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We study the expected delay in cyclic polling models with general ‘branching-type
service disciplines. For this class of models, which contains models with exhaustive and
gated service as special cases, we obtain closed-form expressions for the expected delay
under standard heavy-traffic scalings. We identify a single parameter associated with the
service discipline at each queue, which we call the ‘exhaustiveness. We show that the
scaled expected delay figures depend on the service policies at the queues only through the
exhaustiveness of each of the service disciplines. Thisimplies that the influence of different
service disciplines, but with the same exhaustiveness, on the expected delays at the queues
becomes the same when the system reaches saturation. This observation leads to a new
classification of the service disciplines. In addition, we show monotonicity of the scaled
expected delays with respect to the exhaustiveness of the service disciplines. This induces a
complete ordering in terms of efficiency of the service disciplines. The results also lead to
new rules for optimization of the system performance with respect to the service disciplines
at the queues. Further, the exact asymptotic results suggest simple expected waiting-time
approximations for polling models in heavy traffic. Numerical experiments show that the
accuracy of the approximations is excellent for practical heavy-traffic scenarios.

Keywords: polling systems, heavy traffic, expected delay, exhaustiveness, monotonicity,
service disciplines, classification

1. Introduction

The basic polling system consists of a number of queues and a single server
that visits the queues in cyclic order to render service to the customers waiting at the
gueues. Polling modéels find many applications in computer-communication systems,
and are also widely applicable in the areas of maintenance, manufacturing and pro-
duction. During the last three decades, the analysis of polling models has received
much attention in the literature. The reader is referred to [15] for an overview of the
applicability of polling models, and to [25] for a review of the state-of-the-art in the
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analysis of polling models. Some variations of polling models do not alow for an
exact detailed analysis, and the others usualy require the use of numerical techniques
to determine performance measures of interest.

The ultimate goal of performance modeling and analysis is to obtain the *best’
possible system performance. The proper operation of the system is particularly critical
when the system is heavily loaded. However, the efficiency of each of the numerical
agorithms degrades significantly for heavily loaded, highly asymmetrical systems with
a large number of queues. Moreover, numerical techniques can only contribute to the
understanding of the behavior of the system to a limited extent. Exact closed-form
expressions provide much more insight into the dependence of the performance mea
sures with respect to the system parameters. These observations raise the importance
of an exact asymptotic analysis of the performance of polling models in heavy traffic.

We will show that a genera class of polling models alows for an exact analysis
under heavy traffic assumptions. The results generalize those obtained in [20] for
the special case of exhaustive and gated service at each of the queues. The analysis,
however, requires several substantial extensions of the analysis in [20]. Moreover, the
obtained results are much more genera and provide new insights into the behavior of
polling systems in heavy traffic.

The literature on polling models reveds a striking difference in the complexity
between different polling models. Recently, this distinction in complexity has been
illuminated by Resing [23], who showed that for a class of polling models the joint
queue-length process embedded at polling instants at a fixed queue congtitutes a multi-
type branching process (MTBP) with immigration. The theory of MTBPs leads to
expressions for the generating function of the joint queue-length process at polling in-
stants. For polling models satisfying an MTBP-structure several humerica agorithms
have been proposed to determine the moments of the delay at the queues by solv-
ing sets of linear equations (cf., e.q., [24] for references). Recently, the efficiency of
the numerical techniques has been considerably improved by the so-called descendant
set approach (DSA). The DSA is an iterative technique which explores the MTBP-
structure of the model by making use of the concept of so-called descendant sets
(cf. [13]). Choudhury and Whitt [7] use numerical transform-inversion to extend the
DSA for the determination of tail probabilities of the waiting times. The key element
in the identification of the class of polling models in [23] is that the service policies
a each of the queues should satisfy a certain ‘branching property’. This property is
satisfied by the classical exhaustive and gated service policies, but also by more flex-
ible fractional service disciplines like binomial-gated [18], fractional-exhaustive [17],
binomia-exhaustive [6] and Bernoulli-type [23]. Polling models with service disci-
plines that do not have a branching structure (e.g., limited-type service disciplines), are
usually not exactly analyzable and generaly require much more computational effort
to obtain performance measures such as moments of the delay at each of the queues
(cf. [2,14]).

Although the number of papers on polling models is impressive, relatively few
papers have been devoted to the exact analysis of polling models in heavy traffic. An
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exception is made by Coffman et al. [8]. For atwo-queue model with exhaustive service
at both queues and with zero switch-over times they show that, under standard heavy-
traffic assumptions and scalings, the total unfinished work converges to a reflected
Brownian motion (RBM), whereas the workloads of individual queues change at a
rate that becomes infinite in the limit. Based on a partial conjecture, they prove that
similar properties hold for systems with more than two queues. Moreover, in [9] they
show that for non-zero switch-over times the scaled process can be described by a
Bessdl process. Based on these observations, exact expressions can be derived for
the main performance measures of interest. Assuming that the observations in [8,9]
also hold for non-exhaustive policies, Reiman and Wein [22] study the problem of
determining optimal dynamic scheduling problems for two-queue models with either
setup times or switch-over times under heavy-traffic assumptions, by approximating the
dynamic scheduling problems by diffusion control problems. Markowitz [19] extends
the results in [22] to the multi-class case.

We consider an asymmetrical polling model with general service disciplines that
satisfy the branching property [23]. We study the scaled expected delay at each of
the queues in heavy-traffic. All the queues become instable when the system load
(denoted by p) approaches 1 (cf. [11]). More precisely, the expected delay (considered
as function of p) at each of the queues possesses afirst-order pole at p = 1. Therefore,
the main performance measure of interest will be the scaled expected delay, i.e., the
limit of (1— p) times the expected delay when p tends to 1. The scaled expected delay
indicates the rate at which the expected delay tends to infinity when p tends to 1.

We derive closed-form expressions for the scaled expected delay at each of the
queues. A key role in the derivation is played by a new view on the concept of
descendant sets [20]. Based on the obtained expressions, we identify a single parameter
associated with the service discipline at each queue, referred to as the exhaustiveness of
the service policy at that queue. We show that the scaled expected delay at each of the
gueues depends on the service disciplines at the queues only through the exhaustiveness
of the service disciplines a each of the queues. In other words, we show that the
influence of different service policies, but with the same exhaustiveness, becomes the
same when the system reaches saturation. This observation leads to anew classification
of the service disciplines. Further, we derive monotonicity of the scaled expected
delays: if queue ¢ is served more exhaustively, then the scaled expected delay at
gueue ¢ decreases, whereas the scaled expected delays at al other queues increase.
The obtained monotonicity leads to a complete ordering in terms of efficiency of the
genera class of service disciplines under consideration. We also obtain new results
on optimization of the system performance. It is shown that, in order to minimize
an arbitrary weighted sum of the (scaled) expected waiting times with respect to the
service disciplines at the queues, al queues with the highest weight/load ratio should
be served exhaustively. In addition, the obtained expressions for the scaled expected
delay suggest very simple approximations for the expected waiting times in stable
systems. Numerica results are presented to show that these approximations are very
accurate for practical heavy-traffic scenarios, for loads typically exceeding 80%.
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The remainder of the paper is organized as follows. In section 2 the modd is
described in detail. In section 3 we review the principles of the DSA and discuss some
preliminary results. In section 4 these results are used to derive closed-form expressions
for the scaled expected waiting times. In section 5 we discuss the implications of the
expressions obtained. In section 6 numerical examples are presented to illustrate the
results. In section 7 we propose and test smple and fast-to-evaluate approximations
for the expected delays at the queues in stable systems. Finally, in section 8 we address
a number of topics for further research.

2. Mode description and the basic result

We consider a system consisting of N infinite-buffer queues @4,...,Qy and
a single server. Customers arrive at (); according to a Poisson arrival process with
rate \;, and are referred to as type-i customers. The total arrival rate is denoted by
A =S \. At each of the queues the customers are served on a first-come-first-
served basis. The service time of a type-i customer is a random variable B;, with
LaPIace—StieItjes transform (LST) g;(-) and finite first and second moments b; and
bz(z . Denote b = (b1, ...,by). The first two moments of an arbitrary service time are
denoted by
ARpW AR WAS)
2. A and (2= > A
i=1 1=1
respectively. The load offered to Q; is p; = \;b;, and the total offered load is equal
top= Z'{il Pi-

After completing service at (); the server proceeds to @), 1, typicaly incurring
a switch-over period whose duration is an independent random variable R;. The first
two moments of R; are finite and are denoted by r; and Tz(z)' Denote the first moment
of the total switch-over time per cycle of the server along the queues by r = Zﬁvz 1Ty
and the second moment by

N N
r@ = ZTZ(Z) + Z Zrﬁj.

i=1 1,=11i#j

f1 =

It is assumed throughout that » > 0.

The moments at which the server arrives at (); are referred to as the polling
instants at ();. The periods during which the server isworking at @; are caled service
periods a ;. The moments at which the server departs from (); are referred to as
departure instants from @Q);.

The service disciplines at the queues are assumed to satisfy the following property
(cf. [10,23]):

Branching property. If the server arrives a (); to find k; customers present there, then
during the course of the server’s visit, each of these k; customers will be effectively
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replaced in an i.i.d. manner by a random population having probability generating
function (pgf) h;(s1,...,sn).

In the general context of [23], the pgf h;(s1,...,sx) may be any N-dimensiona
pgf. For ease of the interpretation, we will only consider service disciplines which are
non-idling, i.e., the server is not allowed to idle (rest) while visiting a queue. The visit
period at @; starting with k; customers C; (j = 1,...,k;) present at Q; is considered
to consist of k; i.i.d. sub-busy periods, each characterized by joint pgf-LST

Yi(u,v) =E [e*“TivLi] , (1)

where T; is the length of the sub-busy period and where L; is the so-called sub-busy
period residue. To define the latter, consider a sub-busy period at @Q; initiated by a
type-i customer C; (j = 1,...,k;). If C; isserved during the current service period, L;
is the number of type-i children of C; residing in Q; at the end of the sub-busy period
(for a precise definition of the notion of ‘children’, see section 3.1); otherwise, L; = 1
(note that in this case the length of the sub-busy period equals 0). The assumption of
non-idling service implies the following relation between h;(-) and (-, -) (cf. [23]):

hi(s1,...,8N) = (Z (- Sj)’5i> (i=1,...,N). 2
J#i
For instance, in the case of gated service,

N
hi(Sl,. .. ,SN) = ﬂz(ZA](l_ Sj)) .

i=1
In the case of exhaustive service,

hi(sl, ce ,SN) = 02<Z )\j(l - Sj)) y
J#
where 6;(-) stands for the LST of the duration of a busy period in an M/G/1 system
with arrival rate \; and service-time LST 5;(-). Under binomial-gated service [18],
where each of the type-i customers present at a polling instant at Q; is served with
probability p; (0 < p; < 1), we have

N
hi(s1,...,5N) = pifi ( Z (- 8j)> + (1 — pi)s;.
i=1
In the case of binomia-exhaustive service [6], where each of the type-i customers
present at a polling instant at ); generates an M /G//1 busy period with probability ¢;
(0< ¢ <1), we have

hi(s1,. .., 5n) = qib; < Z A — 8j)> + (1 — gi)si-
JF#i
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Define the exhaustiveness of the service discipline a @Q; by

For the cases of gated, exhaustive, binomia-gated and binomial-exhaustive service,
the exhaustiveness is given by 1 — p;, 1, p;(1 — p;) and g;, respectively.

Based on the assumption that the service disciplines are non-idling, the following
relation between the expected values of T; and L; holds:

b;
1_pz

E[T;] = (1- E[L,]) (:=1,...,N). 4
To see this, consider a sub-busy period at Q; initiated by a type-i customer C;. Then
itisreadily verified that E[L;] equas 1, plus the expected number of type-i customers
arriving at @Q; during the sub-busy period, minus the expected number of type-i cus-
tomers served during the sub-busy period. Evidently, the mean vaues of the latter two
quantities are equal to \;E[T;] and E[T;]/b;, respectively. These observations yield
E[L;] =1+ \E[T;] — E[T;]/b;, which directly implies the validity of (4).

All interarrival times, service times and switch-over times are assumed to be
mutually independent and independent of the state of the system.

A necessary and sufficient condition for the stability of the system is p < 1 (cf.
[11]). In the sequdl, it is assumed that this condition is satisfied and that the system
isin steady state, unless indicated otherwise.

Denote by W, the delay incurred by an arbitrary customer at Q. Our main
interest is in the behavior of E[W}], the expected delay at @, in heavy traffic.
Throughout, E[W}] will be considered as function of p. To be specific, we assume
that the arrival rates are parametrized as A\, = a;p, where the relative arrival rates
a; (= \;/p) remain fixed. It is known that when p 1 1, dl queues become instable
and hence, E[W}] tends to infinity for al & (cf. [11]). More precisely, E[W}] has a
first-order pole a p = 1. Therefore, we may write

E[W,] = 1“% +o(l-p)7Y) (k=1...,N), )

where o((1 — p)~1) stands for a function of p which becomes negligible compared
to (1 — p)~% when p 17 1. Based on (5), the analysis will be oriented towards the
determination of

wr =1lim(1—p) E[W] (k=1,...,N), (6)
P11

referred to as the scaled expected delay at Q.. Inwords, w;, indicates the rate at which
E[Wy] tends to infinity as p T 1.

The basic result of the paper is the following closed-form expression for the
scaled expected delay at each of the queues.
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Theorem 1. Fori=1,...,N,

A-p)(@/fi) -1 G 1 < 2 )
— 4+ -r(l—p)|l—=-1),

S @ p@h) D20 2 NG

where the right-hand side is evaluated at p = 1.

()

P =

Sections 3 and 4 will be focused on the derivation of theorem 1.

Finaly, we introduce some notation. All vectors are N-dimensional, and all
matrices are N by N, unless indicated otherwise. A vector v consists of components
(v1,...,vN). Define

N
v == v
i=1
The vector e; stands for the ith unit vector, : = 1,..., N. Each entry of the vector
1 equals 1. Let the norm of a matrix A = (a; ;) be defined as ||A|| := max; ; |a; ;|
Indices corresponding to queue numbers are cyclic: index ¢ should be read as ((i —
1) mod N) + 1 notation. Denote by I the indicator function on the event E.

3. The Descendant Set Approach (DSA)

Let X be the number of type-k customers present in the system at a polling
instant a (Q;, when the system is in equilibrium.

Then the expected waiting time a (Q;, can be expressed in terms of the first two
moments of X, as follows (cf. [3]): for k=1,..., N,

MbP B[Li(Ly — D)]
201 —pr)  2M\(1— E[L])
Var[Xy] + (E[Xk])? — E[Xk]
2\ E[X}]

The quantities E[X] can be derived in closed form. To this end, it is readily verified
that

E[W,] =

(1+ E[Ly)). G)

E[Xi] = M\ + A Y E[X;1E[T}] + E[X,] E[Ly].

J#k
This implies
ElTi] E[X;] = El1;] E[X;] fordlij=1,...,N,
pi Pj
so that E[X] can be expressed in closed form as follows: for k =1,..., N,
r Pk
E[Xy] = — . 9
(X = 1 7 ©
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However, the variables Var[X] can not generaly be obtained in closed form. In
the literature, there are various techniques available to determine Var[ X;]. We will
focus on the recently developed Descendant Set Approach (DSA). The DSA provides
a means to compute the quantities Var[ X very efficiently, and moreover, will appear
to be particularly useful for obtaining wy, our main performance measures of interest.

3.1. Terminology

All customers of a polling system can be classified into two classes. (1) orig-
inators, and (2) non-originators. An originator is a customer which arrives at the
system during a switch-over period. A non-originator is a customer who arrives at
the system during the service of another customer. For a customer C, let the chil-
dren set be the set of customers arriving during the service of C'; the descendant set
of C is recursively defined to consist of C, its children and the descendants of its
children.

The DSA isfocused on the determination of the moments of the delay for a fixed
Q. To this end, the DSA concentrates on the determination of X (P), defined as the
number of customers at ()5 present at an arbitrary fixed polling instant P a Q. P is
referred to as the reference point at Q. The main idea is the observation that each of
these X (P) customers belongs to the descendant set of exactly one originator.

Therefore, the DSA concentrates on an arbitrary tagged customer T that arrived
a (@, in the past and on calculating the number of type-k descendants it has at P.
Summing up these numbers over al past originators yields X, (P) and hence X,
because P is chosen arbitrarily.

The DSA considers the Markov process embedded at the polling instants of
the system. To this end, we number the successive polling instants as follows (see
figure 1). Let Py o be an arbitrary polling instant at @, and fori = N —1,...,1, let
P; o be recursively defined as the first polling instant at @); prior to P;;10. In addition,
for c = 1,2,..., we define P;. to be the last polling instant at @; prior to P, ._1,
1=1,...,N. We define an (i, c¢)-customer to be a type-i customer present at (); at
P; .. Moreover, for a tagged (i, c)-customer 7', we define A(; ), to be the number of
type-k descendants it has at P o. Inthisway, A . can be viewed as the contribution

Agox COgoe)

P Time

11

Figure 1. Conribution of an (i, ¢)-customer to X (Px o).
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of T" to X}(Py0). Denote by A ) x(2) the probability generating function (pgf) of
Agi o)k and define the first two (factorial) moments of A )i by

agok = ElAGex] and aE?C),k = E[AGox(Agor — D).
The variables ay; ),x and 04(126) . Play akey rolein DSA. The mean and the variance of

X, can be expressed in terms of the variables ag; ) » and a Ok as follows (cf. [13]):
for k=1,.

N [e%S)
E[Xk :ZT’LZ[ Z Aj a(]c)k+z)‘ Q(j,c— 1)14:]’ (10)

i=1 =0 Lj=i+1

and

N 2
Var[ Xi] :Z Z [ Z Aa@c)kJrZ)\ Qe 1)k]

=1 c=0 Lj=i+1
N 00
2 2
+ Z T Z [ Z AJO‘(; ok T Z Aja(j,cl),k] : (11)
i=1 =0 Lj=i+1 j=1

Based on relations (10) and (11), E[W}] can be expressed in terms of the variables
(o), and ag’)c)’k. The remainder of section 3 we discuss how the variables o ) x

and of?), , can be computed recursively.

3.2. Recursion via immediate children of predecessor

The DSA is based on recursive relations between the variables oy; ), and ag)c)k
which we review next.

To this end, fix £ and consider a tagged (i, c)-customer, present at @; at P; .,
denoted by T;(P;.). We want to find the contribution of T;(P;.) to X;(Pxo0). We
observe that this contribution is equal to the total contribution to Xy (P o) of al
immediate children of T;(P;.), i.e., the customers which arrive during the service
of T;(P;.). To be precise, if T;(P;.) has not yet been served a Py o, then T;(F; )
contributes 1 to Xi(Pro) if i = kand Oif ¢ # k. The DSA is based on computing
aie)k and a( Ok from the contribution of the children of 7;(P; ;). Thetype-j (j # )
children of T; (B ¢) are exactly the customers which arrived at @; during the sub-busy
period generated by T;(F;.); the type-i children of T;(P;.) are the residue of the
sub-busy period initiated by T;(P; ). It is easily verified that we obtain the following
expression for A;.(2): fori,k=1,...,N,c=0,1,...,



236 R.D. van der Mei, H. Levy / Polling systems in heavy traffic

N
Agi o k(2) = ¥ ( Z Ai(1 = Agon(2)

j=itl
i—1

+ E (1= Age—1k(2), A(i,c—l),k(z)> : (12)
=1

Differentiating once with respect to z and substituting z = 1 leads to the following
equation: fori,k=1,...,N,c=0,1,...,

N i—1
Z Aj ek + Z AjQe—1) k
j=i+1 Jj=1

oGk = BT + E[Lilag,c—1) k (13)

and differentiating two times with respect to z and substituting z = 1 yields: for
iwk=1...,N,c=0,1,...,

N i—1
2 2 2 2
O‘Ez’,)c),k = E[T}] Z )‘jagj?c),k + Z )‘jan?cfl),k + E[Li]agi,)c—l),k + &Gk (14)
j=itl =1
where
N i—1 2
&k = EIT?] Z AjQi ok + Z AjGe-nk| + E[Li(Li — D] af 1)1
j=it1 j=1
N i—1
+ 2E[Li T} o)k [ > NG T Y Aag.e1k|- (15)
j=itl =1

The initial conditions are as follows (cf. [13]): A0.x(2) == 2; Auogr(z) =1 (G =
E+1,...,N), Aj—nxr(z) =1(G =1,...,k —1). Differentiating once and twice
and subgtituting z = 1 gives the initial conditions for the variables «; ) and ag’)c)’k,
respectively: for k=1,...,N,

a0k = 1; agok-=0 (@G=k+1...,N)
ag,—1k =0 (G=1...,k—1),

and
O‘E?,O),k =1 O‘Ez‘Z,)O),k =0 (i=k+1,...,N);
o) =0 (i=1...,k-1).

Starting with these initial values, all coefficients ag; ¢ and ag)c)’k can be recursively
determined according to (13) and (14), respectively.! In this way, for fixed % the

1To be precise, relations (13) and (14) are only defined for ¢ = 0,1,. .., fore=1,..., k — 1, and for
c=12..., fore=k,..., N.
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variables ag; . (and aEiz,)c),k) can be computed in the order ;o) (ag’)o)’k), for i =
k—1k-2,...,1 followed by oo (af)y ) i = N, N—1,..., 1, forc=1,2,....

3.3. Recursion via immediate parents of descendants

The recursive equations in (13)—(14) relate the variables o; ) and ag)c)k for
a fixed k, thus leading to the derivation of the expected delay in a single queue.
However, for our analysis we need the interaction between the queues and thus it
requires relations between the variables ag; ) 1 (ag’)c)’k) and a0 (ag’)c Q) for 1 £ k.
The derivation of such relations requires to conduct the recursion in a different way:
rather than carrying it out via the children of the predecessor (see figure 2), we carry
it out via the parents of the descendants (see figure 3).

We consider a tagged (i, c)-customer T;(P; ), a type-i customer present at (); at
P; ., and try to find the contribution of 7;(P; ) to Xx(Px0). To this end, we consider
the most recent polling instants of Q; (j = 1,..., N), prior to P o, denoted by P (see
figure 3), and derive the contribution of T;(P;.) to Xx(Fox) by conditioning on the
contribution of T;(P; c) to X;(P;). A crucial observation isthat the distribution of the

b. 7\, : Pj,c-] l(x(j,C-l),k

P P Py Py Py Py Py ko' Puo Time
W \_/
cycle ¢ cycle c-1 cycle 0
Figure 2. Recursion via immediate children of predecessor.
Cl(ic-1)f dlka M
/..
) & ,
— T T \\|\|\\|
e . Time
P, P Py, Py Pk,[”[EIH’PN,lPl,o Pro Pro
B P LS
cycle ¢ cycle 1 cycle 0

Figure 3. Recursion via immediate parents of descendants.
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contribution of T;(F; ) to Xj(PJ?*) isidentical tothat of A forj=1,...,k—1, and
to Agc—1),; for j =Ek,..., N. Moreover, we observe that each descendant of 7;(P; )
a Py o has arrived during the service period generated by exactly one customer present
aprr(j=1,...,N), referred to asthe immediate parent. The following result follows
then directly from the fact that the expected number of type-k customers at Py o whose
immediate parent is of type-j, is given by A\, E[T}] if j # k, and by E[L;] if j =k
(cf. [20]): fori,k=1,...,N,c=0,1,...,

N k-1
Aok =M | Y ElT)agas + > ElT)oge1;| + ElLilage-ne  (16)
=kl i=1

The initial conditions are (see also section 3.2): agor = 1 auor = 0 (F =
1...,9); -k == 0(k =i+ 1,...,N).2 Using these initia conditions, for
fixed i, the variables o; ), can be computed recursively in the order o). for
k=i+1,...,N, followed by o )i (O‘g)c),k) fore=12,...,fork=1,...,N. We
emphasize that for computational purposes the recursive scheme discussed in section
3.2 is preferred to the scheme given here, because the former allows for the computa-
tion of individual expected waiting times (i.e., for specific queues). However, relation
(16) will play a key role in the derivation of theorem 1.

It will be useful to express relations (13), (14) and (16) in matrix notation. To
this end, define by o )« (aﬁ)’ ;) to be the vector whose ith component equals ag; ) «

(@) ), c=0,1,.... Moreover, let M; be the matrix whose (j, k)th dlement equals
I{j:’k}i for j # ¢, and whose (i, k)th element equals A\, E[T;] for k # ¢ and E[L;] for
k =i. Define M := M1My--- My, and let ¢, be the vector whose ith component is
agok (i, k=1,...,N). It will be convenient to write equations (13) in the following
form:

acok = Vi ook =Mag 1k = MY,
(k=1...,N, c=12..). (17)

To rewrite (14) in matrix notation, define z/zg) to be the vector whose ith component
equals ag)o)k (i,k=1,...,N). This leads to the following set of equations:

c—1
2 2). 2 2 2 ;
altyr =¥ ey =Mall g+ Xex = MPD + > Mix
i=0
(k=1...,N, c=12..), (18)

°Tobe precise, relations (16) are only defined for c =0, 1,. . ., fork =i+1,..., N,andforc=1,2,...,
fork=1,..., 1.



R.D. van der Mei, H. Levy / Polling systems in heavy traffic 239

where

N
Xep =D _EGoaM1--Mj_1e; (k=1,...,N, c=12..). (19)
j=1
Finaly, to rewrite (16) in matrix notation, define by o), the vector whose kth
component equals o 1 (i,k = 1,...,N, ¢ = 0,1,...). Moreover, let Nk be the
matrix whose (i, j)th element equals Ij;—; for ¢« # k, and whose (k, j)th element
equals \,E[T}] for j # k and E[L;] for j = k, and let N = Ny ---Nj. If we
define ’(//\JZ to be the vector whose kth component equals a; )% (2,5 = 1,..., N), then
equations (16) can be expressed as follows:

a0, =i e, =Noge 1y, =N, (=1,...,N, c=12...). (20)

4. Analysis

In this section we use the concept of descendant sets to derive theorem 1. From
relations (8) and (9) it remains to find an expression for Var[ X;] under heavy-traffic
assumptions. Recall that Var[ X;] is related to the descendant set variables oy; ) » and
Ofg)c)k according to relation (11). Since Var[ Xj] tends to infinity for p T 1, the rate
of tendency to infinity of Var[.X}] is determined by the tail behavior of the sequences
{oGom c=01,.. } and{all | c=01,.}.

The derivation of theorem 1 consists of two parts. First, by using the concept of
descendant sets we obtain an expression for the ratios between the values of Var[ X}] for
p T 1. Then, the expression for the scaled expected delay is obtained by substituting the
ratios into the so-called pseudo conservation law, i.e., a known closed-form expression
for a specific weighted sum of the expected waiting times.

The variables o; ), are completely determined by the recursive schemes (17)
or (20). Both recursive schemes (which determine the same values of o; ), but
in a different order) constitute a set of first-order homogeneous difference equations.
From the theory of difference equations it is known that the recursive equations can be
solved explicitly if the eigenvalues and eigenvectors of M or N are known. However,
the eigenvalues and the eigenvectors are generally unknown for p < 1. Nevertheless,
to analyze the system behavior in heavy traffic we do not need to solve the eigenvalues
and eigenvectors explicitly for general p < 1 and then letting p T 1. Instead, it will be
sufficient to obtain the eigenvectors of M and N at p = 1, which will be shown to be
rather smple.

The following lemma states that M© and N¢ can be decomposed into two parts,
one of which becomes dominant when ¢ gets large.

Lemma 1 (decomposition). The matrix M has a unique, strictly positive eigen-
value vymax, With multiplicity 1, with associated right and left eigenvectors u and v. If
u and v are normalized such that u™1 = u'v = 1, then: for c=0,1,...,
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M¢ =~ uvl + RS, (21)

where |R¢|| < K~° for some K < oo and v (0 < v < ymax). Similarly, N¢ can be
decomposed as follows: for ¢ =0,1,...,

N = 45,007 +R¢, (22)
where ||R¢|| < K4¢ for some K < oo and 4 (0 < 4 < Amax)-

Proof. The results follow from the Frobenius theorem for gtrictly positive matrices
(cf., eq., [1]). We refer to [20] for more details. O

From (17) and (21) it follows that o; ), can be rewritten as follows: for i,k =
1,...,N,c=0,1,...,

Qi c)k = e;rMC@bk = ’yr%axuiVT’(/Jk + TZ(,C]z (23)

with rfc,z < K~¢ for some K < oo and v (0 < v < ymax). Alternatively, using (22)
we may write: for i,k=1,...,N,c=0,1,...,
Ak = BNy = AV, + 7, (24)

with 79 < K4¢ for some K < oo and 4 (0 < 4 < 4ma). Relations (23) and (24)
will be useful in the remainder of this section.

The eigenvalues ymax and Ymax are referred to as the maximal eigenvalues of the
matrices M and N, respectively. The following lemma gives properties of the maximal
eigenvalues.

Lemma 2 (maximal eigenvalues).

D) If p < 1then ymax, Ymax < 1.

(2) If p=1then ymax, Ymax = 1.

(3) If p=1then u = |b|1b.

(4) If p=1then 0 = |w|~'w, where w; := p;/E[T}] (i = 1,...,N).

(5) 1imy11Ymax = liMy11 Amax = L; limyru = [b|~b; limy1 0 = |w|~tw.

Proof. The validity of parts 1 and 2 for ymax iS shown in [23]. The validity of parts

1 and 2 for A4max follows then directly from (23) and (24). To proof part 3, note that
for p = 1 we have

N
E[T] ) Ajbj + E[Li]b; = E[T)(L - pi) + E[Li]b; = b;
j=Lji
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(where the latter equality follows from (4)), which implies M;b =D (t=1,...,N)
and hence, Mb = b. Similarly, part 4 follows from the fact that for p = 1 we have

ElLilpr _ w

A D BUTTw; + BLLiwe = ML= o) + =S

J#k
(where the latter equality follows from (4)), so that Nyw = w for al k = 1,..., N,

and hence, Nw = w. Part 5 follows from the continuity of the eigenvectors and
eigenvalues in the entries of M and N (cf. [12]) which, in turn, are continuous in p. [J

Remark 4.1. Lemma 2 implies that the sequence { o; ¢k, ¢ =0,1,...} convergesto O
for p < 1 and converges to a constant for p = 1. Moreover, from (23) and (24) and
lemma 2 it follows that for ,5,k,0=1,...,N,

pile= agos b pi/EIT]]

where the right-hand side is evaluated at p = 1. To give an intuitive interpretation for
(25), it is clear that for p = 1 the expected total number of type-k descendants of each
of the original customers on the long run is proportional to A, regardiess of the type of
the origina customer and of the service disciplines at the queues. However, for p = 1,
during the service-period generated by atype-k customer which is present at a polling
instant at Q, on the average E[T}]/b; customers are served, while none of other
customers served the service period was present as the polling instant. Hence, on the
average a fraction by, / E[T}] of the customers is actually present at a polling instant at
Q. These observations indicate that «; ), becomes proportional to A\,by/E[T}] for
¢ — oo. Toexplainwhy ag; ) isaso proportional to b; (in the limiting case p = 1) we
observe that each type-i customer has on the average \;b; type-j children, regardless
of the service discipline a ;. To see this, note that it does not matter whether its
children at (); are served during the same visit or not, because the numbers of type-k
descendants in the infinite future of each of these children tends to a constant.

(25)

Remark 4.2. From (4) one may verify that > >° o), POSSesses a first-order pole
a p = 1. Moreover, it is easy to verify by using (23) and (24) that: for i,j,k,1 =
1,...,N,

Dm0 ik _ bi pi/EIT]

lim =% = , 26
P11 Y otoGal  bj pi/E[TI] (29)
where the right-hand side is evaluated at p = 1.
Lemma3. Fork,l=1,...,N,
N 00 N (@) i @)
SREED Py A Nk T 2 i1 N e
tim YAXE] D i1 i Doono [ Djmint NGk i1 N1y 1) @)

= N N 2 ; 2
it Var[Xy]  pi2 D im1Ti D oo [Zj:iJrl )‘jan?c),z + 23:1 )‘J'O‘Ej?c—l),l]
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Proof. First, we observe that Var[ X;] has a second-order pole at p = 1. Thisis
an immediate consequence of equations (8) and (9) and the fact that E[W)] has
a first-order pole a p = 1. Substituting (23) into (10), it follows from (9) that
ZEZO[Z?’:Z.H NiagGak + Diq A\jaje—1),k] Possesses a first-order pole at p = 1
for i,k = 1,...,N. Usng (73), this implies that the first summation in (11) aso
possesses a first-order pole at p = 1. To this end, note that the term (1 — Ymax) *
corresponds to a first-order pole at p = 1, which implies that the term (1 — 73,5) "t
(which would occur by substituting (23) into the first summation in (11)), which equals
(1 — Ymax) (L + ymax) "L, also possesses a first-order pole at p = 1.

Hence, the second summation in (11) must possess a second-order pole at p = 1.
This motivates why the second summation dominates the first summation in (11) in
the limiting case p T 1. O

Based on lemma 3, we focus on the limiting behavior of the sequence

{of,, ¢ =01,..}. To this end, note that it follows from (28) and (21) that

we may write: for i,k=1,...,N, ¢=0,1,...,

c—1
Al = VactiV YD + G RYD + 3 [yhatiV X+ ERIX_ 1] (28)
j=0

Note that from lemma 2 and (28) it follows that the sequence {ag’)c)’k, c=01,..1}

tends to O for p < 1 and tends to a linearly increasing sequence for p = 1. Moreove,
. . ) 2 .

one may verify that the series > °, i), CONVErges for p < 1, and diverges for

p=1

Lemmad4. For i, k,l=1,...,N,

2 ~
. ZS.;O agi,)c),k T ZEO:()VTXC,]g Y Ug 2 B pk/E[Tk] 2
LS galy, P eoVIXer  PIL \ pi/ B[]

where the right-hand side is evaluated at p = 1.

Proof. The first equality follows from (28) and using lemmas 1 and 2. The second
equality follows from definitions (19) and (15), and relation (24). The third equality
follows from lemma 2. O

Theorem 2 (ratios between variances). For k,l=1,..., N,
- Var[X;] <pk/E[Tk1>2
lim = , 30
W Var[X,] — \ pi/BIT] 0
where the right-hand side is evaluated at p = 1.

Proof. The result follows directly from equation (27) and lemma 4. O
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We are now ready to derive expressions for the ratios between the scaled expected
delays.

Theorem 3 (ratios between scaled expected delays). For k,1=1,..., N,

we (A= p)(@/Sr) =
w A=p)@/f)-1°

where the right-hand side is evaluated at p = 1.

(31)

Proof. The result is obtained by substituting (8) and (9) into (30) and some straight-
forward manipulations. O

From theorem 3, wy, is known up to a yet unknown scaling factor.
The latter can be obtained from the following expression (cf. [5]): for p < 1,

N s 7““
szE[W] 252 05 2(1 [p —Em

i=1

+ Z E[M;], (32

where M; is the amount of work at (); at a departure instant at ;. Multiplying both
sides by (1 — p) and letting p 7 1 yields the following relation between the wy’s:

N ﬁ ” N
2 2
pOUEEE SIS

i=1 Zﬂ =1

N
25t 5 2ond -n(2-1) (39
To verify this, note that it follows from (9) and (3) that
E[M;] = b E[XG]E[Li] = rpi(1 — pi)(1 = fi)/ fi(1 — p).

Combining (31) and (33) directly yields the basic result (theorem 1):

PR S MG ) R W <3_1> i—1,...,N. (34
- Z] 1pi(L=p)(2/f;) — 1) 261 ( )f@- , i=1,...,N. (34)

al 1
+r > pil—pi)
i1

5. Discussion and implications of the results

Equation (34) forms a closed-form expression for the scaled expected delay in a
polling system with a cyclic server and arbitrary branching-type service policy. Severa
properties of these systems can be concluded from this equation.
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5.1. Equivalence and classification of policies via exhaustiveness factor

The scaled expected delay at (); depends on the service policy of all queues
only via their exhaustiveness factor f;, j = 1,...,N. Thus, systems which differ
in their service policies but equa in their exhaustiveness factors will have identical
performance (in terms of scaled expected delay). This implies equivalence of the
service policies in the sense that one service policy can be used to imitate another policy
by a proper adaptation of policy parameters to match the exhaustiveness factors. For
example, in a system with binomial gated service [18] we have fP"~94€ — ,pin-oae(q _
p;) and in a system with binomia exhaustive service [6] we have fP"~ e — phin—eh,
Thus, the binomial exhaustive system can imitate the performance of the blnomlal
gated system by settlng pbm exh __ bln gate(l Pz)

For this reason one may classfy and order various policies simply by their ex-
haustiveness factors. Two policies will be equivalent (in terms of their scaled delays)
if their exhaustiveness factors are identical, regardless of the specific service policies
implemented at the stations. This holds for systems with identical service policies in
all stations as well as systems with mixed services. The exhaustiveness factor can be
used as a single parameter to classify and compare policies (instead of conducting the
comparison by a full analysis of the policies).

5.2. Monotonicity of the performance in the exhaustiveness parameters

Differentiation of (34) shows the following properties: fori =1,..., N,
() w; monotonically decreases in f;,
(2) w; monotonically increases in f;, j # i.

In other words, the greater the exhaustiveness of the service discipline at @;, the lower
the delay experienced by its customers and the higher the delay experienced by the
customers of the other queues.

Note that despite being quite intuitive such monotonicity property has not been
proved (to the knowledge of the authors) in other settings of polling systems. For
similar monotonicity properties see: (1) Borst et a. [4], where a semi-conjectured
result is obtained regarding the optimal setting of the k-limits in a polling system
with limited-k service, and (2) Levy et al. [16], where path-wise monotonicity of the
total work in the exhaustiveness of the service policies is established. However, none
of those works established the monotonicity of the (expected) delay of an individual
gueue in the parameter settings of any of the queues.

5.3. Sensitivity and insengitivity to station specific parameters
The scaled expected delay depends on the system parameters only through specific

system parameters and is insensitive to others. The following properties follow directly
from (34):
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1. w;. depends on the specific parameters of the stations only through their utilizations,
pi = Nb; (1 =1,..., N). It depends on the service time distributions at the queues
only through the first two moments of the service time of an arbitrary customer,
rather than on the (first two) moments of the individual service times.

2. wy depends on the switch-over times only through the first moment of the total
switch-over time per cycle of the server along the queues.

3. wy, isindependent of the service order of the stations.

Note that these observed insensitivities are generaly not valid for general p < 1.
Apparently, these dependencies ‘die out’ when the system reaches saturation.

5.4. Optimization of operation

A reasonable performance measure which encapsulates the performance of the
system as a whole is the weighted scaled delay:

N
C=> cuwi, (35)
=1

where ¢; are arbitrary strictly positive cost parameters. Consider the problem of min-
imizing (35) with respect to the service disciplines. The solution of the problem is
believed to be a good estimate for the optimal static assignment of service disciplines
to the queues in heavily-loaded systems. Theorem 1 implies that the problem is equiv-
aent to the problem of finding a vector (f7, ..., fx) which minimizes (35). Note that
optimization with respect to service order is irrelevant due to insensitivity to service
order. Theorem 4 below gives a explicit partial solution to the optimization problem.

Theorem 4. If ¢/ pr = max}_{c;/p;}, then fj, = 1.3

Proof. The following eguations show that the cost function (35) is decreasing in fj
for dl (f1,...,fn):

c; 0 cp O Ck 9
+ <L~ i <= — ppwp + — i
]le AL Z o 08T oo M pkgafk”f :

== — w; < 0. 36

k Ofk ]Z:p] ’ (30)
The first inequality follows from the definition of & (in theorem 4), and the second
inequality follows from (33). a

3In case the (fully) exhaustive service discipline is technically infeasible, Q) should be served ‘as
exhaustively as possible’.
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The problem of finding the values of f* for queues which are not covered by
theorem 4 is more involved, and generally requires the use of numerical techniques.
We leave this as a topic for future research.

6. Illustration

Equation (34) suggests that the scaled expected delay figures depend on the
service disciplines of the queues only through their exhaustiveness factors, f; (j =
1,...,N). Thus, two different systems with the same sets of exhaustiveness parameters
should have identical scaled expected delays.

To demonstrate this property, we consider an example of a polling system with

10 queues, whose parameters are: by = 5.5, bp = --- = bjg = 0.5, b(lz) = 100,
b = = =1, ;=5 r@ =25 £6and i+ 8), PP = 1025, rP = 225,

The arrival rate of all queues is the same; we vary the arrival rate as to affect the tota
load and to examine (1 — p) E[W;] as function of the load. As can be seen the system
is very asymmetric.

We examine this system under two different service disciplines, the gated service
and the fractional-exhaustive service [17]. In the latter system we select the fractional
exhaustive parameters (p;) as to match the exhaustiveness of the gated system. This
is done by noting that under gated service we have f; = 1 — p; and under fractional-
exhaustive service we have f; = p;(1— p;)/(1—p;p;) and thus selection p; = 1/(1+ p;)
for the fractional exhaustive system yields identical exhaustiveness systems.

In figure 4 we depict the scaled expected delay (1 — p)E[W;] for Q1 and Qg in
these systems as function of p. The figure demonstrates that the expected delays under
the two systems are very close to each other and converge towards each other as p

(Scaled) Expected Delay under Equal Exhaustiveness Systems

45

40

[
151
T

Gated Service: -

Fractional-Exhaustive Service: - - - -

Scaled Expected Delay
(4]
=

N
@
T

Non-matched Exhdustive Service
Ui (Station 1) .....
20+ : B S : g

15 1 1 1 1 1 1 1 1 1 .
05 055 06 065 07 075 08 08 09 095 1
tho

Figure 4. Scaled expected delay and exhaustiveness.
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approaches 1. For comparison we also plot the expected delay of ()1 in the fractional-
exhaustive system where the p; parameters are not selected to match the gated system
(rather, they are al set to 1); note that this delay is significantly different from that in
the gated system.

7. Approximation

Equation (34) suggests the following approximation for the expected waiting time
a Q; in stable systems (i.e., for p < 1):

EW] ~ — A-p)@/f)-D B %m_pi)(E ~ 1>]

1-p SV 01— p)@/f5) — 1) 25 7,
7=1,...,N. 37)

This approximation provides a closed-form approximation for the expected delays in
stable systems as function of the system parameters and the exhaustiveness of the
service disciplines at the queues. Note that the analysis provided in this paper implies
that this expression is exact when p T 1.

To evauate the quality of this proposed approximation, we numerically examine
severa typica cases. First, we consider a system with binomia gated service (recall
that the exhaustiveness factor of this policy is given by f; = p;(1 — p;)). The system

consists of 10 queues whose parameters are: by = 5.5, bp = --- = by = 0.5,
B =100, b = ... = b3 =1, r; = 5, @ = 25 The binomia probabilities are:
pL=p3=ps=p7="---=p1o =10, pp =05, ps = 0.3, pg = 0.1. The arriva rate

of al queues is the same; we vary the arrival rate as to affect the total load and to
examine the approximation quality as function of the load. As can be seen the system
IS very asymmetric.

We examine the quality of the approximation (37) as function of the system
load. Further, since the second moment of the switch-over periods does not serve as
a parameter in equation (37), we examine the effect of its value on the quality of the
approximation. This is done by considering two cases. (1) Tz(z) =25(0=1,...,10),
and (2) r® = 25, i € {1,2,3,4,5,7,9,10}, r¥) = 1025, ) = 225. To assess the
quality of the approximation, we evaluate the expected delay in each of the 10 queues
both by the approximation (denoted by z;(app)) and exactly (denoted by z;(exact)).
For each of the 10 queues the relative error of the approximation of the expected
waiting time at @); is defined as the absolute value of

zi(app) — zi(exact)
z;(exact)

(39)

Figure 5 below depicts the maximal relative error (over the 10 queues) of the
approximation as function of the system load. Figure 5 demonstrates, as expected,
that as we approach p = 1 the quality of the approximation improves. Further, it
demonstrates that for most practical cases of high load (range of p > 0.8) the quality
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Quality of Approximation as Function of Load (Binomial-Gated)
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Figure 5. Quality of approximation: binomial gated service.

Quality of Approximation as Function of Load (Fractional exhaustive)
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Figure 6. Quality of approximation: fractional exhaustive service.

of the approximation is very good (relative error less than 10%). This is the case
for systems with either low or high value of switch-over variation (the approximation
quality is somewhat better in the low variation case).

Next we conduct a similar comparison for a system with fractional exhaustive
service (in al queues). Recall that the exhaustiveness factor of this policy is given
by fi = pi(1 — pi)/(1 — pip;). We consider the system under the same parameter sets
chosen for the binomial-gated case. Evauation of this system is depicted in figure 6.
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We observe that, although the expected waiting times differ between the two systems
dragticaly, the quality of the approximation in this case is quite similar to that of the
binomia-gated system.

8. Topicsfor further research

The monotonicity property stated in section 5.2 provides new insights into the
behavior of polling systems heavy traffic. One may investigate whether a similar
monotonicity property also holds for stable, medium and lightly-loaded, systems. Such
gualitative results would contribute strongly to the understanding of the stochastic
behavior of polling systems. Analysis of the system for p < 1, however, would not
only require properties of the tail behavior, but also of the heading part of the sequences
{oGom c=0,1,...} ad{al),,, c=0,1,..}. Ingenera, for p < 1 the expected
delay no longer depends on the service disciplines only through their exhaustiveness.
Instead, the second moments of L; and T; should also be taken into account.

The analysis might be extended to obtain higher moments of the scaled delay.
For the specia case of mixtures of gated and exhaustive service a al queues, and
with zero switch-over times, expressions for the kth moment of the delay at each of
the queues have been obtained in [21].

The closed-form expressions obtained in this paper open possibilities for op-
timization purposes. For instance, in systems in which the load can be (staticaly)
balanced, equations (34) may be useful for solving load-balancing problems in a heavy-
traffic environment. Moreover, as indicated in section 5.4, the problem of minimizing
(35) with respect to the service disciplines at the queues, should be pursued further.
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