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ABSTRACT. We revisit the Near Equidiffusional Flames (NEF) model intro-
duced by Matkowsky and Sivashinsky in 1979 and consider a simplified, quasi-
steady version of it. This simplification allows, near the planar front, an ex-
plicit derivation of the front equation. The latter is a pseudodifferential fully
nonlinear parabolic equation of the fourth-order. First, we study the (orbital)
stability of the null solution. Second, introducing a parameter e, we rescale
both the dependent and independent variables and prove rigourously the con-
vergence to the solution of the Kuramoto-Sivashinsky equation as € — 0.

1. Introduction. Paradigms of two-dimensional Free Boundary evolution prob-
lems are often formulated in a strip, say @ = R x [—£/2,¢/2] with coordinates
denoted respectively by x and y. The other independent variable ¢ stands for the
time. A moving front represented by x = £(¢,y) separates two regions or phases.
The dependent variables are, on the one hand, the function £ and on the other hand
a vector-valued function, say u(¢,z,y), whose components correspond to physical
quantities such as temperature, mass fraction, enthalpy, etc. Usually, those quanti-
ties are continuous at the front, whereas there is a jump in their gradient since the
interface corresponds to a thin reaction zone. On both sides of the front, the restric-
tion of u satisfies a system of reaction-diffusion equations with convenient boundary
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conditions at y = +¢/2 (in the sequel periodicity will be assumed). Finally, there
is a set of Free Boundary conditions at the front = £(¢,y) and convenient initial
conditions.

The case of a planar front, namely &(t,y) = —ct, ¢ > 0, is of special interest.
It corresponds to a family of one-dimensional Traveling Waves which propagate
with velocity —c. Its (orbital) stability with respect to small initial perturbations
is an important question. It leads to the study of corrugated fronts £(¢,y) in some
neighborhood of the planar front, namely small perturbations of the form ¢(t,y) =
&(t,y) + ct. In the case of instabilities, the dynamics of ¢ is a crucial issue.

A very challenging problem is the derivation of a single equation for ¢, which
may capture most of the dynamics and, as a consequence, yields a reduction of
the effective dimensionality of the system. In this spirit, one of the authors in [23]
derived asymptotically from the NEF system in combustion theory the Kuramoto-
Sivashinsky equation (K-S)

1
Q-+ 4@777777?7 + (I)nn + 5(@?7)2 =0, (1~1)

in a set of conveniently rescaled dependent and independent variables. Since then,
this equation has received considerable attention from the mathematical community,
especially for its ability to generate a cellular structure and chaotic behavior in
appropriate range of parameters [13]. We refer to the book [26] and its extensive
bibliography.

Other dissipative systems with similar dynamics have been a subject of discussion
in recent years. Let us mention the Burgers-Sivashinsky (B—S) equation, a model
pertinent to the flame front dynamics subject to the buoyancy effect [1], and the
Q-S equation derived in [3] as a quasi-steady version of the x —  model in flame
theory.

Several generalizations of K-S have been considered in the literature. For in-
stance in [21], it was observed that D* can be replaced by an elliptic pseudo-
differential operator of order 2m and D? by the opposite of an elliptic pseudo-
differential operator of order less than 2m. Recently in [11], the K-S equation has
been generalized as the following one:

et +9(py) = Lo, (1.2)

where % is a linear pseudo-differential operator of order 2m and ¢ is a sufficiently
smooth real valued function which satisfies cpin(? < Z(¢?) < Crax(? for (| large.
In [4], we have considered a two-dimensional Stefan problem, a simplified version
of a solid-liquid interface model. We have derived an equation for the front of the
form: 5
B+ Fl(9,)) = S, (13)
where 4 and % are pseudo-differential operators of the second-order and . is
a pseudo-differential operator of the fourth-order. Actually, & can be inverted.
Hence, Equation (1.3) can be reformulated as a second order parabolic equation
similar to (1.2). However, in contrast to [11], ¢ is not a quadratic function of ¢,
but a bounded linear operator acting on (<py)2. Indeed the equation for the front
reads:

pe +9((py)?) = Lo (1.4)
In this paper, we derive a new front equation which sticks as close as possible
to the original NEF combustion model. We get to an equation which belongs to
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the class (1.3), (1.4). However, whereas . (resp. .Z) is still a pseudo-differential
operator of the fourth-order (resp. second-order), it turns out that .%# (resp. ¥) is
a pseudo-differential operator of the third-order (resp. first-order) acting on (¢, ).
Therefore, the nonlinear part is of the same order as the linear part: this is, by
definition, a fully nonlinear problem (see [18]), in contrast to (1.1) and (1.2) which
are semilinear.

The paper is organized as follows. First, in Section 2, we consider as a paradigm
Free Boundary Problem a simplified quasi-steady version of the NEF model, present
our results and introduce some mathematical setting. Next, in Section 3 we derive
formally the front equations (1.3), (1.4). We refer to [4, 5] for a rigorous derivation
of the front equation as a solvability condition in a Stefan problem. Section 4 is
devoted to prove the first main result of this paper (Theorem 2.1), i.e., the study
of the stability of the front. For this purpose, we first study the symbols of the
operators &, #, 4 and . In particular, we characterize the spectrum of the
realization of the operator . in L?(—£/2,£/2).

Section 5 is devoted to prove the second main result of this paper (Theorem 2.2),
i.e., we provide a rigorous derivation of the K-S equation (1.1). For this purpose,
we set @« = 1 + ¢ and introduce the rescaled variables

t=1/e?, y=n/Ve, ¢=c¢y.

This leads us to a fully nonlinear equation of the form

5= B.() = () + Fo(Dy)?). (15)

The core of this section consists of the a priori estimates in Subsection 5.2 for
solutions to (1.5) which, together with Lemma 5.6, are the main tools needed to
prove Theorem 2.2.

Finally, for the reader’s convenience, in the appendices we give a brief introduc-
tion to the Near Equidiffusional Flames model and provide a rather detailed proof
of the existence, uniqueness and regularity properties of the solution to the K-S
equation (1.1).

2. Setting up the problem, main results and some mathematical setting.
In this section we set up our problem, state our main results and introduce some
notation which are kept throughout the paper.

2.1. Setting up the problem. Our starting point is the following NEF system
(see the Appendix) for the temperature 6, the enthalpy S and the moving flame
front, defined by = = £(¢,y), which reads

a0
5 =00,z <&(ty), (2.1)
0=1, z>¢(ty), (2.2)
oS
5y = AS—add, x# (). (2.3)

For some mathematical results about this problem, see e.g., [6, 14, 15, 16, 17, 10].
Here, we consider only the case where « is positive, i.e., the case of high mobility of
the deficient reactant. It will be convenient to assume periodicity in y with period
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¢, and restrict attention to y € [—£/2,¢/2]. At the front, # and S are continuous
and the following jump conditions occur for the normal derivatives:

06
w — exp(S), (2.4
s 06
Z=al =, 2.
Rk 29)
System (2.1)-(2.5) admits a planar travelling wave (TW) solution, with velocity —1,
=\ ) expzx, <0, </ \_ | avexpz, x <0,
9(5”){1, >0 S(x){o, x> 0.

As usual one fixes the free boundary. We set £(t,y) = —t + (¢, y), 2’ =z — £(, ).
In this new framework:

0: + (1 — gpt)ﬁx/ = A¢0, < 0, (26)
O(x') =1, z' >0, (2.7)
St + (1 — @t)sa:’ = AWS — CtAwe, 33/ 7& 07 (28)

where
Ay = (14 (py)*)Darar + Dyy — @y Dar — 20y Dy
The front is now fixed at 2’ = 0. The first condition (2.4) reads:

Lt ()" | ] = - enis)

oo = +[o)

We will consider a quasi-steady version of the NEF model. As a matter of fact,
it has been observed in similar problems (see [3]) that not far from the instability
threshold the time derivatives in the temperature and enthalpy equations have a
relatively small effect on the solution. The dynamics appears to be essentially driven
by the front. Based on this observation one can define a quasi-steady NEF model
replacing (2.6)-(2.8) by

(1= )0 = A0, @' <0,

the second one (2.5) becomes

6=1, ' >0,
(1—@1)Ser = ApS —al,0,  a' #0.
Next we consider the perturbations of temperature u and enthalpy v:
0=0+u, S=S5+u.
Writing for simplicity 2 instead of 2/, the problem for the triplet (u, v, ) reads:
(1= p)uy — Apu— i, = (A, = A)F, <0,
u =0, x>0,

(1= 01)ve — Ap(v —au) — S, = (Ay — A)(S —ab), = #0,
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where
(A = A)(0) = ((py)* = Pyy) 0,
(Ay = A)(S = af) = a(py)*Ss — ¢yyS)-

As in [4, 5], we introduce further simplifications: we keep only linear and second-
order terms for the perturbation of the front ¢, and first-order terms for the pertur-
bations of temperature u and enthalpy v. The skipped terms contribute to higher
order perturbations only. This leads to the equations:

Uy — Au — 0, = (A, — A), x <0,

vy — A(v — au) — ¢Sy = (A, — A)(S —af), z#0.

At x = 0 there are several conditions. First

Second,

L+ (py)? [0z + ug] = —exp(S +0),

hence up to the second-order:

_1 o, 1 1
Lt fund =~ e = (12 3000) (1400) + 50002)
and keeping only the first-order for v yields:
1
—0a0) +0(0) = 5"
Moreover, the condition [S;] = a[f,] yields
[vy] = —au,(0).

Therefore, the final system reads:

Uy — Au — ‘Ptgw = ((‘Py)Q - ‘F’yy)ng z <0,

vy — A(w — au) — Sy = (9y)?Se — pyyS, T #0,

u(0) = [v] =0, (2.9)
'U(O) - ux(o) = %(‘Py)Qa

[vz] = —au,(0).

We remark that the equation for u associated with the boundary condition u(0) = 0
entirely determines w when ¢ is given. Therefore, it can be viewed as a kind
of pseudo-differential Stefan condition. We will take advantage of this remark in
Section 3.
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2.2. Our results. The goal of this paper is to show that this simplified NEF model
still contains the dynamics of the system. It is simple enough to be integrated
explicitly via a discrete Fourier transform in the variable y and therefore it allows a
separation of the dependent variables. We get to a self-consistent pseudo-differential
equation for the front ¢ which reads:

(X7 + aXi — )Bu(t,k) = (—4N + (@ — DADB(EK)
1
4

where the —A.’s are the non-positive eigenvalues of the operator D, with periodic
boundary conditions at y = +¢/2 (that we denote below by A) and

X =144\, k=0,1,...,

is the symbol of operator /1 —4D,,.
Equation (2.10) can be written in the more abstract form:

0

0 = Z(0) +9((0)), (211)

where £ is a pseudodifferential operator whose leading part is Dy, and ¢ is a
nonlinear operator whose leading term is i. /1 —4D,,. This makes (2.11) a strongly
nonlinear equation, more precisely it is a fully nonlinear parabolic equation: in the
L2%-setting the nonlinear part is exactly of the same order as the linear operator.
This is one of the main issues of this paper. Note that the realization of the operator
/1 —4D,, in the space of continuous and {-periodic functions (say Cy) is defined
only in a proper subspace of Cﬁl (the space of all the f-periodic C''-functions). Hence,
in the Cy-setting, the nonlinear term %((¢,)?) represents the leading part of the
right-hand side of (2.11). This would make the study of (2.11) more difficult than
in the L2-setting, where we confine our analysis.

In the case where ¢ is smoother, we can rewrite Equation (2.11) as a fourth-order
equation as follows:

o (XP - 3X2 — 4aXy +4a)(9)2(t k), k=0,1,..., (2.10)

o B =7 (o) + F((0)), (2.12)

where . is nothing but the usual fourth-order differential operator
() = —Pyyyy — (& — L)ipyy.

Operators £ and % are pseudo-differential ones with symbols, respectively,
1, .
bp=X2+aXy—a, fr= Z(Xg —3X? — 40X}, + 4a).
Therefore,

%:174Dyy+a(\/ff4Dyy*I>a
1 3 3

{(I=4D,,)} = S(1-4D,,) — a (VI=1D,, - 1).

The main feature of Equation (2.12) is that the nonlinear part is rather unusual.
Actually, it has a fourth-order leading term, as .# has. Therefore (2.12) is also a

fully nonlinear problem.
The first main result of the paper is the following one.

9:
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Theorem 2.1. Let
1672

a. =1+ P

(2.13)
Then, the following properties are satisfied.

(a) If a < a, then, the null solution to Equation (2.12) is (orbitally) stable, with
asymptotic phase, with respect to sufficiently smooth and small perturbations.
(b) If o > a, then the null solution to Equation (2.12) is unstable.

An important question, that we address in Section 5, is the link between (2.12)
and K-S. Following [23], we introduce a small parameter ¢ > 0, setting

a=1+¢,
and define the rescaled dependent and independent variables accordingly:
t=r1/% y=n/Ve, ¢=cei.
We see that 1 solves the equation

%{I—%Dm—i-(l—l—e) (W-Q}w

== 4Dmmn¢’ - Dmﬂz’

1
+3 {(1-4eDy,)% = 31— 4eD,) = 4(1 +¢) (/T = 42Dy, — 1) } (Dy)*
Then, we anticipate, in the limit e — 0, that ) ~ ®, where ® solves (1.1). More
precisely, we take for £:
éE = KO/\/gv

which blows up as € — 0; hence a, = 1+ 167

&
bifurcation parameter. We shall assume that £y > 47 in order to have a, € (1,1+4¢),
i.e., a > a., otherwise the trivial solution is stable and the dynamics is trivial.

The second main result of the paper is the following.

e. Thus, ¢y becomes the new

Theorem 2.2. Let &g € H™ be a periodic function of period {y. Further, let ®
be the periodic solution of (1.1) (with period £y) on a fized time interval [0,T],
satisfying the initial condition ®(0,-) = ®g. Then, if m is large enough, there exists
go = eo(T) € (0,1) such that, for 0 < € < g9, Problem (2.12) admits a unique
classical solution ¢ on [0,T/e?], which is periodic with period £o/+/ with respect to
y, and satisfies

©(0,y) = ePo(yve), ly| < —=.

Moreover, there exists a positive constant C, independent of € € (0,eo], such that

T 14
2 2 0
lp(t,y) —e@(te”, yv/e)| < Ce?, Oﬁtﬁgja MAST\ﬁ’

for any € € (0,&¢].

In other words, starting from the same configuration, the solution of (2.12) re-
mains on a fixed time interval close to the solution of K-S up to some renormal-
ization, uniformly in e sufficiently small. Note that the initial condition for ¢ is of
special type, compatible with ®; and (1.1) at 7 = 0. Initial conditions of this type
have been already considered in [2, 3, 5].

Although energy methods are known to be usually inefficient in fully nonlinear
problems, here we may take advantage of the special structure of .%. It allows us to
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establish sharp a priori estimates on the remainder (more precisely on its derivative)
when € is small enough. A key point is an extension of a lemma that we already
successfully used in [2, 5].

2.3. Some mathematical setting. In this subsection we briefly introduce some
notation, the functional spaces and operators we will use below. We will mainly
use the discrete Fourier transform with respect to the variable y. For this purpose,

-~

given a function f : (—¢/2,¢/2) — C, we denote by f(k) its k-th Fourier coefficient,
that is, we write

Fly) = fk)wly), y € (=4/2,4)2),

where {wy} is a complete set of (complex valued) eigenfunctions of the operator
A= Dy, : D(A) = H*(—¢/2,0/2) — L*(—£/2,£/2),
with ¢-periodic boundary conditions, corresponding to the non-positive eigenvalues

472 A7 1672 1672 3672

07_6727_6727_ 62 ’ 62 ) 62 PR

We shall find it convenient to label this sequence as

0= —Ao(f) > —)\1(5) = —)\2(6) > —)\3(5) = —)\4(f) > ..

Quite often we simply write \x instead of Ag(¢).

When f depends also on t and/or =, we denote by f(, k) the k-th Fourier coef-
ficient of f with respect to y. For instance, for fixed ¢ and z, f(t, x, k) will denote
the k-th Fourier coefficient of the function f(¢t,z,-).

For integer or arbitrary real s, we denote by HﬁS the usual Sobolev space of
order s consisting of ¢-periodic (generalized) functions, which we will conveniently
represent as

—+oo —+oo
H; = {w = Zakwk : Z)\Zai < +OO} )
k=0 k=0

with norm
+oo
lwl[2 =" Aiai.
k=0
For k = 0, we simply write L? instead of H and |- |5 instead of | - o

We recall that for any § > 0 and v € (0,1) the operator (I — SA)” has Hﬁw as a
domain and it is defined by its symbol ((1 + 8Ag)7) (see e.g., [19, Thm. 4.33]).
Next, for any n =0,1,... and any 3 € [0,1), we set

CitP = {f e C"MP([—=t/2,4/2)) : f9(~t/2) = f9(¢/2), j < n}.

C’g”ﬁ is endowed with the Euclidean norm of C"+8([—£/2,¢/2]). Finally, we denote
by || - |loo the sup-norm.
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3. The derivation of a self-consistent equation for the front. The aim of
this section is the derivation of a self-consistent equation (in the Fourier variables)
for the front ¢. For this purpose, we rewrite Problem (2.9), making 6 and S explicit.
We get

Uy — Au = (py + (pr)2 — pyy)e’, z <0,
vy — A(v — au) = a(pr + (y)?) (@ + 1)e” — apyyze®, x <0,
vy — Av =0, x>0,
(3.1)
u(0) = [v] =0,
U(O) - ug;(O) = %(‘Py)Qa
[ve] = —au,(0).

In what follows, we assume that (u, v, ¢) is a sufficiently smooth solution to Problem
(3.1) such that the function z ~— e~/2u(t,x,y) is bounded in (—o0,0] and the
function z — e~%/2v(t,x,y) is bounded in R. As it has been stressed in Section
2, we use the first equation in (3.1) and the boundary condition u(-,0,-) = 0 as a
pseudo-differential Stefan condition. We solve the problem for u via discrete Fourier
transform. This leads us to a system of infinitely many equations

TUu(t, 2, k) — o (t, 2, ) + NeTi(t, 22, k) = (@(t, k) + (09)2(t, k) + \eB(t, k)) =
(3.2)
for k = 0,1,2,..., where we recall that =\, = —\g(¢) is the k-th eigenvalue of

the realization of the operator Dy, in L?. For notational convenience we set v, =
1+ 2V1+4X; for any k =0,1,... A straightforward computation reveals that the
solution to (3.2) which vanishes at = 0 and tends to 0 as z — —oo not slower
than e=*/2 is given by

a(t,z,0) = — (@(t,@) +W(t,0)) ze®, <0,

At k) = (Bult k) + (9 2(E.8) + MB(LR)) (e — ), @ <0, k=1,2,...

Let us now consider the problem for v, where we disregard (for the moment) the
condition v(-,0, ) —ugz(-,0,-) = 3(¢,)?. Taking the Fourier transform (with respect
to the variable y), we get the Cauchy problems

Bu(t, z,0) — Tyu (£, 2,0) = (@(t, 0) + () 2(t, 0)) (22 +3)e®, =z <0,
Vg (t,2,0) — Upe (¢, 2,0) = 0, x>0,
[a(tv K 0)} = 07

[B(t, -, 0)] = —ai(£,0,0) = a (F(1,0) + (2, )2(1,0))



10 C.-M. BRAUNER, J. HULSHOF, L. LORENZI AND G. I. SIVASHINSKY

for £ =0, and
Ve (t, 2, k) — Upo (t, 2, k) + M0 (¢, 2, k)
1Y\ /. — N 1\ .
=alz+2—-— (gpt(t,k) + (cpy)Q(t,k)) e +ar (z+1—— | ot ke
)\k /\k
T (Bl )+ To 20 K) + M1, B)) 7, <0,
Up(t, 2, k) — Upe (8, 2, k) + N0(E, 2, k) = 0, x>0,
[i)\(t, " k)] =0,
Bt )] = —aiia(,0,8) = a0 (Bult. k) + (2 2(1 ) + Mt b))
for k > 1.
It is easy to show that
o(t,2,0) = —a (@(t, 0) + @)\2@,0)) ez +1)e®,  z<0,
o(t,x,0) =0, x> 0.
and
3t 2, k) =er e’ + 1= (Belt k) + ()7 (1. 1)) (@ +2)€” + 0Bt k) (@ + L)e”
k
a oy . 5 .
— t 2(t, k t vk
g (Bl k) To 20 K) + MeBlt, b)) 2™, <0,
v(t, x, k) :clke(l_”’c)w, x>0,
where
S PRI S
Lk T o, T Tou, T ) P

a 1 2uy, 1 1 Vg (,\ —
St ot tk th)
1T o ()\k+ Ak +Vk+Ak1_2,,k) Ge(t, k) + (py)? (8 ) ),

@ Vg Ak .
= 2 2k _ tk
C2.k 1—2uk<+1—2yk+yk ”’“)‘p(’ )

o Gw_3_1W_1)@%m+@F@M-

B 1— 2Vk Tk >\k )\k 1— 2V}€ Vi

Now, we are in a position to determine the equation for the front. Indeed,
rewriting the boundary condition

o(0) — wa0) = ()",

in Fourier variables, and using the above results, we get to the following equations
for the front (in the Fourier coordinates):

~ l——=
cpt(ta O) + 5(9011)2(75’ O) =0,

a Vg A Ak |~
2 — — — t k
{1_2Vk( +1—21/k+1/k Vk>+l/k}('0(7 )
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« 2uy, 3 1 v, 1 17 .
- i . AN tk
+{ 1—21/k()\k )\k /\kl—Ql/k Vk>+l/k}(pt( )
« 2vy, 3 1 Ve 1 1 1 3
S S e L B t k) = 0.
+{ 1_2Vk()\k: )\k /\k1—21/k Vk>+l/k 2}(3074)(7 )

Let us set Xi = v/1+4Xg. Then, the equation for ¢ reads (in terms of Xj) as
follows:

(X — (X} — o)
2X7
3 2 .
T PR =0
for any k£ =0,1,2,..., or, equivalently,
(1 - XP)(XE —a)
X2+ aX, —a

Z(Xlg + aXy — Oé)
XE(Xk + 1)

X,Z’ - SX,f —4daXp +4a—=

4@, (t, k) = 2(t, k .
Sot(v ) X]%—FOéXk—O[ (Soy) (7 )7 (33)

or

e(t, k) +

(X7 + X — @)ult, ) =3 (1 — XP)(XE — a)(t,K)

1
4

=(—4X; + (a = 1)) B(t, k)

(X3 — 3X2 — daX), + 40)(py)2(t k)

1 —
+ (X3 = 3XF — daX +4a)(py)* (¢, k),

for any kK =0,1,... Hence, we can conclude that ¢ solves the equations
d
T 2) =7(0)+ 7 ((¢,)°) (3.4)
and
pr =B L (0) + BT ((9y)?) = L () + 9 ((9y)), (3.5)
where the operators &, . and .% are defined through their symbols
b ZX;%—FOéXk—Oé, (3.6)
sp = —4\; + (o — 1), (3.7)
1
fr = 1(Xg —3X? — 40X}, + 4a), (3.8)
for any £k =0,1,...

4. Stability of the front. In this section we are interested in the stability and
instability properties of the null solution to the Equations (3.4) and (3.5). In this
respect we need to study the symbols appearing in (3.3).

4.1. Study of the symbols. In this subsection, we study the main properties of
the operators 4, ¢4, ., and £, %, whose symbols are respectively defined by
(3.6)-(3.8) and by

= = XDXE —a)
FTUX2 4+ aX,—a)’
_Xg—3X£—4an+4a
k= T AXT faXy—a)
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for any £k = 0,1, ... Even if all these operators depend on «, we prefer not to stress
explicitly the dependence on « to avoid cumbersome notations.

Proposition 4.1. The following properties are satisfied.

(i) The operator £ admits a realization L in L? which is a sectorial operator.
Moreover, its spectrum consists of the sequence (I). In particular, 0 is a
simple eigenvalue of L. The spectral projection associated with this eigenvalue
is the operator I1 defined by

mw) = [ vy el

Finally, o(L) \ {0} C (—00,0) if and only if o < o (see (2.13)).

(ii) The operator B admits a bounded realization B mapping HﬁQ into L?. More-
over, B is invertible.

(iii) The operator .7 admits a bounded realization F mapping ij into L.

(iv) The operator 4 admits a bounded realization G mapping Hﬁ1 into L2.

(v) The realization of the operator . in L? is the operator

S = =4Dyyyy + (= 1)Dyy,
with Hgl as domain.
Proof. (i). To begin with, we observe that

o= Ae(AAp + 1 — @)
B ava N, +1+4\, +1—a

Hence, we can split

I — —\ + a/\k\/1+4>\k
T VIt At A Fl—a

for any k = 0,1,... Note that Iy, ~ §v/Ax as k — +oo. Hence, from the above
splitting of the symbol (Ix) it follows at once that the operator £ admits a realiza-
tion L in L? with domain D(L) = Hﬁ2 which can be split as L = A+ Ly, where L
is a bounded operator from H} into L?, and A is the realization of D,, in L? with

= 7>\k + ll,kv

domain HﬁQ Since Hﬁl is an intermediate space of class J; /o between L? and D(A),
[18, Prop. 2.4.1(i)] applies and shows that L is sectorial.

Let us now compute the spectrum of the operator L. For this purpose, we observe
that, since D(L) is compactly embedded into L?, o(L) consists of eigenvalues only.
Further, if A\ is an eigenvalue of L, then there exists a not identically vanishing
function v such that Li) = M. In the Fourier variables, the previous equation
leads to the system of infinitely many equations:

Mp(k) — L (k) = 0, k=0,1,2,...

If X # Iy, then QZ(k) = 0. Hence, if A is not an element of the sequence (Ij), A is in
the resolvent set of L. On the other hand, it is clear that the sequence (Ij) consists
of eigenvalues of L. So o(L) = {l; : k=0,1,...}.

Since I, — —oo as k — 400, 0 is an isolated point of the spectrum of L and the
corresponding eigenspace is one-dimensional. Let us prove that II is the spectral
projection associated with such an eigenvalue. For this purpose, we prove that 0
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is a simple pole of the function A — R(A, L) and compute the residual at 0. Note
that for any A € o(L) and any ¢ € Hﬁ2 it holds that

+oo 1
RO L)Y =) 3—
k=0

Hence,

. 00 A~ +o0 A~
R(X, L) = 1(0)wo + Z mwk)wk =T+ P RAGLT
= k=1

Hence, for |A| < 4 2, rrlun |lx|, we can estimate

yeen

A 2

IAR(A\, L)y — Iy|3 < S
k=1

2|12 2|\
)2 < "Zw > "\wb,

m lTl

where lnin = min, =12 |l,,| > 0. This shows that R()\I — L) has a simple pole at
A = 0 and its residual is the operator II, which turns out to be spectral projection
associated with the eigenvalue 0, which is simple. For more details, we refer the
reader to e.g., [18, Prop. A.1.2 & A.2.1].

To conclude the proof of point (i), we observe that I < 0, for k > 1, if and only if
144X, —a > 0. Since (M) is a nondecreasing sequence, l, < 0 for any k= 1,2, ...,
if and only if 4\ + 1 — a > 0, i.e., if and only if o < a.

(ii), (iii) & (iv). It is enough to observe that by ~ 4\, fi ~ 2)\‘2 s Gk~ 5V Ak
as k — 400 and by # 0 for any £ =0,1,...

(v). It is immediate and, hence, omitted. O

4.2. Proof of Theorem 2.1. The proof is rather classical and is based on the
results in Propositions 4.1. Nevertheless, for the reader’s convenience we go into
details. We split the proof in two steps: in the first one we deal with Equation (3.5)
and in the second one we consider Equation (3.4).

Step 1. Using classical arguments based on a fixed point argument, one can show
that for any o € R and any T > 0, there exists o > 0 such that, if |||z < 7o, the
Cauchy problem

pelt,y) = (Lot ))(y) + Gy, ))) W), t>0, [yl <3,

o(t,—2/2) = p(t,£/2), t>0, (4.1)
‘Py(tv _€/2) = gpy(t,ﬁ/Q), t>0, .
©(0,9) = ¢o(y), lyl < 5,

admits a unique solution ¢ € Uy g 1) Zo(T"), where
2(r) = {v € CQOILE N CHO.THL) : sup loleoemy }-
0<e<T

This can be proved slightly adapting the proof of [18, Thm. 8.1.1]. The crucial
point is the estimate

s 1G((Wy (8, ))?) = G((%y(s. )2 < Cus’ |y (s, )2 [Wloo s,y It —sI%, (4.2)

for any 0 < s < t < T, some positive constant C; and any ¢ € Zy(T") (6 € (0,1)).
To prove this estimate it suffices to observe that, by Proposition 4.1(iv)

|Gy (t,))) = G((Wy(5,)) )3
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<C|(Wy(t,))? = (Wy(5,7))?[2 + C|Dy (y (. ))* = Dy(wy (s, )13
SClhy(t,-) = Py (s, -)l2ll9y (t, ) + 1y (s, )]0
+ Cltbyy (t, )2lltby (t, 1) — ¥y(s, )l
+ Clley (s, oo [Pyy (t,-) — Pyy(s, )2
§C|¢y(t, )= %(57 ')|2|wyy(ta )+ %y(& 2
+ O ([Qyy (£, )2 + Cliby (s, -)[2) [thyy (t,-) = thyy (s, )2,
for any 0 < s < T, where the last side of the previous chain of inequalities follows
from the Poincaré-Wirtinger inequality, and C' denotes a positive constant, inde-
pendent of s, t and v, which may vary from line to line. Estimate (4.2) now follows
at once.

Let us now prove properties (a) and (b). It is convenient to split the solution ¢ to
Equation (3.5) along IT1(L?) and (I—II)(L?). We get ¢(¢,y) = p(t)wo+1(t,y) for any
t > 0and any y € [—¢/2,¢/2]. Since I commutes with both the time and the spatial
derivatives, II(Dyp) = DII(p) = p’ and (I — II)(Dyp) = D, (I — II)(p) = Dyw.
Moreover, for any i € Hﬁl7 G() = 3128 geto(k)wy, so that

G() = g0 (0) = 5T

Hence, projecting the Cauchy problem (4.1) along II(L?) and (I — IT)(L?), we get
the two self-consistent equations for p and :

P (t) = —310((vy(t,)?), t>0,
{ p((O))=H(<po)(,( AR (43)
and
Gi(t,y) = (Lp(t,)(y) + (L =T(G((y () (y), ¢ >0, |yl <5,
Y(t, —£/2) = P(t,£/2), t>0,
Py (t, —4/2) = 1y (t,£/2), t>0, (44)
¥(0,y) = ((I = )(v0))(y), ly| < £.

Clearly, the stability of the null solution to Equation (3.5) depends only on the
stability of the null solution to the equation ¢y = Ly + (I — II)(G((1y)?)), set in
(1 - 0)(L?).

Note that the part of the operator L in (I — II)(L?) is still a sectorial operator,
and its spectrum is o(L) \ {0} = {lx : £ = 1,2,...}. In particular, all the elements
of o(L)\ {0} lie in (—o0,0). Hence, the linearized stability principle applies to this
situation. More specifically, in the case where a@ < . all the eigenvalues of the
part of L in (I — II)(L?) are contained in the plane {\ € C : Re X < 0}. Hence,
up to replacing ro with a smaller value (if needed), for any ¢ € B(0,r) C L2,
the solution 1 to Problem (4.4) exists for all positive times. Moreover, for any
w > max{l : k=1,2,...}, there exists a positive constant C,, such that

[t )2 + [t )2 < Cue®flgollz, t>0.

As a byproduct, we can infer that the solution to Problem (4.3) exists for all positive
times and

. L[ 2
Jim plt) = po =Moo — 5 [ (w0 ).
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Coming back to Problem (4.1), the above results show that, if @ < a., this
problem admits a unique solution, defined for all positive times. Moreover,

[r(t, )2 + lle(t, ) = Poolloe + 1@yt )lloo + l0yy (s )2 < Poeloll2,

for any ¢ > 0, any w as above and some positive constant P,, independent of s, ¢
and ¢, i.e., the null solution to Equation (3.5) is (orbitally) stable with asymptotic
phase.

In the case where o > a.. the spectrum of L;_rr)(z2) contains (a finite number of)
eigenvalues with positive real part. Hence, the equation 1, = Ly+(I—I1)(G((10y)?))
admits a backward solution, exponentially decreasing to 0 at —oo and this implies
that the null solution to Problem (4.4) and, consequently, the null solution to Prob-
lem (4.1) are unstable. For further details, we refer the reader to e.g., [12] and [18,
Thm. 9.1.2 & 9.1.3].

Step 2. We focus on the case where a < a., the other case being simpler. Of
course, we just need to deal with the function ¢p = (I — II)p. We assume that
Yo € Hg*. We are going to show that for any w € (0, maxg=1 2. lx), it holds that

sup e”“[|p(t, ) [la + sup ™" [lipx(t, )2 < +oo.
>0 >0

For this purpose, let us consider the differentiated problem

pe(t,y) = (Lp(t, ) (y) + (Dyy (I =TGP (p(t,)))*)(y), t>0, [y <3,

p(tv _6/2) :p(ta£/2)7 t>07
py(t, —€/2) = py(t, £/2), t >0,
p(0,y) = Dyypo(y), lyl < %,
(4.5)
for the unknown p = ,,. Here,
Yy
2(Q) = (I —1I) (y =/, C(n)dn> 7 (el (4.6)

This problem has the same structure as Problem (4.4), and, by assumptions,
Dy, € Hﬁ2 Therefore, up to taking a smaller 7o (if necessary), if || Dyyoll2 < 7o,
Problem (4.5) has a solution p which belongs to C'([0,T1; L*) N C([0,T]; H?) for
any T' > 0. Moreover,

supe”“!|p(t, )| < +oo,
t>0

and p(t,-) = (I —I)p(t,-) for any ¢t > 0.

Let us show that ¥(t,) = 2%(p(t,-)) for any t > 0. Clearly, the function
U = 22(p) belongs to C([0,+00); H}) N C*([0,+00); L?). Moreover, it belongs to
Z1/2(T) for any T' > 0. Indeed, an belongs to the class J; /5 between L? and Hgl.
This means that

1 1

[W(t,) = U(s, )2 <Cl(E,-) = V(s )3V (E,-) — Vs, )l
1 1 1
SVRCNCE 0,17, 1 E o 1) [ = 512

for any 0 < s <t < T and some positive constant C, independent of s, ¢t and W.
From this estimate, it is clear that ¥ € C'*/2([0, T7; Hﬁz) C Z1)2(T) for any T' > 0.
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Further, Dy, ¥ = p and D,V = 22(D,p), so that Dy, DV = DD, ¥ = p;. It
turns out that
(i) Dyy(DyV — LY — (I —IDG((¥,)?)) =0, (id) ©(0,-) = (I — M)epp.

Hence, D0 —LY—(I-I1)G((¥,)?) = a(t)+b(t)y for some functions a, b : [0, +o00) —
R. Since ¥, LY and G((¥,)?) are continuous functions in [0, +00) x [—€o/2, {o/2]
and are periodic with respect to y, it follows that D, ¥ — LV — (I — II)G((¥,)?)
is periodic with respect to y as well. Moreover, this latter function belongs to
(I — I)(L?) since ¥ does. Hence, a = b = 0, implying that ¥ and ¢ actually
coincide. We have thus proved that ¢ € C([0, 4+00); Hg*) and Dy € C([0, +00); HﬂQ)
Moreover,

sup e Yy (t, ) |2 + sup e (L, ) | g < +o0.

>0 >0

To complete the proof it suffices to show that ¢ solves Equation (3.4), but this
follows immediately observing that ¢ is in the domain of both the operators B
(see Proposition 4.1(ii)) and S, and (p,)? is in the domain of the operator F (see
Proposition 4.1(iii)). Further, L = B~1S and G = B™'F in Hgl. Since ¢ solves
the differential equation ¢; — Ly — G((¢,)?) = 0, applying B to both sides of the
equation, it now follows immediately that ¢ solves Equation (3.4).

5. Rigorous derivation of the Kuramoto-Sivashinsky equation. In this sec-
tion we are interested in proving Theorem 2.2.

5.1. Rescaling and equation for the remainder. Let ¢ be a solution to (2.12).
We set a = 1 4 ¢ and define the rescaled dependent and independent variables:

t=r1/e%, y=n/Ve, p=ci.
The spatial period is now £. = £y/+/€, for some £y > 4 fixed, see the Introduction.
A straightforward computation reveals that the function ¢ satisfies the equation

L B(0) = S W)+ Ty, 6-1)
where
B. =1~ 4Dy + (1 +¢) (VT = 4Dy — 1),

& = —4Dyynn — Dy,
1
Fo=7 {(1 —4eD,,))% — 3(I — 4eD,y,) — A(1 +¢) (~/1 ~4eD,, — 1) } (D)2,

Note that, if we denote by (A (£)) the sequence of the eigenvalues of the second-
order derivative with periodic boundary conditions in [—¢/2,£/2], it turns out that
Ae(le) = eXg(€y) := ek, for any k = 0,1,.... Hence, the symbols of the operators
B, . and F. are

bep = X2+ (1+e)Xep—1—¢,
S = _)\k(4>\k — ].),
1
fer = 1(ng —3XZ, — 41+ e)Xc  + 4+ 4e), (5.2)

for any £ =0,1,..., where

Xk =V 144deX, k=0,1,...
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Hence, the equation for the function ¢ (in Fourier coordinates) reads

et (1, 1) = =Ak(4hk = DO, k) + fe () 2(7, B),
for any k =0, 1,... Note that the leading terms (at order 0 in €) of b, j, and f. j, are
1 and —1/2, respectively. Hence, at the zero-order, we recover the K-S equation
1
2
As we recall in the Introduction, this equation has been thoroughly studied by many

authors. For our purposes, we need the following classical result. For the reader’s
convenience we provide a rather detailed proof in Appendix B.

Theorem 5.1. Let ®g € Hy" for some m > 4 and fix T'> 0. Then, the Cauchy
problem

<I)7'(7—7 77) = _4(1)777]7777(7—7 77) - (I)TIU(T7 77) - %(Q)W(Ta 77))27 T2 0= |77| < %07
DE®(7, —£o/2) = DE®(7,0/2), >0, k=0,1,2,3,

®(0,n) = ®o(n), | < &,

D+ APy + Py + (‘I)n)Q =0.

(5.3)
admits a unique solution ® € C([0, T]; H") such that ®. € C([0,T7; Hg"_‘l).

The above (heuristical) arguments suggest to split ¢ as follows:
=>4+ ep,.

To avoid cumbersome notation, we usely write p for p.. By assumptions (see The-
orem 2.2), the initial condition for p is

Replacing ¥ in (5.1) we get, after simplifying by e,

%935(/)) + e (Pr) =S (p) + '///5(((1)71)2) + Eys((Pn)Q) + 2.7 (Pypn), (5.4)

for any k= 0,1,..., where the symbols of the operators 7 and .#_ are
1
ey = g(X;k. +(1+e)X.,—2—¢), (5.5)

1
Mo = 4?(ng —3X2, —4(1 + &) Xop + 6+ de), (5.6)

for any £ =0,1,...
Proposition 5.2. Fize € (0,1]. Then there exists a positive constant C, such that
the following properties are satisfied:
(a) for any s = 2,3,..., the operators B. and . admit bounded realizations B.
and H, respectively, mapping H&s into HﬁS*Q. Moreover
||B€||L(H§,H§’2) + ||Ha||L(H;,H;‘*2) <G,
for any e € (0,1] and any s as above. Finally, the operator B is invertible both
from H{ to H§_2 forany s =2,3,...;
(b) for any s > 3, the operators F#. and M. admit bounded realizations F. and M.,
respectively, mapping H® into H*=3. Moreover,

||Fe||L(H§,H§—3) + HM5||L(H§,H;—3) < G,

for any € € (0,1] and any s = 3,4,...
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Proof. (a). A straightforward computation shows that

4(E+1))\k
CHET )M x4 2(e + DA = (64 20) Ak,
i, 11 = et 2 DA = (6429)M

for any k = 0,1,... and any € € (0,1]. This shows that J# admits a bounded
realization mapping Hj§ into H;‘Q for any s > 2 and its norm can be bounded by

‘h57k| =4\, +

a constant, independent of € € (0,1].
Since b, = ch. + 1 for any k = 0,1, ..., the boundedness of the operator B,
from H; to H;i2 follows at once.

Showing that the operator B. is invertible from H§ into Hﬁsf2 is an easy task.
It suffices to observe that b, > 4eA; + 1 for any £ =0,1,....

(b). Since fi = em.y — 1/2 for any k = 0,1,..., we can limit ourselves to
considering the operator .#.. A simple computation shows that

(144eXp)? — ——

1
+ 3\, +4
< 1652)% + 125)% + 3k
(1+4e))? +1
16e2X3 12e)?
T (L+den)z 14ded
< 2VEA +25),

for any k = 0,1,2,... Hence, M. is well defined (and bounded) in Hj with values
in HﬂS =3 for any s > 3. Since its symbol can be estimated from above uniformly
with respect to € € (0, 1], the assertion follows immediately. O

Since all the operators appearing in (5.4) commute with D,, the differentiated
problem for ¢ := p, reads as follows:

9
or
where we have set ¥ = ®,,. Obviously (5.7) is to be solved with zero initial condition

at time 7 = 0. For simplicity, we denote D,, by D. For an integer n > 1, D™ is the
differentiation operator of order n. We also set D° = Id.

|ms,k| S

1+4+¢
19

+ 19X,

+ 22X\,

B (Q) + H(V:) = S (Q) + M((V?)) + €7=((CP)) + 27((VQ)y),  (B.7)

5.2. Formal a priori estimates. For any n =10,1,2,... and any T > 0, we set
,(T) = {¢ € C([0, 1 Hf¥*") 0 CH(0,T]; L) : ¢ € C((0, T); D) },

where a V b := max{a,b}. The main result of this subsection is contained in the
following theorem.

Theorem 5.3. Fix an integern > 0 andT > 0. Further, fix m in Theorem 5.1 large
enough such that ¥ € C’([O,T];Hg”"l) N CH[0,T); L?) and ¥, € C([O,T];Hgl+2).
Then, there exist e1 = e1(n,T) € (0,1) and K,, = K,(n,T) > 0 such that, if
¢ € #,(T1) is a solution on the time interval [0,T1] of Equation (5.7) for some
T, <T, then

) Lo

2 2
sup /2 |D™¢(T,-)|?dn +¢ sup /2 |D" (7, ) Py < K, (5.8)
_ 0 _ 0

T€[0,T1] 3 T€[0,Ty]

whenever 0 < e < eq.
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To prove (5.8), we multiply both sides of the equation (5.7) by (—1)"D?*"¢ and
integrate by parts over (—¢y/2,4p/2). We thus get

(_1>n /Z BE(CT(T7 '))Dan(Tv ')d77 - (_1)n N S(C(T’ '))DQHC(Ta ')dﬁ

1 [ R DD
21 [ RO ) D N, (5:9)

where S = —4Dpypy — Doy

In the following lemmata we estimate all the terms appearing in the previous

equation. We first deal with the left-hand side of (5.9) which consists of the “benign”
terms.

Lemma 5.4. Fixn=0,1,...,e>0,T1 <T and ¢ € %,(T1). Then,

(o | | PG m D / S(C(r, ) D¢ (r, )dn

1d
=52 | . 1P 2d77+2s / D" ¢(7, )2 dn

L4+e)d [?
+ ( ;E) dr [%<R5DHC<T7)7DnC(Ta)>dn
[t [T D P, (510)

2
where R : Hﬁ1 — L2 is the positive operator whose symbol is (Xc — 1).

Proof. For any ¢ € %,(T}), we can estimate

£o
2

+o00o
/ . Be(Gr(r, ) D" ¢(r, ) = (—1)" Z bekCr (7, R)ARC (7 )

T2

Z)\ G k), k) + 4(— EZ)\n+1<T (. k)C(r, k)

~1)"(1 +¢) Z NU(Xe g — DG (1, k), k)
k=1

= /_; CT(T, -)D2n<(7—, )d’l] — 4e /_; g‘rnn(T, ')D2nC(T, )d’l]

£o
2

F(14e) [@ G (r, ) (\/T=4eDyy — I)D*"¢(7,)dn
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£ )

(1" [ (D04 41" [ DG ) D

~

0

2

L)1 te) / (RD"((7, ), (D"C)+ (7, ))di

oS NS

(1)L +e) / (D"C)» (. )D"C(r, )i

~
w‘o

)
2

n 1d n 2 d ETO n+1 2
=1 g [ D Py 2e [ DM ) Py

L4+e)d [?
PG [ ReD"er ). D

(5.11)
for any 7 € [0,71]. On the other hand, a straightforward computation shows that

%) f

|, SCE ) D2 == a1 [ 1D maPay (512)

2

~
“‘c

Lo
1 [ 1D ) P,
-7
for any 7 € [0,71]. Combining (5.11) and (5.12), Estimate (5.10) follows at once.
O
We now deal with the other terms in (5.9).

Lemma 5.5. Firn=0,1,..., Ty <T and assume that ¥ € C’([O,Tl];HgH"l) and
v, € C([O,Tﬂ;HgH'Q). Then, there exist a positive constant C.,, independent of

e € (0,1] and Ty, and constants Ki(n,¥) and K5(n,¥) such that the following
estimates hold
L@

/j (He(@r(7,m)) = Mc((92)(7,))) D*" (7, )| < K7 (n, V) + [D"¢(r, ) 3;

~
l\}"o

(5.13)

NS

< Coe?|DC(r,)|2| D2 (7, )3 + Cu| DC(r, )4

[, B@)D¥ ¢

2

(5.14)
+ Cpe?[DM(T, )5 + Cul D7, ) 3
£o

| [, P () D>, (5.15)

1
<K3(n, ) (e[D"2((r, )5 + [ D" (r, )5 + DT, )[5) + 1D )5,
for any T € [0,T1] and any ¢ € %, (T}).

Proof. Fix n = 0,1,... Throughout the proof C denotes a positive constant de-
pending on n, but being independent of 7, ¥ and ¢, which may vary from line to
line.
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Estimate (5.13) follows immediately from Proposition 5.2, the Poincaré-Wirtinger
and Cauchy-Schwarz inequalities, which allow us to estimate

[ () = ML) ) D¢,

- i/— D" (HE(\IJT(Tv )) - MS((\IJz)U(Tv ))) DRC(T, ')dn

for any 7 € [0, T1].
Let us now prove Estimate (5.14). For this purpose, we observe that

| f k| §2\f25%)\,§+35>\k+2(5+1)ﬁ)\,§+¥, E=0,1,...
For the convenience of the reader, we note the splittings we use below:
3 24n  14+n 1+n 1+n
B +n= 5 5 1+n= 5 + 5
1 n—1 2+4n n—1 n+1
B +n= 5 + 5 n= B + 5

for n > 1. (The case n = 0 can be handled likewise with very few slight and
straightforward changes.) Hence, for any x € C([0,T1]; H;Wzn) we can estimate

+oo

> Al 45 (7, K7, )] (5.16)

‘ / F.(xn)D*¢dn| =
k=0

—+o0

<2v/2¢% Z)\2+n|Xn(T RIS k)] + 38 > NG (m, R)IIC( b))

k=0 k=0

+oo 1 -
F2vE+0) MG B IE B

k=0

‘”WZA o I R

<ov3:? (ZAi*“xAn<T,k>2> (ZA%*"«TW)

k=0 k=0

oo ¥ ¥
+3e (Z A (7 ) ) (Z A )] )

k=0

% +oo %
+2VE(L+e) (ZIA" (m k) |> (ZA2+"|E<T,k>|2>

k=0

3+\/7<Z|An 1X177-k > (ZAR+1|<T]€ )
:2\/>€§ |Dn+2X(T> ')|2|Dn+2 (T7 )|2 + 35|Dn+2X(7—7 ')‘2‘D7L+1C(T7 )|2
+2vE(L+€)[DX(7, ) 2| D" T2 (7, )2
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3+\f

D" X(7,)|2| D"FEC(7, )

for any T € [O,Tl].
Now, we are in a position to prove Estimate (5.14). For this purpose, we observe
that, using the Leibniz formula and the Poincaré-Wirtinger inequality, we get:

|D"F2(C(7,))?|2 < CUD"™ (7, ) 2| D"¢(7, )2 + D" (7, ) 13) (5.17)
[D™(¢(7,-))%[2 < CID™¢(7, )3, (5.18)

for any 7 € [0,T}]. Replacing Estimates (5.17), (5.18) in (5.16) (with x = ¢?), and
using the Cauchy-Schwarz inequality and, again, the Poincaré-Wirtinger inequality,
we get

[, P D )y

<Ce3|D"((r,)[o| D" (7, )} + Ce® | D" (7, ) BID" (7, )

+ Ce| DGy, ) 2| D™ (7, ) |2 D27, )2 + Ce| D" (7, ) 3

+ OVE(L+€)[D™¢(r, ) BID™ 2 (7, ) |2 + CID ¢ (r, ) BID" ¢ (7, )]
<Ce3|D"((r, ) o] D" (7, )3 + Ce? | D" (r, ) BID" (7, )

+ Ce| D" (7, ) BID™ 2 (7, ) |2 + Cel D™ (7, ) BID™2¢ (7, )2

+ OVE(L+ )| D"¢(r, ) BID™2(7, )2 + C|D"¢ (. ) BID" (7, )]
<CeR|D"C(r, ) o] D" (7, )3 + C (2D (7, )3 + e[ D2 (7, ) 3)

+CID™2¢(r, )3 + Ce| D" (r, )3 + Ce D" I((r, )3 + CID™ 2 (r

+C|D"C(r, )[4 + CelD™2¢(r, )3 + C|D"¢(r, )[4 + C|D"2¢(r, )13,

for any 7 € [0, T3] and any € € (0, 1]. Now, Estimate (5.14) follows immediately.
To complete the proof, let us prove Estimate (5.15). From (5.16) and the esti-
mates

,'|2

|D™(WC)(7,-)|2 < CID"C(T, )2 D" W(T, -) 2,
| D"F2(UC) (7, ) |2 < CID™ (7, ) 2| D" U (T, )2,

(which can be proved using the same argument as in the proof of (5.17) and (5.18))
we get

Lo

[, B0 N D

V23| D (7, ) | D (UC) (7, s + 3| DM (7, ) o] D (WC) (7, )
+2VE(1 + &) D™EC(7, ) 5| D (WC) (7, )2
“fm”“c( o D™ (W)(7, )
<O} D20 (7, ) 2| D™H2((7, )3 4+ Ce| D20 (7, ) ol D™ (7, ) o | D¢ (7, )
+ CVeD™ (T, ) |2| D™ (7, ) 2| D¢ (7, ) |2
+ CID™W(r, s | D"C(7, )| D (7, )
<CeH D2 (7, ) 2| D27, )3 + Ce[ D20 (7, )| D¢ (7, ) 2
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+ Ce| D" 2U(r, ) [o| D (7, )
+C|D™U(r, ) 2| D"¢(7, )5 + Ce| D™ U(r, ) 2| D" F2((7, ) 3
+C DM (T, ) 3| DC(r, )5 + CO|D™ (7, ),

for any 7 € [0,Ty], any € € (0,1] and any § > 0. Estimate (5.15) follows taking
Cd = 1/4. This completes the proof. O

We are almost ready to write the crucial a priori estimate satisfied by {(r, ). For
this purpose, we recall that

|D"la < [DMl3 D)3, b e Hp2
Applying this estimate to D"T1((7,-), together with Young’s inequality, yields
1
(D" (T )3 < [P )5 + 1D ()3, (5.19)

for any 7 € [0,71]. Combining Lemmata 5.4, 5.5 and Estimate (5.19) allows us to
estimate

2L (1D7¢(r O + 42D ¢ + (L4 VD ()

+ (2 - Cus = e300 ) = ot ID"¢(r, e ) 1D

I, 0) 4 (2 4+ K30, ) IDC(r, )3 + ehn, 0)| DG )

+ Cuel DG, M+ Ol D™, (5.20)
for any 7 € [0,T1]. If we set
Au(r) = D" B+ 4D G O + (4 WED (R e[0T
¢ = 2K (n,¥),
e =4+ 2K5(n, V),
c3 = 20,

and assume ¢ small enough such that

3
Cre +eKh(n, V) < T

we can rewrite Inequality (5.20) in the more compact form
A7)+ (62063 4.()) ID" () < o1+ eade(r) + ese(Ac(7)?,

for any 7 € [0, T1].
The following lemma allows us to estimate the function A..

Lemma 5.6. Let Ag, cg, 1, co2, c3, €, Ty, 11 be positive constants with T < Tp.
Further, let fo : [0,T1] — R and A. be positive functions of class C([0,T1]) and
CL([0,T1]), respectively, that satisfy the inequalities

AL(T) + (co — eAc()) fo(1) < 1 + c2Ac(T) + c3e(Ac(7))?, 7€ [0,T1],
A(0) = 0.

Then, there exist e1 = £1(Tp) € (0,1) and a constant K = K(Ty) such that A.(1) <
K for any T € [0,T1] and any € € (0,£1].
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Proof. The proof follows basically from [2, Lemma 3.1], which deals with the case
where f. = 0. Repeating the arguments in that proof, we can easily show that
Ac(1) < 4e1e2T0/(3cy) for any T € [0,T1] and any € € (0,e2(T0)], where e2(Tp) =
3c3/(16¢1c3(e2To — 1)).

Let us now consider the general case where f. does not identically vanish in
[O,Tl]. We fix El(TQ) < 62(T0) such that 36002 — 461662TO€0 >0and ¢ € (O, Eo(T)]
Since A.(0) = 0, there exists a maximal interval [0, T;) where ¢y —ecA. > 0. We are
going to prove that T, = T}. For this purpose, we observe that in [0, 7. ) the function
A satisfies the inequality A. < ¢; + caA. + c3e A2. Hence, from the above result it
follows that A.(7) < (4c1e20)/(3cy) for any 7 € [0,T.], so that co — eA.(T.) > 0.
This clearly implies that T, = T7. O

We are now in position to prove Theorem 5.3. Applying Lemma 5.6 it follows
immediately that

sup (|D"€(r B+ 46D G + (14 I VRD"G(r ) < Koo
T7€|0,

for any n = 0,1, ..., from which (5.10) follows at once.

5.3. Existence and uniqueness of a solution to Equation (5.4) vanishing at
7 = 0. In this subsection we are concerned with the proof of the following theorem.

Theorem 5.7. For any T > 0, there exists eo(T) > 0 such that, for any 0 < e <
eo(T), Equation (5.7) has a unique classical solution ¢ on [0,T], which vanishes at
T=0.

Existence part. We prove the existence of a solution ¢ to Equation (5.4),
vanishing at 0, by a standard Faedo-Galerkin method. Let us fix £ € (I — II)(H})
and expand it as a Fourier series (see Section 2.3) as follows:

“+o0
€= &lk)wy.
k=1

For N =1,2,..., we denote by Ey = Py ((I—II)(H})) the projection of (I —II)(H})
along the vector space spanned by the functions wy, ..., wy.
Let us look for a solution {y € Ex to the variational problem

£g Lg

o7 |y Beenem= [ s@osins [ — i) i

0 — 0
2 2

Lo Lo

+€/_: Fs((CJQV)n)fdn-i-Q/_z FL((UCy)y)Edn.  (5.21)

”‘o
lo

o)

for all £ € Zy. The problem is subject to the initial condition (x5 (0,-) = 0. In
terms of Fourier series, the variational formulation (5.9) reads as follows:

400 400
S T ER) = 3 sk WEK)
k=1 k=1

+oo
+ 3 {me 1o (92), (- k) = he 1 U7 (-, k) YE(k)
k=1
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+oo o . +oo o .
t+e Z fk,E(CJQV)n('a k)§(k) +2 Z fs,k(‘I’CN)n('v k)S(k).
k=1 k=1
(5.22)

Taking £ = w; (j =1,...,N) in (5.22), we see that the EN(-,k‘)’s verify a system
of N ordinary differential equations with zero initial data. Hence, there exists a
unique solution to System (5.22), defined on some maximal time interval [0, Tk ),
where Ty may also depend on €.

Next, we take £ = (i in (5.21). The estimates of Section 5.2 remain valid also
for the function (. Writing such estimates, taking as 77 any number less than T
and then letting 7" — T, we thus get

Lo )
2 2

sup /ﬁ |D"CN(T,~)|2dn+€/[ |D" (7, ) Pdn < K, (5.23)
T€[0,TN) J—F )

for any n > 1. From this estimate we infer that, whenever 0 < ¢ < ¢1(7), the
solution of the ODE system can be extended up to 7.
We now let N — 4o0. For this purpose, we use Estimate (5.23) with n = 4. Tt
leads to the following facts:
(i) the sequence ({n)nen is bounded in C([07T];Hﬁ5), with a bound possibly
depending on € € (0,&1(T)];
(i) the sequence (({n)r)Nen is bounded in C([0,T]; H&?’) with a bound possibly
depending on €.
Property (i) follows immediately from (5.23). (Note that, if n > 5, then the
bound is uniform in 0 < ¢ < ¢1(T).) To prove property (ii), we observe that (5.21)
may be rewritten as:

S Be(e) = P ex) + ML((¥2),) = H(0) 4 2F(GR),) + 2F(We)) .

and we use (i) and Proposition 5.2.
Now, we can make the compactness argument work for any arbitrarily fixed
e € (0,e1(T)]. By the Sobolev embedding theorem, the sequences ((x)nen and

(({wn)r)Nen are bounded in C’([O,T];C'?/Q) and in C([O,T};C’;/Q), respectively. In
particular, by interpolation we easily see that (D%((N)T)NeN (I =0,...,4) are
bounded in C*/?([0, T x [~£o/2,4/2]). Indeed, C§ belongs to the class Jg /9 between

Cy and C’f /2, Hence, we can estimate

Q ©lw

1Cn (725 ) = Cv (715 ) llep < M1 (725 ) = Cv (71, MENEn (72, ) = Cvlm )l

9/2
#

1 8 1
< DCnl1% sup [IKn (7 ) Lo 272 — 7],
7€[0,T] #
for any 71,7 € [0,7)]. Since the sequence ((y) is bounded both in C'/([0, T7; Cy)
and in C([0,T);C}’?), it is bounded in C'/*([0,T] x [~€o/2,40/2]), as well. The
Arzela-Ascoli theorem then implies that, up to a subsequence, (n converges in
C([0,T7; Cf) to a function ¢ € C((0,T; 05/2). Similarly, D/, ((¢-)n)nen (1 =0,1,2)
converges, up to a subsequence, to D%(CT) (I = 0,1,2). Clearly, the function ¢
solves the equation (5.4) and vanishes at 7 = 0.



26 C.-M. BRAUNER, J. HULSHOF, L. LORENZI AND G. I. SIVASHINSKY

Uniqueness part. Assume that (; and (5 are two classical solutions to Equation

(5.7) which vanish at 7 = 0. Then, the function y := (; — {» turns out to solve the
equation

%BE(X) = S(X) + €F5((X(C1 + CQ)),,) + 2FE((\IIX)7])- (524)
We multiply (5.24) by x and integrate over [—¢y/2,¢o/2]. We get
/_Zo Be(x(ry ), )dn = _; SO, ) (T -)dn
+ E[Z F.((x(7,)(Ci (7, ) + Ca(T,)))m)x (T, -)dn

for any 7 € [0,T]. All the terms but fé(z/% =((x(r, ) (T, ) + G(1,))n)x (T, - )dn
have been already estimated in Lemmata 5.4 and 5.5. Hence, we just need to
estimate the latter term. For this purpose, we observe that (5.16) implies that

)

[ FG @t Dt i

<2v222 DX (X(G1 + ) (7, )2 DPX(7, )|z + 36| D* (x (G + G2)) (7, )] Dx(, )l
+AVEIX(T ) (G + ) () D x(7, )2
L3 + V2

(5.25)

IX(75 ) (C1 + C2) (75 ) 2| DX(T ) |2,
for any 7 € [0,T]. By the a priori estimates (5.8) with n = 1, we infer that
[D(CL+ C) (7, )3+l D* (G + G2) (7,03 < 2K, Te[0,T].
Therefore,
IX(7 ) (G + )T )2 < Crlx(T, )2 D(G + G2) (7, )2 < 2C1 KX(7, +) |2,

ID?(x(C1 + ))(7,-)|2 < C1ID?*(G1 + G)(7, ) |2 Dx(7, ) |2
+ C1|D(C1 + Q) (7, ) 2D x(7, )2
< 201 Ke M| Dx(r,")|2 + 2C1 K|D*¢(7, ) 2,

for any 7 € [0,7T] and some positive constant Cy, depending on £y only. We can
thus continue (5.25) getting

[, P0G+ @l D

<CrVe|DX(7,)|2| D*x(7, )2 + Cxe? | D*x(7, )3 + CxVelx(r, ) 2| DX (7, )2
+ Ck|Dx(1, )3 + Cx [x(7, ) |2/ DX(7, )2
<Cke|D*x(7,-)|5 + Cx|Dx(7,)[3 + Ck |D*x(7,)]3,
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for any 7 € [0,7] and some positive constant Ck, depending on K only. Hence,
combining this estimate with (5.10) and (5.15) yields

1 d +£ d
—Ix(r )3 +2€*|Dx( )3 T IVRx(7)[5 + Mok |D*X(7 )3
S(Kz(O,‘I’)+CK€+1) Ix( ")\2+€(CK+K2(0,‘I’))|DX(T7')|§,

for any 7 € [0, 7], where M x = 22 —Cge?—K>(0, ¥)e?. Up to replacing e1(T) with
a smaller value eo(T'), if needed, we can assume that M, x < 0 for any ¢ € (0,&9(T)].
Now, Gronwall’s Lemma applies and yields ¢ = 0 since ¢(0,) = 0.

5.4. Proof of Theorem 2.2. We now return to p and to Problem (5.4). This
can be done as in the proof of Theorem 2.1. The idea is simple: we look for p
as p(r,m) = x(1,m) + p(7)wp, where x has zero average. More precisely, we set
X = Z((), where the operator & is defined by (4.6). A simple computation shows
that

Be(x) + He(®y) — S(x) — ME<(‘I)77)2) - 5F6(<X17)2) — 2F(®nxy)
is independent of 7. Since x € (I — IT)(L?), this means that
Be(x) + He(®y) =S(x) + (I = I(Me((94)*)) + (I = I (F=((x1)*))
+2(1 — I)(F=(Pyxn))-
Let us now denote by p: [0,7] — R the solution to the Cauchy problem

W D(L(@,) + TOL(@,)) + TE((0)) + 2(E(@x))
p(0) = 0.

(5.26)

If we set p = p+ x, we immediately see that p(0,-) = 0 and p solves equation (5.4).

Clearly, this function is the unique solution to Equation (5.4) which vanishes at

7 = 0. Indeed, if p; and py are two such solutions, then the functions (i := Dyp1

and (o := D,ps solve Equation (5.7) and vanish at 7 = 0. By the above results,

¢, and (o agree. This means that (I —II)(p1) = (I — II)(p2). But then also II(p;)

and II(p2) agree, since, as Problem (5.26) shows, II(p;) and II(ps) are uniquely
determined by (I — II)(p1).

To complete the proof of Theorem 2.2, let us check that there exists M > 0 such

that
sup |p(T,m)| < M, (5.27)

7€[0,T]
n€l—£o/2,£0/2]

uniformly in 0 < & < go(T"). Applying the a priori estimates in Theorem 5.3 (here
n = 0 is enough) and using (4.6), one can easily show that

(I =ID(p)l[eo = (Do < (1 + £o) V£ Ko-

As far as the component of p along II(L?) is concerned (which we still denote by
p), we observe that (see (5.2), (5.5) and (5.6))

(H.(®y)) = T(M((2,)*)) =0,
I(Fe((xn)?) = (O

H(F:(@yxn)) = —5H(Pyxn),

H[\J\»—A

\}
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and we can estimate

TE (o D] <5 < Ko,

1
L (B <
T€[0,T]

N |

Lo

ME(y(r, (D] <5 [ 1807l

N

<197 ISl

1
<V Ko sup [®,(7,)]2,
2 r€[0,T)

for any 7 € [0, 7). It thus follows from (5.26) that
Ip(7)] < €J€T|THf1((Xn(T70)2))+-2TKf1(¢n(Tr)Xn(T,J)NdT

< LRoT+ VRGT sup |04(7, ),
2 r€[0,T]
for any 7 € [0,T]. Estimate (5.27) now follows immediately.
Finally, coming back to Problem (2.12) and setting ¢. = ¢y/+/¢ and T. = T/e?,
one can easily conclude that, for any € € (0,e¢], such a problem admits a unique
classical solution . Moreover,

||30(t, ) - E(I)(t52v \E')HC([—ES/Q,ZE/Q]) < EQM? te [OﬂTE}'
This accomplishes the proof of Theorem 2.2.

Appendix A. The NEF model. Flames constitute a complex physical system
involving fluid dynamics, multistep chemical kinetics, as well as molecular and ra-
diative transfer. The laminar flames of low-Lewis-number premixtures are known
to display diffusive-thermal instability responsible for the formation of a non-steady
cellular structure (see [24]). However, the cellular instability is quite robust with
respect to these aero-thermo-chemical complexities and may be successfully cap-
tured by a model involving only two equations: the heat equation for the system’s
temperature and the diffusion equation for the deficient reactant’s concentration.
In suitably chosen units, the so-called thermal-diffusional model reads, see e.g., [7]:

O = Oy + Oy, + Q(Y, 0), (A.1)
Y = Le * (Yar + Yyy) — Q(Y,0), (A.2)
0= %LeflﬁQYexp[ﬁ((a —1)/(c+ (1 —-0)0)]. (A.3)

Here, © = (T — Ty,)/(Tuq — Ty,) is the scaled temperature, where T,, and T,q cor-
respond to, respectively, the temperature of the unburned gas and the adiabatic
temperature of combustion products; Y = C/C,, is the scaled concentration of the
deficient reactant with C, being its value in the unburned gas; z, y, ¢t are the scaled
spatiotemporal coordinates referred to Dy, /U, and Dy, /U2, respectively, where Dy,
is the thermal diffusivity of the mixture and U is the velocity of the undisturbed
planar flame; Le is the Lewis number (the ratio of thermal and molecular diffu-
sivities); 0 = Ty, /Taa; 8 = To(1 — 0)/Taq is the Zeldovich number, assumed to be
large, where T, is the activation temperature; §2 is the scaled reaction rate, where
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the normalizing factor 2 Le~!3? ensures that at 3> 1 the planar flame propagates
at velocity close to unity.

Due to the distributed nature of the reaction rate 2, Equations (A.1) and (A.2)
are still difficult for a theoretical exploration. One therefore turns to the conven-
tional high activation energy limit (5 > 1) which converts the reaction rate term
into a localized source distributed over a certain interface z = £(¢,y), the flame
front. Intensity of the source varies along the front as exp (3(©; — 1)) (see [22]).
Here, Oy is the scaled temperature at the curved front, which may differ from unity
(T = T,q) by a quantity of the order of 3~!. Due to the strong temperature de-
pendence of the reaction rate (5 >> 1), even slight changes of © may considerably
affect its intensity, and thereby also the local flame speed. The study of flame
propagation is thus reduced to a free-interface problem. To ensure that the emerg-
ing free-interface model does not involve large parameters one should combine the
limit of large activation energy (8 > 1) with the requirement that the product
a = %ﬁ(l — Le) remains finite, i.e., the ratio of thermal and molecular diffusivi-
ties (Le) should be closed to unity. This is the Near Equidiffusive Flames model, in
short NEF, introduced in [20]. As a result, instead of the reaction diffusion problem
for © and Y, one ends up with the free-interface problem

90
a = AH, x < §(t7y)a
=1, =>¢&(ty),
%f — AS —alb, = #E(Ly),
26 05 09
[671] = —exp(95), [%] = O‘[an]’

for the new scaled temperature § = limg_. 4. © and the reduced enthalpy S =
limg_ oo 371(© +Y — 1). For some rigorous mathematical justification, see [9, 8].

Appendix B. Proof of Theorem 5.1. Showing that Problem (5.3) admits a
unique solution ® € C*([0,Tpl; L*) N C([0, To}; Hy) for some Ty > 0 is an easy
task. Indeed, the operator A : Hﬁ2 — L? is sectorial in L? as has been already
remarked. By [18, Prop. 2.4.1 & 2.4.4] the operator S = —4A4% — A is sectorial
in L? with domain Hgl. Classical results for semilinear equations associated with
sectorial operators show that the Cauchy problem (5.3) admits a unique solution ®
with the above regularity properties. (See e.g., [18, Prop. 7.1.10].) ® turns out to
be a fixed point of the operator I', formally defined by

C@)(r) = et + [ TS (@, (s, ))2ds, >0,

where {e7°} denotes the semigroup generated by S.

Using a classical continuation argument, we can extend ® to a maximal domain
[0, Tinax) With a function (still denoted by ®) which belongs to C1([0, Tinax); L?) N
C([0, Tmax); Hy)-

Let us regularize ®. Suppose that &y € H&r’ Note that S commutes with D,,.
Hence,

®,(1,-) = ™5 (D, ) +/ IS D, (D, (s, -))?ds, 7 € [0, Tiax)-
0
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Since ® € C([0, Tyax); L?) N C’([O,Tmax);Hgl) and HJ belongs to the class Jy/4
between L? and H*, we can estimate

1@ (r,) = B(r1, )k <|B (7 ) — By, )3 [|@ (7, ) — B, |

[ Gl N EY

& — &
§2H(I)T||C([O,T1];L2) ”q)”é’([O,Tl];H;‘) |7—2 -7 |1 )

for any 71,72 € [0,T1] and any T) < Tmax. Therefore, by the Sobolev embedding
theorem, we can estimate
| Dy (P (72, ))2 = Dy(®y (1, ‘))2|2 <Py (72, ) |oo | P (T2, ) — Py (71, )2
+ ‘(I)ﬂU(TQ’ ')‘00|(I)n(72» ) - (I)’r](Tla )|2
<Cry|r2 = ml2,
for any 71 and 73 as above. This shows that D,,(®,,(7s, -))? belongs to C'/2([0, T1]; L?)
for any Ty < Tmax. Theorem 4.3.1 of [18] implies that ®, € C'([0, Tinax); L?) N

C([0, Tmax); H{). Tn particular, ®, belongs to C([0, Tmax); H}). Tt follows that
&, = &,,. Iterating this argument shows that, if & € H&" for some m € N such
that m > 4, then ® € C([0, Tnax); H}") and @, € C([0, Tinax); H* ™).

The rest of the proof is devoted to show that Ti,.x. = +oo. We adapt the
arguments in [25, Thm. 2.4]. The main step is the a priori estimate

|®,,(7,)]2 < € 7| D, ®ola, 7 € [0, Tax)- (B.1

)
For this purpose, we introduce the function v, defined by v(r,n) = e~ 27®,(1,7)
for any (7,7m) € [0, Tmax) X [—00/2,%¢p/2]. The smoothness of ® implies that v €
CH4([0, Tmax) % [—€0/2,€0/2]), solves the parabolic equation

Vr = =3y — Uy — €700, — 20, (B.2)
and satisfies the boundary conditions D7(7k)1)(7'7 —4y/2) = Dg,k)v(T, £y/2) for any T €
[0,T) and k = 0,1,2,3. Multiplying both sides of (B.2) by v(r,-), integrating on
(—€o/2,4y/2) and observing that the integral over (—£y/2,€y/2) of (v(r,-))?v,(7,")
vanishes for any 7 € [0, Tinax), We get

d
1015 A+ Blugy (7, )15 = o (7, )3 + 2o (7, )5 = 0, 7 € [0, Timax)-  (B.3)
In view of the estimate
)
[0 (75 )3 < [0(7, )2 fomn (7, )2 < Blown (7, )3 + S |o(7, )13, 7 € [0, Tinax),
Formula (B.3) leads us to the inequality
d 1
7|U(T’ )‘g + 7|U(T7 )|§ <0, T E [OvaaX)’
dr 3

from which Estimate (B.1) follows at once.

We can now complete the proof. For this purpose, let us consider the function
U, defined by ¥(7,n) = ®(7,n) — II(P(7,-)) for any 7 € [0, Tnax) and any n €
[—00/2,40/2]. Applying the Poincaré inequality, we get

|@(7,) = TH(®(7,))]2 < V/loe © 7| Dy Do), 7 € [0, Tinax)- (B.4)

Let us now show that the function 7 — II(®(7,-)) satisfies a similar estimate.
For this purpose, we fix 7 € [0, Timax) and apply the operator II to both sides of
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(5.3). Since ® and its derivatives satisfy periodic boundary conditions,

d 1 2
G H&(r,)) = I(2(7,)) = —%H((%(T’ )7

for any 7 € [0, Thhax). Taking (B.1) into account, we can then estimate

d 1 15,
EH(@(T,-)) S%e?’ |D, @03, T € [0, Trnax)-
Hence,
Tl d 3 13,
@) < (@) + [ dTH@(T,-))]drs|H<¢o>|+26£0|Dn<1>o|%ea . (B5)

for any 7 € [0, Tinax). Estimates (B.4) and (B.5) show that ® is bounded in [0, Tiax)
with values in L?. Therefore, we can apply [18, Prop. 7.2.2] with v = 1/2, a = 1/4,
Xy = Hﬁl7 which implies that Tyax = +00.
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