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SCALAR PARABOLIC PDES AND BRAIDS

R. W. GHRIST AND R. C. VANDERVORST

ABSTRACT. The comparison principle for scalar second order parabolic PDEs
on functions u(¢,z) admits a topological interpretation: pairs of solutions,
ul(t,-) and u?(t,-), evolve so as to not increase the intersection number of

their graphs. We generalize to the case of multiple solutions {u®(¢,-)}7_;.

By lifting the graphs to Legendrian braids, we give a global version of the
comparison principle: the curves u®(t,-) evolve so as to (weakly) decrease the
algebraic length of the braid.

We define a Morse-type theory on Legendrian braids which we demonstrate
is useful for detecting stationary and periodic solutions to scalar parabolic
PDEs. This is done via discretization to a finite-dimensional system and a
suitable Conley index for discrete braids.

The result is a toolbox of purely topological methods for finding invariant
sets of scalar parabolic PDEs. We give several examples of spatially inho-
mogeneous systems possessing infinite collections of intricate stationary and
time-periodic solutions.

1. INTRODUCTION

We consider the invariant dynamics of one-dimensional second order parabolic
equations of the type

(11) Ut :uzz+g(xvu7u:v)7

where u is a scalar function of the variables t € R (time) and z € S = R/{(Z
(periodic boundary conditions in space), and g is a C*-function of its arguments.

1.1. Assumptions. The case of periodic boundary conditions in x provides richer
dynamics in general than Neumann or Dirichlet boundary conditions; however, the
techniques we introduce are applicable to a surprisingly large variety of nonlinear
boundary conditions. Our techniques come from the finite-dimensional theory of
parabolic systems [22] where topological invariants are introduced to find various
types of solutions. Parabolic equations such as Eqn. (L)) allow the same invariants
as in the finite-dimensional theory via standard discretization schemes.

This paper does not deal with the initial value problem, but rather with the
bounded invariant dynamics: bounded solutions of Equ. () that exist for all time
t. One distinguishes three types of behaviors which are the building blocks of all
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bounded invariant solutions to Equn. (L)) [5] 15 24] B5]:
(i) stationary patterns: u(t,z) = u(z), vVt € R,
(ii) periodic motions: u(t + T, x) = u(t, z), for some period T > 0,

(iii) homoclinic/heteroclinic connections: lim;— oo u(t, ) = ug(x), where ug

are stationary or periodic solutions of Eqn. (IT]).

For the remainder of this paper we impose one or two natural assumptions on
Eqn. (Il). The first hypothesis is a subquadratic growth condition on the u, term
of ¢:

(gl) There exist constants C' > 0 and 0 < v < 2, such that |g(z,u,v)| <

C(1+ |v|7), uniformly in both z € S* and on compact intervals in .

This will be necessary for regularity and control of derivatives of solution curves;
cf. [B]. This condition is sharp: one can find examples of g with quadratic growth
in u, for which solutions have singularities in u,. Since our topological data are
drawn from graphs of u, the bounds on u need to imply bounds on wu, and u.,:
(g1) does just that.

A second gradient hypothesis will sometimes be assumed:

(g2) g is exact, ie.,
d
(1.2) Ugz + g(x, U, ug) = a(T, u, uy) d—aqu — OuL]|,
i

for a strictly positive and bounded function a = a(z,u,u,) and some La-
grangian L satisfying a(z,u,uy) - 02 L(x,u,ug) = 1.

In this case, we have a gradient system whose stationary solutions are critical
points of the action [ L(z,u,u,)dz over loops of integer period in . This condition
holds for a wide variety of systems. For the invariant dynamics possibility, (ii) is
then excluded as well as the existence of homoclinic connections. In general, systems
with Neumann or Dirichlet boundary conditions admit a gradient-like structure:
there exists a Lyapunov function which decreases strictly in ¢ along nonstationary
orbits, which also precludes the existence of nonstationary time-periodic solutions.
It was shown by Zelenyak [35] that this gradient-like condition holds for many
nonlinear boundary conditions which are a mixture of Dirichlet and Neumann.

1.2. Lifting the comparison principle. An important property of one-dimen-
sional parabolic dynamics is the lap-number principle of Sturm, Matano, and An-
genent [2, 27] [32] which, roughly, states that the number of nodal regions in x of
u(t, x) is a weak Lyapunov function for Eqn. (I.I]). There exists a huge literature
on applications of the lap-number principle to the dynamics of Eqn. (IIJ). For
instance, in the work of Fiedler and Rocha [I'7, [I8] [19] the lap-number principle in
used in a novel manner to completely describe the dynamics of the attractors for
many parabolic equations such as Eqn. (IT]). In this context we also mention the
work of Fiedler and collaborators on for example connecting orbits for parabolic
dynamics [9], 10, [II]. See also the related works [I] [6 25] for a sampling of lap-
number methods. We will use the lap-number principle on a more topological level,
i.e. forcing of solutions via topological invariants. This will lead to a very general
and robust “forcing theory” for invariant sets.

The lifting of this principle to the simultaneous evolution of pairs of solutions
is extremely fruitful. Consider two solutions u'(t,z) and u?(¢,x). Any tangency
between the graphs u!(t,-) and u?(t,-) at time ¢ = ¢, is removed for t = t, + ¢ (for
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all small € > 0) so as to strictly decrease the number of intersections of the graphs.
This holds even for highly degenerate tangencies of curves [2]. As shown in the
work of Fiedler and Mallet-Paret [15], this comparison principle implies that the
dynamics of Eqn. (1) is weakly Morse-Smale (all bounded orbits are either fixed
points, periodic orbits, or connecting orbits between these); see [24] 35].

The idea behind this paper, following the discrete version of this phenomenon in
[22], is to “lift” the comparison principle from pairs of solutions to larger ensembles
of solution curves. The local data attached to pairs of curves — intersection number
— can be lifted to more global data about patterns of intersections via the language
of topological braid theory. A similar theory for geodesics on two-dimensional sur-
faces has been developed in [3], and has served as an inspiration for some of the
ideas used here.

Consider a collection u = {u®(t,-)}"_, of n > 1 solutions to Eqn. (.T)), where, to
obey the periodic boundary conditions in z, {u®(¢,0)}_, = {u®(¢,1)}]_, as sets of
points Instead of thinking of the graphs of u®(t, -) as being evolving curves in the
(z,u)-plane, we take the 1-jet extension of each curve and think of it as an evolving
curve in (z,u, u, )-space. Specifically, for each ¢, u®(t,-) : [0,1] — [0, 1] x R? is given
by & — (z,u*(x,t),ud(x,t)). As long as these curves do not intersect in their 3-d
representations, we have what is commonly referred to as a braid. In particular, such
a braid is said to be closed (the ends z = 0 and x = 1 are identified) and Legendrian
(the curves are all tangent to the standard contact structure dxy — x3 dzy = 0).

As these curves evolve under the PDE, the topological type of the braid can
change. The topological equivalence class of a closed Legendrian braid is the ap-
propriate analogue of the intersection data for pairs of curves. Indeed, there is a
natural group structure on braids with n strands. We argue in a “braid-theoretic”
version of the comparison principle that the algebraic length of a braid given by

solutions {u®(t)}7_, is a weak Lyapunov function for the dynamics of Eqn. (II]).

1.3. Main results. The goal of this paper, following earlier work in [22] on a
discrete version of this problem, is to define an index for closed Legendrian braids
and to use this as the basis for detecting invariant dynamics of Eqn. (ILT]). See §2
for definitions and background on the discrete version.

For purposes of detecting invariant dynamics of Eqn. (I1l), we work with braids
u relative to some fixed braid v. One thinks of v as a braid for which dynamical
information is known, namely, that its strands are ¢-invariant solutions to Eqn. (),
the entire set of which respects the periodic boundary conditions (individual strands
might not; see Figure[Il). One thinks of u as consisting of “free” strands about which
nothing is known with regards to dynamical behavior.

We show that there exists a well-defined homotopy index that maps a (closed,
Legendrian, relative) braid class represented by {u REL v} to a pointed homotopy
class of spaces, H(u REL v). This index is at heart a Conley index for a suitable
configuration space which is isolated thanks to the braid-theoretic comparison prin-
ciple. A coarser homology index sends such braids to a polynomial P,(H) in one
variable, 7.

The main results of this paper are forcing theorems for stationary and periodic
solutions.

IThis condition permits solutions with integral period which “wrap” around the circle.
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1.3.1. Stationary solutions. For our main results we restrict to braid classes which
have two compactness properties: proper and bounded. Roughly speaking, a rela-
tive braid class {u REL v} is proper if none of the components of u can be collapsed
onto u or v. A relative braid class {u REL v} is bounded if all strands of u are
uniformly bounded with respect to all representatives u REL v of the braid class;

see §21

Theorem 1.1. Let Eqn. (1) satisfy (g1) with v a stationary braid. If {u REL v}
is a bounded proper braid class, then there exists a stationary solution of this braid
class if the Euler characteristic of H, x(H) := P_1(H), is nonvanishing.

In the case of an exact system the Poincaré polynomial of H provides a stronger
result.

Theorem 1.2. If g satisfies both (gl) and (g2), then P,(H) # 0 implies that there
exists a stationary solution in the desired braid class.

The above theorem is formulated for periodic boundary conditions. In the case
of most other nonperiodic boundary conditions the result by Zelenyak [35] implies
that Eqn. () is automatically gradient-like so that Theorem automatically
holds in that case (without assuming (g2)).

Remark 1.3. The result for obtaining stationary solutions to Eqn. (1), i.e. solu-
tions of Uy, +9g(x, u, u,) = 0, immediately implies the same result for fully nonlinear
equations of the form
flx, u,ug, tgy) =0,

where f satisfies the following hypotheses: (i) 0 < A < 9, f(z, u,v,w) < A~1, uni-
formly for all (x,u,v,w) € S* x R3, and (ii) | f(z,u,v,w)| < C(1+ |[v]?), uniformly
in both z € S' and on compact intervals in v and w, for some 0 < v < 2. This
can be achieved by solving the equation f(z,wu,v,w) = 0 with respect to w, which
yields a unique solution w = —g(z,u,u,). Using the Implicit Function Theorem
one easily deduces that g satisfies Hypothesis (gl), and thus f(z,u, ty, uz,) = 0 is
equivalent to 4z, + g(x,u, u;) = 0.

Remark 1.4. Obtaining multiplicity results in the exact case requires a more careful
analysis of the limiting procedure. However, by using a different method of dis-
cretization we can easily obtain multiplicity results in various simplified cases. For
example if we consider equations of the form

(13) umx+g(xau) =0,
where g is a C''-function of u, we obtain the following result.

Theorem 1.5. Let v be a stationary skeleton for Eqn. (L3), and let {u REL v} be
a proper and bounded braid class. Then Eqn. [L3) has at least |P.(H)| stationary
solutions in {u REL v}, where || denotes the number of nonzero monomials.

In Appendix [Dl we will give a proof of this result using the method of broken
geodesics. It remains an interesting question to see if the analogue of this theorem
can be proved for Eqn. (I)) using the discretization approach employed in this
paper.

Remark 1.6. In the exact case above the lower bound on the number of critical
points can refined even further. For parabolic recurrence relations the spectrum
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of a critical point satisfies \g < A1 < Ay < A3 < Mg < As5...e This ordering has
a special bearing on nondegenerate critical points with odd index. To be more
precise, for a ‘topological’ non-degenerate critical point u with P,(u) = Ar2k+!
(A > 0) it holds that A = 1. More details of this can be found in the work of
Dancer [I4]. As a direct consequence there are at least as many critical points as
the sum of the odd Betti numbers of H. If we write P, (H) = P°44(H) + PV (H),
then our lower bound on the number of critical points becomes

1P (B := PPU(H) + [P (H)),

which lies in between |P.(H)| and P;(H). In some cases these bounds can be
strengthened even more. For instance if we consider fixed (linear) boundary condi-
tions, then A\g < A1 < Aa < Az < Ag < As.... Consequently, for any topologically
nondegenerate critical point with P,(u) = A7* (A > 0) it then holds that A = 1,
which implies that P;(H) is a lower bound for the number of critical points — the
same as one would obtain in the nondegenerate case.

The proof of Theorem [T Tlappears in 7l First, however, we introduce the relevant
portions of braid theory (§2]), followed by a review (§§8H4)) of the discrete braid index
constructed in [22], and a definition of the invariant H for proper and bounded
relative braid classes {u REL v}.

This theory applies to a wide array of inhomogeneous equations. In §5l we show:

Example 1.7. The equation

COS T

)
(1.4) Ut = Ugs — g sin 2 u,, + u(u? — 1)

3
cos ¥ + 75
possesses stationary solutions in an infinite number of distinct braid classes. We
also show that one can embed a Bernoulli shift into the stationary equation.

Example 1.8. For any ¢ < 1 and any smooth nonconstant h : St — (0, 1), the
equation

(1.5) €2ut = 62“3:96 + h(z)u(l - UQ)

possesses stationary solutions spanning an infinite collection of braid classes, and
thus infinitely many geometrically distinct periodic solutions of integer period. This
example was studied by Nakashima [28] 29].

The former example is ‘artificial’ and generated for ease of computing examples
of the homotopy braid index. The latter example is an inhomogeneous Chafee-
Infante equation of general interest. Both these examples can be generalized greatly.
Theorem [5.4] gives extremely broad conditions which force an infinite collection of
stationary solutions.

1.3.2. Periodic solutions. We also lay the foundation for using the braid index
to find time-periodic solutions. Under Hypothesis (gl) we prove an analogue of
Theorem [[] for time-periodic solutions of Eqn. (IIl). As we pointed out before,
time-periodic solutions can exist by the grace of the boundary conditions. As the
result of Zelenyak implies, in most cases a weak version of (g2) holds (gradient-like)
and the only critical elements are stationary solutions.

Remark 1.9. A fundamental class of time-periodic orbits are the so-called rotating
waves. For an equation which is autonomous in x, one makes the rotating wave
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hypothesis that u(t,x) = U(x —ct), where ¢ is the unknown wave speed. Stationary
solutions for the resulting equation on U(§) yield rotating waves. Modulo the
unknown wave speed — a nonlinear eigenvalue problem — Theorem [ Ilnow applies.
In [B] it was proved that time-periodic solutions are necessarily rotating waves
for an equation autonomous in x. However, in the nonautonomous case, there is
an extraordinary richness of permissible dynamics. We introduce a very general
technique for finding time-periodic solutions without the rotating wave hypothesis.

We present a very general technique for finding time-periodic solutions without
the rotating wave hypothesis.

Theorem 1.10. Let Eqn. (1) satisfy (gl) with v a stationary braid. Let
{u REL v} be a bounded proper braid class with u a single-component braid and
P,(H) # 0. If Eqn. () does not contain stationary braids in this braid class,
then there exists a time-periodic solution in this braid class.

Remark 1.11. In certain examples one can find braid classes in which a given equa-
tion cannot have stationary solutions. Since the only possible critical elements in
that case are periodic orbits it follows that the Poincaré polynomial has to be of the
form P.(H) = (1 4+ 7)p,(H). For free strands forming multi-component braids u,
each component of u will be time-periodic. Their periods may not be rationally re-
lated, however, leading to a quasi-periodic solution in time in the multi-component
braid class.

It was shown in [5] that a singularly perturbed van der Pol equation,
Uy = €Uy + u(l — 6%u?) 4 upu?,

possesses rotating waves for each fixed value of € < 1 and 0 < §, with that number
tending to infinity as e — 0. We generalize their result:

Example 1.12. Consider the equation
(1.6) Ut = Ugy + ublu) + uzh(x, u, uy),
where the nonlinearity is assumed to satisfy (g1), i.e. h has sublinear growth in wu,

at infinity. Moreover, b and h satisfy the following hypotheses:

(b1) b(0) > 0, and b has at least one positive and one negative root;
(b2) Ah(z,0,0) =0, and h > 0 on {uu, # 0}.

Then this equation possesses time-periodic solutions spanning an infinite collection
of braid classes. The condition h(z,0,0) is imposed here to simplify technicalities,
and the same result should hold under milder conditions.

We provide details in §61 The set of periodic solutions implied are dynami-
cally unstable and have unbounded spatial period. In the most general case (those
systems with a-dependence), the periodic solutions are not rigid rotating waves.

2. BRAIDS

The results of this paper require very little of the extensive theory of braids devel-
oped by topologists [7]. However, since the definitions motivate our constructions,
we give a brief tour.
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2.1. Topological braids. A topological braid on n strands is an embedding 3 :
[1710,1] < R3 of a disjoint union of n copies of [0, 1] into R3 such that

(a) the left endpoints B(]]7{0}) are {(0,4,0)}7 ;;
(b) the right endpoints B([[}{1}) are {(1,7,0)}",; and
(c) B is transverse to the planes x; = constant.

Two braids are said to be of the same topological braid class if they are homotopic in
the space of braids: one braid deforms to the other without any intersections of the
strands. A closed topological braid is obtained if one quotients out the range of the
braid embeddings via the equivalence relation (0, z2,z3) ~ (1,z2,23) and alters
the restrictions (a) and (b) of the position of the endpoints to be S(][{0}) =
B(I17{1}). Thus, a closed braid is a collection of disjoint embedded arcs in [0, 1] x
R? (with periodic boundary conditions in the first variable) which are everywhere
transverse to the planes 1 = constant.

In this paper, we restrict attention to those braids whose strands are of the form
(z,u(x),uy(x)) for 0 < x < 1. These are sometimes called Legendrian braids as
they are tangent to the canonical contact structure dxy — x3dzry. No knowledge of
Legendrian braid theory is assumed for the remainder of this work, but we will use
the term freely to denote those braids lifted from graphs.

2.2. Braid diagrams. The specification of a topological braid class (closed or
otherwise) may be accomplished unambiguously by a labeled projection to the
(21, x2)-plane: a braid diagram. Labeling is done as follows: perturb the projected
curves slightly so that all strand crossings in the projection are transversal and
disjoint. Then, mark each crossing via (+) or (—) to indicate whether the crossing
is “left over right” or “right over left” respectively.

Since a Legendrian braid is of the form (x,u(x),u,(z)), no such marking of
crossings in the (x,u) projection are necessary: all crossings have positive labels.
For the remainder of this paper we will consider only such positive braid diagrams.
We will analyze parabolic PDEs by working on spaces of such braid diagrams.
Although Legendrian braids are the right types of braids to work with as solutions
to Eqn. () (cf. the smoothing of initial data for heat flow), our discretization
techniques will require a more robust C°-theory for braid diagrams. Thus, we work
on spaces of braid diagrams with topologically transverse strands:

Definition 2.1. The space of closed positive braid diagrams on n strands, denoted
Q" is the space of all pairs (u, 7) where 7 € S, is a permutation on n elements, and
u = {u®(z)}7?_, is an unordered collection of H!-functions — strands — satisfying
the following conditions:

(a) Periodicity: u®(1) = u™(®(0) for all .
(b) Transversality: for any a # o such that u®(z,) = u® (z,) for some
z, € [0,1], it holds that u®(z) — u® () has an isolated sign change at
T = Ty
Because the strands of u are unordered, we naturally identify all pairs (u,7) and
(u,7) satisfying 7 = o7o~! for some permutation o € S,,. Henceforth we suppress
the permutation 7 from the description of a braid, it being understood implicitly.

The path components of " comprise the braid classes of closed positive braid
diagrams. The braid class of a braid diagram u is denoted by {u}. Any braid
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diagram u with C'-strands naturally lifts to a Legendrian braid by the 1-jet ex-
tension of u® to the curve (z,u®(x),us(x)). If we allow the strands to intersect —
disregarding condition (b) of Definition 2.J]— we obtain a closure of the space ",
which we denote Q7. The ‘discriminant’ " := Q" — Q" defines the singular braid

diagrams.

2.3. Discrete braid diagrams. From topological braids we have passed to braid
diagrams in order to describe invariant curves for parabolic PDEs. There is one
last transformation we must impose: a spatial discretization.

Definition 2.2. The space of period d discrete braid diagrams on n strands, de-
noted D}, is the space of all pairs (u,7) where 7 € 5, is a permutation on n
elements, and u = {u®}"_, is an unordered collection of vectors u® = (u®)L, i.e.
strands, satisfying the following conditions:

(a) Periodicity: ug = ul(* for all .

(b) Transversality: for any o # o such that u® = u® for some i,

(2.1) (u;{l — ufﬂl) (ufﬁrl — ufﬁrl) < 0.
As in Definition 2] the permutation 7 is defined up to conjugacy (since the strands
are unordered) and will henceforth not be explicitly written.

The path components of D)} comprise the discrete braid classes of period d. The
discrete braid class of a discrete braid diagram u is denoted [u]. If we disregard
condition (b) of Definition 2.2 we obtain a closure of the space D}, which we denote
Dig. The ‘discriminant’ 37 := Difj— DY defines the singular discrete braid diagrams
of period d.

Figure [[l summarizes the three types of braids introduced in this section.

2.4. Discretization: Back and forth. It is straightforward to pass from topo-
logical to discrete braids and back again.

Definition 2.3. Let u € Q" be a topological closed braid diagram. The period-d
discretization of u is defined to be
(2.2) DISCq(u) = {DISCq(u)}* := {u(i/d)}{.
Conversely, given a discrete braid u € DY, we construct a piecewise-linear [PL]
topological braid diagram, PL(u) := {PL(u®)}, where PL(u®) is the C*-strand given
by
(2.3) PL(u®)(2) := gy + (d- 2z — |d - 2]) (U[g2] — Uda))-
The following lemma is left as an exercise.

Lemma 2.4. Letu € Q" and v € D.

(1) PL sends the discrete braid class [v] to a well-defined topological braid class

{PL(v)}.
(2) For d sufficiently large, {PL(DIsC4(u))} = {u}.

The second part of this lemma accommodates the obvious fact that braiding
data is lost if the discretization is too coarse. This leads to the following definition:

Definition 2.5. A discretization period d is admissible for u € Q" if

{PL(DISC4(1))} = {u}.
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Uy x

T

FIGURE 1. Three types of braids: a Legendrian topological braid
[top], its braid diagram [center], and a discrete braid diagram [bot-
tom].

In the next section, we will describe a Morse-Conley topological index for pairs of
braids which relies on the algebraic length of the braid as a Morse function. Rather
than detail the algebraic structures, we use an equivalent geometric formulation of
length:

Definition 2.6. The length of a topological braid u € Q", denoted ¢(u), is defined
to be the total number of intersections in the braid diagram. If u € D} is a discrete
braid, then ¢(u) := ¢(PL(u)).

3. BRAID INVARIANTS

We give a concise description of the invariant of [22] for relative discrete closed
braids.

3.1. Relative braids. The motivation for the homotopy braid index is a forcing
theory: given a stationary braid v, does it force some other braid u to also be
stationary with respect to the dynamics? This necessitates understanding how the
strands of u braid relative to those of v.

Definition 3.1. Given v € Q™ define
Q" REL v:i={ue” : uuveQ"tm}.

The path components of Q™ REL v comprise the relative braid classes, denoted
{u REL v}. In this setting, the braid v is called the skeleton.
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This procedure partitions Q™ relative to v: not only are tangencies between
strands of u illegal, so are tangencies with the strands of v.
The definitions for discrete relative braids are analogous.

Definition 3.2. Given v € DI, define
Dy RELv:={u€eDj : uUveD;}
The path components of D} REL v comprise the relative discrete braid classes,

denoted [u REL v]. In this setting, the braid v is called the skeleton.

The operations DISC4 and PL have obvious extensions to relative braids by acting
on both u and v.

3.2. Bounded and proper relative braids.

Definition 3.3. A relative braid class {u REL v} is called proper if it is impossible
to find an isotopy u(t) REL v such that u(0) = u, u(t) REL v € {u REL v}, for
t € [0,1), and u(l) Uv € "™ is a diagram where an entire component of the
braid u(1) has collapsed onto itself, another component of u(1), or a component
of v. A discrete relative braid class is proper if it is the discretization of a proper
topological relative braid class.

The index we define is based on the topology of a relative braid class. It is most
convenient to define this on compact spaces, hence the following definition.

Definition 3.4. A braid class (topological or discrete) is bounded if {u REL v} is
a bounded set in Q7. (See Figure[2)

)

(,\““‘C

FIGURE 2. [left] a bounded but improper braid class; [right] a
proper, but unbounded braid class. Solid strands are fixed; dashed
strands are free.

For the remainder of the paper, all braids will be assumed proper and bounded
unless otherwise stated.

3.3. The Conley index for braids. Consider a discrete relative braid class
[u REL v] C D} which is bounded and proper. We associate to this class a Conley-
type index for a class of dynamics on spaces of discrete braids. This will become
an invariant of topological braids via discretization.

Denote by N the closure of [u REL v] in the space D} REL v. We identify an
“exit set” on the boundary of N consisting of those relative braids whose length
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¢ can be decreased by a small perturbation. Let w € ON denote a singular braid
on the boundary of N and let W be a sufficiently small neighborhood of w in
Dig REL v. Then W is sliced by ¥} REL v into a finite number of connected
components representing distinct neighboring braid classes, each component having
a well-defined braid length ¢ € Z*. Define the exit set, N~, of N to be those singular
braids at which ¢ can decrease:

(3.1) N7 :=cL{w € IN : . is locally maximal on INT(N)},

where CL denotes closure in ON.

Definition 3.5. The Conley index of a discrete (proper, bounded, relative) braid
class [u REL v] is defined to be the pointed homotopy class of spaces

(3.2) h([u REL v]) = [N/N~] := (N/N~,[N7]).

Example 3.6. Consider the period-2 braid illustrated in Figure Bl [left] possessing
exactly one free strand with anchor points ug and u;. The anchor point in the
middle, uy, is free to move vertically between the fixed points on the skeleton. At
the endpoints, one has a singular braid in ¥ which is on the exit set since a slight
perturbation sends this singular braid to a different braid class with fewer crossings.
The end anchor point, ug, can move vertically between the two fixed points on the
skeleton. The singular boundaries are in this case not on the exit set since pushing
ug across the skeleton increases the number of crossings.

FIGURE 3. A period two braid [top, left] has configuration space
a square [top, center]. Quotienting out the exit set leads to a
space with homotopy type S [top, right]. More examples can be
obtained by lifting the skeleton along the spatial periodic variable:
a period five generalization [bottom] has index S2.

Since the points ug and u; can be moved independently, the configuration space
N in this case is the product of two compact intervals. The exit set N~ consists of
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those points on N for which u; is a boundary point. Thus, the homotopy index
of this relative braid is [N/N~] ~ St.

By taking a chain of copies of this skeleton (i.e., taking a cover of the spatial
domain), one can construct examples with one free strand weaving in and out of
the fixed strands in such a way as to produce an index with homotopy type S* for
any k > 0.

The extension of the Conley index to topological braid diagrams is straightfor-
ward: choose an admissible discretization period d, take the Conley index of the
period-d discretization, then show that this is independent of d. The key step
(independence with respect to d) is, unfortunately, not true. For d sufficiently
small, there may be different discrete braid classes which define the same topologi-
cal braid. The information from any one of these coarse components is incomplete.
The following theorem, which is the main result from [22], resolves this obstruction.

Theorem 3.7 (see [22], Thm. 19 and Prop. 27). For d sufficiently largeE the
Conley index h([DISCqu REL DISCqV]) is independent of d and thus an invariant of
the topological braid class {u REL v}.

Definition 3.8. Given a topological braid class {u REL v}, define the homotopy
indez to be

(3.3) H(u REL V) := h([DISCqu REL DISC4V])
for d sufficiently large.

For purposes of this paper, the homotopy index is defined with d sufficiently
large. This is well-defined, but not optimal for doing computations. To that end,
one can use the more refined formula of [22], which computes H for any admissible
discretization period d via wedge sums: we will not require this complication in
this paper.

For most applications it suffices to use the homological information of the index
given by its Poincaré polynomial

(3.4) P-(H) := > dim Hy(H)7" =) dim Hy(N,N")r".

k=0 k=0
This also has the pleasant corollary of making the index computable via rigorous
homology algorithms.

4. DYNAMICS AND THE BRAID INDEX

The homotopy braid invariant is defined as a “Conley index.” This index has
significant dynamical content.

The most basic version of the Conley index has the following ingredients [13]:
given a continuous flow on a metric space, a subset N is said to be an isolating
block if all points on ON leave N under the flow in forwards and/or backwards time.
The Conley index of N with respect to the flow is then the pointed homotopy class
[N/N~], where N~ denotes the exit set, or points on ON which leave N under
the flow in forwards time. Standard facts about the index include (1) invariance
of the index under continuous changes of the flow and the isolating block; and (2)
the forcing result: a nonzero index implies that the flow has an invariant set in

2A sufficient though high lower bound is the number of crossings of u with itself and with v.
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the interior of N. In order to implement Conley index theory in combination with
braids we define the following class of dynamical systems.

Definition 4.1. Given d > 0, a parabolic recurrence relation R on Z/dZ is a
collection of C'-functions R; : R® — R, i € Z/dZ such that for each i, 1 R; > 0
and J3R; > 0. We say that R is exact if there exists a sequence of C?-generating
functions S; such that

(4.1) Ri(wim1, Ui Uig1) = 0281 (wi—1,u;) + 015 (Ui, wig1) Vi
A parabolic recurrence relation defines a vector field on ﬁg,
d « « (03 (03
(4.2) E(Uz ) = Ri(ui s uits uity ),

with all subscript operations interpreted modulo the permutation 7: u§,, = uI(O‘).

The flow generated by Eqn. ([d2) is called a parabolic flow on Dj. For more details,
see [22]. Exact parabolic recurrence relations induce a flow which is the gradient
flow of W(u) := >, Si(uf,uf ;).

A parabolic flow acts on discrete braid diagrams in much the same way that
Eqn. ([) acts on topological braid diagrams. As we have defined it in §3.3] the
Conley index for a discrete braid class [u REL v] uses its closure N = cl[u REL V]
as an isolating block. Indeed, if [u REL v] is bounded, then N is a compact set. If
[u REL v] is proper, then the vector field on Dig REL v induced by R is transverse to
ON, and N is really an isolating block for the parabolic flow. The set N~ defined
in the previous section then is the exit for N. This particular link lies at the
heart of the theory and follows from a discrete version of the comparison principle
[20], 26] [31]. Details of the construction can be found in [22], where it is shown that
the index h([u REL v]) defined via Eqns. @I) and B2) is the Conley index of
any parabolic recurrence relation which fixes v. Figure [ illustrates the action of a
parabolic flow on braids.

FIGURE 4. A parabolic flow on a (bounded and proper) braid class
is transverse to the boundary faces, making the braid class into an
isolating block. The local linking of strands decreases strictly along
the flow lines at a singular braid .

In [22] it furthermore is shown that certain Morse inequalities hold for stationary
solutions of Eqn. (£2)). The Morse inequalities also provide information about the
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periodic orbits. This is due to the fact that for parabolic systems the set of bounded
solutions consists only of stationary points, periodic orbits, and connections between
them.

Theorem [[T]is an extension of the following results for parabolic lattice systems.

Theorem 4.2 ([22]). Let R be a parabolic recurrence relation. The induced flow on
a bounded proper discrete braid class [u REL v], where v is a stationary skeleton, has
an invariant solution within the class [u REL v] if the Conley index h = h([u REL v])
is nonzero. Furthermore:

(1) If the Euler characteristic x(h) # 0, then there exist stationary solutions of
the braid class [u REL v].

(2) If R is exact, then the number of stationary solutions of braid class
[u REL V] is bounded below by |Pr(h)|, the number of nonzero monomi-
als of the Poincaré polynomial of the indez.

If a proper bounded braid class [u REL v] contains no stationary braids for a
particular recurrence relation R, then h(u REL v) # 0 forces periodic solutions of
Eqn. (£2)), i.e. the components of u are periodic. If the system is nondegenerate,
then the number of orbits is given by Pj(h)/2. As a consequence in this case,
P, (h) is divisible by 1 + 7 and R is not exact. Note that for d large enough the
topological information is contained in the invariant H for the topological braid
class {u REL v}.

5. EXAMPLES: STATIONARY SOLUTIONS
The following examples all satisfy hypotheses (g1) and (g2).

Example 5.1. Consider the following family of spatially inhomogeneous Allen-
Cahn equations studied by Nakashima [28] 29]:

(5.1) Eup = EUgy + h(x)u(l — u?),
where h : S — (0,1) is not a constant. Clearly this equation has stationary
solutions u = 0, £1 and is exact with Lagrangian
L= 1e2ui — 1h(x)uz(Q —u?).
2 4

According to [28], for any N > 0, there exists an ey > 0 so that for all 0 <
€ < e, there exist at least two stationary solutions which intersect u = 0 exactly
N times. (The cited works impose Neumann boundary conditions: it is a simple
generalization to periodic boundary conditions.)

Via Theorem [5.4] below we have that for any such i and any small €, this equation
admits an infinite collection of stationary periodic curves; furthermore, there is a
lower bound of N on the number of 1-periodic solutions.

Example 5.2. Consider the following equation:

COS T

)
(5.2) Ut = g — g sin 2z u, + u(u?® — 1),

cos T + %

with z € S = R/27Z.
Equation (L4) is a weighted exact system with Lagrangian

(5.3) L= t6c0s2 (%ui -t s ; 1)2> ,
cos T + 75
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where by “weighted exact” we mean (cf. Eqn. (L2))

5 d oL 0L
5.4 — »i6C0s2z | — .
(5.4) we=er {dm Ougy 8u]
One checks easily that there are stationary solutions v = 41 and uy =

+1 (VBeosz + 1), as in Figure These curves comprise a skeleton v =
{—1,u_,us,+1}, which can be discretized to yield the skeleton of Example
From the computation of the index there, this skeleton forces a stationary solution
of the braid class indicated in Figure 3l [left]: of course, this is detecting the obvious
stationary solution v = 0.

What is more interesting is the fact that one can take periodic extensions of the
skeleton and add free strands in a manner which makes the relative braid spatially
nonperiodic. Let us describe a family of proper and bounded relative braid classes.
Let v™ be the n-fold periodic extension of v on [0,n] and consider a single free
strand —1 < u(z) < 1 that links with v" as follows: on each interval [k, k + 1],
k=0,...,n— 1, we choose one of three possibilities:

(a) t(u,u_) =0 and t(u,us) =2,

(b) t(u,u_) =2 and ¢(u,uy) =2, or

(¢) t(u,u_) =2 and t(u,uy) =0.
Define a symbol sequence ¢ = (07...0,,), where o; € {a,b,c}. Every symbol se-
quence except for o = (a...a) and o = (c...c) defines a proper bounded braid class
{u, REL v}. Introduce the identification o ~ ¢’ defined by o’ = 7%(o), for some
0 <k <n—1, where 7 is a shift to the right. The equivalence classes are denoted
by [o]. It follows that if for two symbol sequences o and ¢’ it holds that [o] # [07],
then the associated braid classes {u, REL v} and {u,s REL v} are different. This
is easily seen when the total number of a’s, b’s or ¢’s is different. In the case the
number of symbols is the same no intersections can be created or are lost via a
homotopy, since all intersections occur at isolated intervals contained in [k, k + 1],
0<k<n-1.

To compute the invariant, we discretize. Choose the discretization d = 2n on
[0, n]El Figure [ [right] shows an example. In §3] the index was computed. Using
the stabilization of the index as given by Theorem 3.7 we obtain:

H(u, REL v) = h(DISCy, U, REL DISCy,v") ~ S¥,

where k = #{b € ¢}. Therefore, P.(H) = 7*.

The Morse inequalities, in particular Theorem [[.1] and Theorem [[.2] now imply
that for each n > 0 there exist at least 3™ — 2 different stationary solutions. This
information can be used again to prove that the time 27-map of the stationary
equation has positive entropy; see e.g. [30], [33].

Example 5.3. The following class of examples is very general and includes Exam-
ple 5.l as a special case. One says that Equ. (IL1) is dissipative if

(5.5) uwg(z,u,0) — —o0 as |u| — 400
uniformly in z € S*.

3This is admissible for the skeleton v™ and is large enough to yield the correct index
computation.
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~ e

+1

= ~—

FIGURE 5. The skeleton of stationary solutions for Eqn. (L4)
forces an infinite collection of additional solutions which grows ex-
ponentially in the number of strands employed.

Theorem 5.4. Let g be dissipative and satisfy (g1) and (g2). If v is a nontrivially
braided stationary skeleton (i.e., v(v) # 0), then there are infinitely many braid
classes represented as stationary solutions to Eqn. (ILI). Moreover, the number
of braid classes for which u consists of just one strand is bounded from below by
[t/2] — 1, where ¢ is the mazimal number of intersections between two strands of v.

Proof. Given the assumptions one can find c¢; > 0 and ¢ < 0 such that +¢g(z, ¢4, 0)
> 0, and

c_ <v¥(x) < ey,
for all strands v® in v. Using discrete enclosure via sub/super solutions, Lemma
in Appendix C yields solutions u; and u_ such that

e <u_(z) <v(z) <ug(z) <cy,

for all a. Assume without loss of generality that all strands in v are 1-periodic (if
not, one can take an appropriate covering of v). For the sake of convenience we may
assume that z € S = R/Z. Select two intersecting strands which form the braid
w = {v*,v*2} and set ((w) = #{intersections between v** and v*2}. Consider
the skeleton z = {u_,v*',v*2,uy } and a free strand u(z) — with u(z + 1) = u(x)
— that links with z as follows: (léu_(x) < u(z) < uy(x), (2) for some k > 0,
t(u,v*) = 1(u,v*?) = 2k < (w)[d These two hypotheses describe the relative
braid class {u REL z}, which clearly is a proper and bounded class and therefore
has a well-defined homotopy braid index H. The index H is an invariant of the
braid class and it can be computed for instance by studying a specific system of
which all solutions are known.

Consider the equation €?u,, +u — u® = 0. If we choose € = (m(1(w) + 1))
then there exists a periodic solution vy (x) with period T' = 2/¢(w). Define vy (z) =
v1(z — (1/u(w))); then if we consider v and v, on the interval [0, 1], it follows that
t(vy,v2) = t(w). The skeleton z’ = {—1, vy, vs,+1} is now topologically equivalent
to z. Moreover, the equation €2y, +u — v = 0 has a unique family of solutions
{u(-+¢)}, which has the right linking properties with the skeleton z’: —1 < u(z) <
1, and (u,v1) = t(u,v2) = t(u,v*) = 1(u,v*?) < ¢(w). Therefore, {u REL z'}

—1
)

4We assume without loss of generality that «(w) > 2k > 2. In the case that «(w) = 2 or 3, we
consider coverings of w.
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and {u REL z} are topologically equivalent. This particularly constructed equation
with the skeleton z’ can now be used to compute H.

Following the arguments in [4] [22] we can choose 7 > 0 sufficiently small, i.e. % €
N, so that the time 7-map of the equation, i.e. (z,y) — (u(7;(z,y)), W (7; (z,9))),
is a monotone (positive) twist map for —1 < u < 1; see also Appendix This
allows us to apply the theory of parabolic recurrence relations in [22] with respect
to the variables u; = u(7i), where u is any solution of the equation €®u,, + u —
u? = 0 with —1 < u < 1. The discretized skeleton DISC4(2z), with d = %, and
DISC4(u) REL DISC4(2z') are of the same topological braid class as z’ and u REL 2’
respectively. We can thus use Theorem 3.7 to compute H.

The set of all critical points of the discretized system in [DISC4(u) REL DISC4(Z)]
is given by {Discq(u(z + ¢)) | ¢ € R}, which represents a hyperbolic circle of sta-
tionary strands. Its unstable manifold has dimension ¢(u, v1) = 2k and therefore its
Morse polynomial is given by 72*~1(1 4 7). Since this captures the entire invariant
set, it follows from Theorem 3.7 that P,(h) = P.(H) = 72*71(1 + 7); see also [4]
for details.

From the invariant H and Theorem [[L21we deduce that if Eqn. (1)) is dissipative

and exact it has at least fL(—;V)} — 1 1-periodic solutions. One finds infinitely many

stationary braids by allowing periods 2n. Indeed, take the periodic extension w2".
Then for any k satisfying 2k < 1(w?") = 2ni(w) we find a 2n-periodic solution.
By projecting this to the interval [0,1] we obtain a multi-strand stationary braid
for Eqn. (). As a matter of fact for each pair p, ¢, with ¢ < p and ged(p, ¢) = 1,
there exists at least one solution u, 4, by setting k = ¢(w)q and n = p. This infinity

of solutions enshrouds the set QN (0, 1). O

6. EXAMPLES: TIME-PERIODIC SOLUTIONS

This is a longer example of a very general forcing result for time-periodic solu-
tions.

Example 6.1. Consider equations of the following type as given by Eqn. (L0):
Ut = Uy + ub(w) + uzh(z,u,uy), 2« €R/Z,
where the nonlinearity is assumed to satisfy (g1), i.e. h has sublinear growth in wu,
at infinity. Moreover, assume that b and h satisfy the hypotheses:
(b1) b(0) > 0, and b has at least one positive and one negative root;
(b2) Ah(z,0,0) =0, and h > 0 on {uu, # 0}.

Theorem 6.2. Under the hypotheses above, Eqn. (LE) possesses an infinite collec-
tion of time-periodic solutions all with different braid classes.

Proof. Consider first the perturbed equation,
(6.1) Ut = Ugy + ub(u) + acuzh(x, u, u,),

where a, = 0 for \/u?+u2 € [0,¢] and . = 1 for \/u?+u2 > 2¢. Fore > 0
Eqn. (61 has small stationary solutions v, (z) which oscillate about u = 0. We can
choose this v, and a relatively prime pair of integers p, ¢ € N such that v.(z + p) =
ve(z) and /b(0)/27 < q/p is arbitrarily close to g/p. The integer ¢ represents the
number of times the oscillation fits on the interval [0, p].

We use (bl) to build a skeleton for Eqn. ([G.II). Let ay and a_ denote positive
and negative roots of b, and consider the skeleton v = {v!,v% v v*} on R/pZ



2772 R. W. GHRIST AND R. C. VANDERVORST

with v!(z) = a_, v?(2) = a4, v3(x) = v(x), and v*(z) = ve(z — p/2q). Clearly
t(v3,v*) = 2¢. Define the relative braid class {u REL v} as follows: u = {u} is a
(1-strand) braid satisfying a_ < u(z) < ay and t(u,v3) = t(u,v*?) = 2r < 2¢. This
braid class is proper and bounded, and its homotopy invariant H was computed in

the previous section:
P,(H)=7""11+7).

We claim that for 0 < € < 1 there are no stationary solutions in {u REL v}.
Suppose that u is stationary. One checks that the function

H(u,uy) := %uiJru/O b(s)dsf/o /0 b(r)dr ds

has derivative
d

%H = —aculh(x, u, uy).
This term is nonpositive by (b2) and not identically zero by the fact that « cannot
be close to a constant (thanks to the intersection numbers). The periodic boundary
condition leads to the desired contradiction.

Since u is a 1-strand braid it follows from Theorem [[[T0lthat {u REL v} contains
a t-periodic solution u.(t,x) to Equ. (GI)). By lifting the equation to the interval
[0, kp], k € N, we obtain different periodic solutions for each r < kg, which shows
that there are t¢-periodic solutions for infinitely many different braid classes; see
[22] Lem. 43] for details. What remains is to show that these periodic solutions to
Eqn. (60) persist in the limit ¢ — 0. We need to prove that the limits obtained are
not equal to the zero solution. We use an argument similar to that of Angenent [4].

We wish to conclude that Eqn. (G1)) does not permit small bounded solutions
as € — 0 other than u = 0. Let € [0,p]. Then linearization of Eqn. (6] about
u = 0 yields

Pt = Vge + b(O)w + Rs(xv 1, 1/)9:);

where |R.| < C(|¢|* + [10x|?) for 1] + 1| sufficiently small, uniformly in = € [0, p].
The spectrum of the operator
d2
L= Froi b(0)

on L*(R/pZ) is given by the eigenvalues \,, = —47?n?/p? + b(0), and associated
eigenfunctions ¢,,, for n = 0,1,.... Since 1/b(0)/27 < ¢/p it follows that A, > 0
for all n < ¢, and A, < 0 for n > ¢. This yields a (spectral decomposition)
splitting of L = Ly + L_. Define the set I, = {u | ¢(u,0) = 2r < 2¢}. Since
t(¢pn,0) = 2n we have that kerL; & I,.. A straightforward analysis then shows that
for all u € clos(I,) it follows that ||Liul/p2 > K||ul/p2, for some K > 0.

Define the function B() = 3 (¢, L44))z2. Then any solution (¢, ) in {u REL v}
close tou = 01in L™, i.e. |[¢(t,z)] < § < 1independent of ¢, satisfies |(R., L) 2|
< ClY32 + Cllve|22]|¢|| 2. If we use the regularity result in Appendix [Bl by
keeping track of |¢| in the proof we obtain the estimate |¢),| < Cly|. Therefore,

d

(6'2) EB(w) = (L+¢’ L+w)L2 + (Re(xa ¢a %)7 L+¢)L2
(6.3) > K|yl7: — Cllvlis — Cllvelizllvl L2
(6.4 > K|yl3. — C'|l¢)}: > 0.
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Consequently, B(¢(t,z)) < B(¢(tg,x)) for t < tg. Since 8;B(¢)) > 0, it follows
that [|1(t,-)||r2 — 0 as t — —oo, and thus ¢(t,z) — 0 as t — —oo. This then
contradicts the fact that ¥(¢,-) is a small solution in {u REL v}. O

Remark 6.3. The form of Equ. (L)) is not the most general form possible. Certainly,
having h strictly negative on {uu, # 0} is also permissible. One should also be
able to weaken the condition h(x,0,0) = 0. This requires a careful study of the

linearized operator
2

d d

Crucial in this case is to be able to link sign changes of the eigenfunctions to ¢ and
p; see also [5].

7. PROOFS: FORCING STATIONARY SOLUTIONS

7.1. Discretization of the equation. For the remainder of this section, we work
with individual strands u = u® in u = (u®), suppressing the superscripts for
notational aesthetics.

We discretize Eqn. () in the standard manner. Choose a step size 1/d,
for d € N, and define u; := wu(i/d). We approximate the first derivative
uyz(i/d) by Au; = d(u;+1 — u;) and the second derivative ., (i/d) by A2u; :=
dg(uzqu — 2161 + ui*l)'

Lemma 7.1. Let u be a stationary braid for Eqn. (LT). Then
as d — oo uniformly in i. In particular, |e;(d)| < C/d.

Proof. From Appendix A it follows that each strand u of a stationary solution to
Eqn. () is C3. A Taylor expansion yields

Aui—uy = d- (u((i+1)/d) — ui(i/d)) — ug(i/d)

d- R 4(i/d) = Luge(w)/d, for some y,

@2 - (u((i + 1) /d) — 2u:(i/d) + u((i — 1)/d)) — s (i/d)
= Ry(i)) = urea(y)/d. for some y.

2
A U; — Ugy

For xy := i/d it therefore holds that
|Aud.m0 — um(x0)| < C/d, |A2ud.mo — um(xo)| < C/d,

with C' independent of x. Since f is C! the desired result follows. A more detailed
asymptotic expansion for ¢; is obtained as follows:

ei(d) = uge(i/d) — A%+ g(i/d, us, Aug) — g(i/d, u(i/d), u, (i/d))
= aumg(i/d,u(i/d),uw(i/d))[Aui — uw(z/d)}
+ [AQui — Ugy (i/d)] + Ro.
From the weak form of Taylor’s Theorem the remainder term Ry satisfies |Ra| =

o(1/d). Combining this with the estimates obtained above we derive that |e;(d)| <
C'/d, thus completing the proof. (I
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The next step is to ensure that the d-point discretization of u is in fact a solution
of an appropriate parabolic recurrence relation.

Lemma 7.2. Let u € Q", and let d be an admissible discretization for u. Then
for any sequence {e¥} with i = 0,...,d and o = 1,...,n, there exists a parabolic
recurrence relation E satisfying

di. « a _ o
E(ugy, uj 7ui+1) = ¢,

where u$ = u®(i/d). In addition, |EX(r,s,t)| < Cmax;  [€2] for all |r],|s|, [t| <
2max; o |u$| and some uniform constant C' depending only on u.

Proof. This proof is a straightforward extension of [22] Lemma 55], in which € =
0. O

Let v € Q™ be stationary for Eqn. (IT]) and let {u REL v} be a bounded proper
braid class with d a sufficiently large discretization period. We now construct a
parabolic recurrence relation for which the discrete skeleton DISC4v is stationary.
Combining Lemmas [[1] and [[2] the recurrence relation defined by

(72) ’Rf(ui_l, Uj, ui+1) = A2Ui —+ g(l/d, Ui, Aul) —+ Ef(ui_l, Uj , Ui—i—l)

has DISC4Vv as a stationary solution. The above construction works for any d’ > d.
For a given d the recurrence relation R¢ is considered on the compact set cl[u REL v],
which implies that |u;| < 2max; o |v;]. To verify the parabolicity of R¢, we compute
the derivatives. From the parabolicity of £Z, we obtain

(7.3) ORI=d>+0,EL > \-d* > 0.
Furthermore,

ORE = a2+ 29 g4 o0,
Ouy

which does not yet prove parabolicity since no estimates for 0, g are given. How-
ever, utilizing hypothesis (g1), we have that

R(ui—1,wiyuiyr) = A%+ g(i/d,ui, Aug) + EF(wi1, wi, uis1)
2 —C - C|Auz\7 + A2UZ‘
> -C-Cd + dg(uzqu — 2161 + ’U/Z',l),

which shows that Rf is an increasing function of u;y1, provided that d is large
enough. This relies on the fact that the braid class is bounded. Periodicity of f
implies that RY, , = R¢. Initially R¢(r, s, t) is defined for |r|, |s|, [t| < 2 max; o |v;].
It is clear that R¢ can easily be extended to a parabolic recurrence relation on all
of R3.

7.2. Convergence to a stationary solution. Choose d, large enough such that

R¢ is parabolic for all d > d.. Let {u?’d} be a sequence of braids which are solutions
of

(7.4) R (wim1,wiy uie1) = A%u; + g(i/d, wg, Awg) + EF(wi—1, us, uig1) = 0,

and which satisfy the uniform estimate |u?’d| < C for all d. For notational simplic-
ity, we omit the discretization period d and write u; instead of uf"d in what follows.
The discretization index will be clear from the range of the index i.
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Lemma 7.3. Let {u;} satisfy R (ui_1,u;,uir1) = 0 and |u;| < C asd — oo. Then

d d
1
(7.5) > E|Ui|2 <C, > d-fui —uil? < C,

i=0 i=0
with C' independent of d.

Proof. For each strand « it holds that either w;+q = u;, or u;yrq = u; for some k.

Since there are only finitely many strands, the constant k& can be chosen uniformly

for all . Therefore we assume without loss of generality that the first equality

holds. The first estimate immediately follows from the uniform bound on u;.
From Eqn. ([C4) it follows that

1 1 1
=A% =y = g(i/d, ug, Aug)=u; + EF (i1, Ui, Ui1) = Us.
d d d
From the periodic boundary conditions we have
d 1 d
—ZAQUi = Zd' lwipr — ugl?.
=0 =0
Combining the above estimates and using (g1) we obtain
d d 4 1
Do~ < ;(ggu/d, iy A ] + 167l )
1
< C/d+ ; P |:Cs +ed®|uiyy — Uz‘\Q] |ui]

d
< C’e+eC'Zd-|ui+1—ui|2, for any € > 0.
i=0

Choosing € small enough yields the second estimate. O
d d

Define ¢q := PL({w;}). Then [|¢all7. < 3i_¢ gluil® and [ gL eall7. = Si_od-

|u; 11 —u;|%. Due to the uniform estimates we obtain the Sobolev bound | ¢gl| 1.2 <

C, with C independent of d. Therefore, ¢4, converges to some function u €
C°([0,1)), as d,, — oc.

Lemma 7.4. Let {u;} satisfy R (ui_1,ui,u;iy1) =0 and |u;| < C asd — oo. Then
d
(7.6) D d- A — Au T < C
i=0
with C' independent of d.
Proof. As in the proof of Lemma [.3] we have
Au; = —g(i/d,us, Auy) — EMNwi_1, us, i)
Combining this estimate with (g1) we obtain
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Therefore
d_ . d 4
Zd?_”A’LLi*AUi_lF/V S C+CZ*|AUZ|2
i=0 i=0 d
< C by Lemmal[73]
which is the desired estimate. O

Set ¢q := PL({Aw;}). Then [[a]3. < S0 2|Aw[? < O, and || L¢dl2,,, =

Z?:o PR |Auiq — Aug|?/Y < C. This implies that [|1g]| 1.2/+ < C, independent
of d. Therefore there exists a subsequence 14, converging to some function v €
c0([0,1]).

Lemma 7.5. Let {u;} satisfy R (wi_1,ui,uiv1) = 0, and |w;| < C as d — oo.
Then

|Au;| < C, |A%u;| < C,
with C' independent of d.

Proof. The first estimate follows from the fact that ||1)4]|co < C; hence |Au;| < C.
For the second estimate we use Eqn. (C7). The uniform bound on Au; then yields
a uniform bound on AZu;. O

Finally, we require an estimate on A3u; = d - (A%u;y1 — A%u;).
Lemma 7.6. Let {u;} satisfy R%(ui_1,u;,u;iy1) =0 and |u;| < C asd — oo. Then
(7.8) |A3u;| = d - |A%ui — A% < C,
with C' independent of d.
Proof. Since RY,; — R¢ = 0 it follows from the definition of R¢ that
Aujy — A%uy 4+ g((i41)/d, wigr, Augyr) — g(i/d, ug, Auy)
= - f+1(ui7ui+laui+2) + 5?(Ui—1aui,ui+1)~

Using Taylor’s theorem we obtain that

Oug(ifd,us, Aug) =+ Oug(ifd,ws, Aug)(uits — u;)
+ auxg(i/da Uy Au;) (A — Auy)

+ (A2UZ‘+1 — A2U2)

= —(&L 1 — &) — Rao(i/d, ui, Aui, A%u;).

K2

SN

For A3w; this implies
Agui = - a:g(l/dv Uy, Auia Az“’l) - 8uf(l/d7 Uq, Auiv AQUi)Aui
— Oy, f(i)d, ui, Aug, A%u;) A%u; — AEL — Ry(i/d, ui, Aug, A%u;)d.

By Lemma the right hand side is uniformly bounded in d, which provides the
desired estimate on A3u;. O

Define x4 := PL({A%u;}). From Lemma [Z.6] we then derive that ||d%Xd||L°° <C.
Therefore g4, converges to some limit function w in C°([0, 1]).

From Lemmas [3] [7.4] and it follows that the functions ¢4, g and xq
converge to the functions u, v and w, respectively, with the anchor points being
solutions of R¢ = 0.

The following lemma relates discretized braids to stationary braids in {u REL v}.
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Lemma 7.7. Let u,v,w € C°([0,1]) and let {ud}¢_, be sequences whose PL inter-
polations satisfy

pL(ul) — u, PL(AuY) — v, PL(A%Y) — w,
in C°([0,1]) as d — oo. If RH(ul i ud,uly) = 0 and |Aw;| < C, then u €
C?([0,1]), uy = v, and Uy, = w satisfying Uz, + g(z,u,u,) = 0 pointwise on [0,1].

Proof. We start with the estimate |¢); — 1q| < émaxogigd |A2%u;| — 0 uniformly
as d — oo. This implies that 1y — v in C°([0,1]). The same estimate holds
for |4} — xa| < L maxo<i<q|A%u;| — 0 uniformly as d — co. Hence we deduce
that x4 — w in CY([0,1]). From the definition of derivatives it now follows that
| D1/qu — v|[ze= — 0, and || Dy qv — w|[ze — 0; thus v = u, and w = uzs. From
Lemma [TI] we deduce that ug, + g(z,u,u;) = 0. O

Note that Lemma [A]in Appendix A implies further that u € C3([0, 1]).

7.3. Proof of Theorem[I.Il Given P_1H # 0, the existence of a single stationary
solution is argued as follows. Choose d, large enough. Then from Theorem it
follows that Eqn. (Z) has a discrete braid solution {u$*?} for all d > d.. The

boundedness of the braid class implies that the sequence {u?’d} satisfies
WM < e, Vi, and ¥V d > d..

Lemmas [[THT T imply that as d — oo one obtains a stationary braid u = {u®}
whose strands u® satisfy the equation g, + g(x,u®,u®) = 0. Since the skeletal
strands DISC4(v?) converge to v® by construction and the pairwise intersection
numbers are the same for all d, we have in the limit a solution to Eqn. (1)) in
the correct braid class. In the exact case, the conclusion follows from the condition
P,(H) # 0, proving Theorem d

8. PROOFS: FORCING PERIODIC SOLUTIONS

In this section, we provide details of the forcing arguments in the case of non-
stationary solutions. The technique is philosophically the same as for stationary
solutions: discretize, apply the Morse-theoretic results of [22], then prove conver-
gence to solutions of Eqn. (I.I]). However, the requisite estimates are more involved
in the time-periodic case. Appendix [Bl details a regularity result for nonstationary
solutions to Eqn. ([II).

8.1. Discretization and convergence. We begin by truncating the system. Con-
sider the equation

(81) Ut = Uge + gK(xvuauI)a
where
g(xvuaur) fOI‘ |u‘ + |’U,m| S K’
T, U, Ug) =1 .
9x =) { inf |y ju, > 19(2, u,ug)| - for |u] + |ug| > K.

Consequently,

|gK(xa u, ’U,w>| < |g(x, U, uw>|a
for all z € S, u,u, € R. Thanks to this, the estimates from Appendix [Bl hold
with the same constants: any complete uniformly bounded solution u®(¢,z) to

Eqn. (B1) satisfies
(8.2) g+ [ | + [ugiee| + [ud | < O (]|,
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with C independent of the truncation domain K. By choosing K appropriately, so-
lutions of Eqn. (8.]) are also solutions of Eqn. (LT)). Indeed, if u* (¢, z) is a solution
of Eqn. 8J) with [uf(t,2)| < C1, then by Eqn. ®82), [uf (¢, )| < C2(¢, Cy). If we
choose K > max (C1,Cy), then solutions u® of Eqn. ®&1]), with [uf(t,2)| < C1,
are also solutions of Eqn. (LTJ).

For convenience of notation we now omit the superscript K. We discretize
Eqn. 1) as follows: Let u;(t) = u(¢,i/d) and

7
(8.3) ul = d*(uip1 — 2u; +ui—1) + g (E’ Wi, d(Uip1 — Ui)) + EM (w1, wiy i),

where u] denotes £u(t,i/d). As before, |E%| < |¢;(d)| < C/d. The perturbations £
are chosen such that the given stationary solutions of Eqn. (LI]) are also discretized
solutions of Eqn. (83).

Let {uf(t)} be a sequence of solutions to Equn. (B3) with |uf(t)| < C; for all i
and d. We will show that one can pass to the limit as d — oo and obtain a complete
solution to Eqn. (). The following lemma is proved in a manner analogous to
that of Lemma [Z.3] of {11

Lemma 8.1.
1
/ > —|Au?dt < C,
57 d
where J denotes the time interval [T, T + 1], and C is independent of K.

Proof. If we multiply Eqn. (83]) by u; and then sum over ¢ =0, ..., d and integrate
over t € [T, T + 1] we obtain the desired estimate as in Appendix [Bl This uses the
growth of g in u, given by hypothesis (gl). O

Fix K > max (C1, Cy), with C; and Cy as above, and let f; = gx + £Z. Then
1
/ > lflfde<c.
y 2 d

Write each solution u;(t) as a sum of terms u; = u? + u?, where

iuf —Azu? =0, ui‘(T) = u,;(T),
dt
d

h

%

/, S an P <SS P <o =Tl

Then, for the homogeneous solutions u!', one estimates

?

This leads to the following estimate:
1 h 2 1 2 h 2
//gZ|(ui)’| dt+/],gZ|A ul|"dt < C.
For the particular solution u?, we have

1 1 2 2 1 2
3;\#: aguuﬁ-’)w a2 (uf)’AQuﬁg;!A?uf! -
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For the middle term on the right hand side we have the identity —2 >, (uf)/ A%u; =
45, é|Auf|2. Upon integration over J = [T, T 4 1] we obtain

d 1 2 1 T+1
/JE;EA%)' dt:E;‘Aulz’)T
Combining these, we obtain
[aSlnyras [ LY s [ 5 Intasc
7 d% ' g d = ! T Jyd<s ‘ -

Combining the latter with the similar estimate for u? gives the following estimate
for the sum u; = u? + ul:

/, éz |(u)' | dt + /J %Z |A2y,%dt < C.

Introduce the spline interpolation

SP(ui) = dAQ’U,iJrl(.’L‘ — Z/d)3 — A2ui+1 ($ — Z/d)2
+ Aui(z —i/d) + u,.

"= S IAw(r 1 0

Now set U? = sp(u;), and U? = PL(u;) = Auy(x —i/d) 4+ u;. Then,

/ U — U4dadt < %HO, as d — o0,
g J st

— 0, asd— oo,

rrd d|2

S
~ 1
d |2 2 2
U der < —|A%y; R

/S1 U 2de < szzcll ul)?.
From the latter two inequalities we derive that
U e HY2(J'; L*(SY) N L*(J'; H*2(SY)) € C(J's HY2(SY)),
which implies that >, 1|Au; (t)]* < C vt € R. Moreover,
Ut U¢ — w, in L*(J;HY(SY),
Ut Ud — wy, in L2(J';L3(SY)).
From these embeddings one easily deduces that
gx (x, UL U — gg(z,u,u,) in L2(J'; L*(SY)).

Choose smooth test functions of the form ¢(¢,z) = ij:l ag(t)wg(z), where {wy}
is an orthonormal basis for HY2(S1). Set ¢;(t) = ¢(t,i/d), and ®¢ = PL(¢;). Then

/Zé(gK(i/d,Ui,Aui)—Fgld)(bidt—>/ / 9K (T, u, uy )¢ dzdt.
! % rJs1
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Because of the PL approximation the following integrals become sums over the
anchor points:

1 1
/S Ui, de Z &Auz—A@- =- Z A%,
/sl Utde’ der = Z du qb, 3d Z z+1 Aﬁbz,

fLfvir = X ot 53 gl

The final terms of the last two equations admit the following bounds:

P TR 1 )
< M([]Z:dUJ dff) ([,;d'A@' d95)

IS

3d Z 1+1 A¢z

< E—>O7
1 1 1 1 0.\’ 1 5\’
=) filgi < — —Ju; —|Ad;
ST s &([Eura) ([ X hmore)
C
< — —0.
= 3 0

Weak convergence implies that as d — oo,

// {Ud<I>+U§<I>I} dxdt—»// [u¢+uz¢)m] dz dt,
J JSst JJst

// Ut‘ifbdmdt—>// upd dz dt,

JJst JJ St

where u(t, z) is the weak limit of U%(t, z). Hence, u is a weak solution to Eqn. (8.
for all smooth test function ¢ defined above. These functions form a dense subset
in HY2(J' x S'), and therefore, since u; satisfies Eqn. (83),

/ut¢daz—|—/ quSmdgc:/ gx (z,u,ug)pde, ¥ ¢ € HY2(SY).
st s1 st

Standard regularity theory arguments then yield strong solutions to Eqn. (&I).
Then using the L°°-bounds on u we also conclude that u is a weak solution to
Eqn. (). Again by using standard regularity techniques one can show that the
convergence is in H%?(J' x S'). This completes the proof of the following theorem:

Theorem 8.2. For any sequence of bounded solutions {ul(t)} of Eqn. (83) with
lud(t)| < C, for allt and i, PL(uf) converges, in HY2(J x SY), to a (strong) solution
u of Eqn. 8]). Moreover, if K is chosen large enough, then u is a (strong) solution

of Eqn. (LI)).

8.2. Proof of Theorem Let {u REL v} be a braid class that does not
permit stationary solutions for Eqn. (ILl). For d large enough the same holds for
Eqn. (B3); otherwise, the results in §flwould yield stationary solutions of Eqn. (),
a contradiction. If {u REL v} is bounded and proper with H(u REL v) # 0, then
for each d large enough there exists a periodic solution u? with strands u$" d(t) via
[22, Thm. 2]. By Theorem [R.2] this sequence yields a solution wu(t,z) of Eqn. @I.
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It remains to be shown that u(¢,z) is periodic in ¢. This follows from the cele-
brated Poincaré-Bendixson Theorem for scalar parabolic equations due to Fiedler
and Mallet-Paret [15], which states that a bounded solution u(t, z) has forward limit
set either a stationary point or a time-periodic orbit. By assumption, {u REL v}
contains no stationary points, which leaves the second option: a periodic solution.
This also proves then that {u REL v} contains a periodic solution of the desired
braid class. O

We remark that the proof above is for braid classes {u REL v} for which u has a
single component. For u with multiple components, a nonvanishing index implies
that each component of u is either stationary or periodic; however, unless the
periods are rationally related, the entire braid class will be merely quasi-periodic
as opposed to periodic.

9. CONCLUSIONS

9.1. Comments. On forcing. The goal of this paper is distinct from the existing
literature on lap-number methods for Eqn. (I]), e.g. [15, 17, 18, 19} [16], in that
we focus on forcing on individual stationary or periodic orbits. Our methods are
not used with the goal of characterizing the global attractor. We are elucidating
the hierarchy of orbits within the attractor via index-theoretic methods.

On topology. The focus of this work is on the inherent topological structure
of the invariant sets. This structure is revealed by means of the homotopy braid
index. The principal mathematical result of the paper — that the index is a topo-
logical invariant of relative braids — has the important implication that there is a
dynamical forcing partial order on braids which is completely independent of the
analytical details of the equation. Unlike most papers which analyze Eqn. (I1]), we
assume neither transversality nor genericity conditions. Spatial inhomogeneity is
perfectly acceptable, even in applications to the existence of time-periodic orbits.
This is a stark departure from analytic methods [5l [16], which are efficacious in the
setting of rigid rotating waves. The topological approach finds non-rigidly-rotating
waves.

On computability. The technically challenging portion of this paper is the con-
vergence of the index to the infinite-dimensional setting of parabolic PDEs. With
this comes the corollary that the homotopy braid index can be computed from a
finite-dimensional model. Since there are explicit bounds on this dimension (in
terms of the length of the braid implicated), it is possible to compute the homo-
logical braid index using existing software packages. This is an implication of our
theory not explored in this work, but nevertheless significant.

9.2. Extensions. Boundary conditions. We have employed periodic boundary con-
ditions for convenience and as a means to allow for time-periodic orbits. Nothing
prevents us from using other boundary conditions, although the resulting dynamics
is often gradient-like. Neumann, Dirichlet, or (nonlinear) combinations of the two
are imposed by choosing closed subsets By C {(0,u,u)} and By C {(1,u,u,)} and
requiring the braid endpoints to remain in these subspaces. As the topology of the
configuration spaces of braids may change, so may the resulting invariants. Since
the comparison principle still holds, our topological methods remain valid, though
the invariants themselves may change.

Improper braids. A braid class is improper if components of the braid can be
collapsed. Our results on t-periodic solutions in §6l dealt with improper braids in
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an ad hoc manner by “blowing up” the collapsible strands via adding additional
strands to the skeleton.

A different approach would be to blow up the vector field in the traditional
manner via homogeneous coordinates, working in the setting of finite-dimensional
parabolic recurrence relations. Stabilization then allows one to define the invariant
in the continuous limit. This type of blow-up procedure is very general and should
be applicable to a wide variety of systems.

p-Laplacians and degenerate parabolic equations. In Remark [[3] we explained
that the results for obtaining stationary solutions of the fully nonlinear equation

Uy = f(x7u7ua:7ua:m)

follow directly from the semilinear Eqn. (II)). This is under the assumption of
uniform parabolicity, i.e. 0 < A < 9y, f(x,u,v,w) < A~L. The theory in this paper
should also apply to stationary solutions of degenerate parabolic equations of vari-
ous kinds. One example of a degenerate equation is the 1-dimensional p-Laplacian
equation us = (|ug|P us)z +9g(x, u, u,). In order to deal with this equation one can
consider uy = €tzy + (|ug|P " ), + g(w,u,uy). After discretization one again ob-
tains a proper parabolic system. With the appropriate a priori estimates involving
p one then lets e — 0 as the discretization size goes to zero. One avoids intersection
principles for the p-Laplacian equation since the discrete equation obtained this
way is parabolic.

The following estimates, though necessary, are rather antithetical to our philos-
ophy: the entire forcing theory for Eqn. (1)) is topological in nature.

APPENDIX A. ESTIMATES: STATIONARY

A stationary solution of Eqn. (L)) is some u € C?(R/{Z) satisfying ., +
g(z,u,u,) = 0. Hypothesis (gl) permits the following regularity statement.

Lemma A.l. Let u € C*(R/{Z) be a stationary solution of Eqn. (1) with g

satisfying (gl). There exists a constant C = C (¢, ||u|| ) depending only on the
sup norm of u, such that

Proof. Multiply Eqn. (L) by u. Integrating over S! := R//Z, using hypothesis
(g1) yields

/uidw = /|u\ g(x, u, uy)|dx
5 s
Jul [ loGe.u)lda

C (1 +/ |ux|7da:> .
s

IN

IN
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Since v < 2, it follows that [¢|u,|*dz < C. Again by using hypothesis (g1) we

obtain
[l = [ lgww )]s
S S

/‘c + Clug|
S

C (1 —l—/ |uw2dx> <C.
S

< C. From the Sobolev embeddings for w3 (S)

2
2
dx

IN

IN

2
Ty

The latter implies that ||uHW2
we derive
Jullgr.ags) < Cllull. 22 <C,

2
Ty
with 0 < a < 1—3 < 1. In particular ||u,||z~ < C. Again by using the pointwise
bound |ug,| < |g(z,u, u,)| we obtain

Sup|u$$| S Hg($7u7u’$)”L‘x’
xT
< C+Cluzll}e <C,

which implies that |uz.| < C. By differentiating the equation and using the fact
that g € C! to estimate g4, We obtain

a;cg + aug C Uy + 6uzg CUgg + Ugge = 0.
For ug,, this yields
[Uzee| < |02g| + |8u19||ux| + Uz | < C,

since all derivatives of f can be bounded in terms of |u|| ;. This completes the
proof. O

APPENDIX B. ESTIMATES: NONSTATIONARY

We repeat the regularity arguments for nonstationary solutions to Eqn. (LTI).
As the estimates are similar in spirit as those of Appendix A, we omit the more
unseemly steps.

Lemma B.1. Let u € CY(R;C*(R/{(Z)) be a complete bounded solution with g
satisfying (g1). There exists a constant C = C({,||u|| ) depending only on the
sup norm of u(t,x), such that

(B.1) e | + [tz | + |Uzze| + Jue] < C.

Proof. As before, let S' := R/¢Z. Denote by J the time interval J := [T, T + 1].
Multiplying Eqn. (II)) by v and integrating by parts yields

// utudxdt:f// uid:ﬂdt+// g(x, u, uy )ude dt.
JJst JJs JJs

Using hypothesis (g1) we derive
T+1
+C+C// |ug|” dz dt.
T JJst

1
// uidxdtg——/ u?dz
J Sl 2 Sl

Hence, since v < 2, [, [q |ug/?dxdt < C.




2784 R. W. GHRIST AND R. C. VANDERVORST
We proceed with the more technical estimates. Given the solution u(¢, z),
2 2
uy — Uge = g(x,u(t, ), us(t,x)) € L7 (J; L7 (S1)),

since |g|?/7 < C + Clu,|?. As such, LP regularity theory implies (see, e.g., [§])

<

HutHL%(.]’;L%(Sl)) — C(é)HgHL%(J,L%)7
<

HuwaL%(J’;L%(Sl)) > C((S)"g"L%(J;L%)’

where J' := [T+ 6,T] C J for some 0 < § < 1. In particular,
we L3 (J'; H>5 (SY) N L (R; L®(SY)).

Bootstrapping proceeds in a standard fashion using a parabolic version of
the Gagliardo-Nirenberg interpolation inequalities. Given any function u €
LP(J', H*P(S1)) N L>(J', L>=(S')), then

1 1
HUHLQP(J/;HL%(Sl)) < C’”quP(J’,H?JJ) ) ||“||ioo(]/,Loc)~

Therefore, we have u € L (J', H"% (S')) and, hence, g € L%Q(J’;L%’"(Sl)).

We repeat the procedure k times, each time restricting the time domain [T +
kS, T+1]. Choose k > 0 sufficiently large so that (2/v)* > 2 and choose J sufficiently
small so that [T+ kd,T + 1] contains J” := [T+ 1,7 + 1]. Then we have

we HY(J"; L2 (SY) N L*(J"; H**(S1)).

By Sobolev embedding, we get u € C(J"; H?(S')). Repeating the entire proce-
dure yields u € C%(J";C*(S')). This bound is now independent of T, and one
translates to obtain u € C*(R; C1*(S')). The additional smoothness now follows
directly from the fact that u solves Eqn. (I]).

The C3-estimate is obtained as in the stationary case by differentiating the
equation and using the C''2-estimates obtained above. (]

APPENDIX C. DISCRETE ENCLOSURE

Using a discrete version of enclosure between sub/super solutions and a nontrivial
braid diagram, we obtain the following existence result.

Lemma C.1. Let g satisfy hypothesis (gl) and let v be a nontrivially braided
stationary braid for Eqn. (LI)). Assume that there exists a u* such that v*(x) < u*
for all a and g(z,u*,0) < 0. Then, there exists a 1-periodic solution u with

max v (x) < u(zr) < u*,
for all z € S*.

It is clear that the same result also holds for the case of a u* such that u* < v®(x)
for all a and g(z,u*,0) > 0. In that case one finds a solution u satisfying

u* <u(x) < minv®(zx)
[

for all z € S1.
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Proof. As in fllwe discretize Eqn. (L)) in x. For v* this implies that g(i/d, u*,0) <
0. As for the braid v we use Lemma to find £ and the recurrence relation
RE(wi—1,ui, uir1) = A%u; + g(i/d, us, Aug) + EH(ui—1,ui,uip1). By construction
the discretized skeleton DISC4V is stationary for R.

Define the region

D = {{u;}L, | moz}xvia <wu; <u’, upg = ugl

If the discretization is chosen fine enough, then the discretized braid is nontrivial.
As a consequence u; cannot collapse onto DISC4v and if u; = v for some ¢ and some
a, then R%(u;_1,u;,uir1) > 0. By the definition of u* it follows that if u; = u* for
some 4, then R (u;_1,u;,uiy1) < g(i/d, u;,0) < 0 (parabolicity). The region D is
therefore an attracting isolating (compact) set for Eqn. [@2]). Thus for each large
enough d we find a discrete solution {u¢}% ;. Since {u¢}?_, is a priori bounded we
derive from the limiting procedure in 7 that this yields a stationary solution u(z)
for Eqn. (L)), satisfying the desired inequality. O

APPENDIX D. PROOF OF THEOREM

In order to prove Theorem [[.5] we employ a different discretization scheme which
allows an easy proof of multiplicity. The drawback of this approach is that it cannot
be used in the nonstationary case. The approach used in §7 and §8 works for both
the stationary and nonstationary cases.

Consider the boundary value problem

(D.1) Uge + g(z,u) =0, =€ (T4, Tit1),

u(z;) = uiy  u(@it1) = uita,
where x; = i/d, and i € {0, ...,d}. Solutions of Eqn. (D.]) are stationary points of
the action integral [** L(x,u, ug)da over functions u € H' (2, z;41) with bound-
ary conditions u(x;) = w; and u(x;+1) = u;+1. For Eqn. (L3) the Lagrangian is
given by L(z,u,u;) = 3|us|? + G(z,u), with 9,G(z,u) = g(z,u). Since the rela-
tive braid class {u REL v} is bounded, we have two strands v—,v" € v such that
v~ < u® < vt for all u® € u. Define the strips

Dy ={u|v (z) <u<vt(z)}.
Minimization of the action integral yields the following existence result.

Lemma D.1. There exists a dg such that for all d > dy, Eqn. (D) has a solution
u(w;wi, uigr1) for all (wi,uiq1) € Dy, X D and all i. Moreover, u(x,u;, u;j+1) €
D, for all x € [x;, xiy1].

Ti412

Proof. Minimiize the action f;j“ L(z,u,u,)dz over functions v € H'(z;, z;41)
with boundary conditions u(z;) = w; and u(x;4+1) = u;41. For dy sufficiently large
the functions v* are minimizers for the action. Therefore, via a standard cutting
and pasting argument, we can minimize the action over functions u that satisfy
v~ < u < vt. Indeed, if u intersects v, cutting out the graph above/below v
and pasting in the particular part of v*, decreases the action.

It is clear that for any d the action is bounded from below on the functions

described above. Now a standard minimization argument completes the proof. [J



2786 R. W. GHRIST AND R. C. VANDERVORST

Uniqueness of these solutions can be concluded by studying the following initial
value problem:

(D.2) Vg + 9(x,v) =0, x€(0,1),
v(w) = ui,  va(zi) = pi.

The dependence of v(x;u;, p;) on p; yields the property that 0,,v(zit1;us,p;i) > 0
for all d > dy. Indeed, by linearizing Eqn. (D.2]), we obtain the equation

¢az:}c + a(x)(b =0,
with boundary conditions ¢(x;) = 0, and ¢,(z;) = 1, and a(x) = 9,9(z,v). By
construction, dp, v(xit1; Ui, pi) = d(xi41). Rescale x as © = z; + y/d. Then ¢y, +
at(l?j ¢ =0,y € (0,1), and where a(y) = a(z; +y/d).

Now pick any solution u(x;u;, u;+1) of Eqn. (D)) and consider Eqn. (D.2)) with
i = ug(x;). Then, since u(x) € D, for x € [x;, x;41], it holds that a(y) is uniformly
bounded by some constant C' independent of d. Therefore, there exists a d; > dy
such that ¢|,—1 > 0, which proves our claim. This monotonicity now prevents
Eqn. (D) from having a second solution, thus proving uniqueness.

If we concatenate solutions w(z; u;, u; 1) on (0,1) with the boundary condition
ug = ug, then the concatenation is a solution of Eqn. (D) except at the ‘glue
points’ z;. The concatenation can be referred to as a broken geodesic. The condition
of being an actual smooth solution of Eqn. (D)) then reads

Ri(wi—1, Ui, i) = Ug (245U, Uig1) — Ug (13 U1, u3) = 0.

Uniqueness of the solutions on (x;, x;+1) yields the relation

(@1 Ui, U (T35 U, Uig1)) = Uig1.
Upon differentiating this relation we obtain

1= 0p, 0(@ig15 Ui, U (@45 Ui, Uig1))  Ouyyy U (%63 Uiy Uig1),

which implies that 5‘ui+1ur (z4;us,u;41) > 0. By the same token one proves that
Ou;_ Uz (xi—15ui-1,u;) < 0. These inequalities prove that R; as defined above is a
parabolic recurrence relation for all d > d;.

The next step is to choose d small enough so that {u REL v} can be properly
represented in the discrete setting. Since the laps on the intervals (x;,x;y1) are
solutions of u,, + g(x,u) = 0, an ordering of solutions exists.

(i) If (w;,w1) > (ui,uiH)E then w(w;u;, Uip1) > u(x;us,uipq) for all z €
(T4, 2ig1)-

(ii) If (£, FUit1) > (fui, Fuspr), then the intersection number for z € [y,
zi41) satisfies ¢ (w(z; Wi, Uigr), w(@;ug, wigr)) = 1.

These two properties are easily derived from the property that two solutions can-
not be tangent unless they are identical and the continuous dependence of (u;, w;41).
The above properties (i) and (ii) imply that for d > d; it holds that {PL(DISC4(v))}
= {v}. Let u REL v be a representative in {u REL v}, and choose dy > d; such
that for d > da. It holds that PL(DISC4(u)) REL PL(DISC4(V)) € {u REL v}. Using
the above properties (i) and (ii) again we conclude that solutions of R; = 0 in
[DISC4(u) REL DISC4(v)] indeed yield solutions u(z) of Eqn. (L) in the desired
braid class {u REL v}. This provides yet another proof of Theorem [[T]in this spe-
cial case and does not require a limiting argument in d. The multiplicity results in

5With the ordering (a,b) > (c, d) we indicate that a > ¢, b > d, and (a,b) # (c, d).
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[22] now imply that |P;(H)| is a lower bound on the number of discretized braids in
[DISC4(u) REL DISC4(V)], and therefore also a lower bound for a number of distinct
stationary braids in {u REL v} for Eqn. (LI)).
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