.
Let Bw ðX Þ denote the normed linear space of w-bounded functions on X .
Note that for every function u which is bounded, kukw  kuk < 1. Furthermore, it is easy to see that every Cauchy-sequence fun g in w-norm has a
w-limit. Hence, Bw ðX Þ is a Banach space that contains BðX Þ.
Consider the transition matrix P of the Markov chain. The 0th iterate P 0
will be equal to the identity matrix. The number of closed classes in the
Markov chain will be denoted by j. A state that communicates with every
state it leads to, is called essential; otherwise inessential. A set B  X will be
called a set of reference states if it contains exactly one state from each closed
class and no other states. Since the stationary distribution of the Markov
chain depends on the initial distribution of the chain, we will consider the
stationary matrix P  given by
n1
1X
Pijt ;
n!1 n
t¼0

Pij ¼ lim

for i; j 2 X . The Markov chain is said to be stable if P  is a stochastic matrix.
Deﬁne the taboo transition matrix for i 2 X and M  X by

Pij ; j 62 M,
P
¼
M ij
0;
j 2 M.
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We will write M P n for the nth iterate of M P , and set M P 0 equal to the identity
ðnÞ
matrix. Let FiM denote the probability that the system, starting in state i,
reaches set M for the ﬁrst time after n  1 steps. Then
X
ðnÞ
ðM P n1  P Þim ; n 2 N:
FiM ¼
m2M

P
ðnÞ
The probability that set M is eventually reached is given by FiM ¼ n2N FiM .
For a stable Markov chain, one has FiB ¼ 1 for all sets B of reference states,
and all classes are positive recurrent (see Theorems 6.3 to 7.4 of Chung [5]).
Let M  X be ﬁnite, and let w be a weight function. The following
properties of P will be used in the sequel (cf. Dekker and Hordijk [7,8],
Dekker, Hordijk and Spieksma [9], Hordijk and Spieksma [13]). A Markov
chain is called
– w-geometrically ergodic [w-G E ] if there are constants r > 0 and b < 1 such
that kP kw < 1 and kP n  P  kw  rbn for n 2 N0 ;
– w-geometrically recurrent with respect to M [w-G R (M)] if there exists an
 > 0 such that kM P kw  1  ;
– w-weak geometrically recurrent with respect to M [w-W G R (M)] if there are
constants r > 0 and b < 1 such that kM P n kw  rbn for n 2 N;
– w-weak geometrically recurrent with respect to reference states [w-W G R R S (M)]
if there is a set of reference states B  M such that the Markov chain is
w-W G R (B).
The relation between these recurrence and ergodicity concepts is summarized
in the following lemma.
Lemma 1(Ch. 2, [22]). Let M  X be ﬁnite, and let w be a weight function.
– The condition that P is the transition matrix of an aperiodic Markov chain and
that w-W G R (M) holds for some M is equivalent to w-G E with j < 1;
– w-G R (M) implies w-W G R (M);
– w-W G R (M) is equivalent to w-W G R R S (M).
In the sequel w-geometric ergodicity will play an important role. However, it
is not easy to check if a Markov chain is w-G E . Lemma 1 shows that w-G R (M)
with the condition that P is the transition matrix of an aperiodic Markov
chain implies w-G E . This condition is easier to check, since w-G R (M) is a
property which only concerns the transition matrix P , instead of the power
matrix P n for n 2 N. We will use this fact in Section 5 to show that the
queueing models under study are indeed geometrically ergodic.
If a Markov chain is geometrically ergodic, then the Markov chain is also
geometrically recurrent (see Theorem 1.1 of [22]). However, this does not
necessarily hold for the same weight function. When the weight function is
bounded, then w-geometric ergodicity is equivalent to w-geometric recurrence.

3 The multichain case
Consider a discrete-time uncontrolled Markov chain, given by the tuple
ðX ; P ; cÞ. Here fXt gt2N0 is the X -valued uncontrolled Markov chain, P the
matrix of transition probabilities, and c the cost function. Let Bw ðX Þ be a
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normed vector space of w-bounded real-valued functions on X for some
weight function w, such that c 2 Bw ðX Þ. Furthermore, let j denote the
number of positive recurrent classes of the Markov chain. The Poisson
equations for this system are given by
u ¼ P u;

ð1Þ

u þ v ¼ c þ Pv;

ð2Þ

for some functions u and v in Bw ðX Þ. By virtue of this deﬁnition we will call u
and v a solution to the Poisson equation when they have a ﬁnite norm with
respect to w in the Banach space. The existence of solutions to the Poisson
equations is guaranteed under the following assumptions.
Lemma 2. ([13], Prop 5.1; [22]). Assume that the Markov chain is w-G E with
j < 1. Then solutions ðu; vÞ to the Poisson equations exist in the space of
w-bounded functions Bw ðX Þ.
Note that by Lemma 1 the requirement that P is the matrix of an aperiodic
Markov chain with w-G R (M) for some M, instead of w-G E and j < 1 also
suﬃces. The ergodicity conditions are hard to verify in practice, whereas the
recurrence conditions as a property of the one-step transition matrices are
relatively easy to verify. We prefer to work with the ergodicity condition in
the sequel, as this is the more general concept.
As a ﬁrst step towards proving uniqueness of the solution to the Poisson
equations, we study the average cost ﬁrst. The average cost is uniquely
determined by the transition matrix P and the cost function c. The following
theorem summarizes this result.
Theorem 3. Suppose that the Markov chain is w-G E , and that j < 1. Let the
functions u and v in Bw ðX Þ be a solution to the Poisson equations. Then
n1
n1
1X
1X
P t u ¼ lim
P t c ¼ P  c:
n!1 n
n!1 n
t¼0
t¼0

u ¼ lim

ð3Þ

Proof. By iterating Equation (1) we ﬁnd that u ¼ P t u for t 2 N0 . Taking a
ﬁnite sum over t from 0 to n  1 yields
nu ¼

n1
X

P t u;

n 2 N;

ð4Þ

t¼0

which implies the ﬁrst equality. The second equality is obtained by writing
Equation (2) as v ¼ ðc  uÞ þ Pv. By iteration of this expression we derive
v¼

n1
X

P t ðc  uÞ þ P n v;

n 2 N:

ð5Þ

t¼0

Since the Markov chain is w-G E and j < 1, there exist non-negative constants r and b < 1 such that
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kP n  P  kw  rbn ;

n 2 N:

As a consequence there exists a constant C such that kP n kw  C for all n 2 N.
Hence,


1 n 
 P v  1 kP n k kvk ! 0; n ! 1:
w
w
n

n
w
The last implication directly follows from w-geometric ergodicity.

h

Note that in Theorem 3 the w-G E condition is only used for the second
equality. The results of Theorem 3 are also stated in Corollary 7.5.6(a) and
(b) of Hernández-Lerma and Lasserre [12]. They do not impose that the
Markov chain should be geometrically ergodic, but merely assume that
P n v=n ! 0 as n grows to inﬁnity. We have shown that this condition is fulﬁlled when the Markov chain is geometrically ergodic. Hence, this also holds
under the more easily veriﬁable geometric recurrence condition.
Next, we move on to study the properties of the relative value function v.
Since a Markov chain with a multichain structure can have classes with different state classiﬁcations, one can not expect the value function v to be
uniquely determined. However, when the Markov chain is stable, then more
can be said about the value function. The following result can be found in
Dekker [6, Ch. 3, Lemma 2.2] in the setting of Blackwell optimality equations
using Laurent series expansion techniques. We give an alternative probabilistic proof using the relations between ergodicity and recurrence.
Theorem 4. Suppose that the Markov chain is stable, w-G E , and that j < 1.
Then a solution to the Poisson equations is given by
1
X
u ¼ P  c; v ¼
ðP n  P  Þc ¼ Dc;
n¼0

with D the deviation matrix. Furthermore, if both ðu; vÞ and ðu0 ; v0 Þ are solutions
to the Poisson Equations [with all functions in Bw ðX Þ]. Then u ¼ u0 and
n1
1X
v  v0 ¼ lim
P t ðv  v0 Þ:
ð6Þ
n!1 n
t¼0
Moreover, the functions v and v0 only diﬀer by a constant on each closed class.
Proof. From Theorem 3 it immediately follows that u ¼ P  c and u ¼ u0 . The
fact that v ¼ Dc is a solution follows from direct insertion into Equation (2),
and using w-boundedness. Equation (2) yields v  v0 ¼ P ðv  v0 Þ. Consequently, the derivation of Expression (6) proceeds along the same lines as the
derivation of Expression (3).
For the last statement, write Equation (2) as v ¼ ðc  uÞ þ Pv. Since the
Markov chain is w-G E , it is also w-W G R R S (M) for some ﬁnite set M  X .
Hence, there exist non-negative constants r and b < 1, and a set B ¼ fb1 ; . . . ;
bj g  M such that kB P n kw  rbn for n 2 N. Let i be an essential state, and
observe that
j
X
vi ¼ ðc  uÞi þ ðPvÞi ¼ ðc  uÞi þ ðB PvÞi þ
Pibk vbk :
k¼1
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By iteration of this expression we derive
"
#
n1
j X
n1
X
X
t
n
vi ¼
ðB P t  P Þibk vbk ;
B P ðc  uÞ þðB P vÞi þ
t¼0

n 2 N:

ð7Þ

k¼1 t¼0

i
ðtþ1Þ

Note that ðB P t  P Þib ¼ Fib ; the probability that the system, starting in state
i, enters state b for the ﬁrst time after t þ 1 steps. A similar expression also
holds for v0 . Hence, by substituting u0 ¼ u in the expression of v0 , we ﬁnd
ðv  v0 Þi ¼ ðB P n vÞi  ðB P n v0 Þi þ

j X
n1
X

ðtþ1Þ

Fibk

ðvbk  v0bk Þ;

n 2 N:

k¼1 t¼0

The ﬁrst two terms converge geometrically fast to zero as n ! 1. Therefore,
by taking the limit we ﬁnd
ðv  v0 Þi ¼ lim

n!1

j X
n1
X

ðtþ1Þ

Fibk

ðvbk  v0bk Þ ¼

k¼1 t¼0

j
X

Fibk ðvbk  v0bk Þ:

k¼1

Since the Markov chain is stable, all closed classes Cb1 ; . . . ; Cbj of the Markov
chain are positive recurrent. Thus, there is exactly one state j ¼ jðiÞ 2
f1; . . . ; jg such that i 2 Cbj . Furthermore, for all i 2 Cbj we have Fibj ¼ 1 and
zero otherwise. Therefore,
ðv  v0 Þi ¼ vbj  v0bj ;

i 2 C bj :

Thus, v and v0 diﬀer by only a constant on each closed class.

h

4 The unichain case
In this section we will assume that the Markov chain has a unichain structure,
thus j ¼ 1, i.e., there is only one recurrent class with a possibly empty set of
transient states. In this case more can be said about the solution to the
Poisson equations. We will therefore reformulate the theorems of the previous
section, such that they convey more information and utilize the structure of
the Markov chain.
Theorem 5. Suppose that the Markov chain is stable and w-G E . Let the functions u and v in Bw ðX Þ be a solution to the Poisson equations. Then P  has equal
rows, say p, and u is a constant given by
X
pi ci :
u¼
i2X

Proof Since the Markov chain is stable, P  is a stochastic matrix. Due to
the unichain structure the rows of the matrix P  are identical (Theorem A.2
and Expression (A.6) of Puterman [19]). Therefore, the result follows by
Theorem 3.
h
Hernández-Lerma and Lasserre [12] work with Borel state spaces. In order to derive the equivalent result of Theorem 5, they have to work with the
invariant probability measure, and would have to state that the result holds
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almost everywhere (in probability). Since this would not result in an
‘‘explicit’’ expression for u, they have chosen to consider Markov processes
for which the result holds for every x 2 X . Note that in the case of
denumerable state spaces, this is not necessary.
The specialized result of Theorem 4 is as follows.
Theorem 6. Suppose that the Markov chain is stable and w-G E . Let both ðu; vÞ
and ðu0 ; v0 Þ be solutions to the Poisson Equations [with all functions in Bw ðX Þ].
Then u ¼ u0 , and v, v0 only diﬀer by a constant. Furthermore, for any positive
recurrent state m
v¼

1
X

mP

t

ðc  uÞ þ vm :

t¼0

Proof. Due to the unichain structure, there is only one closed class. The
possibly empty set of transient states all reach states in the positive recurrent
class with probability one. Therefore, the ﬁrst two statements follow from
Theorem 4. The last statement follows by taking the limit n ! 1 in
Expression (7).
h

5 Examples
In this section we will study three queueing examples; a multi-server queue,
two independent single server queues, and a priority queue with switching
costs. In all three cases we will derive explicit solutions to the Poisson
equations. Furthermore, we will construct (or show the existence of) suitable
weight functions, such that we can obtain the unique solution that is ﬁnite
with respect to the weighted norm.
The ﬁrst example is an one-dimensional queueing problem. The example
illustrates how a suitable weight function can be constructed. The construction is based on Chapter 3 of Spieksma [22]. The second example is a twodimensional model. Since the queues are independent, one would expect to
obtain a simple weight function. However, this is not the case; an explicit
weight function is diﬃcult to formulate. We will show that there exists a
weight function with the right properties. In contrast to the second example,
the third example concerns a queueing problem with dependence between the
queues.
The multi-server queue. Consider a queueing system with one queue and s
identical independent servers. The arrivals are determined by a Poisson
process with parameter k. The service times are exponentially distributed
with parameter l. Let state x 2 N0 denote the number of customers in
the system. The costs occurring in the system are made up of holding
costs h per unit of time a customer is in the system. Assume that the
stability condition q ¼ k=sl < 1 holds. Then the Markov chain satisﬁes
the unichain condition, hence the Poisson equations for this system are
given by




u þ k þ minfx;sgl V ðxÞ ¼ hx þ kV ðx þ 1Þ þ minfx;sglV ½x  1þ ; x 2 N0 ;
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with ½xþ ¼ maxfx; 0g. Bhulai and Koole [3, Theorems 2.1 and 2.2] show that
Equations (1) and (2) are satisﬁed by
V ðxÞ ¼

x
x
uX
hX
F ðiÞ 
ði  1ÞF ði  1Þ;
k i¼1
k i¼1

for x ¼ 0; . . . ; s with
F ðxÞ ¼

CðxÞ lk
;
Cðx  kÞ k
k¼0

x1
X

where CðxÞ ¼ ðx  1Þ! when x is integer. For x > s the solution is given by
"

#
xs
ðx  sÞðx  s þ 1Þ ðx  sÞ q þ sð1  qÞ
uþ
þ
V ðxÞ ¼ 
h
lð1  qÞ
2lð1  qÞ
lð1  qÞ2
 xs "
#
1
1
q
1
q þ sð1  qÞ
u þ DV ðsÞ 
h ;
þ V ðsÞ þ
lð1  qÞ
1q
lð1  qÞ2
with DV ðsÞ ¼ V ðsÞ  V ðs  1Þ. Observe that the solution depends on u. Thus,
for every arbitrarily chosen value of u, a function V exists such that Equations (1) and (2) are satisﬁed. However, among the pairs of solutions there
will be one pair such that V 2 Bw ðN0 Þ for a weight function w such that the
Markov chain is w-G E ; this will be the unique solution to the Poisson
equations.
Bhulai and Koole [3] ﬁrst study the multi-server queue with a ﬁnite buﬀer
under holding, waiting, and rejection costs. In this case, the Poisson equations
have a unique solution, since the state space is ﬁnite. Afterwards, they take
the limit to inﬁnity with respect to the buﬀer size to obtain expressions for the
inﬁnite buﬀer case. However, solving the Poisson equations for the ﬁnite
buﬀer case is more diﬃcult due to boundary eﬀects, and therefore undesirable
when only expressions for the inﬁnite buﬀer case are needed.
We will now illustrate how the results of the previous sections can be
applied to this model. In order to do that, we have to construct a suitable
weight function w. Spieksma [22, Chapter 3] shows that a suitable weight
function for this model is of the form wðxÞ ¼ ð1 þ kÞx for k < k  , where k  has
to be determined. In order to determine k  explicitly, we adopt the same
technique described in Chapter 3 of Spieksma [22]. Hence, we will ﬁrst
determine a weight function w such that the Markov chain is w-G R (M) for
some ﬁnite set M  X .
First, observe that due to the stability condition q ¼ k=sl < 1, the average
cost u < 1. Furthermore, it also makes the Markov chain stable. Assume
without loss of generality that k þ sl < 1 (this can always be obtained
through scaling). Then the multi-server queue has the following transition
rate matrix.
P0;1 ¼ k;
P0;0 ¼ 1  k;
Px;x1 ¼ xl; Px;x ¼ 1  k  xl; Px;xþ1 ¼ k; x ¼ 1; . . . ; s  1;
Px;x1 ¼ sl;
Px;x ¼ 1  k  sl; Px;xþ1 ¼ k:
Let M ¼ f0; . . . ; s  1g, and assume that wðxÞ ¼ ð1 þ kÞx for some k. Now
consider
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8
< kð1 þ kÞ;
¼ ð1  k  slÞ þ kð1 þ kÞ;
: sl þ ð1  k  slÞ þ kð1 þ kÞ;
wðxÞ
1þk

X Pxy wðyÞ
y62M

x ¼ s  1,
x ¼ s,
x > s.

We need to choose k such that all expressions are strictly less than 1. The ﬁrst
expression immediately gives k < ð1  kÞ=k. The second expression gives
k < sl=k. Solving the third expression gives 0 < k < ðsl  kÞ=k. Since
sl  k < 1  k and sl  k < sl, we ﬁnally obtain that k  ¼ ðsl  kÞ=k. Observe that we have shown that for wðxÞ ¼ ð1 þ kÞx with 0 < k < k  , there
exists an  > 0 such that kM P kw  1  . Hence, the Markov chain is
w-G R (M), and therefore also w-G E .
It is clear that the cost function c 2 Bw ðN0 Þ with cðxÞ ¼ hx. Observe that
wðxÞ ¼ ð1 þ kÞx ¼ zx with z < 1=q. Since the exponential term ð1=qÞðxsÞ appears in V ðxÞ for x > s, the expression V ðxÞ=wðxÞ will contain an exponential
term with a base greater than zero. Therefore, kV kw ¼ 1, unless u is chosen
such that the exponential term cancels. Hence, to meet the ﬁnal requirement
that V 2 Bw ðN0 Þ, i.e., kV kw < 1, we need that
1
q þ sð1  qÞ
u þ DV ðsÞ 
h ¼ 0:
lð1  qÞ
lð1  qÞ2
Since DV ðsÞ ¼ ðu=kÞ  F ðsÞ  ðh=kÞ  ðs  1ÞF ðs  1Þ, we ﬁnd that
#

1 "
1
1
q þ sð1  qÞ s  1
þ F ðsÞ
F ðs  1Þ h
u¼
þ
1q q
q
ð1  qÞ2
#

1 "
1
1
q
sq
þ F ðsÞ
þ sF ðsÞ h:
¼
þ
1q q
ð1  qÞ2 1  q
The expression for u is exactly the expression in Theorem 2.3 in Bhulai and
Koole [3]. Observe that the choice of M ¼ f0; . . . ; s  1g permits us to look at
large states only. In that way we do not have to deal with the transition
probabilities for states in M, which have more complicated transition probabilities depending on the state itself.
Two independent single server queues. Consider a queueing system with two
queues with their own dedicated server (two parallel M=M=1 queues). The
arrivals to queue i are determined by a Poisson process with parameter ki for
i ¼ 1; 2. The service times at queue i are exponentially distributed with
parameter li for i ¼ 1; 2. Let state ðx; yÞ 2 N20 denote that there are x customers at queue 1 and y customers at queue 2, respectively. The costs
occurring in the system are made up of holding costs hi per unit of time a
customer is in queue i for i ¼ 1; 2. Let qi ¼ ki =li for i ¼ 1; 2, and assume that
the (strong) ergodicity condition q1 þ q2 < 1 holds. Then the Markov chain
satisﬁes the unichain condition, hence the Poisson equations for this system
are given by
uþðk1 þk2 þl1 þl2 ÞV ðx;yÞ¼h1 xþh2 y þk1 V ðxþ1;yÞþk2 V ðx;y þ1Þ




þl1 V ½x1þ ;y þl2 V x;½y 1þ ; x;y 2N0 :
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Note that the average cost u is composed of u1 and u2 , which are due to
customers in the ﬁrst and second queue respectively. Since the two queues are
independent, the value function of this system is given by the sum of the value
functions of the M=M=1 queueing systems with holding costs h1 and h2 ,
respectively. Note that the these value functions can be easily derived from the
previous example with s ¼ 1. Hence, the value function V ¼ Vu þ Vh1 þ Vh2 is
given by


x
1 x
1
u1 þ
1
u1
Vu ðx; yÞ ¼ 
l1 ð1  q1 Þ
q1
l1 ð1  q1 Þ2


y
1 y
1
u þ

1
u2 ;
l2 ð1  q2 Þ 2
q2
l2 ð1  q2 Þ2


xðx þ 1Þ
q1 x
1 x
q1
h1 þ
Vh1 ðx; yÞ ¼
h1 
1
h1 ;
2
2l1 ð1  q1 Þ
q1
l1 ð1  q1 Þ3
l1 ð1  q1 Þ


yðy þ 1Þ
q2 y
1 y
q2
h2 þ
Vh2 ðx; yÞ ¼
h

1
h2 :
2
2
2l2 ð1  q2 Þ
q2
l2 ð1  q2 Þ3
l2 ð1  q2 Þ
One could expect that the weight function has a similar structure, i.e.,
wðx; yÞ ¼ ð1 þ k1 Þx ð1 þ k2 Þy with 0 < ki < ki ¼ ðli  ki Þ=ki for i ¼ 1; 2. However, this turns out not to be true. In order to ﬁnd a suitable weight function
we apply the same technique as in the previous example.
First, observe that due to the ergodicity condition qi ¼ ki =li < 1 for
i ¼ 1; 2, and the average cost u < 1. Furthermore, it makes the Markov
chain stable. Assume without loss of generality that k1 þ k2 þ l1 þ l2 < 1
(this can always be obtained through scaling). Then the system has the
following transition rate matrix.
Pðx;yÞðx;yþ1Þ ¼ k2 ;
Pðx;yÞðxþ1;yÞ ¼ k1 ;
Pðx;yÞðx1;yÞ ¼ l1 1ðx > 0Þ; Pðx;yÞðx;y1Þ ¼ l2 1ðy > 0Þ;
Pðx;yÞðx;yÞ ¼ 1  Pðx;yÞðxþ1;yÞ  Pðx;yÞðx1;yÞ  Pðx;yÞðx;yþ1Þ  Pðx;yÞðx;y1Þ :
Let M ¼ fð0; 0Þg, and assume that wðx; yÞ ¼ ð1 þ k1 Þx ð1 þ k2 Þy for some k1
and k2 . Now consider
X Pðx;yÞðx0 ;y 0 Þ wðx0 ; y 0 Þ
;
wðx; yÞ
ðx0 ;y 0 Þ62M
which is given by
8
k1 ð1 þ k1 Þþ k2 ð1þ k2 Þ;
>
>
> k ð1 þ k Þþ k ð1þ k Þþð1  k  k  l Þ;
>
1
1
2
2
1
2
>
1
>
< k ð1 þ k Þþ k ð1þ k Þþð1  k  k  l Þ;
1

1

2

2

1

2

2

l1
þ ð1 k1  k2  l1 Þ;
k1 ð1 þ k1 Þþ k2 ð1þ k2 Þþ 1þk
>
1
>
l2
>
>
ð1
þ
k
Þþ
k
ð1þ
k
Þþ
k
1
2
2
>
1þk2 þ ð1 k1  k2  l2 Þ;
> 1
:
l1
l2
þ 1þk
þ ð1  k1  k2  l1  l2 Þ;
k1 ð1 þ k1 Þþ k2 ð1þ k2 Þþ 1þk
1
2

ðx;yÞ ¼ ð0;0Þ,
ðx;yÞ ¼ ð1;0Þ,
ðx;yÞ ¼ ð0;1Þ,
x > 1; y ¼ 0,
x ¼ 0; y > 1,
x > 0; y > 0.

We need to choose k1 and k2 such that all expressions are strictly less than 1.
Observe that if the fourth and ﬁfth expression are less than 1, then all others
are also satisﬁed. Furthermore, k1 þ k2 þ l1 þ l2 < 1 implies k1 þ k2 þ
maxfl1 ; l2 g < 1. Hence we can restrict our attention to the system
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f1 ðk1 ;k2 Þ ¼ 1 þ k1 k1 þ k2 k2 

l1 k1
l k2
; f2 ðk1 ; k2 Þ ¼ 1 þ k1 k1 þ k2 k2  2 ;
1 þ k1
1 þ k2

with the assumptions k1 þ k2 þ maxfl
1 ; l2 g < 1 and q1 þ q2 < 1.

the curve
Observe that f1 ð0; 0Þ ¼ f1 ðl1  k1 Þ=k
 1 ; 0 ¼ 1. Thus,

ðl

k
Þ=k
;
0
.
Furthermore,
it
f1 ðk1 ; k2 Þ ¼ 1 passes through ð0; 0Þ and
1
1
1


satisﬁes the equality k2 ¼ l1 =k2  l1 = k2 ð1 þ k1 Þ  k1 =k2 . Note that this
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
function has a maximum value at k1 ¼ 1=q1  1. Hence, this description
determines the form of f1 ; the curve f1 ðk1 ; k2 Þ ¼ 1 starts in ð0; 0Þ, and increases
to an extreme point, and then decreases to the k1 -axis again. The curve f2 has a
similar form, but with the role of the k1 -axis interchanged with the k2 -axis.
The curves determine an area of points ðk1 ; k2 Þ such that f1 and f2 are strictly
less than one, if the partial derivative to k1 at ð0; 0Þ of the curve f1 ðk1 ; k2 Þ ¼ 1 is
greater than the partial derivative to k2 of the curve f2 ðk1 ; k2 Þ ¼ 1 at ð0; 0Þ. These
partial derivatives are given by ðl1  k1 Þ=k2 and k1 =ðl2  k2 Þ, respectively.
Since q1 þ q2 < 1, we have k1 l2 þ k2 l1 < l1 l2 . Adding k1 k2 to both sides gives
k1 k2 < l1 l2  k1 l2  k2 l1 þ k1 k2 ¼ ðl1  k1 Þðl2  k2 Þ. Hence, the relation
k1 =ðl2  k2 Þ < ðl1  k1 Þ=k2 holds. Thus, indeed there is an area of pairs ðk1 ; k2 Þ
such that the Markov chain is w-G R (M), and thus also w-G E . For these points it
holds that ð1 þ ki Þ < 1=qi for i ¼ 1; 2.
It is clear that the cost function c 2 Bw ðN20 Þ with cðx; yÞ ¼ h1 x þ h2 y. To
meet the ﬁnal requirement that V 2 Bw ðN20 Þ, i.e., kV kw < 1, we need that
1
l1 ð1  q1 Þ

2

u1 

q1

h
3 1

l1 ð1  q1 Þ

¼ 0;

1
l2 ð1  q2 Þ

2

u2 

q2
l2 ð1  q2 Þ3

h2 ¼ 0:

Finally, we obtain the unique pair ðu; V Þ by solving this equation. The result
is as expected
q1
q2
h1 þ
h2 :
u¼
1  q1
1  q2
Observe that in this example we required the stronger condition q1 þ q2 < 1
instead of q1 < 1 and q2 < 1. In case of q1 þ q2 > 1 the curves f1 ðk1 ; k2 Þ ¼ 1
and f2 ðk1 ; k2 Þ ¼ 1 do not determine a common area of points such that f1 and
f2 are simultaneously less than 1. Note that the stronger condition is superﬂuous. Hordijk and Spieksma [13] obtain geometric ergodicity for which
stability of the Markov chain suﬃces. However, the expressions are cumbersome. For our purpose of proving geometric ergodicity for the priority
queue, it suﬃces to consider the stronger condition, which yields a simpler
expression.
A priority queue with switching costs. Consider a queueing system with two
classes of customers arriving according to a Poisson process. There is only
one server available serving either a class-1 or a class-2 customer with
exponentially distributed service times. A class-i customer has arrival rate ki ,
and is served with rate li for i ¼ 1; 2. The system is subject to holding costs
and switching costs. The cost of holding a class-i customer in the system for
one unit of time is hi for i ¼ 1; 2. The cost of switching from serving a class-1
to a class-2 customer (from a class-2 to a class-1 customer) is s1 (s2 , respectively).
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The system follows a priority discipline indicating that class-1 customers
have priority over class-2 customers. The priority is also preemptive, i.e.,
when serving a class-2 customer, the server switches immediately to serve a
class-1 customer upon arrival of a class-1 customer. Upon emptying the
queue of class-1 customers, the service of class-2 customers, if any present, is
resumed from the point where it was interrupted. Due to the exponential
service times, this is equivalent to restarting the service for this customer.
Let state ðx; y; zÞ for x; y 2 N0 , z 2 f1; 2g denote that there are x class-1 and
y class-2 customers present in the system, with the server serving a class-z
customer, if present. Let qi ¼ ki =li for i ¼ 1; 2 and assume that the stability
condition q1 þ q2 < 1 holds. Then the Markov chain is stable and u < 1
holds. Furthermore, the Markov chain satisﬁes the unichain condition, hence
the Poisson equations are given by
u þ ðk1 þ k2 þ l1 ÞV ðx; y; 1Þ ¼ h1 x þ h2 y þ k1 V ðx þ 1; y; 1Þ þ k2 V ðx; y þ1;1Þ
þ l1 V ðx  1; y; 1Þ; x > 0; y  0;
V ð0; y; 1Þ ¼ s1 þ V ð0; y; 2Þ; y > 0;
V ðx; y; 2Þ ¼ s2 þ V ðx; y; 1Þ; x > 0; y  0;
u þ ðk1 þ k2 þ l2 ÞV ð0; y; 2Þ ¼ h2 y þ k1 V ð1; y; 2Þ þ k2 V ð0; y þ 1; 2Þ
þ l2 V ð0; y  1; 2Þ; y > 0;
u þ ðk1 þ k2 ÞV ð0; 0; zÞ ¼ k1 V ð1; 0; zÞ þ k2 V ð0; 1; zÞ; z ¼ 1; 2:
Koole and Nain [14] study this queueing model in the context of total discounted costs. Groenevelt, Koole and Nain [10] study the average cost case of
this model, and determine the value function by numerical experimentation.
Furthermore, they provide some intuition into the form of the value function.
However, they do not derive all solutions to the optimality equations, and
they do not show that their solution is the unique solution to the Poisson
equations. In this example we will provide all solutions, and show that the
norm of the previous example yields the unique solution.
First observe that, given the values of V ðx; y; 1Þ, the values of V ðx; y; 2Þ
are easily obtained by considering the diﬀerence equations: V ðx; y; 2Þ ¼
V ðx; y; 1Þ þ ðk1 s2  k2 s1 Þ=ðk1 þ k2 Þ 1ðx ¼ 0; y ¼ 0Þ  s1 1ðx ¼ 0; y > 0Þ þ s2 1
ðx > 0; y  0Þ. Therefore, we will only show the expression for V ðx; y; 1Þ, as
V ðx; y; 2Þ is easily derived from it. Let V ¼ Vu þ Vh1 þ Vh2 þ Vs1 þ Vs2 be the
decomposition of the value function. Then the previous observation directly
prescribes that Vu , Vh1 , and Vh2 are independent of z. Furthermore, the value
function Vh1 equals the value function of the single server queue due to the
preemptive priority behaviour of the system.
The other value functions can be derived by setting V ðx; yÞ ¼ c1 x2 þ
c2 x þ c3 y 2 þ c4 y þ c5 xy þ c6 with constants ci for i ¼ 1; . . . ; 6 to be determined. This quadratic form is to be expected, when one considers the solutions given in Groenevelt, Koole and Nain [10], and Koole and Nain [14].
Substitution of this equality into the optimality equations yields a new set of
equations that is easier to solve. However, in order to correct for the
boundary x ¼ 0, one needs to add the term c7 ½ð1=q1 Þx  1, which is
the homogeneous solution to the equations for x > 0 and y > 0. Let h be the
unique root h 2 ð0; 1Þ of the equation
k1 x2  ðk1 þ k2 þ l1 Þx þ l1 ¼ 0:
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Then the correction term for the boundary y ¼ 0 is given by c8 ð1  h x Þ.
Observe that for the boundary x ¼ 0, we do not have correction terms with
powers of y. This has to do with the fact that there are no jumps towards the
boundary y ¼ 0 from the interior of the state space. Solving for the constants
yields the solution to the optimality equations, which is given by


x
1 x
1
uþ
1
u;
Vu ðx; y; zÞ ¼ 
l1 ð1  q1 Þ
q1
l1 ð1  q1 Þ2


xðx þ 1Þ
q1 x
1 x
q1
h1 þ
h 
1
h1 ;
Vh1 ðx; y; zÞ ¼
2 1
2l1 ð1  q1 Þ
q
l1 ð1  q1 Þ3
l1 ð1  q1 Þ
1
Vh2 ðx; y; zÞ ¼

k2 xðx þ 1Þ
q2 ðl1  k1 þ l2 q1 Þx
h2
h2 þ
2l21 ð1  q1 Þð1  q1  q2 Þ
l21 ð1  q1 Þ2 ð1  q1  q2 Þ
yðy þ 1Þ
xy
h2 þ
h2
2l2 ð1  q1  q2 Þ
l1 ð1  q1  q2 Þ


1 x
q2 ðl1  k1 þ l2 q1 Þ

1
h2 ;
2
q1
l1 ð1  q1 Þ3 ð1  q1  q2 Þ
þ



k1 h q1 q2 x
k1 h k1 y
1 x
si
Vsi ðx; y; 1Þ ¼
si þ
si 
1
k 1 þ k 2 1  q1
k1 þ k2 l2
q1
l1 ð1  q1 Þ2
 
k1 h
k1
 k1 q1
1 þ
ð1  hÞ
k
þ
k
k
2
1þ k2

k1 h k1
k1
k1
þ k2
þ
si 1ðy > 0Þ
þ
k1 þ k2 l 2 k1 þ k2
k1 þ k2
k1
þ
ð1  h x Þsi 1ðx > 0; y ¼ 0Þ; i ¼ 1; 2:
k1 þ k2
Observe that, regardless of the position of the server, the system dynamics
satisfy equations with the same transition rates. Hence, when the case z ¼ 1 is
studied separately from z ¼ 2, the transition rates for both cases will be the
same. Thus, we can expect that wðx; yÞ ¼ ð1 þ k1 Þx ð1 þ k2 Þy for some k1 and k2
to be a suitable weight function (independent of z).
Due to the stability condition q1 þ q2 < 1, the average cost u < 1.
Furthermore, it makes the Markov chain stable. Assume without loss of
generality that k1 þ k2 þ maxfl1 ; l2 g < 1 (this can always be obtained
through scaling). Then the system has the following transition rate matrix.
Pðx;yÞðxþ1;yÞ ¼ k1 ; Pðx;yÞðx;yþ1Þ ¼ k2 ;
Pðx;yÞðx1;yÞ ¼ l1 1ðx > 0Þ; Pðx;yÞðx;y1Þ ¼ l2 1ðx ¼ 0; y > 0Þ;
Pðx;yÞðx;yÞ ¼ 1  Pðx;yÞðxþ1;yÞ  Pðx;yÞðx1;yÞ  Pðx;yÞðx;yþ1Þ  Pðx;yÞðx;y1Þ :
Let M ¼ fð0; 0Þg, and assume that wðx; yÞ ¼ ð1 þ k1 Þx ð1 þ k2 Þy for some k1
and k2 . Now consider
X Pðx;yÞðx0 ;y 0 Þ wðx0 ; y 0 Þ
;
wðx; yÞ
ðx0 ;y 0 Þ62M
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which is given by
8
k1 ð1 þ k1 Þ þ k2 ð1 þ k2 Þ;
>
>
>
k1 ð1 þ k1 Þ þ k2 ð1 þ k2 Þ þ ð1  k1  k2  l1 Þ;
>
>
>
< k1 ð1 þ k1 Þ þ k2 ð1 þ k2 Þ þ ð1  k1  k2  l Þ;
2
l1
k1 ð1 þ k1 Þ þ k2 ð1 þ k2 Þ þ 1þk
þ
ð1

k

k2  l1 Þ;
1
>
1
>
>
l2
>
k
ð1
þ
k
Þ
þ
k
ð1
þ
k
Þ
þ
þ
ð1

k

k2  l2 Þ;
>
1
1
2
2
1
1þk2
>
:
l1
þ
ð1

k

k2  l1 Þ;
k1 ð1 þ k1 Þ þ k2 ð1 þ k2 Þ þ 1þk
1
1

ðx; yÞ ¼ ð0; 0Þ,
ðx; yÞ ¼ ð1; 0Þ,
ðx; yÞ ¼ ð0; 1Þ,
x > 1; y ¼ 0,
x ¼ 0; y > 1,
x > 0; y > 0.

We need to choose k1 and k2 such that all expressions are strictly less than 1.
However, this problem is equivalent to the problem studied in the previous
example. All the assumptions used in that example are also satisﬁed. Hence,
we can use the same weight function w. Then, it is clear that the cost function
c 2 Bw ðN20 [ f1; 2gÞ with cðx; yÞ ¼ h1 x þ h2 y þ s1 1ðx ¼ 0; y > 0; z ¼ 1Þþ
s2 1ðx > 0; y  0; z ¼ 2Þ. To meet the ﬁnal requirement that V 2
Bw ðN20 [ f1; 2gÞ, i.e., kV kw < 1, we need that
u
2

l1 ð1  q1 Þ
 
 k1 q1



q 1 h1
3



q2 ðl1  k1 þ l2 q1 Þh2
s1 þ s2

3
2
l1 ð1  q1 Þ ð1  q1  q2 Þ l1 ð1  q1 Þ2

l1 ð1  q1 Þ


k1 h
k1
k1 h k1
k1
1 þ
ð1  hÞ þ k2
þ
¼ 0:
k þ k2
k1 þ k2 l2 k1 þ k2
k1 þ k2

Finally, we obtain the unique pair ðu; V Þ by solving this equation. The result
is
q1
q ðl  l1 q1 þ l2 q1 Þ
h2 þ ðs1 þ s2 Þ
h1 þ 2 1
l1 ð1  q1 Þð1  q1  q2 Þ
1  q1
 


k1 h
k1
k1 h k1
k1
1 þ
ð1  hÞ þ k2
þ
 k1 q1
;
k þ k2
k1 þ k2 l2 k1 þ k2
k1 þ k2

u¼

as stated in Theorem 3.1 of [10].
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