Monotonicity in Markov
Reward and Decision
Chains: Theory and
Applications

Monotonicity in Markov
Reward and Decision
Chains: Theory and
Applications
Ger Koole
Department of Mathematics
VU University Amsterdam
De Boelelaan 1081a
Amsterdam
1081 HV
The Netherlands
koole@few.vu.nl

Boston – Delft

R
Foundations and Trends
in
Stochastic Systems

Published, sold and distributed by:
now Publishers Inc.
PO Box 1024
Hanover, MA 02339
USA
Tel. +1-781-985-4510
www.nowpublishers.com
sales@nowpublishers.com
Outside North America:
now Publishers Inc.
PO Box 179
2600 AD Delft
The Netherlands
Tel. +31-6-51115274
The preferred citation for this publication is G. Koole, Monotonicity in Markov
R
Reward and Decision Chains: Theory and Applications, Foundation and Trends
in Stochastic Systems, vol 1, no 1, pp 1–76, 2006
Printed on acid-free paper
ISBN: 978-1-60198-028-1
c 2007 G. Koole


All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, mechanical, photocopying, recording
or otherwise, without prior written permission of the publishers.
Photocopying. In the USA: This journal is registered at the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923. Authorization to photocopy items for
internal or personal use, or the internal or personal use of speciﬁc clients, is granted by
now Publishers Inc, for users registered with the Copyright Clearance Center (CCC). The
‘services’ for users can be found on the internet at: www.copyright.com
For those organizations that have been granted a photocopy license, a separate system
of payment has been arranged. Authorization does not extend to other kinds of copying, such as that for general distribution, for advertising or promotional purposes, for
creating new collective works, or for resale. In the rest of the world: Permission to photocopy must be obtained from the copyright owner. Please apply to now Publishers Inc.,
PO Box 1024, Hanover, MA 02339, USA; Tel. +1-781-871-0245; www.nowpublishers.com;
sales@nowpublishers.com
now Publishers Inc. has an exclusive license to publish this material worldwide. Permission
to use this content must be obtained from the copyright license holder. Please apply to now
Publishers, PO Box 179, 2600 AD Delft, The Netherlands, www.nowpublishers.com; e-mail:
sales@nowpublishers.com

R
Foundations and Trends
in
Stochastic Systems
Volume 1 Issue 1, 2006
Editorial Board

Editor-in-Chief:
David Yao
IEOR Department
Columbia University
New York, NY 10027-6699
USA
yao@columbia.edu
Editors
Venkat Ananthamram (UC Berkeley)
Soren Asmussen (Lund University/
Aarhus University)
Dimitris Bertsimas (MIT)
Jim Dai (GATech)
Paul Dupuis (Brown University)

Paul Glasserman (Columbia
University)
Peter Glynn (Stanford University)
Debasis Mitra (Bell Laboratories)
Richard Weber (Cambridge
University)

Editorial Scope
R
Foundations and Trends
in Stochastic Systems will publish
survey and tutorial articles in the following topics:

• Brownian Models

• Reliability Theory

• Logistics and Supply Chain
Applications

• Risk Analysis

• Markov Decision Processes

• Stochastic Control

• Mathematical Finance and
Insurance
• Point Processes
• Queuing Theory

• Simulation
• Stochastic Networks
• Stochastic Optimization
• Stochastic Programming
• Telecom and Internet Applications

Information for Librarians
R
Foundations and Trends
in Stochastic Systems, 2006, Volume 1, 4 issues.
ISSN paper version 1551-3106. ISSN online version 1551-3092. Also available
as a combined paper and online subscription.

R
Foundations and Trends
in
Stochastic Systems
Vol. 1, No. 1 (2006) 1–76
c 2007 G. Koole

DOI: 10.1561/0900000002

Monotonicity in Markov Reward and Decision
Chains: Theory and Applications
Ger Koole
Department of Mathematics, VU University Amsterdam, De Boelelaan
1081a, Amsterdam 1081 HV, The Netherlands, koole@few.vu.nl

Abstract
This paper focuses on monotonicity results for dynamic systems that
take values in the natural numbers or in more-dimensional lattices. The
results are mostly formulated in terms of controlled queueing systems,
but there are also applications to maintenance systems, revenue management, and so forth. We concentrate on results that are obtained
by inductively proving properties of the dynamic programming value
function. We give a framework for using this method that uniﬁes results
obtained for diﬀerent models. We also give a comprehensive overview
of the results that can be obtained through it, in which we discuss
not only (partial) characterizations of optimal policies but also applications of monotonicity to optimization problems and the comparison
of systems.
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1
Introduction

Dynamic programming (DP) is a versatile method that can be used to
analyze dynamical systems with a possibly stochastic transition mechanism. Above all, it is a numerical method for so-called Markov decision
chains (MDCs), in which there are actions to be taken. In systems
without actions DP can also be used to ﬁnd performance indicators
(as an alternative to the method that computes the stationary distribution ﬁrst). These systems are called Markov reward chains, where
the reward refers to the performance measure. However, DP can also
be used as a theoretical means to obtain certain properties of Markov
decision/reward chains. That is the subject of this paper.
The focus in this paper is on dynamic programming methods to
obtain monotonicity results for queueing and other types of systems.
The results that we obtain for MDCs can be used to characterize, partially or completely, optimal policies. In the context of Markov reward
chains we obtain certain monotonicity results in the states, which can
then be used in other optimization problems or to compare systems
that, for example, diﬀer in certain parameter values. Relevant results
that are not obtained through DP are mentioned (but not proven) to
give a complete picture.
1

2
Typical Results

This chapter gives an idea of the structural results that can be obtained
with dynamic programming. We discuss two representative models and
their variants and generalizations.

2.1

Server-Assignment Models

Consider the following controlled queueing model. Customers of m
diﬀerent types arrive according to some process at a service station with a single server. Class-i customers require an exponentially distributed service time with parameter µ(i). Each time unit
a class-i customer spends waiting costs c(i), service may be interrupted. How to assign the server as to minimize the long-run average
costs?
The answer to this question is the so-called µc rule: the customers
should be served in decreasing order of µ(i)c(i). When the server is
serving class j and a customer of a class i with µ(i)c(i) > µ(j)c(j)
enters then the service should be interrupted and the server moves to
class i. This result can be shown in a number of ways, one of them
being dynamic programming (DP).
3
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It can be generalized in a number of ways. An example is the criterion: instead of long-run average costs, we can consider expected discounted costs or even the expected costs at some time T . For all these
criteria the µc rule is optimal.
For a number of interesting generalizations, it is convenient to reformulate the original question as follows: what are the conditions to the
model to make that the policy that serves preemptively the customer
with the smallest index ﬁrst is optimal? We just saw that this smallest
index policy (SIP) is optimal in case that µ(1)c(1) ≥ · · · ≥ µ(m)c(m).
Now we add one or more servers. Under the additional assumption
that µ(1) ≤ · · · ≤ µ(m) the SIP is again optimal. This can be proven
with dynamic programming. The proof uses the same techniques as the
proof for the single-server case, and a considerable part is completely
the same. The result holds not only for the linear cost structure, but
also for other objectives. One of the objectives that is allowed is the
time until the system is empty for the ﬁrst time, the makespan. This
shows that the longest expected processing times ﬁrst policy (LEPT)
is optimal for the problem of minimizing makespan. In the case of
linear costs, it follows that the condition µ(1) ≤ · · · ≤ µ(m) allows us
to take the probability that the costs exceed a certain level as direct
costs. Thus, under this assumption, the µc rule not only minimizes the
expected costs at T , but it also minimizes the costs at T in distribution.
A ﬁnal generalization made possible by the condition µ(1) ≤ · · · ≤ µ(m)
is the fact that we can allow a certain dependence of the arrival process on the queue length: the arrival process can also be controlled
using decisions that may depend on the numbers of customers. The
SIP remains optimal. With this we can for example model more than
one server in tandem, in which case SIP should be used at the ﬁnal
server.
Server-assignment models are discussed in detail in Section 9.1.

2.2

Routing Models

Let us look at another type of controlled queueing model, with a single
customer class and two servers. Customers are assigned to a server at
the moment of arrival. We try to minimize the total expected number
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of customers in the system. When service times are exponentially distributed with rate µ(i) for server i, then the optimal routing policy can
be characterized as follows: when the faster server has less or as many
customers in queue as the slower server, then a new arrival should be
assigned to the faster server. This result can also be obtained using
dynamic programming. By symmetry arguments it leads to the send to
the shortest queue policy (SQP) in the case of equal service rates. Our
result, for the asymmetric case, characterizes the optimal policy in half
of all possible conﬁgurations, and can be generalized in a number of
ways (more than 2 queues, ﬁnite buﬀers, other costs and criterion, controlled arrivals, and so forth). But how about the other states, where
the faster server has the longer queue? One would expect that the optimal policy would be monotone in the following way: if in state (x1 , x2 )
(with xi denoting the number of customers at server i) it is optimal
to assign to queue 1, then the same holds true in (x1 , x2 + 1) and
consequently in all states (x1 , x2 + y) with y > 0. This can indeed be
shown using DP arguments. By symmetry arguments this leads to an
increasing switching curve in the (x1 , x2 )-plane indicating the boundary between states where it is optimal to assign to queue 1 or 2. This
result is only proven for 2 queues and a single server at each queue, but
otherwise it can be generalized in many directions. For example, we
can allow for dedicated arrivals streams, ﬁnite buﬀers, and customers
that move from one queue to the other if it is optimal to do so. This
allows us to model the following system: arrivals to queue 1 only, and
the possibility to move queued customers to a second (often slower)
server, but not back. Thus the monotonicity also holds for this system:
it is only optimal to move servers to the slower server when there are
more than a certain number of customers in queue, the threshold.
Threshold policies are best known from one-dimensional controlled
queueing systems, where arriving customers are rejected when the total
number of customers in the system exceeds the threshold. One of the
threshold policies minimizes the weighted sum of rejection and holding costs. The proof of this result is by showing convexity of the socalled dynamic programming value function, as a function of the number
of customers in the system. This convexity also holds for the uncontrolled single-server queue. Actually, a generalization of convexity to
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two-dimensional lattices is at the basis of the threshold result described
above. We saw how this convexity can be used for deriving properties
of the optimal policy. However, it can also be used to compare controlled or uncontrolled queueing systems. As an example, consider two
single-server queues which diﬀer only in their arrival processes. One has
a regular (possibly inhomogeneous) Poisson process as arrival process.
The other has queue has arrival according to a Poisson process with a
lower rate and batch arrivals such that the average number of arrivals
is equal in both queues. It can be shown using DP that the expected
queue length in the queue with batch arrivals is higher. By taking the
right limits this result can be used to show that a ﬂuid queue has a
lower expected workload then the corresponding M/G/1 queue. Crucial
to the proof is the convexity of the value function.
In the next chapter, we start with a discussion of the technical
details of the method, by looking at the M/M/1 queue with admission
control. They are discussed in their full generality in Section 9.3. “Firstorder” results for routing models (such as the optimality of the SQP)
are treated in Section 9.2, “second-order” results (such as the existence
of a switching curve) for two dimensions are discussed in Section 9.5.

2.3

Bibliographical Notes

Over the years a number of overviews of monotonicity results have
appeared. We mention Stidham and Weber [77] and Stidham [75].
Puterman [65] is the standard reference for Markov decision chains.

3
The Framework

In this chapter we introduce the general framework. We start with a
motivating example.

3.1

A Motivating Example

Consider an M/M/1 queue with arrival rate λ and service rate µ. At
each arrival instant we are allowed to reject the arriving customer, at
costs R per rejected customer. On the other hand, every customer in the
system costs 1 per unit of time. What is the policy that minimizes the
long-run average costs? Value iteration, a standard numerical method
from Markov decision theory, combined with uniformization, to make
the continuous-time problem discrete, can be used to solve this problem.
To see how uniformization works, we should realize that in all states
except the empty state 0, there are two events possible: an arrival
(which is possibly rejected), and a departure. In the empty state only
an arrival can occur. If we allow for transitions from a state to itself
then the rate out of each state except 0 is λ + µ. By adding a dummy
of ﬁctitious transition from state 0 to itself with rate µ we ﬁnd that the
rate out of each state is λ + µ, without exception, for every policy. Now
7
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we consider the embedded discrete-time Markov decision chain (MDC)
by looking at the system only at transition instants. They occur according to a Poisson process with rate λ + µ. The instantaneous holding
costs for the embedded chain count for the whole period until the next
transition, and should therefore be multiplied with (λ + µ)−1 .
Now we deﬁne the dynamic programming (DP) value function. Let
Vn (x) be the minimal expected total costs for the embedded decision
chain if there are n more jumps to go, n > 0. We take V0 (x) = 0. Then
we can express Vn (x) in Vn−1 (x) in the following way. First the holding costs until the next jump x/(λ + µ) are incurred. Then one of
two things can happen: a departure, with probability µ/(λ + µ), or
an arrival, with probability λ/(λ + µ). In the former case, we move to
x − 1 (or to x, if x = 0). In the latter case we have to decide whether to
accept the arriving customer. As Vn (x) are the minimal expected total
costs, we can take the expectation with respect to the next state:
Vn (x) =

x
µ
+
Vn−1 ((x − 1)+ )
λ+µ
λ+µ
λ
min{R + Vn−1 (x), Vn−1 (x + 1)}.
+
λ+µ

(3.1)

For each n > 0 and every state x ∈ IN0 there is a minimizing action:
rejection or admission. For ﬁxed n we call this function IN0 →
{rejection, admission} a policy. For n → ∞ this policy converges to the
average optimal policy, that is, the policy that minimizes the long-run
expected average costs (see Section 4.1 for more details). Now consider
threshold policies. A threshold policy is characterized by the fact that
if rejection is optimal in x, then rejection is also optimal in x + 1.
A suﬃcient condition for this is
R + Vn−1 (x) ≤ Vn−1 (x + 1) ⇒ R + Vn−1 (x + 1) ≤ Vn−1 (x + 2).
This is satisﬁed if
R + Vn−1 (x) − Vn−1 (x + 1) ≥ R + Vn−1 (x + 1) − Vn−1 (x + 2),
which is equivalent to convexity on IN0 :
2Vn−1 (x + 1) ≤ Vn−1 (x) + Vn−1 (x + 2).

3.1 A Motivating Example
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The crucial step in showing the optimality of a threshold policy is
showing the convexity of the value function. This convexity holds for
every n, and therefore the average optimal policy is also of threshold
type. The convexity can be proven by induction to n.
The inductive proof consists of proving the induction step for every
component of the value function. Thus, assuming that Vn−1 (x) is convex, we prove that the direct costs x/(λ + µ), the departure term
Vn−1 ((x − 1)+ ), and the arrival term min{R + Vn−1 (x), Vn−1 (x + 1)}
are all convex functions of x. Then we use the fact that convex combinations and sums of convex functions are again convex. From this it
follows that Vn (x) is convex and the induction step is done.
It should be noted that to prove that Vn−1 ((x − 1)+ ) is convex we
also need that Vn−1 (x) is increasing in x.
An important observation is the fact that the proof of the convexity
is largely the same if we change part of the model. Take for example
the uncontrolled M/M/1 queue with linear holding costs. Although
there are no actions, we can again formulate the value function, by
replacing min{R + Vn−1 (x), Vn−1 (x + 1)} by Vn−1 (x + 1) in the value
function (3.1). The convexity and increasingness can again be proven
inductively. What changes are the arguments used for proving the convexity for the arrival term Vn−1 (x + 1).
In this example we clearly see the central role of the functional properties convexity and increasingness, and of propagating these properties
through the building blocks of the value function, which are related to
the possible events in the queueing system. New events can easily be
added by checking whether increasingness and/or convexity propagate.
This way we get a set of events for each set of functional properties.
Each value function then has the properties belonging to the corresponding set of events. Up to now we encountered the events that model
a single server, admission control, and uncontrolled arrivals. The costs
can also be interpreted as an event, as well as taking linear combinations. Now the value function consists entirely of event operators,
and its properties follow directly from the properties of the composing
events. Studying the equivalent discrete-time model becomes almost
trivial: we simply replace the uniformization operator by a concatenation of operators as they occur on the transition times. It follows

10 The Framework
immediately that the results for the continuous-time model hold as
well for this discrete-time model. Many other models can be studied
by adding new events. Events that we consider include: an event for an
environment that allows us to have general arrival processes, controlled
departures, and multiple servers.

3.2

Operators and Events

We now deﬁne formally the operators and the value functions that
we consider. We consider models with m dimensions, often queues,
and a separate environment. The queues take values in IN0 = {0, 1, . . .}.
The same holds for the environment. (Other types of state spaces are
shortly discussed in Chapter 10.) Event operators map a function from
the states to IR to a new function from the states to IR, and value
functions are basically concatenations of event operators. This leads to
the following deﬁnitions.
Deﬁnition 3.1. (States, operators, and value function)
— For some m ∈ IN we deﬁne the state space X = INm+1
;
0
— Let V be the set of functions from X to IR (elements of V can
be thought of as real-valued vectors the size of the state space);
— For some k ∈ IN we deﬁne event operators T0 , . . . , Tk−1 as follows: Ti : V li → V, li ∈ IN, for i = 1, . . . , k;
— The value function Vn for n ∈ IN is deﬁned recursively using
(0)
(k)
the auxiliary Vn , . . . , Vn :
(k)

— Vn

= Vn−1 ;

(j)

(k )

(kl )

— Vn = Tj (Vn 1 , . . . , Vn j ), j = 0, . . . , k − 1, for k1 , . . . ,
klj such that j < k1 , . . . , klj ≤ k;
(0)

— Vn = Vn .

We model (3.1) to make the ideas behind the deﬁnition clear. Take
m = 1. Then the states are two-dimensional: the 0th component is the
environment, the 1st component the actual queue length. Take k = 4,

3.2 Operators and Events
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and deﬁne
x1
+ f (x) (the direct costs),
λ+µ
µ
λ
T1 (f1 , f2 )(x) =
f1 (x) +
f2 (x) (uniformization),
λ+µ
λ+µ
T2 f (x) = f ((x − e1 )+ ) (departures),
T0 f (x) =

and
T3 f (x) = min{R + f (x), f (x + e1 )} (admission control).
(0)

(1)

(1)

Now take Vn = T0 Vn , Vn
(3)
(4)
Vn = T3 Vn . This leads to

(2)

(3)

(2)

(4)

= T1 (Vn , Vn ), Vn

= T2 Vn , and

Vn (x) = T0 (T1 [T2 (Vn−1 ), T3 (Vn−1 )]).

(3.2)

Once written out this is completely equivalent to (3.1), except for the
fact that there is an environment state that remains constant. This will
become relevant as soon as we model non-Poissonian arrival streams.
The central idea of how to use the value function as we deﬁned it
in Deﬁnition 3.1 is summarized in the following theorem:
Theorem 3.1. Let F be some class of functions from X to IR, Vn as
deﬁned in Deﬁnition 3.1, and V0 ∈ F. If, for all i, for f1 , . . . , fli ∈ F it
holds that Ti (f1 , . . . , fli ) ∈ F, then also Vn ∈ F for all n.
We illustrate the use again with the value function (3.1). Take F the
set of increasing and convex functions. It can be shown (see Section 9.3)
that F propagates through the operators T0 , . . . , T3 , as deﬁned below
Deﬁnition 3.1.
Depending on the combination of operators and the results we try to
obtain we use diﬀerent classes of functions. For each class F and operator T we derive the “biggest” F  with F  ⊂ F such that if f1 , . . . , fl ∈ F 
holds that T (f1 , . . . , fl ) ∈ F. This is notated as follows: T : F  → F. Let
us apply this to the queue with admission control. Denote the class of
increasing function with I and the class of convex function with Cx.
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It is shown in Section 9.3 that:
— T0 , T1 , T3 : I → I, Cx → Cx;
— T2 : I → I, I ∩ Cx → Cx.
In fact, for T2 convexity by itself does not propagate: F  should be
restricted to the class of convex and increasing functions. To obtain the
optimality of the threshold policy convexity is suﬃcient, but to propagate this property through T2 we also need I. Luckily, I propagates
through all operators. Thus the class to take is I ∩ Cx, leading to:
— T0 , T1 , T2 , T3 : I ∩ Cx → I ∩ Cx.
Now we can use Theorem 3.1 to show that Vn is increasing and convex.
This shows the optimality of a threshold policy for this model, using
the reasoning on Page 7.
In the next chapters, we will look at diﬀerent groups of classes of
functions. We do this in a systematic way. Chapter 4 deals with the
criteria and the role the environment (the 0th state variable) plays. In
Chapter 5, we deﬁne all the operators we consider, and in Chapter 6
we consider all the inequalities we are interested in, and some of their
relations. In Chapter 7, we consider all operators one by one and we
determine under which addtional conditions the operators preserve the
functional inequalities deﬁned in Chapter 6. In Chapter 8, we determine
for the controlled operators what the consequences are for the optimal
actions as functions of the states (e.g., threshold optimality). Then,
in Chapter 9, we consider sets of functions and determine which set
of operators propagate for each set. As an example, in Section 9.3 we
look at one-dimensional convex functions, for which the model taken
as example in this chapter is the main representative.

3.3

Bibliographical Notes

In several papers unifying frameworks for the study of monotonicity
results have been introduced. Veatch and Wein [81], Glasserman and
Yao [26] and Altman and Koole [6] all consider a class of functions
related to submodularity (see Sections 6.3 and 9.4), resulting in the
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fact that the occurence of an event increases the optimal rate for any
other event. This limits the number of models covered by these papers.
References [6] and [26] both give the score space a central place.
Basically, the score space counts the number of times that diﬀerent
events have occurred, and the actual state is a function of the current
score. As a result, the score space has more dimensions than the state
space. For this reason stronger results can often be obtained by working
directly in the state space. See Section 9.4 for more details.
The current framework was introduced in Koole [40] (where it was
called event-based DP).

4
Criteria and the Environment

The main objective of this paper is to study certain classes of value
functions of the form given in Deﬁnition 3.1, to look which classes
of functions propagate through the operators used in the value functions, in order to obtain Vn ∈ F for certain classes of functions F, using
Theorem 3.1.
In this chapter we look at the relation between the original system
and the value function. That is, we look how the structural result (of
the type Vn ∈ F, or some consequence of that concerning the policy at
stage n) translates back to the original problem, for example in terms
of the average cost long-run optimal policy.
We look at diﬀerent cost criteria, discrete and continuous-time models, and the possibility of an environment (the 0th state variable) that
regulates the rates at which operators occur. We also pay attention to
the special role that direct cost play.

4.1

Cost Criteria and Markov Decision Processes

For the moment we assume a discrete-time setting. In the literature,
we encounter for (controlled) stochastic processes diﬀerent ways to
15
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evaluate performance. Concentrating on costs, we diﬀerentiate between
long-run average costs, long-run discounted costs, total costs over a
ﬁnite (possibly random) horizon, and costs at a (possibly random) time
instant.
We assume that the system under consideration can be described by
a (time-homogeneous) Markov decision chain (MDC) or process. Then
any of the criteria above can be evaluated by the use of a value function
of the following form, n ∈ IN:



p(x, a, y)Vn−1 (y) ,
(4.1)
Vn (x) = min c(x, a) + αn
a∈A

y∈X

with p(x, a, ·) a probability distribution for state x ∈ X and action
a ∈ A, c(x, a) ∈ IR, αn ∈ [0, 1] for all n, and V0 given.
Let us look at the criteria one by one. If αn = 1 and V0 (x) = 0,
then Vn (x) represents the minimal total costs for a horizon of length
n for initial state x ∈ X . On the other hand, if c(x, a) = 0 but V0 (x) =
C(x) for some cost function C, then Vn (x) represents the total minimal
expected costs after n time units.
By choosing all αn = 1 the costs at every time instant are equally
weighted in the total costs. By taking αn < 1 early costs are weighted
more (and vice versa). For a horizon n, costs after k time units are
weighted with a factor αn · · · αn−k+1 . It is common to take αn = α,
costs after k time units are weighted with a factor αk . This is called
discounting, with the interest rate r is related to α as follows: α =
(1 + r)−1 , i.e., r = (1 − α)/α. An alternative way to look at discounting
is as total costs with a random horizon: 1 − αn is the probability of an
horizon of length 1, αn (1 − αn−1 ) is the probability of an horizon of
length 2, etc.
More common objectives are the long-run discounted and long-run
average costs. For αn = α < 1 the value function Vn converges to the
minimal expected long-run discounted costs, under certain conditions.
Discounting can be seen as a random geometrically distributed horizon. If αn = 1 for all n then Vn usually does not converge, not even
for well-constructed models. Instead, Vn+1 (x) − Vn (x) converges to the
minimal long-run average costs, under certain conditions (which are
more restrictive than those for the discounted case). Elaborating on
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these conditions falls outside the scope of this paper; see for example
Puterman [65, Section 8.10] for more details.
It is tempting to derive results only for costs at a ﬁxed horizon, thus
c(x, a) = 0 and V0 (x) = C(x). Results involving (discounted) costs over
multiple periods can then be derived by summing in the adequate way
over the horizon. However, an important complication of using ﬁnitehorizon criteria is the fact that optimal policies depend on the horizon,
they are time-dependent. Thus considering costs at the horizon does
not suﬃce, unless we have a system without actions or if the optimal
policy is the same for all horizons. If the latter is the case then the
policy is called myopic, because the optimal policy for horizon 1 is
optimal for all n.
As an example, consider the queue with controlled admissions of
Equation (3.1), with parameter values λ = µ = 1 and R = 4. For small n
admission is always optimal: the costs of holding a customer in queue
over a short period is cheaper than rejecting a customer. For n = 10
it is optimal to reject in all states except {0, 1, 2}, and from n = 11 on
the optimal policy is equal to the long-run optimal policy: accept only
in states 0 and 1.
However, Equation (3.1), and, in general, the class of value functions
deﬁned in Deﬁnition 3.1, is not in the standard form of Equation (4.1).
But, if we choose the operators Ti of the form:


li 

j
pi (x, a, y)fj (y) , (4.2)
Ti (f1 , . . . , fli )(x) = min ci (x, a) +
a∈Ai

 

j=1 y∈INm
0

with j y pji (x, a, y) = 1, and one operator of the form f → C + αf
then it is possible to choose c and p in (4.1) such that both deﬁnitions
are equivalent (see Theorem 2.2 of [40]).
It is this latter operator that represents the discounting.
Deﬁnition 4.1. The operator Tdisc is deﬁned by:
— Tdisc f (x) = C(x) + αf (x) for some real-valued function C
The current deﬁnition is for a constant discount rate. To model
discount factors that depend on n the operators should depend on n
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as well (or, alternatively, α could depend on the environment, with the
environment “counting” time: see Section 4.2).
As an example of the use of Tdisc , consider Equation (3.1) with
discounting. Then in Equation (3.2) operator T0 gets replaced by Tdisc
with C(x) = x1 /(λ + µ).

4.2

The Environment

Dimension 0 of our state space will be used for the environment. The
environment will allow us to model all kinds of variations in the model.
Examples are server vacations and varying probabilities by which events
occur. As long as the evolution of the environment is not inﬂuenced by
the state of dimensions 1 upto m then all the monotonicity results of
the following chapters still hold.
An important application of an environment is for modeling
continuous-time models with general “inter-event” distributions; see
Section 4.3.
Deﬁnition 4.2. The operator Tenv is deﬁned by:
— Tenv (f1 , . . . , fl )(x) =


y∈IN0

λ(x0 , y)

l


q j (x0 , y)fj (x∗ ),

j=1

where x∗ is equal to x with the 0th component replaced by y.
In this deﬁnition λ(x, y) is the probability with which the environment moves from x to y, and q j (x, y) is the probability of a type j
arrival or mark during such a transition.
In general the monotonicity results do not hold anymore when the
environment depends on the state of dimensions 1 upto m. Counterexamples are easily constructed. However, there is one type of dependency
that can be propagated through certain useful classes of functions, and
that is when the dependence is modeled through actions taken in the
environment. Usually we work in a setting where it is the objective
to minimize costs. The environment can either be cost-minimizing, or
cost-maximizing. The latter situation makes it a zero-sum game. (Note
by the way that there are no methodological objections of including
maximizations in other operators.)

4.3 Continuous Time
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This leads to the following deﬁnitions:
Deﬁnition 4.3. The operators Tmin and Tmax are deﬁned by:


l


j
∗
λ(x0 , a, y)
q (x0 , a, y)fj (x ) ;
— Tmin (f1 , . . . , fl )(x) = min
a

y∈IN0


— Tmax (f1 , . . . , fl )(x) = max
a

4.3

j=1
l


λ(x0 , a, y)


q j (x0 , a, y)fj (x∗ ) .

j=1

y∈IN0

Continuous Time

In this chapter we considered up to now discrete-time models. The
current section will show how these models can be used to model certain continuous-time systems. In the literature there are three diﬀerent
methods by which we can model continuous-time systems in discrete
time: uniformization, discretization, or embedding. We discuss all three,
starting with uniformization (see also Section 3.1). The framework in
which we discuss it is as follows. We assume we have a number of
events (arrivals, departures, and so forth), each controlled by a point
process (or a marked point process, the mark indicating the type of
event). (Note the similarities with semi-Markov (decision) processes.)
The exponential distribution plays a crucial role in uniformization, and
indeed, the simplest case is when the time between two events of the
same type has an exponential distribution, independent of all other
inter-event times, with a parameter depending on the event type, say
λj for event type j. Now the time until the next event is exponentially

distributed with parameter i λi . The probability that the event j hap
pens at a jump time is λj / i λi . This leads to the following operator
that models uniformization, which is actually a special case of Tenv .
Deﬁnition 4.4. The operator Tunif is deﬁned by:
— Tunif (f1 , . . . , fl )(x) =



j p(j)fj (x)

In the deﬁnition, p(j) = λj /



i λi ;

with p(j) > 0 for all j.

normally they would sum to 1.
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The operator Tenv can be used to model systems with general “interevent” distributions. This follows from the fact that Markov Arrival
Processes (MAPs), or marked point processes, can be modeled with
an environment. An MAP is a Markov process that at transitions generates events of diﬀerent types. In the current context these arrivals
generate occurrences of operators operating on dimensions 1 upto m.
It can be shown that the set of MAPs is dense in the class of all
arrival processes. This way monotonicity results for general arrival processes can be obtained, almost without additional eﬀort. What is crucial here is that the events occur independent of the state components
x1 , . . . , xm . Thus, in general, this cannot be applied to departure processes, because when a queue is empty then the departure process is
temporarily stopped. Note that for exponential service times this did
not pose a problem: we worked with a continuing process of potential
departures, that only became real departures when the queue was nonempty. Thus an M/G/1 queue cannot be modeled with this; two parallel
exponential queues (even with dependent arrival processes) can.
Uniformization is an elegant and powerful method, but it has a number of limitations. When used for modeling non-exponential inter-event
times, then the state space has an additional component that can be
computationally burdensome. A way around this is embedding if there
is only one non-exponential inter-event time. Next to that, it is hard to
use uniformization for ﬁnite-horizon models. Then discretization can
be a better alternative. Let us discuss embedding ﬁrst.
Consider a system with a single generally distributed inter-event
distribution and one exponential inter-event distribution. Instead of
approximating the generally distributed inter-event distribution by a
phase-type distribution and making the phase dimension 0, which is
essentially what uniformization does, we can also take the arrival epochs
as the transition epochs of the value function. The consequence is that
between jump times, i.e., during each inter-arrival time, a geometric
number of potential departures occur.
As an example, consider the controlled GI/M/1 queue, the basic
model of Stidham [73]. This can be modeled by


Vn+1 = Tdisc TCA Tunif Vn , TD Vn , TD2 Vn , . . . ,
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with TCA the controlled arrival operator and with TDj the j-fold convolution of the departure operator TD , and with p(j), the coeﬃcient
of TDj Vn , the probability that j (potential) departures occur during an
inter-arrival time. (See Chapter 5 for the deﬁnitions of TCA and TD .)
Embedding can also be useful if the transition rates are unbounded,
as in the M/M/∞ queue. Note that in the M/M/∞ queue there is no
lower bound for the expected time that we stay in a state. Therefore
uniformization cannot be used. A way around is only looking at arrival
instances, again with the consequence that there is a random number
of departures during each period. This approach was used in Hariharan
et al. [30]. In Liang and Kulkarni [49] another approach was chosen for
a retrial queue that can have an unbounded number of customers in
orbit: the total rate out of the orbit is bounded from above.
Uniformization is the obvious choice for long-run average and discounted cost problems. It can also be used for ﬁnite-horizon criteria,
but in that case the total number of jumps becomes ﬁnite and random.
In general, optimal policies depend on the stage n; which n to use?
For this reason we can only use this method for systems in which the
optimal policy does not depend on n, i.e., uncontrolled systems or systems in which the optimal policy is myopic (i.e., for all n equal, see Page
17). An alternative method for non-myopic systems in this case is timediscretization, i.e., looking at the systems at discrete points in time with
short times in between. As the lengths of these intervals approaches 0
the performance approaches that of the continuous-time system. At
the same time the probability of more than 1 event approaches 0. Discretization has an operator equal to uniformization, but with one of
the functions fj equal to the identity function.
There is an important diﬀerence between discounting and embedding in the case of controlled models. Optimal policies depend in general on the entire state. If there is an environment, then there will be
a policy for every state of the environment. In the case of embedding
without environment there will be a single policy.
There is one ﬁnal issue to be discussed concerning continuous-time
systems. There are systems where actions are taken continuously over
time and those where actions are only taken at jump times. To illustrate
the diﬀerent types of actions consider again the queue with admission
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control. The action whether or to admit a customer plays only at the
arrival instant which is a jump moment. Now suppose we can also control the service rate, depending on the number of customers in queue.
It is interesting to consider as well the possibility to change the service
rate between jump times, leading to a situation where one continuously wants to determine the optimal policy. However, uniformization
and embedding do not allow for actions changing inbetween epochs.
Discretization does neither, but the time between decision epochs goes
to 0, thus it approaches continuous control. Note however that for controlled models uniformization is mostly used for the inﬁnite-horizon
criteria. Whether or not the action can be changed between jumps is
not an issue: the optimal policy is time-homogeneous, so there is no
reason to change action between jumps. For the ﬁnite horizon and a
myopic optimal policy there is neither a reason to change actions.

4.4

Bibliographical Notes

Uniformization was ﬁrst used in the setting of proving monotonicity in
Lippman [51]. Serfozo [70] made some useful extensions to this method.
Discretization results that can be applied in the current context were
obtained in Van Dijk [79].
The concept of the controlled environment is introduced in Hordijk
and Koole [33]. Putting this in a game-theory setting, with both minimization and maximization in the same value function, was done in
Altman and Koole [4].
The result that MAPs are dense in the class of all arrival processes
can be found in Asmussen and Koole [11].

5
Operators

In this chapter we deﬁne all operators that are used in the subsequent
chapters. We start by repeating the generic operators from Chapter 4.
Deﬁnition 5.1. We deﬁne the following generic operators, where x∗
is equal to x with the 0th component replaced by y:
— Tdisc f (x) = C(x) + αf (x) for some real-valued function C;
l


λ(x0 , y)
q j (x0 , y)fj (x∗ );
— Tenv (f1 , . . . , fl )(x) =
j=1

y∈IN0





— Tmin (f1 , . . . , fl )(x) = min
a

y∈IN0


— Tmax (f1 , . . . , fl )(x) = max
a

λ(x0 , a, y)


y∈IN0

l



q j (x0 , a, y)fj (x∗ ) ;

j=1

λ(x0 , a, y)

l



j

∗

q (x0 , a, y)fj (x ) .

j=1

Next we deﬁne operators that are used to model arrivals of
customers.
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Deﬁnition 5.2. We deﬁne the following arrival operators, for 1 ≤
i ≤ m:
— TA(i) f (x) = f (x + ei );
— TCA(i) f (x) = min{c + f (x), c + f (x + ei )}, c, c ∈ IR;

(1 − xBi )f (x + ei ) + xBi f (x) if xi ≤ B,
— TFS(i) f (x) =
f (x)
otherwise;

— TCAF f (x) = min{c + f (x), f (x + m
e
)};
i=1 i
— TR f (x) = min1≤i≤m f (x + ei ).
Operator TA(i) models arrivals to dimension (“queue”) i. Depending
on the actual form of the value function, especially the environment,
this can be used to model for example Poisson arrivals. The CA in
TCA(i) stands for “controlled arrivals,” it can be used to model admission control to a queue. TFS(i) is the ﬁnite-source operator to model
Engset-type models. TCAF models controlled simultaneous arrivals
(a “fork”), and TR models routing to one of the queues in I.
Note that the set I can be diﬀerent for every operator (or even every
time an operator is used).
Next we deﬁne operators that are used to model departures of
customers.
Deﬁnition 5.3. We deﬁne the following departure operators, 1 ≤
i ≤ m, and I ⊂ {1, . . . , m} some index set:
— TD1(i) f (x) = f ((x − ei )+ );
— TD(i) f (x) = µ(xi )f ((x − ei )+ ) + (1 − µ(xi ))f (x) with 0 ≤
µ(x) ≤ 1 for all x ∈ IN and µ(0) = 0;


— TPD f (x) = 1≤i≤m µ(i)f ((x − ei )+ ) with 1≤i≤m µ(i) = 1;
— TCD(i) f (x)

 min {c(µ) + µf (x − ei ) + (1 − µ)f (x)} if xi > 0,
= µ∈[0,1]
c(0) + f (x)
otherwise,
with c(µ) ∈ IR for all µ ∈ [0, 1], assuming that the minimum
always exists;
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— TMS f
(x)

 min {µ(j)f (x − ej ) + (1 − µ(j))f (x)} if
j∈I xj > 0,
= j∈I:xj >0
f (x)
otherwise,
for µ(j) ≤ 1;
— TMMS

 s
f (x)

1


(µ(i
)f
(x
−
e
)
+
(1
−
µ(i
))f
(x))
min
ik
k
k



s i1 ,...,is ∈I: k∈I I{ik =j}≤xj

k=1




if
j∈I xj ≥ s,

=
 
 s − j∈I xj


1
xj µ(j)f (x − ej ) + (1 − µ(j))f (x) +
f (x)


s
s

j∈I


otherwise,

for µ(j) ≤ 1.

Operator TD1(i) models a single server. It is a special case of TD(i) ,
where the departure probability is an arbitrary function of the number
of customers xi . This can be used to model for example a multi-server
queue. Sometimes we require additional conditions for the departure
probability function, for example concavity. PD means parallel departures, TPD is in fact of the form Tunif (TD1(1) , . . . , TD1(m) ). TCD(i) is the
controlled departure operator, MS stands for movable server. Finally
MMS stand for multiple movable servers. What makes the deﬁnition of
TMMS complicated is the fact that diﬀerent servers cannot work at the
same customer.
Finally we deﬁne operators for moving from one queue to the next.
Deﬁnition 5.4. We deﬁne the tandem departure operators, for 1 ≤
i ≤ m:

f (x − ei + ei+1(modm) ) if xi > 0,
— TTD1(i) f (x) =
f (x)
otherwise;
f (x)
— TCTD(i)


 min {c(µ) + µf (x − ei + ei+1(modm) ) + (1 − µ)f (x)} if xi > 0,

=

µ∈[0,1]

c(0) + f (x)

otherwise;
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— TTD(i) f (x) =

xi
S f (x

− ei + ei+1(modm) ) +

f (x − ei + ei+1(modm) )

S−xi
S f (x)

if xi < S,
otherwise;

— TMTS f (x)
 m





 min
µ(i, k)f (x − ei + ek )
if
j∈I xj > 0,
= j∈I:xj >0 k=0


f (x)
otherwise,

µ(i,
k)
=
1
for
all
i,
µ(i,
j)
=
0
for
all i and 0 < j <
where m
k=0
i − 1, and e0 = 0.

Operator TTD1(i) is an uncontrolled single server that feeds the next
queue. TTD1(i) feeds queue 1, making a loop possible. TCTD1(i) adds the
possibility of control, TTD(i) multiple servers. TMTS is a generalization
of TMS : it is a movable tandem server. Here µ(i, k) represents the probability that a customer in queue i which is being served moves to queue k.
k = 0 means leaving the system. Note that feedback is possible to lower
numbered queues and the next higher queue.

6
Inequalities

In this chapter we deﬁne all inequalities that we use, and we show
the relations between diﬀerent (combinations of) inequalities. We use
increasing and decreasing in the non-strict sense.
, where the dimensions
All functions we deﬁne have as domain INm+1
0
are numbered 0, . . . , m. Recall that dimension 0 is the environment.

6.1

First-Order Conditions

In this section we deﬁne the ﬁrst-order inequalities.
Deﬁnition 6.1. We deﬁne the following sets of functions:
— f ∈ I(i) if
f (x) ≤ f (x + ei )
for all x ∈ INm+1
, 1 ≤ i ≤ m;
0
— I = I(1) ∩ · · · ∩ I(m);
— f ∈ UI(i) if
f (x + ei+1 ) ≤ f (x + ei )
for all x ∈ INm+1
, 1 ≤ i < m;
0
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— UI = UI(1) ∩ · · · ∩ UI(m − 1);
— f ∈ wUI(i) if
µ(i)f (x + ei+1 ) + (1 − µ(i))f (x + ei + ei+1 )
≤ µ(i + 1)f (x + ei ) + (1 − µ(i + 1))f (x + ei + ei+1 )
for all x ∈ INm+1
, 1 ≤ i < m, for given constants 0 < µ(j) ≤ 1,
0
1 ≤ j ≤ m;
— wUI = wUI(1) ∩ · · · ∩ wUI(m − 1);
— f ∈ gUI(i) if
m

k=0

µ(i, k)f (x + ei+1 + ek ) ≤

m


µ(i + 1, k)f (x + ei + ek ),

k=0

1 ≤ i < m, e0 = 0, for given constants µ(j, k) such that
m
k=1 µ(j, k) = 1, 1 ≤ j ≤ m;
— gUI = gUI(1) ∩ · · · ∩ gUI(m − 1).
The class I speaks for itself: f ∈ I if f is non-decreasing in all
components.
When f ∈ UI then it is advantageous to have customers in highernumbered queues, further down the line in case of a tandem system.
UI stands for “upstream increasing.” It should be noted that
m

UI ∩ I(m) ⊂ ∩ I(i).
i=1

Indeed, summing the last i inequalities of UI and I(m) gives I(m − i).
Another interpretation of UI is that we give priority to serve customers
in low-indexed queues. UI ∩ I is exactly the class of functions characterized by the partial sum ordering of Chang et al. [19]; see Koole [39,
Appendix C].
wUI can be seen as a weighted version of UI. It is equivalent to
µ(i)f (x + ej ) + (1 − µ(i))f (x + ej + ei+1 )
≤ µ(j)f (x + ei ) + (1 − µ(j))f (x + ei + e+1 )
for all 1 ≤ i < j ≤ m. An interesting special case for wUI is f (x) =
m
k=1 c(k)xk , i.e., f is linear. Then the following holds:
f ∈ wUI ⇔ µ(1)c(1) ≥ · · · ≥ µ(m)c(m).

(6.1)
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To interpret gUI we go back to the interpretation of UI of giving priority to serving upstream (low-numbered) queues in a tandem system:
gUI generalizes this to general networks where feedback to all queues is
possible. Queue 0 represents departures (which has nothing to do with
the fact that dimension 0 represents the environment).

6.2

Schur Convexity

The inequalities deﬁned in Deﬁnition 6.1 have a simple interpretation:
less customers is preferable (I) or customers in high-numbered queues
are preferable over customers in low-numbered queues (UI and generalizations). The word “preferable” should be interpreted as “having a
lower value,” as if we try to minimize costs. These conditions do not
take the length of the queue into account. Under UI, even if a highnumbered queue has many customers, adding a customer there is still
preferable over adding a customer to queue 1. In this section, we study
conditions that do take the length into account, that try the balance
the queue lengths in some way.
Deﬁnition 6.2. We deﬁne the following sets of functions:
— f ∈ SC if
f (x + ei ) ≤ f (x + ej )
for all x and i, j with i = j and xi ≤ xj and
f (x + kei ) = f (x + kej )
for all x and i, j with i = j, xi = xj , and all k > 0;
— f ∈ ASC if
f (x + ei ) ≤ f (x + ej )
for all x and i, j with i < j and xi ≤ xj and
f (x + kei ) ≤ f (x + kej )
for all x and i, j with i < j, xi = xj , and all k > 0.
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Thus, if f ∈ SC, then the value of f (x) is lower if x is more balanced.
Note also that f (x) does not change if x is permuted: the order of the
queues does not matter. In Hordijk and Koole [32], it is shown that
SC is actually the class of Schur convex functions. I ∩ SC is the class
of weak Schur convex functions. See Marshall and Olkin [54] for more
information on Schur convexity and the corresponding majorization
ordering.
ASC is a generalization of SC, where we allow asymmetry in the
queues. Now the order does matter. If we require ASC for any possible
ordering of the queues, then it is equivalent to SC. There is no simple
characterization known for ASC (see Müller [57]).

6.3

Convexity

We deﬁne component-wise convexity and related multi-dimensional
second-order properties.
Deﬁnition 6.3. We deﬁne the following sets of functions:
— f ∈ Cx(i) if
2f (x + ei ) ≤ f (x) + f (x + 2ei )
for all x and 1 ≤ i ≤ m;
— Cx = Cx(1) ∩ · · · ∩ Cx(m);
— f ∈ Cv(i) if
f (x) + f (x + 2ei ) ≤ 2f (x + ei )
for all x and 1 ≤ i ≤ m;
— Cv = Cv(1) ∩ · · · ∩ Cv(m);
— f ∈ Super(i, j) if
f (x + ei ) + f (x + ej ) ≤ f (x) + f (x + ei + ej )
for all x and 1 ≤ i < j ≤ m;
— Super = ∩1≤i<j≤m Super(i, j);
— f ∈ Sub(i, j) if
f (x) + f (x + ei + ej ) ≤ f (x + ei ) + f (x + ej )
for all x and 1 ≤ i < j ≤ m;
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— Sub = ∩1≤i<j≤m Sub(i, j);
— f ∈ SuperC(i, j) if
f (x + ei ) + f (x + ei + ej ) ≤ f (x + ej ) + f (x + 2ei )
for all x and 1 ≤ i, j ≤ m, i = j;
— SuperC = ∩1≤i,j≤m:i=j SuperC(i, j);
— f ∈ SubC(i, j) if
f (x + ei ) + f (x + ei + ej ) ≤ f (x) + f (x + 2ei + ej )
for all x and 1 ≤ i, j ≤ m, i = j;
— SubC = ∩1≤i,j≤m:i=j SubC(i, j);
— f ∈ MM(i, j) if
f (x) + f (x + di + dj ) ≤ f (x + di ) + f (x + dj )
for all x and 0 ≤ i < j ≤ m such that x + di , x + dj ∈
, with d0 = e1 , dk = −ek + ek+1 , k = 1, . . . , m − 1, and
INm+1
0
dm = −em ;
— MM = ∩1≤i<j≤m MM(i, j).
Cx and Cv are evidently component-wise convexity and concavity. Next comes super- and submodularity. SuperC and SubC stand
for super- and subconvexity. No appropriate terms existed; the current
names are inspired by (but not exactly the same as) terminology used
in Ghoneim and Stidham [25]. Note that all four properties are symmetric in the two dimensions. Combining the right inequalities implies
component-wise convexity:
Super(i, j) ∩ SuperC(i, j) ⊂ Cx(i)

(6.2)

Sub(i, j) ∩ SubC(i, j) ⊂ Cx(i).

(6.3)

and

This can easily be seen by adding the inequalities.
MM stands for multimodularity. For m = 2 it holds that MM =
Super ∩ SuperC because they consist of exactly the same equations.
For higher dimensions MM consists of more equations.
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Another property related to convexity is directional convexity,
deﬁned next.
Deﬁnition 6.4. A function f is called directionally convex if for all
, y0 = z0 = 0,
x, y, z ∈ INm+1
0
f (x + y) + f (x + z) ≤ f (x) + f (x + y + z).
The class of directionally convex functions is denoted as DC.
There is a simple alternative characterization of directional
convexity:
Cx ∩ Super = DC.

(6.4)

See Koole [44] for a proof.
Note also that DC is weaker than MM for m = 2, using
Equation (6.2). This also holds for general m, see Koole [44].
A two-dimensional function which is in DC but not in SuperC(1, 2)
is f (x) = x1 x2 ; thus Super ∩ SuperC  DC.
In conclusion:
MM ⊂ Super ∩ SuperC  Super ∩ Cx = DC ∩ Cx.

6.4

(6.5)

Bibliographical Notes

MM was introduced in Hajek [29] for the study of assignment rules to
a queue. Its relation to monotonicity results was recognized in Stidham
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DC was, according to Müller and Scarsini [58], introduced in Shaked
and Shanthikumar [71].

7
Propagation Results

In this chapter we combine the operators with the function sets we
just deﬁned. We use the same notation as on Page 11. When we write
T : A → B then we mean to say: if f ∈ A, then T f ∈ B. The ideal
situation is that A = B, but often we need additional inequalities. In
all cases A ⊂ B.
Although we deﬁned concavity, we will not propagate it, we only
use it in the deﬁnition of some of the operators. We focus on convexity,
often in combination with increasingness.
We discuss one by one the diﬀerent sets of operators.

7.1

Environment Operators

Theorem 7.1. The following relations hold:
— Tdisc (with C in the left-sided set), Tenv : I → I, UI → UI,
wUI → wUI, gUI → gUI, SC → SC, ASC → ASC, Cx → Cx,
Super → Super, Sub → Sub, SuperC → SuperC, Sub → Sub,
MM → MM;
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— Tmin : I → I, UI → UI, wUI → wUI when µ(1) ≤ · · · ≤ µ(m),
SC → SC, ASC → ASC;
— Tmax : I → I, UI → UI, wUI → wUI when µ(1) ≥ · · · ≥ µ(m),
SC → SC, ASC → ASC, Cx → Cx.

Thus Tdisc and Tenv are “ideal” in the way we just discussed, i.e.,
T : A → A holds for any combination of sets deﬁned in Chapter 6. Note
that for Tdisc we need in all situations that C ∈ A. The operators Tmin
and Tmax are less “ideal,” T : A → A does not hold in cases where the
inequality has multiple terms on the left- or right-hand side. For details,
see the proof below.
Proof. For all inequalities we deﬁned in Chapter 6 it holds that they
are closed under convex combinations. From this the results for Tdisc
and Tenv follow directly.
Tmin and Tmax are more complicated. Suppose we have ai + bi ≤ ci
for certain numbers ai , bi , and ci . Then mini ai + mini bi ≤ mini ci .
Indeed, suppose j = arg mini ci . Then, mini ai + mini bi ≤ aj + bj =
cj = mini ci . Thus Tmin propagates when the right-hand side of an
inequality consists of one term. By the same argument Tmax propagates when the left-hand side of an inequality consists of a single term.
This explains Tmax : Cx → Cx, and the absence of the same result for
Tmin . (Actually, Tmin : Cv → Cv holds.) It also explains the conditions
for wUI.

7.2

Arrival Operators

Theorem 7.2. The following relations hold, 1 ≤ i, j ≤ m, i = j:
— TA(i) : I → I, UI → UI, wUI → wUI, gUI → gUI, Cx → Cx,
Super → Super, Sub → Sub, SuperC → SuperC, Sub → Sub,
MM → MM;
— TCA(i) : I → I, UI → UI, wUI → wUI when µ(1) ≤ · · · ≤ µ(m),
Cx(i) → Cx(i),
Super(i, j) → Super(i, j),
Sub → Sub,
Super(i, j) ∩ SuperC(i, j) → SuperC(i, j), Super(i, j) ∩ Super
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C(j, i) → SuperC(j, i),
Sub(i, j) ∩ SubC(i, j) → SubC(i, j),
Sub (i, j) ∩ SubC(j, i) → SubC(j, i), MM → MM for i = 1;
— TFS(i) : I → I, Cx → Cx, Super → Super, Sub → Sub;
— TCAF : I → I, Sub(i, j) ∩ SubC(i, j) → Sub(i, j) if m = 2,
SubC(i, j) → SubC(i, j) if m = 2;
— TR : I → I, SC → SC, ASC → ASC, Super(i, j) ∩ Super
C(i, j) ∩ SuperC(j, i) → Super(i, j) if m = 2, Super (i, j) ∩
SuperC(i, j) → SuperC(i, j) if m = 2.
The operator TA(i) propagates through almost all inequalities,
because these inequalities also hold with x replaced by x + ei . The
only exceptions are SC and ASC, because of the additional conditions
on x. The results for TCA(i) are much more limited because of the
minimization. Because the minimization has a certain structure (the
choice between f (x) and f (x + ei )) the results are stronger than for
the general minimization operator Tmin . For TFS(i) only limited results
hold; note that DC also propagates, because of Equation (6.4). It is
interesting to compare this with TCAF . Now Cx does not propagate by
itself; we need the stronger condition Sub ∩ SubC, from which convexity follows. The last operator, TR , propagates through Schur convex,
supermodular, and superconvex functions.
Proof. For TA(i) all the mentioned inequalities still hold when
translated by ei .
TCA(i) can be written as Tmin (TA (i), I), with I the identity operator.
Thus all results that hold for Tmin and for TA (i) hold for TCA(i) as well.
Additionally, due to the special structure of TCA(i) , certain convexity
results hold as well. We prove TCA : Cx → Cx. We need to check the
diﬀerent possibilities for the minimizers in x and x + 2ei , denoted by a1
and a2 , respectively. The only non-trivial case is a1 = a2 . It is readily
seen that 2 min{c + f (x + ei ), c + f (x + 2ei )} ≤ c + f (x + ei ) + c +
f (x + 2ei ), which corresponds to the case that a1 corresponds to admission and a2 to rejection, and 2 min{c + f (x + ei ), c + f (x + 2ei )} ≤
c + f (x) + c + f (x + 3ei ) (by using convexity twice), which corresponds to the remaining case (which in fact cannot occur, as we will
see later).
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To prove TCA(i) : Super → Super, we need to show:
TCA(i) f (x + ei ) + TCA(i) f (x + ej )
≤ TCA(i) f (x) + TCA(i) f (x + ei + ej ).
If the optimal actions on the right-hand side are the same, for example,
rejection, then the inequality follows easily by induction:
TCA(i) f (x + ei ) + TCA(i) f (x + ej )
≤ c + f (x + ei ) + c + f (x + ej )
≤ c + f (x) + c + f (x + ei + ej )
= TCA(i) f (x) + TCA(i) f (x + ei + ej ).
When the optimal action are diﬀerent then we should be more careful.
If admission is optimal in x and rejection in x + ei + ej then we have:
TCA(i) f (x + ei ) + TCA(i) f (x + ej )
≤ c + f (x + ei ) + c + f (x + ei + ej )
= TCA(i) f (x) + TCA(i) f (x + ei + ej ).
If rejection is optimal in x and admission in x + ei + ej then we have,
by using induction twice:
TCA(i) f (x + ei ) + TCA(i) f (x + ej )
≤ c + f (x + 2ei ) + c + f (x + ej )
≤ c + f (x) + c + f (x + 2ei + ej )
= TCA(i) f (x) + TCA(i) f (x + ei + ej ).
For proving that Sub propagates we refer to Lemma 3.1 of [6]. Now
consider the ﬁrst inequality of SuperC. Again, the case that the optimal
action for the right-hand side are equal is simple. Assume they are
diﬀerent. If rejection is optimal in x + ej then it suﬃces to show
f (x + 2ei ) + f (x + ej ) ≤ f (x + ej ) + c + f (x + 3ei ).
This holds as it is the sum of SuperC and SuperC with x replaced by
x + ei . In case admission is optimal in x + ej then the actions in the
left-hand side can be chosen such that an equality results. Consider
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the second inequality of SuperC, and the case that the optimal actions
at the right-hand side are diﬀerent. If rejection is optimal in x then
it suﬃces to have Cx(j). This explains why we require Super next to
SuperC. If admission is optimal in x then we can choose the actions
at the left-hand side such that is the sum of both inequalities from the
deﬁnition of SuperC.
For the proof of TCA(1) : MM → MM we refer to [44].
Proving TFS(i) : I(i) → I(i) means showing:
(Bi − xi )f (x + ei ) + xi f (x) ≤ (Bi − xi − 1)f (x + 2ei )
+(xi + 1)f (x + ei )
for xi ≤ Bi . This holds indeed for f ∈ I(i). For xi > Bi the inequality to
show is Bi f (x) ≤ Bi f (x + ei ), which holds by induction. TFS(i) : I(j) →
I(j) is trivial to show.
TFS(i) : Cx(i) → Cx(i) is, for xi ≤ Bi , equivalent to:
2(Bi − xi − 1)f (x + 2ei ) + 2(xi + 1)f (x + ei )
≤ (Bi − xi )f (x + ei ) + xi f (x) + (Bi − xi − 2)f (x + 3ei )
+ (xi + 2)f (x + 2ei ),
which holds trivially for f ∈ Cx. For xi > Bi the inequality follows
directly by induction. TFS(i) : Cx(j) → Cx(j) is trivial to show. The
proofs for Super and Sub are similar.
Consider TCAF and Sub(i, j). The only interesting cases arise when
the optimizing action in the right-hand side of Sub(i, j) are diﬀerent.
Consider the case where TCAF f (x + ei ) + TCAF f (x + ej ) = c + f (x +
2ei + ej ) + f (x + ej ). Then
TCAF f (x) + TCAF f (x + ei + ej )
≤ c + f (x + ei + ej ) + f (x + ei + ej )
≤ f (x + 2ei + ej ) + f (x + ej ),
the last inequality by Equation (6.3).
We continue with SubC(i, j). It is equal to:
f (x + ei + ej ) − f (x) ≤ f (x + 2ei + ej ) − f (x + ei ).
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Note that x + ei + ej − x = x + 2ei + ej − (x + ei ) = ei + ej . Thus if
rejection is optimal in x, i.e., f (x + ei + ej ) − f (x) ≥ c, then it is also
optimal to reject in x + ei , because of SubC. Thus there is only one
possibility for which the actions on the right-hand side of SubC(i, j)
are diﬀerent: admission in x, rejection in x + ei . Then
TCAF f (x + ei ) + TCAF f (x + ei + ej )
≤ c + f (x + 2ei + ej ) + f (x + ei + ej )
= TCAF f (x) + TCAF f (x + 2ei + ej ).
The property TR : I → I is easy to prove. For ASC → ASC we refer
to [32]. SC → SC is a special case of ASC → ASC. The other results
for TR can be found in [40].

7.3

Departure Operators

Theorem 7.3. The following relations hold, 1 ≤ i, j ≤ m:
— TD(i) : I → I, I ∩ UI → UI for i = m, I(i) ∩ Cx(i) → Cx(i)
if µ(x) ∈ I ∩ Cv, Cx(j) → Cx(j) for j = i, Super → Super,
Sub → Sub;
— TD1(i) : I → I, I ∩ UI → UI for i = m, I(i) ∩ Cx(i) → Cx(i),
Cx(j) → Cx(j) for j = i, Super → Super, Sub → Sub,
SuperC(j, k) → SuperC(j, k) (j, k = i), I(i) ∩ SuperC(i, j) →
SuperC(i, j) (j = i), Cx(j) ∩ SuperC(j, i) → SuperC(j, i), Sub
C(j, k) → SubC(j, k) (j, k = i), I(i) ∩ SubC(i, j) → SubC(i, j)
(j = i), Cx(j) ∩ SubC(j, i) → SubC(j, i), UI ∩ MM → MM for
i = m;
— TPD : I → I, UI → UI, I ∩ SC → SC for µ(i) = µ(j),
I ∩ ASC → ASC if µ(i) ≥ µ(j) if i < j, I(i) ∩ Cx(i) → Cx(i),
Cx(j) → Cx(j) for j = i, Super → Super, Sub → Sub,
SuperC(j, k) → SuperC(j, k) (j, k = i), I(i) ∩ SuperC(i, j) →
SuperC(i, j) (j = i), Cx(j) ∩ SuperC(j, i) → SuperC(j, i), Sub
C(j, k) → SubC(j, k) (j, k = i), I(i) ∩ SubC(i, j) → SubC(i, j)
(j = i), Cx(j) ∩ SubC(j, i) → SubC(j, i), UI ∩ MM → MM for
i = m;
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— TCD(i) : I → I if c(0) = minµ∈[0,1] c(µ), I ∩ UI → UI for
i = m if c(0) = minµ∈[0,1] c(µ), Cx(i) → Cx(i), Super(i, j) →
Super(i, j), Sub → Sub if c(0) = minµ∈[0,1] c(µ), Cx(i) ∩
SuperC(i, j) → SuperC(i, j), Super(i, j) ∩ SuperC(j, i) →
SuperC(j, i), Cx(i) ∩ SubC(i, j) → SubC(i, j), Sub(i, j) ∩
SubC(j, i) → SubC(j, i), MM → MM for i = m;
— TMS : I → I, wUI → wUI for µ as in TMS , Super ∩ SuperC →
Super for m = 2 and µ(1) = µ(2), SuperC → SuperC for m = 2
and µ(1) = µ(2);
— TMMS : I → I, I ∩ wUI → wUI for µ as in TMMS and µ(i) ≤
µ(j), i < j ∈ I.
Note that TD1 is a special case of TD . The results of the form I ∩
Cx ∩ SuperC → SuperC imply I ∩ Super ∩ SuperC → SuperC, but we
prefer this more general formulation (because I ∩ Super ∩ SuperC ⊂
I ∩ Cx ∩ SuperC), although in the models of the next sections we use
SuperC mostly in combination with Super.
Also for TPD many results follow directly, as TPD can be seen as
a combination of Tunif and TD1(i) . Only the results for SC and ASC
do not follow from results for Tunif and TD1(i) , and therefore need a
separate proof.
Proof. Consider TD(i) . The increasingness, UI, Cx(j) (j = i),
Super(j, k) and Sub(j, k) (j, k = i) follow readily, without further conditions on the form of µ(x). We prove Cx(i). We write µ̄(x) = µ̄ − µ(x).
Using that µ ∈ Cv and f ∈ I in the ﬁrst inequality and f ∈ Cx in the
last inequality we ﬁnd:
2TD f (x + ei ) = 2µ(xi + 1)f (x) + 2µ̄(xi + 1)f (x + ei )
≤ [µ(xi ) + µ(xi + 2)]f (x)
+ [µ̄(xi ) + µ̄(xi + 2)]f (x + ei )
= 2µ(xi )f (x) + (µ(xi + 2) − µ(xi ))f (x + ei )
+ 2µ̄(xi + 2)f (x + ei ) + (µ̄(xi ) − µ̄(xi + 2))f (x)
≤ µ(xi )f (x − ei ) + µ(xi + 2)f (x + ei ) + µ̄(xi )f (x)
+ µ̄(xi + 2)f (x + 2e2 )
= TD f (x) + TD f (x + 2ei ).
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We continue with Super(i, j). We have to diﬀerentiate between
µ(x) ≤ µ(x + ei ) and µ(x) > µ(x + ei ). The ﬁrst case follows readily,
for the second case we use that
f (x + ej ) − f (x) ≤ f (x + ei + ej ) − f (x + ei )
≤ (x + 2ei + ej ) − f (x + 2ei ).
The ﬁnal inequality to prove is Sub(i, j). Its proof is similar to that of
Super(i, j).
For TD1(i) many results are already covered by TD . The rest follows
easily. For the last result concerning MM we refer to [44].
For TPD we only need to show the results for SC and ASC (the
others follow from the results for other operators). For the proofs we
refer to [32].
For TCD we should, as for TCA , consider the diﬀerent possibilities
for the minimizer at the right-hand side of the inequality.
Finally, for the proofs of I and wUI for TMS and TMMS we refer
to [33]. The proofs for Super and SuperC for TMS can be found in [28]
or [17].

7.4

Transfer Operators

Finally we consider the operators that model customer transfers from
one queue to the other.
Theorem 7.4. The following relations hold, 1 ≤ i ≤ m:
— TTD1(i) : I → I, UI → UI for i < m, UI ∩ MM → MM for i < m,
UI ∩ Cx ∩ Super → Cx for i < m, UI ∩ Cx ∩ Super → Super
for i < m;
— TCTD(i) : I → I if c(0) = minµ∈[0,1] c(µ), UI → UI for i < m,
MM → MM;
— TTD(i) : I → I, UI → UI for i < m, UI ∩ Cx ∩ Super → Cx for
i < m, UI ∩ Cx ∩ Super → Super for i < m;
— TMTS : I → I, gUI → gUI for µ as in TMTS .

Proof. For the proofs for TTD1(i) , TCTD(i) , and TTD(i) we refer to [44].
For the proofs for TMTS we refer to [39, 42].

8
Monotonicity of Control

Certain combinations of operators that have some form of control and
inequalities give structural results about the optimal policies, seen as
functions of the state.

8.1

Arrival Operators

Theorem 8.1. For the minimizer a(x) in TCA(i) f (x) (action 0 is rejection, 1 is acceptance) holds:
—
—
—
—

If f ∈ Cx(i) then a(x) is decreasing in xi ;
If f ∈ Super(i, j) then a(x) is decreasing in xj ;
If f ∈ Sub(i, j) then a(x) is increasing in xi ;
If f ∈ SuperC(i) then a(x) is decreasing in the direction ei − ej .

If f ∈ Cx(i) then a policy as in Theorem 8.1 is called a threshold
policy, with the threshold the level of component i at which the policy switches from 1 to 0. Note that the threshold can be diﬀerent for
all values of xj , j = i. If f ∈ Super(i, j) then the threshold for admitting a class-i customer is in component j. Let m > 1. Let f ∈ Cx(i),
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and consider the thresholds in i as a function of xj . This is called a
switching curve. If f ∈ Cx ∩ Super = DC then the switching curve is
decreasing. If f ∈ Super ∩ SuperC, then the switching curve is even
strictly decreasing (until it reaches 0).
Note that the latter result also holds for f ∈ MM, thanks to Equation (6.5). For f ∈ Sub ∩ SubC the switching curve is increasing.
Proof. f ∈ Cx(i) means that f (x + ei ) − f (x) is increasing in xi . As
TCA(i) f (x) = f (x) + min{c, c + f (x + ei ) − f (x)}, this means that if
a(x) = 0, then a(x + ei ) = 0 as well. The other results follow in a
similar way.

Theorem 8.2. In case m = 2, then for the minimizer a(x) in TCAF f (x)
(action 0 is rejection, 1 is acceptance) holds that it is decreasing in xi
if f ∈ SubC(i, j).
The proof of Theorem 8.2 is similar to that of Theorem 8.1
If f ∈ SubC = SubC(i, j) ∩ SubC(j, i), then a(x) is decreasing in x1
and x2 and it follows that a decreasing switching curve exists.

8.2

Departure Operators

Theorem 8.3. For the minimizer µ∗ (x) in TCD(i) f (x) holds:
—
—
—
—

If f ∈ Cx(i) then µ∗ (x) is increasing in xi ;
If f ∈ Super(i, j) then µ∗ (x) is increasing in xj ;
If f ∈ Sub(i, j) then µ∗ (x) is decreasing in xi ;
If f ∈ SuperC(i) then µ∗ (x) is increasing in the direction
ei − ej .

The proof is similar to that of Theorem 8.1.
It depends on the form of c(µ) whose values of µ can be minimizer.
If c is linear then only 0 and 1 need to be considered. Then, for each
of the results, there is a single threshold. If c is for example piecewise
linear and convex, then all discontinuities are possible minimizers, and
there is a threshold for each value.
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Theorem 8.4. If f ∈ wUI, then
— TMS f (x) is minimized by minj {xj > 0}, for x = 0;
 k −1
xn < k ≤
— TMMS f (x) is minimized by i1 , . . . , is such that in=1
ik
n=1 xn , 1 ≤ k ≤ s, for |x| > s.
The result follows immediately from the condition wUI. In other
words, it says that if f ∈ wUI, then the task (tasks) with the lowest
index (indices) should be served.

8.3

Transfer Operators

Theorem 8.5. For the minimizer µ∗ (x) in TCTD(i) f (x) holds:
— If f ∈ SuperC(i, (i + 1) mod m) then µ∗ (x) is increasing in xi ;
— If f ∈ SuperC((i + 1) mod m, i) then µ∗ (x) is decreasing in
xi+1 .

The same remarks as for Theorem 8.3 apply.
Theorem 8.6. If f ∈ gUI, then TMTS f (x) is minimized by minj {xj >
0}, for x = 0.
This result follows immediately from the form of gUI. Again the job
with the lowest index should be served.

9
Models

In this chapter we consider diﬀerent sets of functions, consisting of
intersections of the sets deﬁned in Chapter 6. For each set we consider
all operators that propagate through this function set. These operators
together can be used to build models.
We also give references to the literature, showing which papers are
covered by the results.

9.1

First-Order Conditions

In this section, we consider sets of functions that are characterized by
one of the properties wUI or gUI. The central operators are those that
assign the server(s) to the available tasks. A characteristic result is the
optimality of the µc rule.

Theorem 9.1. The following hold, for 1 ≤ i ≤ m:
— TA(i) , TCA(i) (with µ(1) ≤ · · · ≤ µ(m)), TMS , Tdisc , Tenv , Tmin
(with µ(1) ≤ · · · ≤ µ(m)), Tmax (with µ(1) ≥ · · · ≥ µ(m)):
wUI → wUI;
45

46 Models
— TA(i) , TCA(i) (with µ(1) ≤ · · · ≤ µ(m)), TMS , TMMS (with µ(1) ≤
· · · ≤ µ(m)), Tdisc , Tenv , Tmin (with µ(1) ≤ · · · ≤ µ(m)), Tmax
(with µ(1) ≥ · · · ≥ µ(m)): I ∩ wUI → I ∩ wUI;
— TA(i) , TMTS , Tdisc , Tenv : gUI → gUI,
where the µs in the inequalities are equal to the µs in the movable
server operators.
The proof is a direct consequence of results in Chapter 7.
From combining operators Tdisc , TA(i) , and TMS with Equation (6.1)
and Theorem 8.4 the optimality of the µc rule follows. This was ﬁrst
shown in Buyukkoc et al. [18] and Baras et al. [12].
In our deﬁnition of TMS we did not allow for idleness unless x = 0. If
we assume that f ∈ I then it is easy to show that idleness is suboptimal.
Adding TMMS gives the model of Chang et al. [19]. The extra condition µ(1) ≤ · · · ≤ µ(m) makes that the optimal policy starts with the
task with the longest expected processing times ﬁrst. This policy is commonly known as LEPT. An interesting cost function in this context is
II{|x| > 0}. It can be veriﬁed that II{|x| > 0} ∈ I ∩ wUI. Thus one of
the consequences of Theorem 9.1 is that LEPT minimizes the expected
time to empty a system without arrivals. In Hordijk and Koole [33]
other cost functions are considered, and also the use of the operator
Tmin .
Now consider the models with feedback using TMTS . Then we ﬁnd
the model of Nain [59, Sec. 3], Koole [38] (extended in [39], see also
[42]), and Weishaupt, [84, Sec. 3].
An important application of the results for TMTS is the special case
where the direct costs in Tdisc is equal to |x| or −|x|, and µ(i, j) is only
positive for j = i − 1 and i + 1, and increasing or decreasing in i.
Let all customers arrive in queue 1 (or m), and let the queue index
represent the phase of the time that a customer spends in the system.
Then, using limiting results of phase-type distributions, we can model
G/G/1 queues with general service disciplines. In addition to that, if
the service time distribution has an increasing (decreasing) hazard rate,
then the approximating phase-type distributions are such that the consecutive phases have increasing (decreasing) service rates (Koole [38]).
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Two service disciplines are of interest to us: the LAST (the policy
that serves the customer(s) with the least attained service time(s))
and the MAST (the policy that serves the customer(s) with the most
attained service time(s)). The following corollary is a consequence of
Theorem 9.1 and the phase-type results of [38].
Corollary 9.1. The average number of customers in a G/G/1 queue
is:
— minimized (maximized) by LAST in case of service times with
a decreasing (increasing) hazard rate;
— minimized (maximized) by MAST in case of service times an
increasing (decreasing) hazard rate.
As an example, take µ(i, i − 1) > 0, increasing in i and arrivals in
queue m. This way we model services with a decreasing hazard rate
(DHR). For cost function −|x| it follows from Theorem 9.1 that it is
optimal to serve the lowest numbered task available, which is the one
with the most service phases yet. It follows thus that MAST minimizes
−|x| and therefore maximizes |x| in the case of DHR service times.
The G/G/1 queue with LAST discipline is also called Foreground–
background queue; see Nuyens and Wierman [62] for an overview of
results on this queue.
The results of Corollary 9.1 can also be found in Righter and Shanthikumar [67].
We summarize this section by giving a list of function sets and the
references that deal with these sets using dynamic programming:
• wUI: [12], [18], [33], [19];
• gUI: [38], [42], [59], [84].
An interesting generalization of the models of this section (especially
the ones without feedback) is to a ﬁnite source of m customers each
having their own parameters. Thus xi ∈ {0, 1} denotes whether customer i is present or not. For this new operator the results for I ∩ wUI
propagates if λ(1) ≤ · · · ≤ λ(m), with λ(i) the arrival rate of customer i
if xi = 0. For more details see Koole and Vrijenhoek [47] and Koole [42].
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9.2

Schur Convexity

In this section we consider sets of functions that are characterized
by Schur convexity. The central operator is the routing operator TR .
A characteristic result is the optimality of the join-the-shortest-queue
policy, a result ﬁrst obtained, using a completely diﬀerent method, by
Winston [85].
Theorem 9.2. The following hold, for 1 ≤ i, j ≤ m:
— Tdisc , Tenv , Tmin , Tmax , TR , TPD with µ(i) = µ(j): I ∩ SC →
I ∩ SC;
— Tdisc , Tenv , Tmin , Tmax , TR , TPD with µ(i) ≥ µ(j) if i < j: I ∩
ASC → I ∩ ASC.
The proof follows directly from the results in Chapter 7.
The ﬁrst result of Theorem 9.2 shows that routing to the shortest
queue is optimal in the case of symmetric servers. The second concerns asymmetric servers and shows that, while choosing between two
servers, it is better to assign to the faster one if there are also less
customers at that queue. No results are given in case the faster server
has more waiting customers; it only partially characterizes the optimal
policy. Note also that the ﬁrst result is a special case of the second, by
reordering the queues.
Several generalizations of these results are possible, including ﬁnite
buﬀers and dedicated arrivals to the queues, as long as the arrival rates
are equal (in the SC case) or lower for queues with lower indices (in the
ASC case). Finite buﬀers can be included by adding high costs for every

customer that exceeds the buﬀer constraint, of the form K m
k=1 (xk −
+
B) , which B the size of the buﬀers. Note that this function is SC.
Of course some form of admission control should be used to avoid that
the number of customers might exceed mB. This can be modeled using
T min, for example by including T min(I, TR ) in the value function. For
B = 1 the result for ASC reduces to sending to the fastest available
server. TR can also be extended to include ﬁnite buﬀers of diﬀerent
sizes. For more details, see Hordijk and Koole [32].
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Further generalizations include multi-server queues, server rates
depending on other queue lengths, etc. See Johri [35], Menich and Serfozo [55], and Koole [39] for more details.
A list of function sets and papers, all using dynamic programming,
is as follows:
• I ∩ SC: [31, 32], [39], [55];
• I ∩ ASC: [32], [39].
Generalizing the optimality of shortest-queue routing to nonexponential service times appeared to be quite complicated. See Koole
et al. [46] and references therein.
An interesting related result using SC but for a continuous state
space is the one in which we consider the workload in parallel queues.
We formulate the complete value function. With un we denote the nth
interarrival time, numbered backwards, and with F the distribution
function of the service time. Then the DP equation for the workloads
reads:
 ∞

Vn ((w + sej − un e)+ )dF (s) .
Vn+1 (w) = min
1≤j≤m

0

Similar equations as for the case with queue lengths hold for the workload

 case:
Vn (w + sej )dF (s) for wi ≤ wj ;
Vn (w + sei )dF (s) ≤
Vn (w) = Vn (w )

for w a permutation of w;

Vn (w) ≤ Vn (w + se1 )

(9.1)

for s ≥ 0.

Equation (9.1) shows that routing to the queue with the shortest workload is optimal. This equation should not be confused with Vn (w +
sei ) ≤ Vn (w + sej ) for some or all s. Having the integral inside the
minimization means that the routing decision is made not knowing
the service time of the arriving customer, which is crucial to obtain
the optimality result. The proof is straightforward (and can be found
in [39]).

9.3

Convexity in One Dimension

In this section we deal with convexity results for m = 1.
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Theorem 9.3. The following hold, for m = 1:
— Tdisc , Tenv , Tmax , TA(1) , TCA(1) , TFS(1) , TCD(1) : Cx → Cx;
— Tdisc , Tenv , Tmax , TA(1) , TCA(1) , TFS(1) , TD(1) with µ(x) ∈
I ∩ Cv, TD1(1) , TCD(1) with c(0) = minµ∈[0,1] c(µ): I ∩ Cx →
I ∩ Cx.
This result is a direct consequence of Theorems 7.2 and 7.3. For
TCA(1) and TCD(1) the optimality of threshold policies follow from Theorem 8.1.
Note the diﬀerences between the two expressions in Theorem 9.3.
If we require that the value function, and therefore also the direct
costs, are convex and increasing then we can allow for uncontrolled
departures. One-dimensional models with convex cost functions have
been studied extensively, mainly to obtain the optimality of threshold
policies. The results go back to Lippman [51]. See also Stidham [73] and
Ramjee et al. [66]. All these results fall within the current framework.
There is no intuitive reason that convexity is necessary to obtain
the optimality of threshold policies, but for the current line of proof
convexity is necessary. In Stidham and Weber [76] another method is
used to obtain threshold optimality, requiring only increasing direct
costs.
Our results obtained so far are only valid if the direct costs C ∈ Cx
or C ∈ I ∩ Cx. Often used cost functions are x and (x − s)+ , the latter
in the case that TD models an s-server system. These functions are
both increasing and convex. Through Little’s law that is equivalent to
minimizing the average system or waiting time.
An example of a non-increasing cost function is C(x) = −I{x1 >
0}r + cx, where r the reward rate for service to customers and c is the
holding cost rate. This is the second model of Lippman [51].
An important question is whether the value function is also convex
when the service rates in the operator TD are not concave. This is
relevant to call centers, where waiting customers abandon, usually at a
higher rate than the service rate. This leads to a service rate of µ(x) =
min{s, x}µ + (x − s)+ γ, with γ the abandonment rate. This function is
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concave iﬀ µ ≥ γ. When γ > µ then it is possible to construct numerical
counterexamples for the convexity using a value function of the form
Tcosts Tunif (TA(1) , TD(1) ).
We give a list of function sets and papers in which the models of
this section are used. Note that when costs are replaced by rewards
then Cx becomes Cv:
• Cx: [40], [51];
• I ∩ Cx: [40], [73, Sec. 1], [74, Sec. III.B].

9.4

Convexity in Multiple Dimensions

In this section we deal with convexity results that hold for arbitrary m.
Theorem 9.4. The following relations hold, for 1 ≤ i ≤ m:
— Tdisc , Tenv , TA(i) , TCA(i) , TCD(m) , TCTD(i) : MM → MM;
— Tdisc , Tenv , TA(i) , TCA(i) , TD1(m) , TCD(m) with c(0) =
minµ∈[0,1] c(µ), TTD1(i) for i < m: I ∩ UI ∩ MM → I ∩ UI ∩
MM;
— Tdisc , Tenv , TA(i) , TD(m) with µ(x) ∈ I ∩ Cv, TTD1(i) for i < m,
TTD(i) for i < m: I ∩ UI ∩ Cx ∩ Super → I ∩ UI ∩ Cx ∩
Super;
— Tdisc , Tenv , TA(i) , TCA(i) , TFS(i) , TD(i) , TD1(i) , TCD(i) with c(0) =
minµ∈[0,1] c(µ): Sub → Sub.
Observe that TTD1(i) and TD1(m) are special cases of TTD(i) and
TD(m) . Thus controlled operators are possible on the strong condition
(see Equation (6.5)) that the costs are multimodular. If we add UI
then also uncontrolled single-server queues can be added to the model.
Uncontrolled multi-server queues can be studied using the weaker property of directional convexity (which is equal to Cx ∩ Super) combined
with UI. Note that we have no results for Tmin and Tmax .
The results for MM can be found in Weber and Stidham [83]. The
results involving UI can be found in Koole [44].
The models propagating Sub at ﬁrst sight do not seem particularly
interesting: all allowable operators only depend on a single dimension,
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and therefore there seems to be no correlation between the queues,
other then through the control. However, by interpreting the state as
counting events rather than being the underlying state this model can
lead to interesting results for relevant models, using only TCA(i) . The
underlying state is a function of the event counts, the scores.
As an example, consider a model with arrivals in k queues at the
same time and k single-server queues. The objective is to minimize the
maximum queue length, arrivals and departures are controlled. We take
m = k + 1, dimension i counts departures from queue i, 1 ≤ i ≤ k, and
dimension k + 1 counts the arrivals. The underlying state is (xk+1 −
x1 , . . . , xk+1 − xk ). We take as direct costs xk+1 − min1≤i≤k xi plus a

component to avoid negative queue lengths, ki=1 (xi − xk+1 )+ K, with
K
0. Note that both are in Sub. This result shows that the optimal
action of any of the events is increasing in any other event (and that
an event is decreasing in its own event).
Another example is a system with controlled arrivals to k queues
and a controlled departure operator that takes an item from each of
the queues. Now the underlying state is (x1 − xk+1 , . . . , xk − xk+1 ).
To avoid negative state components we now take cost component
k
+
i=1 (xk+1 − xi ) K, which is again Sub. This model has been studied
in Benjaafar and ElHafsi [14] (they work in the underlying state space).
The interpretation is that each queue contains inventory of parts of a
certain type, and satisfying demand requires an item of each type.
The score state approach was introduced in Glasserman and Yao
[26, 27], see also Altman and Koole [6].
Weber and Stidham [83] and Veatch and Wein [81] work in the
state space, but they consider submodularity in the transitions (called
transition-monotonicity). For the controlled tandem model of [83], Sub
in the direction of the transitions is equivalent to MM in the state
space. A three-dimensional model that combines aspects of a tandem
system and arrivals in multiple queues is Miyoshi et al. [56].
Although elegant, proving transition-monotonicity (with or without working in the score space) strongly limits the number of models
that can be dealt with. The results can always obtained by working directly with the states; the reverse is not true. But the conditions in the state space can be quite complicated. In conclusion:
when transition-monotonicity holds for a particular model then it is an
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elegant way to derive monotonicity results. In other cases one should
work directly in the state space.
We conclude the section with a list of function sets and papers in
which they are used:
•
•
•
•

9.5

MM: [44], [83];
I ∩ UI ∩ MM: [44];
I ∩ UI ∩ DC: [44] (in which DC is called vector convexity);
Sub (in the transitions/scores): [6], [14], [26, 27], [56], [81],
[83].

Convexity in Two Dimensions

The results of Section 9.4 hold also for m = 2. However, additional
results can be obtained for two dimensions. Remember that MM =
Super ∩ SuperC for m = 2, and that DC = Cx ∩ Super. We focus on
results that include I. The main consequences of not having I is that
uncontrolled departures or transfers are not allowed, but direct costs
need not necessarily be increasing. In [40], both function sets with and
without I are studied. We neither consider UI.
Theorem 9.5. The following relations hold, for 1 ≤ i ≤ 2:
— Tdisc , Tenv , TA(i) , TCA(i) , TFS(i) , TD(i) , TD1(i) , TCD(i) with c(0) =
minµ∈[0,1] c(µ): I ∩ Super → I ∩ Super;
— Tdisc , Tenv , TA(i) , TCA(i) , TFS(i) , TD(i) , TD1(i) , TCD(i) with c(0) =
minµ∈[0,1] c(µ): I ∩ Cx ∩ Super → I ∩ Cx ∩ Super;
— Tdisc , Tenv , TA(i) , TCA(i) , TR , TD1(i) , TCD(i) with c(0) =
minµ∈[0,1] c(µ), TCTD(i) with c(0) = minµ∈[0,1] c(µ): I ∩ Super ∩
SuperC → I ∩ Super ∩ SuperC;
— Tdisc , Tenv , TA(i) , TCA(i) , TFS(i) , TCAF , TD(i) , TD1(i) , TCD(i) with
c(0) = minµ∈[0,1] c(µ): I ∩ Sub → I ∩ Sub;
— Tdisc , Tenv , TA(i) , TCA(i) , TFS(i) , TD(i) , TD1(i) , TCD(i) with c(0) =
minµ∈[0,1] c(µ): I ∩ Cx ∩ Sub → I ∩ Cx ∩ Sub;
— Tdisc , Tenv , TA(i) , TCA(i) , TCAF , TD1(i) , TCD(i) with c(0) =
minµ∈[0,1] c(µ): I ∩ Sub ∩ SubC → I ∩ Sub ∩ SubC.
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The most interesting set of models is the one with function set I ∩
Super ∩ SuperC. The models include the routing model of Hajek [28]
(essentially consisting of TR and TD1(i) ) and the server assignment
model of Lin and Kumar [50] (consisting of TA(1) , TCTD(1) and TD1(i)
for i = 1, 2).
Many researchers have attempted to generalize [28] and [50] to
more than two servers in total, either by taking more than two singleserver queues or by taking multi-server queues. In de Véricourt and
Zhou [22] the errors in the papers who claimed to do this are shown.
That an approach using some of our inequalities does not work can
be seen as follows. We start the work of Hajek [28], in which characterizing operators are TR and TD1(i) . According to Theorem 7.2 we
need Super ∩ SuperC and m = 2 to obtain convexity results for TR .
However, as can be seen in Theorem 7.3, we were not able to propagate TD(i) for SuperC. This explains why we cannot combine TR and
TD(i) in our model. The situation for Lin and Kumar [50] is similar
but a little more complicated. Because TD1(1) is one of the operators, we cannot use UI. Thus taking I ∩ UI ∩ DC as in Theorem 9.4
is not an option, thus we have to rely on one of the cases of Theorem 9.5. However, neither of these allow for TCTD(1) and TD(i) at the
same time.
A third paper using I ∩ Super ∩ SuperC is Weber and Stidham [83].
They consider a cycle of queues described by TA(1) , TA(2) , TCTD(1) , and
TCTD(1) . They also consider a tandem system, replacing TCTD(2) by
TD1(2) .
For models with multi-server queues we have only a limited number of operators to choose from. The trunk reservation model of Altman et al. [2] and Örmeci et al. [64] contains only TCA(i) and TD(i)
with direct costs (b1 x1 + b2 x2 − B)+ K to model a buﬀer that limits the overall number of jobs. According to Theorem 9.5 I ∩ Cx ∩
Super is the appropriate model (extending the results of [2]), showing the existence of decreasing switching curves for each type of calls
(which was already obtained in Ross and Tsang [68], using a diﬀerent
method, and for a restricted set of policies). Ni et al. [61] addresses
the interesting problem of determining eﬃciently the switching
curves.
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Next is a list with function sets discussed in this section and papers
in which they are used:
•
•
•
•

I ∩ Cx ∩ Super: [2], [63], [64];
I(1) ∩ SuperC(1, 2): [49];
Super ∩ SuperC: [72] (on ZZ2 ), [17];
I ∩ Super ∩ SuperC: [1, Sec. 10.6.2], [25], [28], [30], [40], [50],
[83].

Suk and Cassandras [78] study a two-dimensional model with TA(i)
and TMS and ﬁnite buﬀers. This is equivalent to TCA(i) and TMS and
non-linear costs C. As C ∈ wUI Theorem 9.1 cannot be used. [78,
Lemma 2] propagates a functional property that is equal to SuperC
if µ(1) = µ(2) (actually, Super is needed as well, but this is not mentioned in the paper).

10
Other State Spaces

In this overview we focused on the state space INm
0 , although we
could introduce ﬁnite buﬀers in certain models by adding functions


+
+
of the form
i (xi − Bi ) K or ( i xi − B) K to the direct costs.
Then any controlled operator in which costs are minimized will avoid

going to states with xi > Bi or
i xi > B as long as K is big
enough.
In this chapter we discuss brieﬂy models with other state spaces.
Our ﬁrst model has state space {0, 1}m . We use operator
TPD and a new controlled routing operator of the form min{b +
f (x), minj:xj =0 {f (x + ej }}. Thus it is possible to reject arrivals, at cost
b; otherwise we have to assign the arrival to one of the empty queues. If
we assume that µ(1) ≥ · · · ≥ µ(m) then I ∩ ASC ∩ Super propagates,
now deﬁned on the new state space {0, 1}m . From ASC it follows that
if assignment is optimal then the customer should be assigned to the
fastest available server. Super shows that assignment is less likely to
be optimal if more servers are occupied; this is relevant if there are
multiple arrival operators having diﬀerent rejection costs. This result
was ﬁrst derived in [39], and is a generalization of results in Derman
et al. [23].
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Another interesting model with state space {0, 1}m and function set
I ∩ wUI has been discussed at the end of Section 9.1.
In some situations it is also useful to have negative queue lengths,
for example in situations where the components model inventory of
parts and where backorders are possible. When xi > 0, item i is on
stock; xi < 0 denotes the number of backorders. In the papers dealing
with these models threshold policies are often called hedging policies,
terminology introduced in Kimemia and Gershwin [36], in the context of
a ﬂexible manufacturing system with unreliable machines. An example
of a paper containing a monotonicity result is Song and Sun [72], in
which Super ∩ SuperC is propagated on ZZ2 and direct convex costs
taking its minimum at 0. Other examples are Benjaafar and ElHafsi [14,
Section 3.3] (see Section 9.4) and Benjaafar et al. [13].
An interesting extension of Markov decision processes is to models
where the state is not observed. In this situation actions cannot be
based on the actual state, but on the information that is available on
the state, the so-called information state. In general these are distributions on the underlying states. However, special cases exist for which
the information states have some nice structure. Several monotonicity results for these models have been obtained in the literature. We
mention some of these papers, without going into details.
One example is Kuri and Kumar [48] which considers the symmetric routing model of Section 9.2, which was characterized by SC, but
with a delay in the queue length information. They show that for a
delay of 1 routing to the shortest queue is still optimal; for delay 2 or
longer counterexamples exist. Both Altman and Nain [7] and Altman
and Koole [5] consider a queue with some form of admission control
and delayed information. Beutler and Teneketzis [15] generalize some
models characterized by I ∩ Super ∩ SuperC to partial information.
Artiges [10] extends the routing model of Hajek [28] to a delay of 1.
A general framework for partially ordered state spaces and two actions
is given in Altman and Stidham [8].
Koole [41] considers a piece of equipment (e.g., a ﬁre detector) which
has an exponentially distributed lifetime. As long as we do not check
its condition our knowledge about it is summarized by the probability
it is up (or, equivalently, its lifetime). This probability is the state of
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the process, thus X = [0, 1]. An action might be to check whether it is
functioning and replace it when necessary. After the check, the state
is 1. It is shown in [41] that below a certain threshold probability we
replace the piece of equipment.

11
Comparing Systems

Structural properties of value functions can be used to compare
diﬀerent systems. In this section we focus on systems that diﬀer in
one or more operators, but for which the form of the value function is
the same. Typical examples are comparing systems with batch arrivals
versus arrivals one at a time, and comparing systems which diﬀer in
one or more parameters (such as the arrival or departure rate). We will
see that for comparing systems or to prove montonicity in a parameter
we often need convexity in the state.
We will focus on systems in which only dimension 1 is treated differently. For this reason we omit the subscript “(1)” from most of the
notation. e.g., we write TA instead of TA(1) .

11.1

Comparing Diﬀerent Arrival Processes

Next to the value function Vn , deﬁned by the operators Ti , we now
have a second value function Vn that diﬀers from Vn only in the fact
that Ti is replaced everywhere by Ti , for all i. We would like to show
Vn (x) ≤ Vn (x) for all x and n, for well-chosen Ti and Ti . To do this it
suﬃces to prove, for functions f and f  , that Ti f ≤ Ti (f  ) follows from
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f ≤ f  . To show this, we usually need an extra condition of the form f
or f  ∈ F, with F typically Cx or I ∩ Cx.
The prime application of this idea is to compare the regular arrival
operator TA f (x) = f (x + e1 ) with a batch arrival operator TA f (x) =
∞
∞
∞
k=0 pk f (x + ke1 ), with
k=0 pk = 1. Deﬁne p̄ =
k=0 kpk .
The basis of the comparison results is the following lemma. Note
that all comparisons of vectors and functions are componentwise.
Lemma 11.1. For functions f and f  it holds that:
— f ≤ f  ⇒ T f ≤ T f  for T ∈ {Tenv , Tmax , Tmin , TA , TFS , TCA , Tdisc ,
TD , TCD };
— f ≤ f  , f ∈ Cx, p̄ = 1 ⇒ TA f ≤ TA f  .

Proof. The ﬁrst statement is trivial. The second follows from Jensen’s
inequality and the ﬁrst statement:
TA f (x) ≤ TA f (x) ≤ TA f  (x).
In case p̄ > 1, then the proof continues under the additional condition that f or f  ∈ I.
A simple direct consequence of the ﬁrst statement of Lemma 11.1
is in comparison with time, i.e., in the subscript n of Vn .
Lemma 11.2. Let Vn be a value function deﬁned using operators for
which Lemma 11.1 holds. Then
V0 ≤ V1 ⇒ Vn ≤ Vn+1 .
Often we take V0 = 0. Then V0 ≤ V1 is equivalent to requiring nonnegative direct costs.
An important implication of Lemma 11.1 is that it allows us to
compare queueing models with their ﬂuid limits. Indeed, if we interpret x as a measure of the load in the system, and a batch as the
workload of an arrival in the original queueing system, then the results
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compare approximations of the ﬂuid limit and the original queue. For
more details, see Altman et al. [3].
The intuition behind Lemma 11.1 is that systems behave “better”
when the arrival streams are less peaked. Another situation where
this occurs is when there are multiple peaked streams (i.e., on–oﬀ
processes): the superposition of processes smoothes out the peaks.
To study this, consider two value functions that diﬀer in one operator that models two uniformized on–oﬀ processes (there are possibly
other operators modeling other on–oﬀ processes). Abusing notation
a little, we assume that the environment variable takes values in
{0, 1}2 (of course, this can simply be mapped into a one-dimensional
variable), representing the states of both on–oﬀ processes. These is
one operator T0/1T representing the transitions of the two on–oﬀ
processes, possibly resulting from uniformization. For simplicity we
assume both on–oﬀ processes have the same parameters: with probability γ1 (γ0 ) each process goes to (stays in) state 1 (0), and thus
2(γ0 + γ1 ) = 1:
T0/1T f ((a, b), i) = γ0 f ((0, b), i) + γ0 f ((a, 0), i)
+ γ1 f ((1, b), i) + γ1 f ((a, 1), i).
Deﬁne another operator T0/1A modeling the arrivals generated by the
on–oﬀ processes: λk is the probability that an arrival is generated by
on–oﬀ process k, if it is in state 1. With λ1 + λ2 = 1 this leads to
T0/1A f ((a, b), i) = λ1 f ((a, b), i + II{a = 1})
+ λ2 f ((a, b), i + II{b = 1}).
We assume that λ1 ≤ λ2 .
Consider also a second operator Vn , which diﬀers from Vn only in the
arrival probabilities λi : λ1 < λ1 . Because also λ1 + λ2 = 1, λ2 > λ2 .
Intuitively speaking, the Vn process is more balanced than the Vn process, because the arrival probabilities are closer.
Let π(0) (π(1)) be the stationary probability that any of the on–
oﬀ processes is in state 0 (1). We deﬁne the ordering ≺0/1 as follows:
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f ≺0/1 f  if
π(0)2 f ((0, 0), i) + π(1)2 f ((1, 1), i + j + k + l)
+ π(0)π(1)[f ((1, 0), i + j) + f ((0, 1), i + j + k)]
≤ π(0)2 f  ((0, 0), i) + π(1)2 f  ((1, 1), i + j + k + l)
+ π(0)π(1)[f  ((1, 0), i + j) + f  ((0, 1), i + j + k)]
for all i, j, k, l ∈ IN0 .
Lemma 11.3. For functions f and f  it holds that:
— f ≺0/1 f  , f ∈ Cx ⇒ T f ≺0/1 T  f  for T ∈ {T0/1T , T0/1A };
— f ≺0/1 f  ⇒ T f ≺0/1 T  f  for T ∈ {Tdisc , Tenv , TA , TD , TCD }.

Proof. The proof of the ﬁrst expression is similar to the proof of
Lemma 4.3 of [45]. The second expression is trivial to show.
Lemma 11.3 can be used as follows. By taking j = k = l = 0 in the
ordering, we ﬁnd f ((X, Y ), i) ≤ f ((X, Y ), i) for X and Y , the states of
on–oﬀ process 1 and 2, stationary.
Consider now two systems with K on–oﬀ processes, with arrival


λ(k) = λ (k) = 1. Let λ
probabilities the vectors λ and λ with
and λ diﬀer in only two entries, with λ more “balanced” than λ . Now
Lemma 11.3 can be applied. By repeating this we ﬁnd an ordering
between pairs of λ and λ : λ ≺ λ if we can construct one from the
other by repeatedly changing two entries. This ordering is exactly the
Schur convex ordering of Marshall and Olkin [54], see Section 6.2. This
leads to the following:
Corollary 11.1. Consider two value functions Vn and Vn consisting of
Tdisc , Tenv , T0/1T , T0/1A , TA , TD with λ ≺ λ and direct costs C ∈ I ∩ Cx
then Vn (i) ≺0/1 Vn (i).
Note that we need C ∈ I as TD is part of the value function. This
corollary is a generalization of results in Koole and Liu [45].

11.2 Monotonicity in Parameters

11.2
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Monotonicity in Parameters

Increasingness in a parameter value is often easy to show. Take an
M/M/1 queue as example. That the average costs are increasing in the
arrival rate can simply be shown by induction, under the condition that
the direct costs are increasing. Showing convexity is more challenging.
In what follows we deﬁne the diﬀerent operators that we consider
and we prove ﬁrst the increasingness of the value function. This will
be an excellent preparation of the main objective of this paragraph:
proving convexity of the value function in the parameter value(s).
We will compare systems with diﬀerent arrival rates and diﬀerent
number of servers. We extend TA and TD as follows as to make this
possible. Let S be the upper bound of the number of servers.
Deﬁnition 11.1. We deﬁne:
— TA(λ) = λf (x + e1 ) + (1 − λ)f (x) for 0 ≤ λ ≤ 1;
— TD(µ) = µf ((x − e1 )+ ) + (1 − µ)f (x) for 0 ≤ µ ≤ 1;
— TD(s) = [min{x1 , s}f (x − e1 ) + (S − min{x1 , s})f (x)]/S.
The equivalent of Lemma 11.1 for the operators just deﬁned is as
follows.
Lemma 11.4. For functions f and f  it holds that:
— f ≤ f  , f or f  ∈ I ⇒ TA(λ) f ≤ TA(λ+δ) f  ;
— f ≤ f  , f or f  ∈ I ⇒ TD(µ+δ) f ≤ TD(µ) f  ;
— f ≤ f  , f or f  ∈ I ⇒ TD(s+1) f ≤ TD(s) f  .

Proof. Using f ≤ f  and then f  ∈ I we ﬁnd:
TA(λ) f (x) = λf (x + e1 ) + (1 − λ)f (x)
≤ λf  (x + e1 ) + (1 − λ)f  (x)
≤ (λ + δ)f  (x + e1 ) + (1 − λ − δ)f  (x)
= TA(λ+δ) f  (x).
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By starting with λf (x + e1 ) + (1 − λ)f (x) ≤ (λ + δ)f (x + e1 ) + (1 −
λ − δ)f (x) and then using f ≤ f  we need f  ∈ I instead of f  ∈ I. The
other two statement are hardly more complicated to prove.
Next we move to convexity. We cannot prove it directly, we need
another condition. For this, we introduce the following notation:
∆1 f (x) = f (x + e1 ) − f (x). In what follows we will regularly use conditions of the form ∆1 f ≤ ∆1 f  which are to be considered componentwise. Thus ∆1 f ≤ ∆1 f  is equivalent to
f  (x) + f (x + e1 ) ≤ f (x) + f  (x + e1 )
for all x. Note the equivalence with supermodularity as it is introduced
in Section 6.3: when we take f  (x) = f (x + e2 ) then both deﬁnitions
are equivalent.
The following lemma is crucial in proving convexity.
Lemma 11.5. For functions f and f  it holds that:
— ∆1 f ≤ ∆1 f  ⇒ ∆1 T f ≤ ∆1 T f  for T ∈ {Tdisc , Tenv , TA , TFS ,
TD };
— ∆1 f ≤ ∆1 f  , f or f  ∈ Cx ⇒ ∆1 TA(λ) f ≤ ∆1 TA(λ+δ) f  ;
— ∆1 f ≤ ∆1 f  , f or f  ∈ Cx, f  ∈ I ⇒ ∆1 TD(µ+δ) f ≤ ∆1 TD(µ) f  ;
— ∆1 f ≤ ∆1 f  , f or f  ∈ Cx, f  ∈ I ⇒ ∆1 TD(s+1) f ≤ ∆1 TD(s) f  .

Proof. The ﬁrst statement follows directly because the operators in
{Tdisc , Tenv , TA , TFS , TD } all have the same transitions, independent of
the values of the function to which they are applied (which is for example not the case with Tmax : the actual transition depends on the values
in the states that are reachable).
The second statement, written out, is equivalent to a convex combination of ∆1 f (x) ≤ ∆1 f  (x), ∆1 f (x + e1 ) ≤ ∆1 f  (x + e1 ) and
f  (x + e1 ) + f (x + e1 ) ≤ f (x) + f  (x + 2e1 ),
which is the sum of the following two inequalities:
2f  (x + e1 ) ≤ f  (x) + f  (x + 2e1 )

(11.1)
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and
f  (x) + f (x + e1 ) ≤ f (x) + f  (x + e1 ),
which are exactly the conditions. Instead of the convexity of f  the
convexity of f can be used together with f  (x + e1 ) + f (x + 2e1 ) ≤
f (x + e1 ) + f  (x + 2e1 ).
Proving the third statement is a little bit more involved. We make a
distinction between x1 = 0 and x1 > 0. When x1 = 0, ∆1 TD(µ+δ) f (x) ≤
∆1 TD(µ) f  (x) reduces to
(1 − µ − δ)f (x + e1 ) + (1 − µ)f  (x)
≤ (1 − µ − δ)f (x) + (1 − µ)f  (x + e1 ),
which is the sum of
(1 − µ − δ)f (x + e1 ) + (1 − µ − δ)f  (x)
≤ (1 − µ − δ)f (x) + (1 − µ − δ)f  (x + e1 )
and
δf  (x) ≤ δf  (x + e1 ).
The ﬁrst is equivalent to ∆1 TD(µ+δ) f (x) ≤ ∆1 TD(µ) f  (x), the second
is f  ∈ I. Now consider x1 > 0. Writing out the inequality leads to a
convex combination of ∆1 f (x) ≤ ∆1 f  (x), ∆1 f (x − e1 ) ≤ ∆1 f  (x − e1 )
and
f (x) + f  (x) ≤ f  (x + e1 ) + f (x − e1 ).
The last inequality follows in the same way as (11.1).
Proving the fourth statement is again more involved. Consider ﬁrst
the case 0 < x1 < s (the case x1 = 0 is trivial). Then ∆1 TD(s+1) f (x) ≤
∆1 TD(s) f  (x) is equivalent to a convex combination of ∆1 f (x) ≤
∆1 f  (x) and
f  (x − e1 ) + f (x) ≤ f (x − e1 ) + f  (x).

(11.2)

The latter inequalities hold by induction. Now consider x1 = s. Then
we have a combination of ∆1 f (x) ≤ ∆1 f  (x), (11.2), and f  (x − e1 ) ≤
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f  (x), which is where we need f ∈ I. Finally, consider x1 > s. Then we
get a combination of ∆1 f (x) ≤ ∆1 f  (x), (11.2), and
f  (x) + f (x) ≤ f (x − e1 ) + f  (x + e1 ).
The proof of the latter inequality is equivalent to that of (11.1).
Now we are in a position to prove convexity in the arrival rate and
the number of servers.
Lemma 11.6. For functions f , f  , and f  it holds that:
— 2f  ≤ f + f  ⇒ 2T f  ≤ T f + T f  for T ∈ {Tenv , Tmax , TA , TFS ,
Tdisc , TD };
— 2f  ≤ f +f  , f, f  , f  ∈ Cx, ∆1 f ≤ ∆1 f  ≤ ∆1 f  ⇒ 2TA(λ+δ) f  ≤
TA(λ) f + TA(λ+2δ) f  ;
— 2f  ≤ f + f  , f, f  , f  ∈ Cx, ∆1 f ≤ ∆1 f  ≤ ∆1 f  , f, f  ∈ I ⇒
2TD(µ+δ) f  ≤ TD(µ) f + TD(µ+2δ) f  ;
— 2f  ≤ f + f  , f, f  , f  ∈ Cx, ∆1 f ≤ ∆1 f  ≤ ∆1 f  , f, f  ∈ I ⇒
2TD(s+1) f  ≤ TD(s) f + TD(s+2) f  .

Proof. The proof of the ﬁrst statement, for all but Tmax , follows from
the fact that 2f  ≤ f + f  is preserved under linear combinations. It
is readily seen that also maximization is preserved. This does not hold
for minimization, the reason why Tmin , TCD , and TCA are excluded.
Using 2f  ≤ f + f  it follows that 2TA(λ+δ) f  ≤ TA(λ+δ) f +
TA(λ+δ) f  . Thus it suﬃces to show
TA(λ+δ) f + TA(λ+δ) f  ≤ TA(λ) f + TA(λ+2δ) f  .
Writing out this inequality shows that it is equivalent to ∆1 f ≤ ∆1 f  ,
the second statement.
For the third statement we have to show
TD(µ+δ) f + TD(µ+δ) f  ≤ TD(µ+2δ) f + TD(µ) f  .

(11.3)

When x1 = 0, then (11.3) reduces to an equality. When x1 > 0, then it
gives out
f (x) + f  (x − e1 ) ≤ f (x − e1 ) + f  (x),
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which follows from ∆1 f ≤ ∆1 f  .
To prove the last statement, we have to show that
TD(s+1) f + TD(s+1) f  ≤ TD(s+2) f + TD(s) f  .

(11.4)

Consider ﬁrst x1 ≤ s. Then (11.4) is an equality. Next consider x1 =
s + 1. Then (11.4) reduces to f (x − e1 ) ≤ f (x). Finally consider x1 >
s + 1. Then (11.4) reduces to f (x) + f  (x − e1 ) ≤ f (x − e1 ) + f  (x),
as in the proof of the third statement.

Theorem 11.7. Value functions consisting of operators from
the set {Tenv , TA(λ) , TFS , Tdisc with C ∈ I ∩ Cx, TD with µ(x) ∈ I ∩
Cv}, TD(µ) , TD(s) } are increasing and convex in the arrival rate, departure rate, and/or number of servers, assuming V0 = 0.
Proof. According to Theorem 9.3 the value functions are convex and
increasing. Lemmas 11.1 (ﬁrst statement) and 11.4 combined to show
the increasingness in the arrival rate, departure rate, and/or number of
servers. The convexity in these parameters follows from Lemmas 11.5
and 11.6.
Of course the initial condition V0 = 0 can be weakened.
How can Theorem 11.7 be used? As an example, suppose we have a
number of service centers, each of which can be modeled as an M/M/s
queue. The question is how to allocate the total pool of servers to the
service centers as to minimize the total expected number of customers
in the system. Note that this, thanks to Little’s law, is equivalent to
the expected time customers spend in the system. C(x) = x is a linear
increasing cost function, and thus we can apply Theorem 11.7. First
we should assign as many servers to each queue as to make it stable,
otherwise the objective is ∞. The remaining servers are assigned one by
one in a greedy way, where the objective is minimized the most. Thanks
to the convexity the return of adding servers to a queue is deminishing.
Therefore the greedy assignment algorithm leads to a globally optimal
assignment.
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An interesting variant to this problem is considering expected waiting times instead of sojourn or system times. Now the direct costs
become C(x) = (x − s)+ , depending on s. Denote this dependence by
Cs (x). Thus for this choice Lemmas 11.5 and 11.6 should be extended to
diﬀerent operators Tdisc . It is readily seen that we need ∆1 Cs+1 ≤ ∆1 Cs
and 2Cs+1 ≤ Cs + Cs+2 to make these lemmas work. Both inequalities
hold, and therefore the average waiting times are also convex in the
parameters.
In many applications, especially in call centers, it is of interest to
look at functions of the waiting time distribution diﬀerent from just
looking at the expectation. The simplest and best known example is
the probability that the waiting time exceeds a number t. Consider
the case t = 0. Then the direct costs are as follows: C(x) = II{x ≥ s}.
This function is clearly not convex in x, thus our methods cannot be
applied to this system. The question that remains is whether some
structural result holds for the stationary M/M/s queue as a function
of s. Using analytical techniques Jagers and van Doorn [34] have shown
that for the stable stationary M/M/s queue IP(Wq ≤ t) is increasing
concave in s.
An interesting question is whether there is a functional of the waiting time which is convex in x and more sensitive than the expected waiting time. In Koole [43] such a cost function is proposed: IE(Wq − t)+ .
Using a coupling argument it can indeed be seen that this cost function
is convex in x.
Another interesting question is whether the results on TD(s) can be
extended to abandonments. This can indeed be done, as long as the
abandonment rate is lower than the service rate.
Finally, we pose ourselves the question whether some results hold
for operators that are excluded from the comparison. For example: is
the stationary queue length in the M/M/1 queue with admission control convex in the arrival rate? The answer to this intriguing question is
no, see Varga [80] for a counterexample. The intuition behind the counterexample is as follows. The threshold is decreasing in λ (the arrival
rate). For every ﬁxed threshold level the value function is convex. The
minimum of these functions is the value function of the queue with
admission control. The minimum of a number of convex functions need

11.3 More-Dimensional Models

71

not be convex, and numerically it was shown in [80] that this is indeed
not the case.

11.3

More-Dimensional Models

Up to now we dealt elaborately with the comparison of diﬀerent systems
for one-dimensional systems. These results were mainly based on the
convexity of the value function in a certain parameter. These results
can be cast in a multi-dimensional setting for those cases where the
convexity holds, i.e., where we have MM or DC, or Sub and SubC in
the case of two-dimensions.

11.4

Bibliographical Notes

Many monotonicity results for one-dimensional queueing systems can
be found in Liyanage and Shanthikumar [53]. See Armony et al. [9]
for recent results on M/M/s queues with impatient customers. For
the Erlang blocking model with multiple customer classes we refer to
Nain [60] and Ross and Yao [69]. These papers use stochastic orders,
combined with sample path arguments.
Independently, Çil et al. [21] have developed a similar framework
as the one described in this section to study convexity of the value
function in several parameters of one-dimensional systems, notably the
arrival rate, the service rate, and the buﬀer size. Fu et al. [24] already
showed the submodularity of the queue length of the M/G/s queue
in the state and the number of servers, using dynamic programming.
They apply this to a transient staﬃng problem.

12
Conclusions and Future Research Directions

This chapter describes and categorizes the state of the art of dynamic
programming monotonicity results for multi-dimensional discrete-event
systems. It also makes the analysis of new models much simpler. Results
for already analyzed operators can be used, and for each function class
of Chapter 9 it can be seen if the model ﬁts in. In the remainder of
this ﬁnal chapter, we discuss the limitations of the methods, alternative
methods, and possible future research directions.
The best known alternative to DP is stochastic coupling. The central idea is that trajectories of the process, using diﬀerent initial states
and/or policies, are compared. An elegant proof using this method of
the optimality or routing to the shortest queue, the symmetric routing model of Section 9.2, can be found in Walrand [82]. Trajectories
under two diﬀerent policies are coupled such that arrivals occur at
the same time, as do departures from the longer queues and departures from the shorter queues. Using forward induction in time it can
be shown that the trajactory under shortest-queue routing has at all
times less customers in the system and a shorter longest queue (i.e., is
smaller in the Schur convex sense).
Coupling has several advantages and disadvantages. An advantage
is that it is easier to deal with general service times. On the other hand,
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convexity results are harder to derive and are diﬀerent to come with a
formal framework; interchange arguments remain partly intuitive and
are therefore hard to check. For an overview of the method and an
attempt to formalize it, see Liu et al. [52].
A few other methods are used as well. Stidham and Weber [76] use
an intriguing argument to determine the average-cost optimal policy in
a single queue with not necessarily convex costs. Their method involves
the total costs until state 0 is reached. Blanc et al. [16] have a twodimensional model with a concave cost function. Their method involves
the partial construction of the solution of the dynamic programming
equation.
Evidently there are many models that fall outside the techniques
discussed so far, and even if a model falls within, then the optimal
policy is often very complicated and only partially speciﬁed (for example, an increasing switching curve). For this reason many authors have
studied optimal policies for some related simpler model, such as a ﬂuid
limit. Often this leads to gross oversimplications. The study by Chen
et al. [20] is an example where this is not the case.
A major disadvantage of DP is the fact that the results we prove for
Vn have to hold for all n. It is by taking limits that we obtain results for
long-run average and thus also stationary situations. Thus any result
that holds only in the stationary situation cannot be obtained directly
by DP. A possible solution is to consider IEVn (X) for X stationary (for
1 or more components) instead of Vn (x) for every x. That is the method
that is used successfully in Section 11.1 to analyze systems with different on–oﬀ arrival processes. It is to be seen whether this method is
useful for a wider class of problems. Problems that can potentially be
solved by an extension of this method are Klimov’s problem (an extension of the single-server general-routing model of Section 9.1, see [37])
and bandit problems.
An open problem that is central to the method is the extension
of the results in [28, 50] to more than two servers. It is explained in
Section 9.5 why this cannot be done directly. However, it is generally believed that the convexity and threshold results should still hold
for more than two servers. A valid proof of this would be a major
breakthrough.
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Current reserach attention has shifted partially from obtaining theoretical monotonicity results to applications such as the comparison of
systems, see Çil et al. [21]. Further comparison results can certainly
be obtained. Also the relation between the partial characterization of
optimal policies and adaptive control (e.g., the control of systems where
certain parameters are unknown) needs further exploration.
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