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Abstract
We consider the problem of optimal routing of arriving packets into N servers having no
waiting room. Packets that are routed to a busy server are lost. We consider two problems
where the objective is to maximize the expected throughput (or equivalently, minimize the
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loss rate). We assume that the controller has no information on the state of the server. We
establish the optimality of the so called “balanced” policies, for exponential service times and
general stationary arrival processes, which include, in particular, the interrupted Poisson process,
Markov modulated Poisson Process (MMPP) and Markov arrival process (MAP). Based on this
solution, we solve the dual problem of optimal assignment of a single server to several single
server queues to which packets arrive according to Poisson processes. This general model is then
applied to solve an optimal scheduling problem for robots of Web search engines.
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Introduction

In a recent paper [8] Koole used the theory of MDPs with partial information to solve the problem of
optimal routing packets into N servers with different service time. The objective was to minimize
losses or maximize the throughput, and policies are restricted to those where no information is
available on the state of the servers. For the special case of symmetrical servers and arrival processes,
the optimality of the round-robin policy was established. For the case of 2 servers, it was shown that
a periodic policy whose period has the form (1, 2, 2, 2, . . . , 2) is optimal, where 2 means sending a
packet to the faster server. Similar results have been obtained in the dual model of server assignment
in [5]. The results in [5, 8] heavily depend on the Markovian structure of the arrivals.
In this paper we use a novel approach developed in [1] (and applied to other control problems
in [2, 3]) that enables us to relax the Markovian assumptions (more precisely, the assumption that
the inter-arrival times are i.i.d.). We begin by considering two types of problems: an admission
into a single server, and the routing problem studied in [8]. We establish the optimality of the
so called “balanced” policies [6] (see also [3]), for exponential service times and general stationary
arrival processes, which include, in particular, the interrupted Poisson process, Markov modulated
Poisson Process (MMPP) and Markov arrival process (MAP). The main results are obtained by
establishing multimodularity properties of the objective functions, which turns to be quite elegant
and simpler than in other applications ([6, 2, 3]).
Using ideas from [10] we solve the dual problem [7] which is concerned with the sharing of
a single communication link between multiple sources. This is modeled as an optimal assignment
problem of a single server to several single buffer queues to which packets arrive according to Poisson
processes. The relation to the previous problem is obtained if we take as states in the new problem
the vector of free spaces in the buffers (instead of the occupancy of the buffers). The distribution of
the process of free spaces in the new model is the same as the distribution of the process of buffer
occupancy in the previous problem. This yields the solution of the service assignment problem.
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The paper is structured as follows. In the next section we study the admission into a single
server, and obtain the optimal policy. We then establish in the following Section properties of
the cost and an ordering between the performance of different policies. Section 5 deals with the
optimal routing problem. The service assignment problem is solved in section 6 and an application
to a robot scheduling problem in the Web is discussed in Section 7. The technical arguments that
establish the multimodularity properties are delayed to Section 8.

2

The admission into a single server

Consider a single server with no waiting room. Let Tn be the point process representing the
arrival epochs, and assume that service times are i.i.d., independent of the arrival process, and
exponentially distributed with parameter µ. We assume that τn := Tn+1 − Tn is a stationary
process (in n). An arrival can be rejected or accepted by an admission controller. An admission
policy is a sequence a = (a1 , a2 , ...) where ai = 1 means acceptance of the ith arrival, and ai = 0
means its rejection. The actions are taken without any knowledge of the state of the buffer, and
if it is already full when the packet is admitted, then the packet is lost. Let Xn = Xn (a) be the
number of packets in the system just after the nth action is taken.
We consider first the following problem:
(P1) Maximize
4

n
1X
E a Xn
n→∞ n
j=1

g(a) = lim

subject to the constraint that a fraction of no more than a fraction p of the packets is accepted:
n
1X
an ≤ p.
n→∞ n
j=1

lim

(1)

The reason we consider this reward function for maximization is that maximizing the average
number of packets in steady state is related to
- maximizing the throughput (the departure rate), and to
- minimizing the losses (due to both rejection by the controller and to the blocking).
Indeed, every customer has a sojourn time which is exponentially distributed with average µ−1 , and
therefore the average actual throughput is equal to the product of the long-run average number of
packets in the system and µ. The equivalence between maximizing the throughput and minimizing
the losses follows since the loss rate is the initial given input rate (before the admission control and
losses) minus the actual throughput.
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Note that the queue size that we maximize in this section is that obtained by averaging over the
times Tn . In some cases this will indeed coincide with the time average queue length (for example, if
the interarrival times τn are exponentially distributed). In the case it does not coincide, we propose
an alternative approach in Section 4.
Another motivation to study this problem follows from an interesting comparison with the
infinite queue system. Below we show that for the current system the queue length is maximized
by assignment sequences as regular as possible; for the infinite buffer system queue lengths are
minimized by regular sequences ([3]). Some intuitive understanding can help to explain this at
first sight contradictory phenomenon: in an infinite queue system minimizing queue lengths means
minimizing waiting by spreading out arrivals; minimizing queue lengths in a system without buffers
means maximizing losses by making arrivals bursty.
Let ei ∈ INm , i = 1, ..., m denote the vector having all entries zero except for a 1 in its ith entry.
Define di = ei−1 − ei , i = 2, ..., m. Let F = {−e1 , d2 , ..., dm , em }.
Definition 2.1 (Hajek [6]) A function f on ZZm is multimodular with respect to F if for all
x ∈ ZZm , v, w ∈ F, v 6= w,
f (x + v) + f (x + w) ≥ f (x) + f (x + v + w).

(2)

A sequence of ai , i = 1, ..., n is said to be feasible if all its components are either 0 or 1.
The regular of balanced sequence {apk (θ)} with rate p and initial phase θ is defined [6, 3] as,
apk (θ) = bkp + θc − b(k − 1)p + θc,

(3)

where bxc is the largest integer smaller than or equal to x.
Before stating the main result, we present a simple coupling property:
Lemma 2.1 Fix an arbitrary policy a. Then one can construct a probability space (Ω, F, P ) such
that
(i) the state trajectories starting from different initial states of the server couple in a time which is
finite w.p. 1,
(ii) The following holds:
lim |E[Xn (a)|X0 = 1] − E[Xn (a)|X0 = 0]| = 0.

n→∞
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Proof. We let the interarrival times be the same in both systems. If the policy a never accepts
packets or if arrivals never occur, then coupling occurs once the system starting at state 1 empties.
Otherwise, Let Tn be the time at which the first packet is admitted. Note that the admission occurs
in both systems. If both systems are empty at time Tn , then coupling occurs at that instant (we
take service times to be the same in both systems from time Tn onwards). Otherwise, system 1
(in which the initial state is of a single packet) has 1 packet at time Tn , and system 0 (which is
initially empty) has no packets. Coupling is obtained again at time Tn by assuming that
(i) service times of all packets admitted after time Tn are the same in both systems
(ii) At time Tn , the remaining service time of the packet in service in system 1 equals to the service
time of the packet admitted in system 0 at time Tn .
Due to the memoryless property of the exponential distribution and the independence assumption on service times, the above coupling is consistent with the probability distribution of the
original state processes. This establishes (i). (ii) follows from the bounded convergence theorem.

Theorem 2.1 Assume that the system is controlled starting from time T1 . Assume that the interarrival times are stationary, and independent of the service times. Assume that the service times
are i.i.d. exponentially distributed. Then for any θ ∈ [0, 1], the balanced policy with rate p and
initial phase θ is optimal.

Proof. Due to Lemma 2.1, we may assume without loss of generality that the system contains
initially one packet at time T0 . −ET,σ Xn (a) is multimodular (we delay the proof of this property
to Section 8). Here σ denotes the random process governing the service completions. −ET,σ Xn (a)
is clearly monotone decreasing in a. It remains to check conditions < 2 > and < 3 > in [1].
Condition < 3 > requires for the multimodular sequence of functions fn (a) defined below that
the following holds:
for any sequence {ak } ∃ a sequence {bk } such that
∀k, m,

k > m, fk (b1 , · · · , bk−m , a1 , ..., am ) = fm (a1 , ..., am ).

This clearly holds in our case where fn (a) = −ET,σ Xn (a) by setting bi = 1. (The precise justification of the above is from property (i) which appears in Section 8.)
Condition < 2 > states:
fk (a1 , ..., ak ) ≥ fk−1 (a2 , ..., ak ), ∀k > 1;
this holds in our case for −ET,σ Xn due to our assumptions on the initial state.
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3

Properties of the cost and of policies

Lemma 3.1 g(a) = g(θa) for any policy a, where θ is the one step shift operator.

Proof. This follows from Lemma 2.1. Indeed, with a = (a1 , a2 , ...), we have
n
n
n
1X
1 X
1X
0
E a Xj = lim
E a Xj = lim
E a Xj
n→∞ n
n→∞ n − 1
n→∞ n
j=1
j=2
j=1

g(i) = lim

where a0 = θa = (a2 , a3 , ....).
Define for any policy a
4

rn (a) = min{m ≥ 0|an−m = 1}.

Lemma 3.2 For any policy, EXn (a) is given by


EXn (a) = E exp −µ

rn (a)

X

k=1



τk  .

Proof. Xn (a) = 1 if and only if since time Tn−rn (a) there has been no departure. Thus Xn (a) = 1
if and only if during a time period of duration

Pn

k=n−rn (a) τk

there are no end of services. Since τk

is a stationary sequence, we obtain the wanted expression.
Assume that a is periodic with period S. Let a0 be some shift of a such that a0S = 1. Thus
XnS (a) = 1, n = 0, 1, 2, .... Then
g(a) = g(a0 ) =

S
1 X
E(Xk (a))
S k=1

(see Sec. 7 in [4]).
Let n =

PS

k=1 a(k).

Define

η(0) = 0;

η(j + 1) = min{l > η(j) : al = 1}, j = 0, ..., n − 1

Note that η(n) = S. Define
δ1 = η(1),

δj = η(j + 1) − η(j), j = 2, ..., n − 1.
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Lemma 3.3 a (and thus a0 ) is fully determined by the sequence d up to a shift, and the cost g can
be expressed as a function of δ(a):




δX
n
i −1
Pj
1X
E
g(a) =
e−µ k=0 τk  =: q(δ)
S i=1
j=0

(4)

Proof. By Lemma 3.2,

g(a) =

=





rη(i)−j (a)
n δX
n δX
i −1
i −1
X
1X
1X

EXη(i)−j (a) =
E exp −µ
τk 
S i=1 j=0
S i=1 j=0
k=0





j
δi
n δX
n X
i −1
X
1X
1X
E exp −µ
τk  =
E exp (−µτ1 )j
S i=1 j=0
S
i=1 j=1
k=0

We conclude that if a is a periodic policy, then any policy obtained from a by changing the
order of the δ sequence that characterizes a, achieves the same cost. Thus a non-regular periodic policy of a period (1, 0, 1, 0, 1, 0, 0, 1, 0, 0) has the same cost as a regular policy of the form
(1, 0, 1, 0, 0, 1, 0, 1, 0, 0).
This property can be seen to be a special corollary of a more general result that will be presented
in Theorem 3.1 below.
Consider two n-dimensional vectors of integers δ(1), δ(2).

Definition 3.1 (Majorization [9])
We say that δ(2) majorizes δ(1), which we denote by δ(1) ≺ δ(2), if
 k
k
X
X



δ
(1)
≤
δ[i] (2),

[i]


 i=1
i=1

k = 1, ..., n − 1,



n
n

X
X



δ[i] (1) =
δ[i] (2)

i=1

i=1

where δ[i] (j) is a permutation of δi (j) satisfying δ[1] (j) ≥ δ[2] (j) ≥ ... ≥ δ[n] (j), j = 1, 2.
A function g is called Schur convex (concave) if g(δ(1)) ≤ (≥)g(δ(2)) for each δ(1) and δ(2) such
that δ(1) ≺ δ(2).
Lemma 3.4 q(δ), defined in (4) is Schur concave.
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Proof. q can be written as the sum

q(δ) =

n
1X
ψi (δi ))
S i=1

where ψ is the term in brackets in eq. (4). Since
ψi (m + 1) − ψi (m) = Ee−µ

Pm

τ
k=0 k

is monotone decreasing in m, it follows that ψi are concave in δi . The proof is then established by
using proposition C.1 on p. 64 in [9].

Theorem 3.1 Assume that a and a0 are two periodic policies with the same period S and the same
sum
n=

S
X

ai =

i=1

S
X

a0i .

i=1

If δ(a0 ) ≺ δ(a) then g(a0 ) ≥ g(a).

Proof. Follows from the Schur concavity of g, see [9] p. 54.
The above Theorem allows us to “improve” any given periodic policy by replacing it by a more
“regular” one, where by more regular we mean a policy whose distance sequences are majorized by
the less regular one.
A similar result was obtained in [5] in a related model (which we discuss in Section 7 under the
assumption that the sequence τn is i.i.d.).

4

Time averages

In the previous sections we took averages of the costs as seen at times Tn , i.e. at arrival times. The
problem with this is, however, that Tn are in fact the times of potential rather than actual arrivals.
In practice, arrivals occur only at a subsequence of Tn which depend on the policy. In this section
we obtain similar results for the actual arrival process.
We consider the same model of the system as well as the statistical assumptions as in Section 2.
Instead of describing a policy using a sequence a, it will be more helpful to consider an equivalent
description using the distance sequence δ = (δ1 , δ2 , ...). Define D(n) =

8

Pn

k=0 δk .

The actual arrivals

occur at times TD(n) , n ∈ IN. We define the process ξn to be the number of packets in the buffer
just prior to time TD(n) . (If we took, as in the previous sections the time after a decision, then the
number of packets would always be 1.)
The motivation for considering the system at arrival instants is the following. Whenever an
actual arrival finds a packet in the system there is a loss. Thus minimizing the average number of
packets at actual arrival times will also minimize the fraction of losses and maximize the throughput.
We consider first the following problem:
(Q1) Minimize
4

n
1X
E a ξn
n→∞ n
j=1

G(δ) = lim

subject to the constraint that a fraction of no more than a fraction p of the packets is accepted, or
in other words,
n
1X
δn ≥ 1/p.
n→∞ n
j=1

lim

(5)

Note that a policy d is regular with rate 1/p if and only if its related policy a is regular with
rate p, see [2] Lemma 7.3.

Theorem 4.1 Assume that the system is controlled starting from time T1 . Assume that the interarrival times τn are stationary and independent of the service times. Assume that the service times
are i.i.d. exponentially distributed. Then for any θ ∈ [0, 1], the balanced policy with rate 1/p and
initial phase θ is optimal.

The proof of the Theorem is similar to that of Theorem 2.1. The multimodularity of Eξn (δ) is
established in Section 8.
We now present properties of the cost for periodic policies, which are the analogous of Section
3. We first note that the expected average cost for a periodic sequence δ = (δ1 , ..., δS ) is given by

G(δ) =

S
1X
E exp (−µδi )
S i=1

(6)

when the interarrival times are i.i.d. Since this is a sum of functions that are convex in the δi ’s, it
is Schur convex in δ (proposition C.1 on p. 64 in [9]). We thus conclude the following (see [9] p.
54):
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Theorem 4.2 Assume that δ and δ 0 are two periodic policies with period S and the same sum:

n=

S
X

δi =

i=1

S
X

δi0 .

i=1

If δ 0 ≺ δ then G(δ 0 ) ≺ G(δ).

5

Routing to several servers

We now consider N servers (all with a single buffer), fed by a stationary input process as in Section
2. We make the same probabilistic assumptions as before on the service times in each server. Let
Xni be the number of packets (0 or 1) being served by server i at the nth time epoch. A routing
policy is a sequence a = (a1 , a2 , ...) where ai = j means routing of the ith arrival to queue j. We
consider the following routing problem:
(P2) Maximize
4

n X
N
1X
hi E a Xji ,
n→∞ n
j=1 i=1

g(a) = lim
where hi are some given positive constants.

The following theorems are the result of the properties we established in the previous section,
the multimodularity properties (which is established in the next section) as well as the results
in [1, 3].

Theorem 5.1 Consider the symmetric system, i.e., µ1 = · · · = µN . Then the round robin policy
maximizes g(a) (and hence, the expected average throughput).

Theorem 5.2 Consider the case of two servers. Then there is some p∗ such that for any θ, the
policy that routes packets to server 1 according to the balanced policy with rate p∗ and initial phase
θ, and otherwise routes packets to server 2, is optimal.

Theorem 5.3 Consider the case of two types of servers: a set K1 ⊂ {1, ..., N } of servers with
µ = µ1 , and the remaining set K2 of servers with µ = µ2 . Assume that hi = h1 are the same for
all i ∈ K1 and that hi = h2 for all i ∈ K2 . Then there exists some p∗ such that that for any θ, the
following policy is optimal:
it routes packets to the 1st group server according to the balanced policy with rate p∗ and initial
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phase θ, and otherwise routes packets to the second group of servers. Within each group of servers,
the order of service is round-robin.

The proof of all three theorems is based on Proposition 2.22 in [3], which states that if a tuple
(p1 , p2 , ..., pN ) is made of less than (or of exactly) two distinct numbers, then it is balanceable. In
other words, there exist a policy a such that for each i = 1, ..., N , the sequence of indices in a that
correspond to routing arrivals to queue i are is a regular with rate pi . The optimality of balanceable
sequences is established in Theorem 4.2 in [1]. (In fact, other cases are identified in Section 2 of [3]
that yield balanceable sequences.)

Remark 5.1 For any a, let γ i (a) = {γni (a), n ∈ IN} be the sequence such that γni (a) = 1 if and only
if an = 1. Using the result of Section 3, and in particular the Schur convexity of g as a function
of the δ’s (see Lemma 3.4), one can show that if there are two periodic policies a and a0 with the
same period S, such that for any i = 1, ..., N ,

•

PS

i
j=1 γn (a)

=

PS

i
0
j=1 γn (a ),

• d(γ i (a0 )) ≺ d(γ i (a)),
then g(a0 ) ≥ g(a).

6

The service assignment problem

Consider N Poisson processes with parameters µ1 , ..., µN respectively, of packet arrivals into N
respective single buffer queues. Only one buffer can obtain the transmission opportunity at a
time. Let Tn be time at which the nth transmission opportunity occurs. If an arrival occurs to a
buffer that is full then it is lost; if the buffer is empty then the arriving packet is stored untill a
transmission opportunity to that buffer arrives. If a buffer receives a transmission opportunity at
time Tn and it has a packet then this packet is transmitted, and immediately after time Tn , a new
arriving packet can be stored in this buffer. If there is no packet in the buffer then this transmission
opportunity is lost. We assume that τn := Tn+1 − Tn is a stationary process (in n) and independent
on the arrival process.
The role of the controller is to decide to which buffer the next transmission opportunity will be
assigned. A service assignment policy is a sequence a = (a1 , a2 , ...) where ai = j means that the
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ith transmission opportunity will be to queue j. We assume that the controller has no information
about the buffers’ contents.
Let Zni be the number of packets (0 or 1) at buffer i just after the nth action is taken. Denote
Yni = 1 − Zni . It thus corresponds to the ‘vacancies’ process, as Yni equals one if the ith buffer is
empty just after the nth action is taken (i.e. after time Tn ). We consider the following problem:
(P3) Minimize
4

n X
N
1X
hi E a Zji ,
n→∞ n
j=1 i=1

g(a) = lim
where hi are some given positive constants.

The above objective corresponds to the minimization of blocking probabilities, since blocking
occurs at queue i between Tn and Tn+1 if and only if Zni = 1.
Note that by minimizing blocking probabilities, we maximize the throughput.
We now make the following key observation. Fix an arbitrary sequence a. Then the distribution
of the vacancies process {Yni }n,i in the service assignment problem is the same as the distribution of
the buffer contents process {Xni }n,i in the routing problem. Hence, using the results of the previous
section, we get the following main results.
Theorem 6.1 Consider the symmetric system, i.e., µ1 = · · · = µN . Then the round robin policy
minimizes g(a) (and hence, maximizes the expected average throughput).
Theorem 6.2 Consider the case of two servers. Then there is some p∗ such that for any θ, the
policy that assigns transmission opportunities to buffer 1 according to the balanced policy with rate
p∗ and initial phase θ, and otherwise assigns transmission opportunities to server 2, is optimal.

Similarly, one obtains the dual of Theorem 5.3.

7

Application to robot scheduling for Web search engines

We present in this section an application studied in [5] under assumptions more restrictive than
ours.
The Web offers search engines, such as Alta Vista, Lycos, Infoseek and Yahoo, that serve as a
data base that allow to search information on the WEB. These often contain robots that periodically
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traverse the whole Web structure so as to update the data base. We consider the following problem:
there is a fixed number N of data-base pages. The contents of page i are modified at times that
follow a Poisson process with parameter µi . A page is considered up-to-date by the Web engine
from the time it is accessed by the robot untill the next time it is modified; at this point it is
considered obsolete till the next time it is visited by the robot. The times between updates by the
robot are given by a sequence τn . In [5] these were assumed to be i.i.d.; in our framework we may
allow them to form a general stationary ergodic sequence.
The problem is to find a visiting schedule for the robot that minimizes the obsolescence rate of
the data base, i.e. the fraction of time during which the page i is out of date.
The fact that the distribution of τn does not depend on the identity of the page that is updated
(as is assumed in [5])) is not always the case, but it is justified in some applications. For example,
if satellite links are used, then the main cause of delays is the earth to satellite distance, rather
than the geographic location of the Web page that is accessed.
We now show that this problem is equivalent to the service assignment problem. Indeed, the
robot can be considered as a single server that requires time τn in order to complete the nth update.
The durations of consecutive modifications of page i correspond to packet interarrival times to queue
i. Finally, the time ratio of obsolescence of page i corresponds in our service assignment problem
to the blocking probability in queue i. (Indeed, blocking in queue i is defined to be the period from
the first time that a customer arrives to queue i after a service there, till the next time that this
queue is served.) Thus the results of the previous section holds for this model as well.

8

The multimodularity

Lemma 8.1 The two following statements are true. (i) Eσ (−Xn (a)) is multimodular,
(ii) Eσ ξn (δ) is multimodular.

4

Proof. (i) The proof is based on the following useful properties. Let q(a) = maxm≤n such that
am = 1. Consider two policies a, a0 . Then,
Property (A): if q(a) = q(a0 ) then Xn (a) =st Xn (a0 ) (this is equivalent to Eσ (Xn (a)) =
Eσ (Xn (a0 )) and to P (Xn (a) = 1) = P (Xn (a0 ) = 1)).
This is due to the memoryless property of the exponential service times. Thus we can replace our
original system by one where at each acceptance, the new packet replaces the one in service, instead
of being rejected; the distribution of the process Xn will not change.
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Property (B): if q(a) ≤ q(a0 ) then Xn (a) ≤st Xn (a0 ) (which is equivalent to Eσ (Xn (a)) ≤
Eσ (Xn (a0 ))).
This is obtained by a similar argument.
We shall now check relation (2) for any a such that a, a + w, a + v, a + w + v are feasible.
Let v = en . We have for any w ∈ F, w 6= v,
Xn (a + w + v) = Xn (a + v) = Xn (v) = 1,
and
Xn (a + w) ≤st Xn (a).
The first relation follows from property (A) above, and the second from property (B), since
q(a + di ) ≤ q(a), i = 2, ..., n

and q(a − ei ) ≤ q(a)

(recall that di corresponds to shifting an arrival to the past). This implies that
Eσ (−Xn (a + w + v)) = Eσ (−Xn (a + v)),

Eσ (−Xn (a + w)) ≥ Eσ (−Xn (a)).

Hence relation (2) is satisfied.
Next, assume v = −e1 . We consider w 6= v (and thus restrict to n ≥ 2). For a + v to be feasible,
we must have a1 = 1. For a + w to be feasible, we have w 6= d2 , and q(a) > 1. It then follows from
property (A) that
Xn (a) =st Xn (a + v),

Xn (a + w) =st Xn (a + v + w).

Hence relation (2) holds with equality.
It remains to check v = di , dj = w, with j > i. Since a + dj is feasible, it follows that q(a) ≥ j.
Hence, by property (A),
Xn (a + di ) =st Xn (a).
Similarly, q(a + dj ) ≥ j − 1; since it is feasible then aj−1 = 0, so that i < j − 1 (in order for a + di
to be feasible, we have to exclude i = j − 1, since aj−1 = 0). Hence
Xn (a + di + dj ) =st Xn (a + dj ).
Hence relation (2) holds with equality, which concludes the proof of (i).
(ii) Let v be any one of the vectors in the set {−e1 , d2 , ..., dn−1 }. Then due to Property (A), for
any w 6= v,
ξn (a) =st ξn (a + v),

ξn (a + w) =st ξn (a + v + w).
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Hence relation (2) is satisfied. By symmetry it holds for any w in the set {−e1 , d2 , ..., dn−1 }. It
thus remains to check the case v = en , w = dn .
From Lemma 3.2 we have:


Eξn (δ) = E exp −µ

δn
X

k=1



τk  .

Let xn = m, and let denote
y = exp −µ

m
X

!

τk .

k=2

Then
Eξ(x + v + w) = Eξ(x) = Eye−µτm+1 = Eye−µτ1
Eξ(x + v) = Eye−µ[τm+1 + τm+2 ] = Eye−µ[τ1 + τm+1 ]
Eξ(x + w) = Ey.
Since the function f (x) := ye−µx is convex in x, it follows that f (τ1 + z) − f (z) is increasing in z,
so that
f (τ1 + τm+1 ) − f (τm+1 ) ≥ f (τ1 ) − f (0).
By taking expectations, this implies relation (2) for Eξn (a), which concludes the proof.
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