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Abstract
Temporary overload situations in queues can be approximated by fluid queues.
We strengthen earlier results on the comparison of multi-server tandem systems with
their fluid limits. At the same time we give conditions under which economies of
scale hold. We apply the results to call centers.
Keywords: call centers, fluid limits, economies of scale, inhomogeneous Poisson
processes.
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Introduction

Queueing systems with inhomogeneous Poisson arrivals are extremely hard to analyze
exactly. However, in practice, constant rate Poisson input is the exception. For example,
in call centers traffic is usually modeled as arriving according to an inhomogeneous Poisson
process with a piecewise constant arrival rate. As long as the system is stable under all
possible arrival rates, then a simple approximation based on stationarity often suffices,
see Green & Kolesar [4]. The idea of this pointwise stationary approximation (PSA) is
that the performance at each moment is approximated by the stationary performance
of the system with the parameters as they are at that point in time. This method of
computing the performance is indeed common practice in call centers, where usually the
Erlang delay formula is chosen to approximate stationary performance. See Gans et al. [2]
for an overview of the modeling of call centers.
The situation changes when an overload situation occurs during some of the time. Stationarity cannot be used during the overload period, as this would result in an infinite queue
∗
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length, while in reality the queue length remains finite, it is just building up. And worse,
stationarity fails also in subsequent underload intervals, because of the large quantities of
jobs that are transferred to later intervals.
There are several potential ways to deal with temporary overload situations. In this
paper we focus on the use of fluid limits, but let us first discuss some other possibilities.
In Jennings et al. [6] a non-homogeneous multi-server queue is approximated by an
infinite-server ‘queue’. This is relevant to time-inhomogeneous systems because servers
still being busy due to a high load earlier in time are modeled. On the other hand,
queueing phenomena including a queue building up in overload are not modeled. For this
reason this method is expected to work better than the PSA in situations when the rate
changes quickly, because then queueing hardly ever occurs. This intuition is confirmed by
the results in Jennings et al. [6] and Massey & Whitt [10]. In this paper we are interested
in situations where delayed customers due to longer overload periods play a crucial role.
Therefore a method based on an infinite-server queue is less suitable.
An exact, but numerically demanding method is uniformization (see, e.g., Section 6.7
of Ross [13]). In Ingolfsson et al. [5] this method is successfully used in the context of call
centers. (This method is only exact for piecewise homogeneous processes.) In this paper
we use simulation to verify the results based on fluid models.
The idea of using fluid limits to model overload situations dates back to Newell [11].
He sees the fluid limit as the average over many samples of the input. This results, for
exponential service times, in multiplying the arrival rate and the service rate with the same
number k. The limit as k → ∞ is the fluid limit. In Altman, Jiménez, & Koole [1] it was
shown for an important class of systems and objectives that this fluid limit has a lower
value than the original system. A second way to define a fluid limit is by scaling the arrival
rate and the number of servers, but keeping the service rate constant. This converges to a
different fluid limit (see Mandelbaum, Massey & Reiman [8]), that has in general a higher
value than the fluid limit first introduced. We start with showing that this second fluid
limit is again a lower bound on the performance of the real system, by considering first,
using coupling arguments, the effects of scaling. This gives results on scaling that are
interesting on their own.
Next we move to call centers and approximations using fluid limits. In Mandelbaum,
Massey, Reiman & Rider [9] it is shown that the second fluid limit approximates the real
performance exceptionally well in the situation of call centers. However, there numerical
examples deal almost exclusively with overload situations. Indeed, the examples in [1] show
that the first fluid limit gives a poor approximation in situations with a low load. This is
not different for the second fluid limit. This leads us to the following simple performance
approximation, to be used in all situations: the performance at some point in time t
is approximated by the maximum of the performance of the fluid limit at t and of the
performance of the stationary M/M/s queue with as input rate the minimal rate up to t.
For obvious reasons this is again a lower bound of the performance. Intuitively this bound
performs well in clear underload and overload situations. The approximation is worst in
cases where the system is very close to the critical load. This is also numerically shown.
We illustrate these ideas in the context of call centers, where we base our analysis on
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data from an existing call center.
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Economies of scale

Fluid limits for queueing systems can be taken in several ways. In this paper we look at
a method that consists of increasing the number of servers and the arrival rate with the
same factor. This means that the number of customers in the system increases as well,
thus the performance measure (e.g., the number of customers) has to be scaled as well.
This is actually equivalent to increasing the scale of the system.
In this section we answer the question of when increasing scale leads to improved results,
i.e., when economies of scale hold. That the answer to the last question is non-trivial is
shown by the following numerical example.
Consider first the stationary M (λ)/M (µ)/s system, and let Wq (λ, s) be its waiting
time distribution. Then Wq (λ, s) is exponentially distributed with parameter sµ − λ with
probability C(s, λ/µ) (the so-called delay probability), and Wq (λ, s) = 0 with probability
1 − C(s, λ/µ). It is well-known that C(ks, kλ/µ) ≤ C(s, λ/µ) for k ∈ IN. From this it
follows that IP(Wq (λ, s) > t) ≥ IP(Wq (kλ, ks) > t). This result does, surprisingly enough,
not hold for the transient system. To see this, consider an initially empty M (λt )/M/1
queue
Ru
where λt  µ for small t: we only consider arrivals until u with u such that 0 λt dt = 2.
Denote with Wqt the waiting time of a customer that arrives at t. Note that Wqu (λt , 1) > 0
if there is one customer in the system at u. Because λt  µ we find that IP(Wqu (λt , 1) >
0) ≈ IP(1 arrival in Poisson process with parameter 2). Similarly, Wqu (2λt , 2) > 0 if there
are two customers in the system at u. Thus IP(Wqu (λt , 1) > 0) ≈ 1 − e−2 ≈ 0.86, but
IP(Wqu (2λt , 2) > 0) ≈ 1 − e−4 − 4e−4 ≈ 0.91. Thus the probability of being served
immediately is bigger in the single-server system, therefore increasing scale does not give
advantages.
The question we will answer next is for which types of performance measures an increase
of scale leads to performance improvements. Let Qt (Qkt ) be the queue length process of
an M (λt )/M/s (M (kλt )/M/ks) queue. We are interested in comparing (functions of) Qt
and Qkt for all or some t > 0. To be able to do so we first couple both systems, leading to
the following theorem.
(1)

(k)

(1)

(k)

Theorem 2.1 Let Qt , . . . , Qt represent k independent copies of Qt . Then Qt , . . . , Qt
(1)
(k)
and Qkt can be coupled such that for all realizations Qt (ω), . . . , Qt (ω) and Qkt (ω) we have
(1)
(k)
Qt (ω) + · · · + Qt (ω) ≥ Qkt (ω), assuming that it holds initially.
Proof We will consider the k parallel M (λt )/M/s queues as a single system. Both
systems can be coupled as follows: when an arrival occurs at the M (kλt )/M/ks queue
there is also an arrival at one of the parallel queues, each with probability 1/k. The
departures are coupled in the following way: there are ks independent Poisson processes,
each governing the potential departures of a server in each system. The systems are
coupled in such a way that an active server in the M (kλt )/M/ks queue corresponds to an
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active server in one of the M (λt )/M/s queues. With this coupling it is easily seen that
(1)
(k)
Qt (ω) + · · · + Qt (ω) ≥ Qkt (ω) is preserved.
Remark Up to now we have assumed that only the arrival rate changes over time. It
is also possible to make the service rate and the number of servers change, without any
additional difficulties.
Next we introduce performance measures C and C k , which are functions of the state
of the original and the scaled system. In this paper we will use increasing and convex in
the non-strict sense. With ≤s we indicate the usual stochastic order: X ≤s Y means that
X and Y can be coupled such that X(ω) ≤ Y (ω) for all ω.
Theorem 2.2 Let C k be increasing and convex and C k (kx) ≤ C(x). Then IEC k (Qkt ) ≤
IEC(Qt ) for all t, assuming that initially Qk0 ≤s kQ0 .
Proof According to Theorem 2.1 and the fact that the current initial condition is stronger
(i)
than in Theorem 2.1, Qkt and Qt can be coupled such that for Qt (ω) = xi and Qkt (ω) = x,
x1 + · · · + xk ≥ x. By C k (kx) ≤ C(x) we have
C(x1 ) + · · · + C(xk ) ≥ C k (kx1 ) + · · · + C k (kxk ).
Next, by convexity of C k we find
C k (kx1 ) + · · · + C k (kxk )
≥ C k ((kx1 + · · · + kxk )/k) = C k (x1 + · · · + xk ).
k
Finally, as C k is increasing, we have
C k (x1 + · · · + xk ) ≥ C k (x).
Combining all and taking expectations gives IEC(Qt ) ≥ IEC k (Qkt ).
Let us interpret Theorem 2.2, by considering some relevant cost functions and see if
they satisfy the conditions. Consider the expected number of calls in the system. If we
increase the scale by a factor k we expect, due to economies of scale, that the number of
calls increases by less than k, i.e., we expect IEQkt ≤ IEkQt . This follows directly from
Theorem 2.2 by taking C(x) = x and C k (x) = x/k, and for which choice C k (kx) = C(x).
We see that, in correspondence with the fluid limit, we have to scale the queue lengths as
well. Other cost functions can be of interest, such as the expected number of customers in
the queue C(x) = max{x−s, 0} = (x−s)+ and its scaled counterpart C k (x) = (x−ks)+ /k.
The function C k is convex and again C k (kx) = (x − s)+ = C(x).
Next we consider waiting times. The expected waiting time IEWqt is given by IEWqt =
(Qt + 1 − s)+ /(sµ), for the scaled system by IEWqtk = (Qkt + 1 − ks)+ /(ksµ). Thus C(x) =
(x + 1 − s)+ /(sµ) and C k (x) = (x + 1 − ks)+ /(ksµ). It is easily seen that C k (kx) ≤ C(x);
note that C k (kx) < C(x) if x > s.
4

Through a counterexample we saw earlier in this section that IP(Wqtk > v) ≤ IP(Wqt > v)
does not hold in general. This is because of the fact that IP(Wqtk > v) is not convex in the
queue length. We work this out for v = 0, then IP(Wqtk > v) = II{Qkt > s}, with II the
indicator function: II{A} = 1 if A holds, 0 otherwise. This function is increasing, but not
convex. A performance indicator that is convex and relevant to call centers is IE(Wqt − v)+ ,
the expected time that waiting exceeds v (see Koole [7]). This can be seen as follows. Let
E1 , E2 , . . . be independent exponential random variables (r.v.s) with parameter sµ, and
define the gamma distributions Gn = E1 + · · · + En . Define also G0 = 0. Then
+

IE(Wqt − v) = IE

QX
t −s
n=0

QX
t −s
Qt + 1 − s − n
1
IP(Gn ≤ v < Gn+1 )
= IE
IP(v < Gn+1 ) .
sµ
sµ
n=0

1
From this we deduce that C(x) = x−s
n=0 IP(v < Gn+1 ) sµ . Thus C(x) = 0 as long as x < s,
1
if x ≥ s then C(x) − C(x − 1) = IP(v < Gx−s+1 ) sµ
. This number is increasing in x, and
therefore C is convex.
Now consider the scaled system, with performance IE(Wqtk −v)+ . Similarly, let E1k , E2k , . . .
be independent exponential r.v.s with parameter ksµ, and take Gkn = E1k + · · · Enk , Gk0 = 0.
P
1
k
Then C k (x) = x−ks
n=0 IP(v < Gn+1 ) ksµ . This is again convex, the question that remains to
be answered is whether C k (kx) ≤ C(x), which is equivalent to:

P

IE(Gkkn+1 − v)+ ≤ IE(Gn+1 − v)+ ,
which follows from the fact that Gkkn is stochastically less variable than Gn (see Ross [12],
Section 8.5).

3

Fluid limits and performance bounds

In general, there are different ways to take fluid limits. In our context it is crucial that the
time is not scaled, because we are interested in modeling a non-stationary arrival process.
Then there are two ways of taking fluid limits. Let us briefly discuss the classical one
before we continue with the one we focus on in this paper.
The classical method (already proposed by Newell [11] in 1971) consists of averaging the
arrival process over multiple realizations. This is, for the M (λt )/M (µ)/s queue, equivalent
to scalingR λt and µ. In the limit the amount of work that arrives during a period [t0 , t1 ] is
equal to tt−1
λt dt/µ a.s. It disappears at a fixed rate sµ, as long as there is fluid. The limit
0
is thus a continuous non-negative function z̃t , with z̃0 given, and derivative z̃t0 = λt − sµ if
z̃t > 0, and z̃t0 = (λt − sµ)+ if z̃t = 0.
This type of fluid limit can also be obtained for general service times. The method is less
suitable for multi-server queues, as it gives the same limit as for single-server queues (with
the server speed appropriately scaled). This way of scaling is therefore most appropriate
for the Mt /G/1 queue. See Altman et al. [1] for results concerning comparison with fluid
limits that parallel the results obtained here with for the fluid limit discussed next.
5

The second way of taking fluid limits is by increasing s and λ with the same factor. This
is actually equivalent to increasing the scale of the system. It also means that the number
of customers in the system increases as well, and therefore the performance measure (e.g.,
the number of customers) has to be scaled. The resulting fluid limit zt = limk→∞ Qkt /k is
defined by its derivative zt0 = λt − min(zt , s)µ. As a result single and multi-server queues
give different limits.
We are interested in limk→∞ IEC k (Qkt ). We have the following result, showing that for
well-chosen C k and C this fluid limit gives again a lower bound to the performance.
Theorem 3.1 For C k increasing and convex for each k ∈ IN and C k (kx) ≤ C(x) for all
k, x then C̃(x) = lim supk→∞ C k (kx) is such that C̃(zt ) ≤ C(Qt ).
Proof The function C̃ is well-defined because C̃(x) ≤ supk C k (kx) ≤ C(x). By dominated convergence, using Theorem 2.2, we find C̃(zt ) = lim supk→∞ IEC k (Qkt ). Combining
this with IEC k (Qkt ) ≤ IEC(Qt ) gives the desired result.
A special case of Theorem 3.1 is when C k (kx) = C(x). Then C̃ = C. This was the
case when considering the number of calls in the system. This shows that the fluid limit is
a lower bound for the number of calls in the system. In the case of expected waiting times
limk→∞ C k (kx) = (x − s)+ /(sµ) = C̃(x). In the case of the expected time that waiting
exceeds v we find limk→∞ C k (kx) = (x − v)+ .
Theorem 3.1, together with the following lemma, motivates us to concentrate on the
fluid limit zt .
Lemma 3.2 If z0 = z̃0 , then zt ≥ z̃t for all t ≥ 0.
Proof If zt = z̃t , then zt0 = λt − min(zt , s)µ ≥ λt − II{zt }sµ = z̃t0 . From this the result
follows directly.
In Mandelbaum et al. [9] z is used for a call center, but mainly in overload. For a
stable system with a constant arrival rate (i.e., λ < sµ) the fluid limit tends to λ/µ: if
zt > λ/µ, then zt0 < 0, and vice versa. This explains why the fluid approximation is so bad
for these systems: for the M/M/1 queue for example, the average queue length is given by
P∞
n
n=1 n(1 − λ/µ)(λ/µ) = λ/(λ − µ).
In both fluid limits waiting does not occur due to random fluctuations. In the first type
of limit that is because the randomness is averaged out of the arrival process, in the second
type this is due to the scaling of the system. Waiting can still occur because of fluctuations
in the arrival rate. It is exactly for these reasons that fluid limits are useful for transient
analysis, especially because there are no exact results for models with a non-homogeneous
arrival process.
As an example, take the stationary M (λ)/M/1 queue. The average number of customers in the system is given by λ/(µ − λ). The limit for the first fluid limit is 0, and
for the second it is λ/µ: this is the fraction of servers that is busy. Customers spend
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respectively on average 1/(µ − λ), 0, and 1/µ time units in the system. Note that for the
first fluid limit customers become infinitesimally small; this explains the sojourn time of 0.
We consider a queueing system in [0, T ]. We assume that [0, T ] is divided in n intervals
[0, t1 ], [t1 , t2 ], . . . , [tn−1 , T ] (with 0 = t0 < t1 < · · · < tn−1 < tn = T ). During interval i
(from ti−1 to ti ) customers arrive according to a Poisson process with rate λi . As before
we keep µ and s constant. We consider thus an M/M/s system with inhomogeneous
piecewise constant arrival rate. Furthermore, we assume that the system is in a stationary
situation for some arrival rate λ0 (with λ0 < sµ) at time 0. This is the usual way to
model call centers, see Gans et al. [2], although it is advisable in many situations to model
abandonments as well. Also the choice to keep s constant is not very realistic, although we
will show an application in which it is the case. Making s time-dependent is possible, but
to keep the exposition simple we choose not to do it. Both abandonments and time-varying
numbers of servers are subject of ongoing research.
Now consider some performance measure C that is increasing. Define
λ∗t = min{λ0 , min λi },
i|ti−1 <t

the minimal rate up to t. Denote with Q̂λ the stationary distribution of the M (λ)/M (µ)/s
queue.
Lemma 3.3 IEC(Qt ) ≥ IEC(Q̂λ∗t ) for all t ≥ 0.
Proof Using a coupling argument it is easily seen that Qt ≥s Q̂λ∗t for all t. The result
follows because C is increasing.
Now assume we also have some C̃(x) = lim supk C k (kx) with all C k convex and increasing. We propose the following approximation for the performance at t, denoted by
Lt :
Lt = max{C̃(zt ), IEC(Q̂λ∗t )},
which is the maximum of the performance of the fluid limit at t and of the performance
of the stationary M/M/s queue with as input rate the minimal rate up to t. Thanks to
Lemma 3.3 and Theorem 3.1 we know that this is a lower bound to the system performance,
i.e., IEC(Qt ) ≥ Lt .
In the next section we show how this approximation works in the context of a call
center.

4

A call center application

In this section we study a simple time-varying model for a call center. After introducing
the model we apply the results of the previous section to obtain a lower bound on the
performance.
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We simulated a call center with 32 servers having exponential service times with mean
240 seconds using the Glider simulation language [3]. We simulated two situations, both
with first overload and then underload. In the first situation we used a Poisson arrival
process with an average of 270 calls the first 30 minutes and an average of 225 calls per 30
minutes for the rest of the simulation. Thus there is an overload situation during the first
30 minutes (ρ = 1.125), and after that the system is stable (ρ = 0.9375). In the second
situation we had an average of 331 calls during the first 30 minutes, then 223 calls in the
following 30 minutes and 162 calls per 30 minutes during the rest of the simulation. Thus
there is again an overload situation during the first 30 minutes (ρ = 1.378), and after that
the system is stable. The numbers of the second situation are inspired by an actual call
center where a peak in traffic occured as soon as it opened. Management decided not to
schedule more agents, but to base the number of agents on the stable situation after 30 or
60 minutes.
We performed 100 simulations of the systems. The simulated queue lengths are shown in
Figure 1, together with the fluid limits and the performance under the minimal arrival rate.
(For practical reasons we started the simulation empty, in contrast with the lower bound
of the previous section.) To obtain the fluid limit we had to solve zt0 = λi − min(zt , s)µ. Its
solution is as follows: zt = zu0 +(λi −sµ)(t−u0 ) on t ∈ [u0 , u1 ] as long as zt ≥ s and [u0 , u1 ] ⊂
[ti−1 , ti ], i.e., λt is constant and equal to λi on [u0 , u1 ]; zt = λi /µ+(zu0 −λi /µ)exp(−µ(t−u0 ))
on t ∈ [u0 , u1 ] as long as zt ≤ s and [u0 , u1 ] ⊂ [ti−1 , ti ].
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Figure 1: Number of calls in the systems for both situations
It is striking to see in Figure 1 how the queue builds up during the first 30 minutes,
and how it decreases slowly thereafter, followed nicely by the fluid limit, especially in
situation 2. The fluid limit is less useful later on (unless the load is very low, as it is in the
second situation), but here the stationary approximation gives reasonable results (for the
second situation they almost coincide).
Similar observations apply to Figure 2, in which IE(Wt − 60)+ is plotted together with
(zt − 60)+ and IE(Y − 60)+ , with Y the stationary performance under the minimal arrival
rate.
It is clear from the plots that more experimental work has to be done: the two situations
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Figure 2: Average of waiting times that exceed one minute for both situations
that we analyzed give different results. We conclude that the new lower bound, based on the
fluid limit and the stationary regime for the minimum of the arrival rates, is considerably
better than using the fluid limit alone. It is also remarkable that the fluid limit follows
the simulation better in the second situation. The reason might be that the slope in the
second situation is steeper. This corresponds to our intuition that the approximation is
worst close to the critical load. Further research is needed to investigate the practical
usefulness of the lower bound presented in this paper. An interesting extension would be
to include abandonments or even retrials in the process.
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