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Executive Summary

System testing of software is defined as the “investigation conducted to evaluate whether a complete and
integrated software system complies with its specified requirements”’. Thus system testing is a process
that requires creation of test cases for every function point of the software and execution of the test cases
to validate whether the function point conforms to the specified requirements. In case of failure of a test, a
defect is logged that is fixed by the development team and again re-tested. The system testing process can
therefore be described by the following steps: (a) Requirements analysis, (b) Test estimation and strategy
(c) Test planning (d) Creation of test scripts based on requirements (e) Execution of test scripts on the
software product (f) Reporting of defects (g) Retesting of fixed defects and (h) Test Closure

The system testing process described in steps (e)-(g) is a cyclic process and requires allocation of
resources (software testers) to complete testing in allocated time. However, as businesses increasingly
tend to reduce the time to market of their products and services, coupled with the fact that upstream
activities (Requirement Gathering, Infrastructure setup, Development etc) often consume more time that
what is allocated, the time allocated to testing is often squeezed. This in turn leads to a tradeoff between
resources (costs) and allocated time. This leads to the decision problem that every test manager has to
deal with, as to what is the optimal investment in execution of a test case (or a collection of test cases)
that in turn ensures that system testing meets the schedule and budget constraints.

In sequential decision making problems, a decision maker or agent chooses consecutive actions according
to a system status and her preferences to form a decision policy. The essence of these problems is that the
decisions made now can have both immediate and long term effects and the ultimate goal of the agent’s
actions would be to maximize the expected utility of such decisions. Markov and semi-Markov Decision
Processes provide a mathematical representation of these problems. Decisions are made sequentially,
obtaining an immediate utility after each decision, which also modifies the environment for future
decisions. Semi-Markov Decision Processes generalize the Markov Decision Processes mainly by
allowing the actions to be history dependent and by modeling the transition time distribution of each
action. Our primary endeavor in this paper is to implement a semi-Markov decision process on the test
execution Markov chain and thus build a model that solves the sequential decision problem of software
test management

As business managers demand more control over IT expenditures and especially the return on investment
in quality assurance activities, the decisions that software test managers make in terms of resources and
time (i.e. test management) will need to be much more scientific and not just driven by intuition and
experience, though any amount of mathematical modeling will not be a substitute for wisdom, and we
certainly believe that the best decisions are made at the confluence of scientific rigor and intuition.

1 IEEE Standard Glossary of Software Engineering Terminology
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Introduction

System testing, as defined by the IEEE standard glossary of software engineering terminology is the
“investigation conducted to evaluate whether a complete and integrated software system complies with its
specified requirements”. Downs [6] proposed that test cases should be considered as independent
Bernoulli trials and test execution as a sequence of Bernoulli trails on logic paths /function points through
the software product. Downs [6] derived the failure rate of a software system, the distribution of the
number of faults in a path and using these parameters proposed different testing strategies. Finally, the
optimum test execution profile of a software product was estimated. However, the interdependence
among test cases (and therefore test execution) requires a Markov Chain modeling of system testing as
proposed by Whittaker et al. [3] wherein the logic paths in a software product can be modeled as a
Markov chain and hence the test execution process along these logic paths. A popular model for software
project management is PERT. Though easy to compute, PERT suffers from a drawback of not allowing
loops between two activities which is very important for testing, as a test might fail multiple times due to
improper bug fixing and might have to be executed many times. Pritsker [5] proposed a model called
GERT (Graphical Evaluation and Review Technique) wherein he showed that a set of interconnected
activities that take a random amount of time to complete can be modeled as a semi-Markov process.
Elmaghraby [1] further showed that GERT can be used as a model for project management of activities
which contain loops. Cangussu et al.[4], [11] take a system theoretic approach to propose a feedback
control model for software test process that takes into account presence of unforeseen perturbations and
noise in the data.

The models of system testing referred above do not model test execution as a stochastic process wherein
the time required to execute a test case is a random variable defined on a probability space and depends
on the next test case to be executed. Therefore the probability of test execution being in a particular state
at time 7 depends on the transition probability of reaching the state and the probability that the state will
be reached in time 7. Moreover, when test execution on a logic path fails, the software tester may decide
to move on to test another logic path with a certain transition probability while the defect in the first logic
path is being fixed by the development team. Similarly, execution of a test case might fail and the tester
might decide to retest with a certain transition probability depending on the complexity of the test case.
Such properties of test execution further necessitate the need to model test execution as a walk (with
certain transition probabilities) on a finite graph. Therefore, the stochastic nature of the test execution
process requires a stochastic control model that enables a test manager to take optimal decisions regarding
cost and time.

The aim of this paper is to model system testing as a semi-Markov process and then extend it to a semi-
Markov decision process for the purpose of test management. This model enables us to compute the
stationary probability that test execution is in a given state when execution time is a random variable, and
the average time to execute a test case. Moreover, the model computes the expected time to complete
execution of all test cases in the test suite. The modeling as a decision process allows us to compute the
long run average cost of test execution and we use policy iteration to analyze the impact of additional
investment on future costs and time. Therefore, based on the history of the system testing process, the test
manager, at a decision epoch can analyze how a decision regarding additional investment will impact the
budget and schedule in future. This model will enable the test manager to take a decision that minimizes
the costs while ensuring that the schedule constraints are met. We also propose a Linear Programming
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formulation for computing the optimal additional investment, such that the probability of completing
system testing on or before a specified time is maximized.

2. Exponential Distribution and Test Execution Time

Here we consider two important properties of the exponential distribution namely ‘a constant rate’ and
‘momorylessness’ and try to analyze this in the framework of software testing.

The exponential distribution is characterized by the rate parameter A >0 which is the expected number
of events that occur per unit of time in a ‘continuous time counting process’. This continuous time

counting process {N,,t 20} is also known as a homogeneous Poisson process and satisfies the following

properties.

1. The rate parameter A does not change over time
2. N is acounting process i.e

e N,eZ'Vt=0

e Vt=s,N 2N,

* (no two occurrence can occur simultaneously), V¢ 2 0,lim | N <lim , N +1
3. N,=0as.

4. (Independence of increments) o(N,—N )and O(N, ,u<s) are independent i.c the

number of occurrences counted in disjoint intervals are independent of each other.

d
5. (stationarity of increments) N,—N =N, Vs<t ie the probability distribution of the

number of occurrences counted in any time interval only depends on the length of the interval

If all the five properties mentioned above are satisfied, then the time between occurrences of two events
of a homogeneous Poisson process is exponentially distributed. The independence of increments
described in property 5, leads to an important property of the exponential distribution called
‘momorylessness’ which can be formally defined as

P(T >t+At|IT >t)=P(T >At)Vt,At 20 (1)

Now let us try to analyze these properties for the software test execution process where N, denotes the

number of test case executed till time ‘#’. Properties (2) and (3) are clearly satisfied and therefore need no
further explanation. The rate parameter in testing parlance is the test execution rate which is defined as
the average number of test cases executed by a software tester per unit of time. Property (5) is also an
acceptable regularity condition for test execution wherein we say that the probability distribution of the
number of test cases executed during a time interval only depends on the length of the interval.

Let us now look at property (4) which implies that the number of test cases executed in a particular time
interval will be independent of the number of test cases executed in the previous time interval. A critical
analysis of the software testing process reveals that this might not necessarily be true as there might
occur instances, where the tester speeds or slows down the test execution process based on the number of
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test cases executed in the previous disjoint interval. Speeding up the process does not have a major
impact because the number of test cases that can be executed is constrained by the skill set of the tester
and which does not vary during the duration of test execution. However, slowing down when the tester
has executed more than the average number of test cases in the previous interval and decides to ease up,
renders the process with memory. But, testing projects, like any other activity, are subject to ‘student
syndrome’ and such cases are rare. Another scenario that instills memory in to the test execution process
is that as test execution progresses, the software tester gains a better understanding of the software under
test and thus if she finds similar test cases (to already executed ones), she executes them quicker. This is
also true for retesting a failed test case, wherein the time to retest a failed test case is quicker as the tester
already is familiar with the test case. We therefore model the test execution process as a semi-Markov
Process in this paper and present an algorithm in section 5.3 to simulate semi-Markov process when the
test execution time is not exponentially distributed. However, there can be many testing projects where
the scenarios like the ones mentioned above that instill memory to the test execution process can be
safely ignored and in such cases property (4) is satisfied. Therefore, if we assume that the test execution
processes is memoryless, then test execution can be modeled as pure birth-death process where the
lifespan of a test case is described as follows. A test case is active till the time

a) It passes or
b) It fails

Now, we turn our attention to property (1).In the case of manual testing, the execution rate is primarily a
function of the skills of the software tester and generally does not fluctuate during the course of test
execution. However, we can have different execution rates for different types of test cases which can be
classified as simple, medium or complex. This can be easily tackled by modeling the execution of each

classification of test cases as independent Poisson processes with different rates (A, 4,,,4.). We define
the set of Poisson processes N,S,NtM N f Vt >0 (that satisfy property (2), (3),(4) and (5)) to be
independent if for 0<t,<t,<..<t,,VkeZ" the random variables
Mf,]\ﬁf,...,]\ﬁf;]\ﬂfl,]\ﬂf,...,l\ﬁy and Ntlc ,N,f ,...,N,kc are independent of each other. Therefore, we can combine

the three independent Poisson processes to form a Poisson process N, with rate A=A+ 4, + 4,

Therefore the test execution process satisfies property (1) as well. Thus, with certain assumptions
regarding the independence of the number of test cases executed in disjoint time intervals, we can
conclude that the time to execute a test case is exponentially distributed.
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3. SMC as a model for System Testing

The SMC model is the de facto model used by most test managers to estimate the time required to
complete test execution of ‘N’ test cases in the test suite by segregating the test cases into three
complexity classes (Simple, Medium and Complex), each type having its own execution rate and then
taking a weighted average. Let us consider a basic test suite of 16 test cases with 8 test cases of
complexity as simple, 4 test cases with complexity as medium and 4 test cases with complexity as
complex. The average execution rate per hour A of each type of test cases is given in the Table 1. As per
the SMC model the expected execution time of the 16 test cases would be 260 minutes (4 hours 20
minutes)

Now let us model the Test Execution Process as a homogeneous Poisson process where the test execution
time of each test case is exponentially distributed. The first point to note is that the SMC model is just a
linear combination of the average rate of execution and does not take into account that the test execution
time is a random variable and therefore there is a certain probability associated with the event that
execution of a test case will complete within the expected time and also a certain probability associated
with the event that test execution will not complete in expected time.

o .1 o :
So when expected execution time per test case is I(because the execution time per test case is

1
exponentially distributed) , the probability of completing execution of a test case by the expected time E

1 A 1
is given by P(T < z) =(l-e *)=(1--)=63.21%, while the probability of not completing the
e

1 1.1
execution of a test case by the expected time is P(T > z) =1-P(T < Z) =—=36.79% and what is

e
important is these probabilities are independent of the complexity of the test cases as well as the
execution rate of the test cases belonging to each complexity class. What makes the situation even worse
is that the probability that all 16 test cases in the test suite will complete in expected time is (63.21%)"

=0.065% which is an alarmingly low number even for a very small test suite , and will tend to 0 as ‘N’
gets large.

Table 1: Average test execution time and probability of completing test execution (not) on schedule for test cases belonging
to different complexity classes

Average Probability of Probability of
Execution Time | completing not completing
Average per test case, execution in execution in
- 1 1 1
Execution Rate | , _ ~ time P(T<—) | timeP(T >—)
Complexity | per hour(A) A A A
S 10 min 63.21% 36.79%
M 15 min 63.21% 36.79%
C 30 min 63.21% 36.79%
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Next, we sampled the test execution time from an exponential distribution with parameter A=6,4,2 and
12 respectively by using the inverse transform sampling method and plot the figure below. As can be seen

from Figure 1, the
exponential
distribution  has

fatter tails as A

decreases, which
means that the

there is a large

probability of not

being able to

complete test
execution in the

expected time

when the average
execution rate is

execution rates, A

intuition in practice
that execution of
complex test cases
has a higher chance

of not being
completed in
expected time.
Another

interpretation can be
that when the testing
skills of the
software tester is

low (and in turn Ais

Figure 1: Probability that execution of test cases will complete on or before time, T for different low. In other
words, this
reinforces the

18
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e ,_r
c & o
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Elapsed Execution Time when Average Execution Rate is 12

low), the chances of
not being able to

complete testing in Figure 2: Sample Path of Number of Test Cases Executed v/s Elapsed Test Execution Time

the expected time is

quite high which is in line with the intuition in practice.

Combining the independent Poisson processes into a Poisson process with rate A=12, ensures that the
probability of not completing test execution within the expected time is much lesser than the probability

of not completing test execution for each of the individual Poisson processes with rate A =6,4,2

respectively. This conclusion is again in line with the belief in practice that diversification or economies
of scope reduce the risk of schedule overrun. Thus, we can conclude that though the modeling of test
execution as a homogenous Poisson process requires us to make a simplifying assumption that the process
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is memoryless, the model is a very good approximation of test execution in practice and is more accurate
than the SMC model currently used. This insight opens up the path for modeling of software test
execution as a Markov chain which we treat in the next sections.

4. Markov Chain Modeling of System Testing

We use the TDLR (Top Down Left Right) naming convention for numbering test cases as introduced by
Lavenberg and Shedler [8]. Let us denote the number of test cases in the test suite by N € N Therefore
the state space X ={0,1,...N} <oo.Leti, j=1,..,N denote the current state/test case that is being executed

and the state/test cases immediately connected to the current test case . In case of a failure of a test the
system stays in the current state i.e i=j or moves to the test case in the next branch. The transition

N

probability p; € R+; D (0)=0; Z D (c0)=1 _is the probability of transitioning from test case ‘i’ to
j=1

test case j’ and P is the N XN transition probability matrix. Moreover we impose the conditions that

pfj") >0,Vi,j and p; <1,Vi=j.Let the stochastic process {X, € NX;7 20} denote test execution status

(X3}

wherein X, =i denotes that test case ‘%’ is being executed at time‘t’. A stochastic process

{X, e X;t 20} is called a Markov Chain if for all times ¢ > 0and all statesi, je X,
P(Xz+1:j|Xt:i’Xt—lzi_L---,Xo:l):pij (2)

This means that the probability of transition from test case 7’ to test case j’ at any time ‘¢’ depends only
on being in test case ‘i’ at that particular time ‘¢’, but its independent of the history of arrival at test case
‘i’ .Test execution along a given logic path means that the execution of the next test case j’ at time ‘#+/’
is dependent on the current test case ‘i’ and ‘i’ has absorbed all the information up to time ‘#’. So a walk
along the test chain when test cases keep passing satisfies the Markov property. It is however important to
consider the case when a test case fails. Once a defect is fixed (after the test case failed), the test case that
had lead to the identification of the defect is re-executed to validate the fix. Now we can assume that this
test case behaves like a new test case (though this is not true in practice as the time required to perform a
test is a decreasing function of the number of retests and therefore has memory, but this is not the case for
automated testing where test execution again satisfies the memoryless property). Thus we assume that the
test execution satisfies the Markov property though we relax this assumption in section [5.3], wherein we
present an algorithm for simulating a semi-Markov process where holding times do not have an
exponential distribution.

The transition probability p; also depends on the complexity of the test case i.e complex test case will

have the lowest transition probability to the next test case in the logic path and the highest transition
probability to itself. On the other hand, a simple test case will have the lowest transition probability to
itself and the highest transition probability to the next test case in the logic path. This is explained by the
fact the complex test cases have the highest probability of failure while simple test cases have the lowest
probability of failure.
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A Markov chain model for test execution of sixteen test cases is shown in Figure 3.

Figure 3: Markov Chain Model of System Test Execution

In the Markov chain model of system testing as shown above, the terminal test cases are linked to the
initial state/test case (for example the path from test case 6 to test case 1). This is explained by the fact
that , once test execution reaches the terminal test case, it is evident that all test cases in that logic path
have already passed and the next option would be to move to the next branch. Another important point to
note is that if there is more than one branch for a test case, and if one of the branches has a terminal test
case while the other branch has further sub branches, then once the terminal test case passes, test
execution jumps to the corresponding test case that exists at the same level (for example the path from test
case 9 to test case 10). The explanation for this as the same as given above. The system test chain also has
test cases for which there exists a path to the previous test case (for example the path from test case 2 to
test case 1). This models the phenomenon, that once a test case fails execution, the tester might decide to
jump to the next logic path instead of waiting at the same test case. Self loops model re-testing of a failed
test case. As evident above, the test execution process is a random walk on a finite graph and as discussed

by Sarkar [9], a stationary distribution (], ) can exist iff the chain is

a) Aperiodic i.e P(X,=ilX,=1i)>0 which can be obtained by ensuring that the GCD of all cycle

lengths in the Markov chain is 1.

b) Irreducible i.e P(X, = j| X, =i)= pi(j") > (0 which can be obtained by ensuring that there exists a

path from every state to every other state.

c) Recurrentie 7, =inf{t>1;X, =il X, =i}; P(7, <o) =1 where 7, is the hitting time
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Therefore it is imperative to ensure that the Markov chain model of the test suite satisfies (a), (b) and (c)
in order to attain a stationary distribution.

4.1 Stationary Distribution of System Testing
As shown by Bhulai and Koole [11], a Markov chain has an invariant measure (stationary distribution),

N
lim, . II, =II, for some arbitrary distribution HO;ZH ; =LII, 20 iff the Markov chain is ergodic
=1

(aperiodic, recurrent and irreducible). Then the distribution II, is the unique solution of

I, =1II1.P
3)

Which is obtained by iterating through [],, =[], P until convergence is attained.

t+1

4.2 Expected Time required to complete System Testing
We use the algorithms given by Sigman[12] for simulating Markov Chains and modify it to run until all
states of the Markov Chain have been walked at least once.

4.2.1 Algorithm for Simulating System Testing in Discrete Time
1. Seti=1, 7=0,wikVec=[i]

2. If die wlkVecVie R then stop; otherwise goto step 3

J
3. Generateu ~ U[0,1], seti = jwhere u < Zpl.,k s set T=7+1additowlkVec
k=1

4. Go to step 2

The Weak Law of Large Numbers implies

lim, . P(

T,—E[T]|>€)=0Ve>0 4)

Therefore, if we run the simulation for a sufficiently long time such that|1_'n —FE [T]| <g,vVe >0, then the

average of the time (7 ) obtained from each run of the simulator will converge in probability to the
expected time (T) required to walk all the states. This is an important insight for the test manager because
it helps her see the relationship between test design and expected completion time of test execution.
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5. Modeling System Testing as a Semi-Markov Process

Elmaghraby [1] defines a semi-Markov Process as a stochastic process that makes its transition from state
‘i’ to any other state ‘j’ (including i=j), according to the transitional probability matrix of a Markov
Process but whose time between transitions is a random variable that may depend on both i” and .
Software Test Execution has a structural similarity to the above because once a tester reaches test case ‘i’,
she chooses the next test, ;' to be executed. This decision is made according to the probabilities p,; of

the transition probability matrix. Now, test case ‘i” is executed for a random duration t € 7, ,; T, € [0,00)

and this duration depends on both i’ and ¢’ as the decision to move on to test case ‘j’ influences the
inputs to test case ‘i’ and thus the duration of time spent on test case ‘i’. Moreover, test case ‘7’ can be an
absorbing state/trapping state in case the test case fails but the recurrence property of the imbedded

Markov chain defined above and p; < 1,Vi = j we can safely conclude that the process will jump out of

the trapping state in finite time.

The duration of executing a test case is denoted by the random variable,T; € [0,00) where

P(];,j € [0,)) = FTi,»(t) = Ilej (r)dr =1 and 0<PA(T; :t):fT.j (1) £1,Vte[0,00) . The expected duration of
0

executing a test case is denoted by E[T;]= ,[th, (t)dt,Vte [0,0) . Since P(Tij<oo):1and

0

assuming that absolute integrability (Lebesgue Integrability) is satisfied i.e II 11 f; (t)dt <eo, implies
0

E [7:.1.] < oo .The Laplace-Stieltjes transform f i (s) for the non negative random variable T;; is defined as

oo

Ty(s)= E(e™) = [ e"dF, ()= [ e f, (0dt , 5 2 O[T, ()| <1,¥5 2 0;,(0) =1, T,(0) =E(T,), T, (0) = (=)' E(T;)
=0

t=0
We define pijFT_ () as the transition distribution from state ‘i’ to state ‘j’.

ij
A test manager, watching the system in state ‘i’ can only infer the unconditional probability density
function of the waiting time at state ‘i’ (as it’s the tester who is executing the test case and has made the
decision of moving to test case ‘j’ from ‘i’).Therefore, let the unconditional waiting time in state ‘i’ be

denoted by the random variable W;(t)e [0,00) V t € [0, o) where the density function of W, is given by

L

INI

fy @ =2 pyfr (1) and  PWe[0,.09)=F, (t)= j [y @dT=1,0< PW, =1) = f,, (1) <1,Vt € [0,00) .The
J=1 0

expected unconditional waiting time in test case ‘i’ is given by:

EW,1= [if, 0di =[1(} p, fy, (0)di = p, [if; (0di =3 p,EIT,] )
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Similar to the expected value of the conditional waiting/transition time we assume that the expected value
of the unconditional waiting/transition time satisfies absolute integrability and therefore exists and is

N
finite. The interchange of sum and integral in (5) is due to Tonelli’s theorem since Z P fr (®)dt >0.
=]

The Laplace-Stieltjes transform of the unconditional waiting time is given by:

W) =Ee™)=[ e dr, ()= [ " f, @t .52 0[W(5)| <15 2 0:W(0) =1, W (©) =EW), " (0) = (1) EW,)

=0 =0

5.1 Interval Transition Probability of System Testing
Let the interval transition probability be denoted by ¢,-j (t ) = P(X, = ] | X 0— i) which is the

(conditional) probability that test case ‘j’ is being executed at time ‘¢’, given that that tester was at test

&S] X3}

case ‘i’ at t=0.Therefore ¢,-j () is the (conditional) probability of being in test case {j’ at time ‘¢,

through multiple transitions, starting from test case ‘i’. Whereas, P;; is the (conditional) probability of a

single transition from test case ‘i’ to §’, j’ being the immediate successor of ‘i’ in this case .@is often

called the interval transition probability.

1if i=j

Let use introduce the Kronecker delta, 5” = { .Where é'ij =1denotes that the test case has failed

0 o.w.

and the test execution is stuck at this state. The probability of the unconditional waiting time when a test

— N —
case fails is given by fw,.(t) =1- Z pl-jfTij(l) = pufT,.j(t)zl'fw,.(t) where
=1

N
D, :1—2 p;»Vi#j is the probability that the test case fails after being executed for a duration 7’.

j=1
Therefore, the distribution of the (unconditional) waiting time in the event of failure of a test case can be
represented asF, (t) = 1-F}, (7). Intuitively, if F, (r) is the probability of completing execution of test
case ‘i’ in time ‘t’ and then moving on to a successive test case, then I_JW‘ (t) = 1-F,, (¢) is the probability of

remaining in state ‘i’ even after time ‘#’, which can only occur in case of a failure.

Therefore the probability that the test execution started at test case ‘i’ and has remained there all the time
is given by é‘l.jFW_ () Let ‘k’ be an intermediate test case between i’ and §’ and 0 <7 <t be the time

required to execute test case ‘i’. Thus, if 4" and ‘j’ are connected by test case ‘k” and if it takes a duration

‘t” to reach test case §’, then 7 is the amount of time required to reach test case ‘.4’ and the remaining
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t—7 is the amount of time required to transition from test case ‘.’ to test case ‘j’. The following figure

shows the execution time for different transitions of the testing Markov chain.

— z
z //Z-\‘/T\‘ /\‘
iy ¢y ok eI ) ' :
— t—7T

Figure 4: Transition Time of the System Test Markov Chain

As shown by Osaki and Mine [2] and also by Elmaghraby [1], ¢,-j (f) can be formally defined with the

following recursive equation

9, (1) =8,F, ()+ p,.kj fr (D)@, (1 —T)d7 o

This implies that when i=j, there are two events, one is that the system has stayed in the same state till
time ‘¢’ and another is that the system visits state ‘4’ at time 7 and returns to state ’i’ at time ‘t’. These

two events are mutually exclusive Wheni # j, the system visits state ‘4’ in time 7 and transitions from

state ‘k’ to state ' intime t—7.

The convolution in (1) can be written as a Laplace transform as follows,

[ 1, @0,-0)dT=T,(99,(5) ;§,(5)=Ble ™M)= [ e"dF, O)= [ & f, Ot , 520
0 =0 =0 )

~ ~ e 7 (r r r R —st 1
0, (9] <1.9520:0,0)=1, 4,0 =E@,)). 4, (0)=I'E,").Ako. L) = [e"di =~
0
Therefore transforming (6), we obtain

~ ~ N ~ ~
§,(5) = ~8,[1= Fy )1+ DT (5)0,(5) o)
S k=1

Let, ¢~(s) = [éj ($)],q(s) = [pl.jf.j ()], ﬁW (s)= [é:jﬁm ()], é:.j =1 be N X N matrices. Then (7) can be

rewritten in matrix form as ¢;(s) = l[1 - ﬁw )]+ q~(s)¢;(s) =[I- é(s)](z;(s) = l[I - FW (s)]
s s

= ¢~(s)=[1—ci(s)]“i—[1—Fw(s)] ®)
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We assume here that the transition distribution piJ.FT}, (#) is invertible which is a necessary condition for
y

the existence of [/ — G (s)]™".

5.2 Stationary Distribution (invariant measure) of System Testing

Osaki and Mine [2] define a semi-Markov process to be ergodic if the imbedded Markov chain is ergodic.
We now discuss the limiting behavior of an ergodic semi-Markov process. To derive the stationary
performance, the behavior of the system asf—>oo, we use the final value theorem

lim,_ f(t)=lim_,, sF(s) of Laplace-Stieltjes transform to obtain lim L) =lm_ s;/;(s) )

Thus (8) can be written in the form lim _, s@(s) =lim _, s[I — G(s)]™" 1[1 — F,, (s)] .Using L’Hopital’s

s
d ~
Lo S=Rel
rule we getlim _ —[1 —F;, (s)] = sd— =—F, (0)=[6,EW,)] .Howard (1964) proved that
s
—[s
ds[ ] s=0
1 Hl HN
limx_ws[l—c}(s)]_1 = . where the vector II=(II,II,,....,IT) is the
DILEW) (T, ... 1O,

j=1
vector of the steady state probabilities of the ‘imbedded Markov Chain’. Therefore, the limiting transition
probability, that after a long period of time, test execution will be at test case 7’ is given by

__TLEW)]

= ;j=12,..,N ©)
Z{H}E[Wj]
=

J

5.3 Simulating the Semi-Markov Process of System Testing

If the execution time of a test case T;;does not have an exponential distribution, then the resulting semi-
Markov process does not possess the Markov property. This means that the execution time 7;; of test case
‘i’ has a general distribution FTU .We assume that FTU_ can be computed analytically and has a tractable
expression for the probabilities and is invertible. When FTO_ cannot be computed analytically and has no

tractable expression, we need to resort to Monte Carlo Markov Chain methods (MCMC) to simulate the
Semi-Markov Process and is out of the scope of this paper. We use the algorithm given by Sigman[12] for

simulating semi-Markov Chains when 7 follows a general analytically tractable distribution F, and

modify it to run until all states of the semi-Markov Chain have been walked at least once.
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5.3.1 Algorithm for Simulating System Testing in Continuous Time
1. Set i =1, Generate Tij ~F, ,setT= Tl/ wikVec=[i]

2. If die wikVecVie R then stop; otherwise goto step 3

J
3. Generateu ~ U|[0,1], set j where u < Z Pix

k=1

4.ifj>=iand k& wikVecVk: j<k <N;p, >0 goto step 5 else goto step 6
5. GenerateT,; ~ FT[_]_ and sett=T7+T;

6. set i = j,; addito wikVec
7. Go to step 2

We generate T ~ Exp(A)when the execution time is exponentially distributed and as a result the

Markov Process is a Continuous Time Markov Chain.

Again, by the Weak Law of Large Numbers given in equation(4) we conclude that if we run the
simulation for a sufficiently long time such that|1_'n -E [T]| < &,V€ >0, then the average of the time (7 )

obtained from each run of the simulator will converge in probability to the expected time (T) required to
walk all the states.



System Test Evaluation and Review Technique |18

6. Optimal Control of System Testing-The Test Management Model

.~ » System Test Execution Process — »
A

*
B Test Manager - ()
A
- E[-/ ()]
u argmax| lim
J t
v

. ——— » System Test Execution Model —  » = D

Figure 5: Optimal Control Model for System Test Execution Process

Gimbert[13] defines a controllable Markov Chain (X,U, i, p) to satisty the following properties

- The state space | X I< oo and the control space |U I< oo

- For each state X, € X acontrol U, € U can be selected according to some policy 4 : X — U

- The transition probability, P: X XU — X where the triplet (i,u, j) represents a transition with
transition probability P(jli,u) >0,i, je X and ue U

The cost space C would depend on the action space, C(t):XxU — R",VC(t)e C .A policy u is a

decision making function of control strategy of the agent, representing a mapping from the state space to
the control space.

Let us first define and elaborate on the decision epoch. A test manager reviews the test execution progress
(based on the history of the process) at scheduled checkpoints, during the testing cycle and it is at these
discrete points in time that the manager takes a decision thus applying a feedback control in order to the
stabilize (maximize the expected utility) the test execution process.

A history of the process until decision epoch 7 =1,2,... denoted by a random vector H . 1s a sequence
(X, =it,X_ = DIViFjlp;#01~f, (1)if 7 =1

of transitions such that H o= . N o
(X =iU, =u,t,X = j)Vidjlp,#0,1~ lej(t),ue Uifrt>l1

The semi-Markov decision process therefore should satisfy the following Markov Property
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P(T,=t,X_. =jlH U =u)=PT,=t,X_ =jlX. =i,U.=u) (10)

T

The test management problem is a finite horizon stochastic optimal control problem and can be solved by
Stochastic Dynamic Programming. Since we have considered a simplified model of software test
execution in this paper with only one tester, the state space is not multi dimensional and therefore does
not suffer from the curse of dimensionality.

We denote  E[c/(¢)] as the expected cost up to time ‘¢’ beginning from test case ‘i’ as the initial state

and applying policy 4 : X — U .Thus our optimal control problem is to find a policy 4 that minimizes

the average expected long run cost when starting in test case ‘i’ over execution of NN test cases which can
be formulated as

u t

_ M
arg max (limt_m Mj (11)

6.1 The Cost Function of System Testing
The costing of most testing projects is either “Time and Material’ or ‘Fixed Price’. In this paper we will
only consider ‘Time and Material’ costing wherein cost of test execution is calculated as follows:

Cost of Executing a Test Case=Duration of Execution X Billing Rate (12)

The billing rate is a contractual agreement and does not fluctuate during the course of test execution (and
is therefore constant).Thus, we can safely assume that the cost of test execution is a linear function of
time and the total cost of test execution is a linear combination of the cost of executing each test case in
the test suite.

Let ¢; € R* be the cost of executing test case ‘i’ (i =1,..,N) .Therefore, we define cost as a monotone

non decreasing function ¢, :R™ —R" of duration (T;) wherein F,  (y)=P(c,(F, (D)< y) the
1 u

function of a random variable is also a random variable. We define the random execution time of test case

‘i’, T;; on the probability space (Q, F', P).

J

Then we can write (c,,2) > f, (t):([0,00)XQ, B([0,0)) ® F) — (R, B(R?)) to define the
dependence of cost ¢; on fT,-;(t ) .It is important to note that we denote ¢;(1) as ¢, which is a constant.

Moreover, since the test execution Markov chain is recurrent, the duration of time spent in execution of

test case ‘i’ is finite. This implies by definition that the cost c,(#) of executing test case ‘i’ is finite as well
andc; (1) T ¢; ast —> oo, Thus, by the Monotone Convergence Theorem, we can conclude that the

lim, _ E[c.()] T E[lim,_,_ ¢, ()]

Further, assuming absolute integrability II c,(t)|dF,

1 <o = E[ci ()] <o

0
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6.2 Semi-Markov Process Model of System Testing with Costs

Now we shall consider the total expected cost up to time‘t’, E[c,;(t)] < oo when test execution starts from

test case ‘i’ at time zero. E[c,(t)] satisfies the following equation of renewal type, V¢ =0
T
Elc;0]=[1-E, ()]c;t + z pUI{CiT +E[c;(1—7)] }fr,.j ()dt (13)
J=1 0

The tail distribution of the unconditional waiting time 1— F}, (#) approaches zero as ‘¢’ gets large. This is

explained by the fact that the probability that a test case will remain in failed state will tend to zero as the
number of retests and hence the duration of testing ‘¢” gets large. Moreover, E[W,]<oo=[1-F, ()] =0.

Therefore, for large ‘¢’, (4) can be re-written as
N © N © N ol
REGIENY pijjcir £, @de+) p; j Elc,(t-7)1f, (D)dT=> . EIW]+ ) pUJE[c (=D, (@dz (14)
=0 =l 0 =l 0

Let us introduce, E[c(t)]y,, =[Elc,D] Elc,(1)] ... EleyOl]icyva=[c, ¢ - ¢y
EW], = [é‘ijE(Wi)];q(t)NxN = [pijfT,-j (t)] .We can then re-write (5) as

El[c(t)] = E[W]c +q(t) * E[c(1)] (15)

Where ‘*’ denotes convolution. Taking the Laplace-Stieltjes transform, we get
- 1 - ~ ~ 1 )
E[c(s)]= ;E[W]c +4(s)E[c(s)] = E[c(s)]= ;[1 —q(s)] E[W]c (16)
We are interested in the limiting behavior of (6) i.e lim, ,_ E[c(¢)]=1im_,, sE[c(?)]
6.3 Expected Long-Run Stationary Cost of System Testing

As shown by Osaki and Mine [2], the expected long-run stationary cost which is the average cost of
executing a test case (Vi€ X)), when the duration of test execution ¢ — oo can be written as

N
| ZHJE[WJ]CJ
lim, .~ E[[ c,(r)d7] = g = 5—— (17)
g T, EW,]
j=1

6.4 The Control Space and Control Policy of System Test Management
We model the control space U as U ={0,1} where u =0 would mean no additional investment is required

while u =1 implies that additional investment is required. Thus we define the control policy as follows:
At execution epoch of every test case,i€ X, the test manager can decide to make an additional



System Test Evaluation and Review Technique|21

investment (and thus reduce the time to complete test execution, thereby increasing cost) or choose not to
make any additional investment if she finds that there is no risk of schedule overrun. Formally,

(18)

1 if additional investment is made
" 0ow.

When the test manager chooses a control policy 4 =uVie X,ue U, then the system obeys the

probability law p; F;' (t) where p;'. is the transition probability from test case ‘i’ to j° when control ‘u’ is

applied and F,’ is the probability distribution of waiting in state ‘7" when the next state %’ is chosen and
.y e . . . 0 1 . . . .

control ‘u’ is applied. It is important to note that p; < p;,Vi< jorj —l,pU < pl/Vl > j&j#1land

E)(t)= PO(Y;J. << PI(YZ.J. <t)=F, (t)Vi, je X This further implies that E[Y:j] < E[]:.jo]‘v’i, j€ X .An

intuitive explanation for this is that if the test manager wants to make additional investment in execution
of test case ‘i’, then the probability that the test execution will jump out of state ‘i’ is equal to or higher
than that with no investment. Similarly, an additional investment in execution of test case ‘i’, should
reduce the probability of waiting in state ‘i’ upto time ‘¢’ and hence the expected waiting time as well.

Moreover, c¢;' will denote the cost of executing test case ‘i’ per unit time under the influence of control

N
‘u’and E[W']= Z pZ. E[Y:]” ]is the expected unconditional waiting time in test case ‘i’ when control ‘u’
=

is applied. As a consequence, cl.0 <C;Vi€ X and E[Wio]>E[Wil]‘v’ie X .Therefore we obtain the

following expression for the expected long-run stationary cost under control policy

ZH"C"E[W
lim, —E[j 4(r)dr] = g* = (19)

N

ZH E[W!]

6.5 Semi-Markov Decision Process Model for System Test Management
We use the same arguments as given by Bhulai and Koole [11] to derive the average expected long-run

costs E[c/'] when starting in test case i’. As defined earlier, E[c/ (t)] denotes the total expected cost till

time ‘¢” when beginning from test case ‘i’ at time 0, and control u€ U is applied. From (5), we have

E[c(1)]=c'E[W" ]+ Zpé’jE[cf (t—T)]foj‘ (7)dt and E[c/]=lim,__{E[c/(t)]—g"t} is the total
J=1 0

expected difference in costs between starting in test case ‘7’ and starting in stationarity. Therefore we can

write, E[c/'(©]+g" EIW*]+0(l) =c/EIW*“1+ > pLElc! ()]
j=l

Subtracting g*t from both sides and taking the limit 7 — oo leads to the Poisson equation
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N
Elc{'1+g" EIW/]= ¢ EIW/1+ ) p{Elc!] (20)
j=1

An important point to note here is E[c/]=1im, ,_{E[c] ()]- g“t} =0 which is implies from (19)

because lim, ,_E [I ¢ (r)dt] = gt which is the expected of cost executing a test case over all test cases
0

in the system and with time? — oo. It is also important to note the condition. Another condition that is
necessary to impose on the Poisson equation in (20) is that E[cf ]=0Vj <i. This follows from the

argument given for the formulation equation (14) that ast — oo, the probability that the test case will

keep failing tends to O and therefore the probability of waiting in the same test case, 1—F;, (t) converges

to O faster than c,(¢) diverges.

6.5.1 Policy Iteration to find the Optimal Policy

Next we present the algorithm given be Bhulai and Koole [11] to find the optimal policy using Bellman
Equation in (21)

1. Choose 1. =0 or 1

2. Compute g"and E[—c!'] Vie X.

3. Find the optimal policy ,ul.* Af 1, = ,ui*, then stop else goto step 4

N
4 = argmax{(—c! + g*)E[W'1+ Y piE[-c*1} @D

uclU j=1

4. Set u, = and goto step 2.
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7. The Optimal Additional Investment in System Testing

In this section we consider the solution proposed by Elmaghraby [1] for computing the optimum
additional investment and present it in the framework of system testing. Let us assume that an additional

amount 7;; € [0,00) is invested in order to reduce the expected time taken to execute test case ‘i’ (and
thus realize test path ‘ij”). We have already defined the random execution time of test case ‘i’, Tij on the

probability space (Q,F,P) .Then we can write
(r,t)> fr/_j (1)1 ([0,00)xQ, B([0,00)) ® F) — (RY,B(R?)) to define the dependence of fTi;(t) on

additional investment 7;,

;j» Wherein ng (1) is the probability of completing execution of test path ‘j’ at

time t, without any additional investment. This would mean that the expected value of the execution time
ie. E[Tij] reduces by a certain amount whenever and additional investment is made. Let the new
expected value of the execution time be denoted as E[T; j]<E[7; j]. Please note that if the above

inequality does not hold true for any r; > 0, it would be futile to invest any additional amount in the first
place. Let us denote the reduction in expected execution time as a function of additional investment,
;(137) Therefore, E[T}]=E[T;]- f(l’l-j) and E[c; "]= Elc; O]+ I;. Moreover, we make a

simplifying assumption that the decrease in average duration is a linear function of investment. Thus, we
can rewrite the average duration and cost introduced earlier as follows

ElT;]

r

ElT;]1=E[T;]+qr . -

y

< q<0;Elc; (0= ElmT,; 1+ r=mE[T,]+r,m=0 (22)

Therefore, we can also write E[Cij ®]= mE[TlJ] +(mg+D)r,m=20= Elc;®)]+(mg+1)r,m=0

where ¢ is the marginal decrease in the test execution time per unit increase in investment and ‘m’ is the

linear slope of the cost function. It’s important to note that the amount of capital ravailable to a test
manager is finite and therefore g is bounded. Also it’s important to note that the probability of realizing

a test case depends on the path that is chosen (there can exist multiple logic paths through a test

case).Therefore, the expected cost (without any additional investment) given by the ‘law of unconscious
b

statistician’ is E[c; M]= ICU (t)dFT__O () where ‘a’ and ‘b’ are the limits on the duration of execution of
ij

a
test path “ij’. Further, if an investment 7;; is made in test path ‘jj’, the new expected cost will be given by
bA A
Elc,(D]=1r; + I ¢ (t)dFT_,r” (r) where a and b are the new limits on the duration when investment 5
i .
a

has been made in test path ‘ij’. Now, either of the following can be true Vrij >0, E[@U HI<E [c; ()] or

E[@l.j O]z E [Cij (t)]. We will only consider E[@l.j H]ILE [Cij (#)] as that is the objective of a test manager

which means the additional investment 7, is adequately compensated by the decrease in duration of test
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case ‘i’ and eventually reduces the cost. Therefore there exists a minimum additional investment for test
path ‘ij’ in order to minimize the expected cost. Suppose, that the status of testing (as revealed in the test
execution report) at some time t>0 after its initiation, reveals that the execution of one or more test cases
has taken so long to complete that the probability of completing one or more test/logic paths is
dangerously low. Then the optimization problem translates to

‘what is the optimal allocation of a fixed amount of capital K among the remaining test cases such that
the probability of realizing the terminal test cases on or before a specified time is maximized’

Let us denote the set of terminal test cases as L={le€ N | p, =1} .Therefore, TVl L ;C,¥le L and

PYVle L is the execution time from the first test case to the terminal test case, the cost of reaching the
terminal test case starting from the first test case and the probability of reaching the terminal test case
respectively. Let 7,"denote the path x’ from the starting test case to the terminal test case ‘I’ and
P(x,*) or B*,le€ L denote the probability of realizing test case /€ L along path ‘x’. Similarly, let 7"
be the duration of realizing path ‘x’, therefore 7;" = Z Tij is the sum of independent random variables
(ij)en”
Z Bka
T; Hence, PT, = szszk implies E[T;] = E kT
k

J
k

Since, ZPlka where T* = Z T.,
k

I ijer
using Linearity Property , we can write the following
> BET LRER T )R ) EIT]
k ijer* _ kK ijer* . _ -
E[T}] =_k Pl = BJ — ]B .Replacing, E[’I;J] - E[T;j] —qui}j , W€
PRADNCARTRS! PN AP
get E[T)]= k_ iex z =E[T,]- u ’;l” . Therefore,
Z Plk Z‘,k 4q;7
E[T,]= E[T,]+——%—— 23)
!
D B Y (mg; + D,
E[C]1=E[C ]+ : = (24)

B

Let us denote the estimated completion time for terminal test case [ as 7, .Then the optimization problem

is
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maximize P['I“l <7]

stZZr <K (25)

k UEIZ‘

— .. k
0<r, <h.Vijerw

IEXE]

Where 71/ is the upper limit on the amount to be invested in test path ‘j’ such that

r; <K and Z . > K We assumed earlier that any additional investment i.e Vr; >0, reduces the
expected execution time test path ‘ij’ by a certain amount such that E [TU] <FE [TU] )

k

A ”

Consequently, P[T, <7,]= Z ’ff” (z))>P[T, <7,]= Z (7)) Furthermore, by continuity and

linearity of E[TU]<E[TU] in r; we deduce that P[T, <7,] is a continuous and monotone non

decreasing function of Z z r”k for any 7,.Therefore maximizing P[T, <7;] is equivalent to

k ijext
minimizing E[7;] .Hence, we can rewrite the objective function of optimization problem defined above

as maximize E[7,]— E[T;]. An important point to note is that there might be investments which lead to

the same reduction in execution time of a test path. Which investment to choose in such a case? To

. . N . EIT-ElT)]
correct this problem, we modify the objective function further to maximize ——=————_ Therefore

' E[C1-EIC)]

the optimization problem in (25) can be re-written as

maximize

_zpkzquij

ijer”

ZP" Z (mqu +1)rl.j

ijer

subject to (26)

rF<K
22.%

k ijert

— .. k
0<r, <7, Vijer
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Since the objective function in (26) is non-linear we use a Charnes-Cooper transformation as shown by
Borza et all. [14], to translate the linear-fractional program to an LP problem. We substitute

1
y= 27
DBy (mg, + 1y,
k

ije;rk

Therefore the optimization problem in (26) translates to the following Linear Programming Problem

maximize
'z Bk Z q;1;y
k ijen*
subject to
28

2.2, ny-Ky<0 -

k ijex’

y=1

— .. k
0<rnys<wmyVijern



8. Results & Discussion

Figure 6: Test Execution Markov Chain

Table 3: The Transition Probability Matrix, P
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Table 2: Average test execution time (in minutes)
for test case belonging to each complexity class
(Simple, Medium and Complex)

Average
Test Case Execution Time
Id Complexity |(minutes)
1|Ss 10
2|M 15
3|M 15
4|C 30
5|M 15
6|S 10
7|S 10
8|C 30
9|s 10
10]C 30
11]S 10
12|C 30
13|M 15
14|S 10
15]S 10
16|S 10

5.00%| 35.00% 0 0 0 0 0] 50.00% 0 0 0 0 0 0 0] 10.00%
5.00%| 10.00%) 85.00% 0 0 0 0 0 0 0 0 0 0 0 0 0
0] 5.00%| 10.00%| 85.00% 0 0 0 0 0 0 0 0 0 0 0 0

0 0] 10.00%| 30.00%| 45.00% 0] 15.00% 0 0 0 0 0 0 0 0 0

0 0 0] 5.00%| 10.00%| 85.00% 0 0 0 0 0 0 0 0 0 0
95.00% 0 0 0 0  5.00% 0 0 0 0 0 0 0 0 0 0
0 0 0 0] 95.00% 0] 5.00% 0 0 0 0 0 0 0 0 0
10.00% 0 0 0 0 0 0] 30.00%| 15.00%) 45.00% 0 0 0 0 0 0
0 0 0 0 0 0 0 0]  5.00%| 95.00% 0 0 0 0 0 0

0 0 0 0 0 0 0] 10.00% 0] 30.00%| 15.00% 45.00% 0 0 0 0

0 0 0 0 0 0 0 0 0 0]  5.00%| 95.00% 0 0 0 0

0 0 0 0 0 0 0 0 0] 10.00% 0] 30.00%[ 45.00% 0] 15.00% 0

0 0 0 0 0 0 0 0 0 0 0 5.00%| 10.00%| 85.00% 0 0
95.00% 0 0 0 0 0 0 0 0 0 0 0 0] 5.00% 0 0
0 0 0 0 0 0 0 0 0 0 0 0f 95.00% 0 5.00% 0
95.00% 0 0 0 0 0 0 0 0 0 0 0 0 0 0] 5.00%

Table 4: Stationary Distribution N«

"a

11.75%

Test Case ID
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We consider a test suite of 16 test cases (Figure 6) and the average test execution rate as shown in Table
2. As described in section [4], we obtained the transition probability matrix P as shown in Table 3.Using

the forward recurrence formula given in (3), we obtained the stationary distribution I 1. for each of the 16

test cases as show in the Table 4. Convergence was attained in 40 steps. It’s important to note that the
stationary distribution obtained for each test case corresponds to its complexity class. For instance, the
system testing process has the highest probability (14.13%) of being in test case 1 (which is evident as it’s
the starting test case) followed by test case 8 (11.75%), which is a complex test case and has the highest
number of sub branches in the test suite. Therefore the logic path of test case 8 has the highest probability
of failure and the probability that the system testing process will be in test case 8 is the highest. Similarly,
the model assigns a lower probability to test cases of medium complexity followed by simple test cases.

Next, we simulated a walk on the System Testing Markov Chain in discrete time using the algorithm

presented in section (4.2.1) and plot a sample path. As we can see in Figure 7, the test execution process,
visits test case

14 quite a few
times. This is
explained by the
fact that the
logic path to
which test case
14 belongs to
have the

maximum
number of test
cases that

e

Teul Cisi Ie

belong to the

i complexity class
: : o

. ' ‘C’ (namely 8,

10 and 12) and

therefore the

zif -1 7

Figure 7: Sample Path of Test Execution Process in Discrete Time. The plot shows the jumps of the test
execution process to each test case over time

probability that one or more test cases in this branch fail is the highest. This in turn results in test case 14
being visited the most number of times along with test case 1(which is evident as it acts a connector
between the start and end of testing along a logic path).We also observe that system testing process
oscillates a few times between test case 8 and test case 10 which is expected because test case 8 and test
case 10 both belong to the complexity class ‘C’ and therefore have a high probability of failure. A close
look at the plot also reveals some flat paths (at test case 12), which explains the phenomenon of retesting
of a test case, while the jump to the previous test case (from test case 2 to test case 1) is explained by the
fact that the test case under execution failed and the tester decided to test the test cases in the next logic
path while the defect identified by test case 2 is being fixed.
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We applied the Weak Law of Large Numbers given in equation (4) to obtain the expected number of steps
to complete test execution. As can be seen in Figure 8, the average of the steps obtained from each run of
the simulator

Esiimaiing ihe Expecied i1me fo Compieie iesi bxecuiion by ihe Weak Law of Large Numbers .
T | | | T T | converges 1n
; ; ; ; ; ; : probability to

n
&
&

240 the expected
E E : : : : : number of

0 steps which is
7 : : : ; | : : : approximately
= 145. It s

. important  to
: : : : : ' ' ' mention that

Expactod Time, E

we only
consider

150

: : : ! convergence
o e in probability
i i i because  we

140

: : ; ; ; ; choose
0 30 i 150 Z00 — Z50 3;\'.! 5i 4 4350 g — 0‘001
Figure 8: Convergence of the Expected Time, E[T] to Complete Test Execution which in turn
allows the

simulator to return the results in a limited number of recursions. However, the average of the steps

o
Fo

2

g

obtained from each run of the simulator converges almost surely to the expected number of steps, if we
allow the simulator to run for a considerably long time and with greater number of recursions. Though, it
is important to note that as the size of the test suite grows large, the steps to convergence will also get
larger. Moreover, test managers are mostly concerned with an approximate estimate of the average
completion time; hence a convergence in probability would be sufficient.

Then using the algorithm in section 5.3.1, we simulated a walk on the System Testing Markov Chain with
the execution time being exponentially distributed with rate of execution as given in the table above. A
plot of the sample path is shown in Figure 9. As can be seen, the test execution process starts at test case 1
and jumps to test case 8.However, test execution of test case 8 failed (it being a complex test case) and the
system jumped back to test case 1.By the time, the system jumped back to test case 1, the defect that
resulted in failure of test case 8 was fixed. However, since 1 has already been tested, it now just acts as
transition case and no longer has an execution time (and thus does not add to the counting process), so the
jump from test case 8 to test case 1 is shown by a steep line. During the retest though, test case 8 passes
and execution moves on to the subsequent test cases in the logic path until it reaches test case 12, which
fails and continues to fail the retests for a considerable amount of time. One important point to note here
is that the system does not jump back to test case 10 (and subsequently to test case 11) during this
process. This is because test case 12 is a complex test case while test case 11 is a simple test case. Thus
the probability that the system would prioritize test case 12 and execution will stay in this test case even
after multiple failures is high. Towards the extreme right of the plot, the jumps are steep, again due to the
reason, that once a test case/sequence of test cases have passed, they do not have an execution time and
merely act as a connector to the test cases that haven’t yet passed.



System Test Evaluation and Review Technique |30

Figure 9: Sample Path of Test Execution Process in Continuous Time. The plot shows the jumps of the test

execution process to each test case when the execution time is exponentially distributed

Figure 10: Sample Path of Number of Test Cases Executed v/s Elapsed Test Execution Time

As described
in section 3,
we also plot
the  sample

path
(Figure10) of
number  of
test cases

executed N,

and as
expected the
path is same
as that of a

Poisson
Process. The

plot N

t
shows  that
the process
attains a
value of 20

test cases
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while the total number of test cases in the test suite is 16. This is because as per the properties of a
homogeneous Poisson Process described in section (2) we count retesting of a test cases as a new event of
the counting

process.

— — T = i e ued i Similar  to

' the discrete

Esfimating the Expected Time to Complete Test Execufion by W1 I N when Execution Time is Fxponentially Distribute

case, we
- applied the
Weak Law
of Large

Number as

presented in

i i i i i i i i i equation (4)
= to obtain the
st expected
; ; ; ; ; ; ; ; time to
complete test

execution.

B
=
@
a2
w

22

As can be
—————————— plotbelow,

Sieps

of the time
Figure 11: Convergence of Expected Time (in hours), E[T] to Complete Test Execution obtained

from each run of the simulator converges in probability to the expected time of approximately 5.6 hours.
We chose € =0.0001 for the continuous time case. This is higher than the estimate obtained by the SMC
method but the difference is not large and the estimate obtained by our model is more reliable because as
shown above, it replicates the system testing process quite well by modeling the time to retest due to
failure of test cases. Now, if we compute the probability of not completing test execution of all test cases
within 5.6 hours even with the slowest rate of 4 =2, we get P(T >5.6) =e¢ > =1.37x10" which s a

very small probability of schedule overrun.

The expected execution time for each test case E[7}] is shown in Table 5. Therefore, using equation (5)

we computed E[W,] for each test case as shown in Table 6. It is important to note that E[W; ] = E[T]

in this example. This is because we have considered the test execution time to be exponentially
distributed and do not differentiate in the rate of execution of test case ‘i’ if the next test case in the
execution chain is either a simple, medium or complex test case. If, however the expected execution time

of test case ‘i’, E[T.] is made dependent on the next test case ‘j’ to be executed then the values in each

y

row of the above matrix would be different and E[W;] would have a different value from E[7}].The

L

semi-Markov model of system testing accommodates this scenario as well



Table 5: Expected Test Execution Time (in hours)
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Table 6: Unconditional Expected Waiting Time at each Test Case (in hours)

Test Case ID

Next, we computed the limiting transition probabilities @, by equation (9) and the values are presented in

Table 7. An important inference from the result of the limiting transition probability ¢, is that it
computes the probability of being in test case 1 to be 7.2 % in contrast to the probability of 14.13%
obtained from the stationary distribution [], .Though by design test case 1 acts as a connecting state for

most test cases, its complexity is simple, which means that a test manager observing the system testing
process for a long time will see test execution at test case 1 with low probability as compared to complex
test cases.

Table 7: Limiting Transition Probability ¢;

Test Case ID

¢J 7.21% 4.48% 4.93%| 12.56% 4.19% 2.50% 0.66%| 17.97% 0.95% 17.67% 0.93%| 15.90% 5.30% 3.16% 0.84% 0.76%

As expected, the test execution process has the highest probability of being in test case 8 (17.96%) as it
has the highest complexity (given by the fact that it is the parent of two complex test cases namely test
case 10 and test case 12). The other complex test cases, 10, 12 and 4 are assigned probabilities in
decreasing order which corresponds to the complexity of test cases linked to each of them. Similarly, test
cases of medium complexity have a higher limiting transition probability than simple test cases. If we
look at the limiting transition probabilities of test case 2 and test case 3 both of which belong to the
complexity class of medium, we see that test case 3 has a higher limiting transition probability(4.9%) than
test case 2(4.4%).This is because, test case 4 which is the immediate test case that follows 3 is a complex
test case and therefore has a higher probability of failure whereas that test case 2 is linked to test cases 3
and 4, which are both simple test cases. Similarly, if we compare the limiting transition probabilities of
two simple test cases, namely test case 6 and test case 9, we observe that test case 6(2.4%) has a higher
limiting transition probability than test case 9(0.9%) which is again explained by the fact that test case 9
belongs to a much shorter logic path than test case 6 and the probability of one or more test cases failing
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in the logic path of test case 6 is higher than that of test case 9.We obtained the average waiting time at a
test case (or the expected time between two jumps of the test execution process) as

N
ZH i E[Wj]=19.62 minutes. Therefore the average time to complete test execution would be
j=1

N

N ZH ; EIW,;1=5.23hours which is approximates to the expected completion time of 5.6 hours
j=1

obtained from simulation.

Table 8: Cost of test execution per hour

Cj €10.00] €30.00] €30.00f €45.00] €30.00[ €20.00 €5.000 €60.00 €5.00 €55.00 €5.00) €50.00[ €30.00] €10.00 €5.00 €5.00

Table 8 shows the hourly cost of executing each test case. We obtained the average cost of executing a

N
test case as ZH i E [WJ. e ;= 13.58 euros. This results in an average cost of executing all 16 test cases as
j=1

N
N Z I1 i E[Wj]c ;= 217.24 euros. Then using equation (17), we divided the average cost of executing a
j=1

test case by the average waiting time of 0.327 hours(19.62 minutes) to obtained the long run average cost
(stationary cost) of executing a test case as, g =41.51euros which in turn results in the long run average

cost (stationary cost) of executing all 16 test cases as Ng =644.28 euros. We contrast this to the

computation where the test manager only takes into account the execution time of each test case and

N
multiplies it with the cost per hour (ZE [WJ. ]c ;) thereby underestimating the budget to €145.83 , thus
j=1
failing to take into account the fact that failure of a test case results in retesting and hence adds to the
cost. As shown in section 6.4, this
further necessitates the need to have a
control model for system testing in order
to ensure that system testing is on track.

Test Case 1 is a simple test case (and in
most cases the test initiation state) and
after it passes, it acts just as a transition
test cases without adding to the test
execution time. Therefore, we remodel
the test execution chain as shown in
Figure 12, wherein we remove test case
1 and connect test case 6 to test case 8
and test case 16. Therefore, once a
Figure 12: Test Execution Markov Chain terminal test case on an execution branch

is reached, execution can jump to the
next branch without having to pass through a transition case. Similarly, once test execution reaches test
case 14, it jumps to the first test case of the next branch i.e test case 2 or test case 16.
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The transition probability matrix P, the expected execution time of each test case E[7;] and the

expected time to complete test execution E[T] for the remodeled test execution chain of Figure 12 is

given in Table 9 , Table 10 and Figure 13 respectively. We obtained the expected time to complete test
execution E[T]=5.7 hours.

Table 9: Transition Probability Matrix, P

10.00% 0 0 0 5.00% 0 0 0 0 0 0 0 0
5.00% 85.00% 0 0 0 0 0 0 0 0 0 0 0
0 30.00% 0| 15.00% 0 0 0 0 0 0 0 0 0

0 0 5.00% 85.00% 0 0 0 0 0 0 0 0 0 0

0 0 0 5.00% 0] 85.00% 0 0 0 0 0 0 0] 10.00%

0 0 0 0 5.00% 0 0 0 0 0 0 0 0 0
10.00% 0 0 0 0] 30.00%| 15.00%| 45.00% 0 0 0 0 0 0
0 0 0 0 0 0 5.00%| 95.00% 0 0 0 0 0 0

0 0 0 0 0] 10.00% 0| 30.00%| 15.00%| 45.00% 0 0 0 0

0 0 0 0 0 0 0 0 5.00%| 95.00% 0 0 0 0

0 0 0 0 0 0 0| 10.00% O 30.00%| 45.00% 0[ 15.00% 0

0 0 0 0 0 0 0 0 0 5.00%| 10.00%| 85.00% 0 0
85.00% 0 0 0 0 0 0 0 0 0 0 5.00% 0] 10.00%
0 0 0 0 0 0 0 0 0 0| 95.00% 0 5.00% 0

0 0 0 47.50% 0 0 0 0 0 0 0of 47.50% 0 5.00%

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1/4 0 0 0 0 0 0 0 0 0 0 0
0 0 1/2 0 1/2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1/6 0 0 0 0 0 0 0 1/6
0 0 0 0 1/6 0 0 0 0 0 0 0 0 0
1/2 0 0 0 0 0 1/2 1/2 1/2 0 0 0 0 0 0
0 0 0 0 0 0 0 1/6 1/6 0 0 0 0 0 0
0 0 0 0 0 0 1/2 0 1/2 1/2 1/2 0 0 0 0
0 0 0 0 0 0 0 0 0 1/6 1/6 0 0 0 0
0 0 0 0 0 0 0 0 1/2 0 1/2 1/2 0 1/2 0
0 0 0 0 0 0 0 0 0 0 1/4 1/4] 1/4 0 0
1/6 0 0 0 0 0 0 0 0 0 0 0 1/6 0 1/6
0 0 0 0 0 0 0 0 0 0 0 1/6 0 1/6 0
0 0 0 0 1/6 0 0 0 0 0 0 0 1/6 0 1/6
_ Estimating the Expected Time to Complete Test Execution by WLLN when Execution Time IS Exponentially Distributed
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Figure 13: Convergence of Expected Waiting Time (in hours), E[T] to Complete Test Execution
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Moreover, we obtained the stationary distribution, the unconditional expected execution time and the
limiting transition probability for the remodeled Markov chain as shown in Table 11. In contrast to the
limiting probabilities (Table 7) of the first model, the probabilities are evenly distributed with test cases of
medium complexity having a higher limiting probability. We obtained the average waiting time at a test

N
case ZH i E[Wj] =20.56 minutes. Using the same cost matrix as shown in Table 8, we obtained
j=l

g=42.65 euros.

Table 11: Stationary Distribution M., Unconditional Expected Test Execution Time, E[W;] and Limiting Transition Probability ¢,

8.29% 9.12%| 11.63% 7.75% 7.71% 1.84%| 11.57% 1.83%| 11.38% 1.80%| 10.24% 6.83% 6.87% 1.62% 1.53%

1/4 1/4 1/2 1/4 1/6 1/6 1/2 1/6 1/2 1/6 1/2 1/4 1/6 1/6 1/6
6.04% 6.65%| 16.97% 5.66% 3.75% 0.89%| 16.88% 0.89%| 16.60% 0.87%| 14.94% 4.98% 3.34% 0.79% 0.75%

Next, we defined the control policy as shown in equation (18). Therefore, for ¢, =1Vie X, the transition

1
ij °

probability p.., the expected execution time of each test cases E[Y;]1 ] and the expected time to complete

test execution E[T'] is Table 12, Table 13 and Figure 14 respectively. As can be seen in Figure 14, the
expected time to complete test execution under additional investment reduces to 3.7 hours. Similarly, we

obtained the stationary distributionII., the unconditional expected execution time E[le] and the

limiting transition probability (/)jl as shown in Table 14.The average waiting time at a test case under

N
control policy 4, =1 is znlj E[le] =14.10 minutes and using the cost matrix defined in Table 15 we

Jj=1

obtained the stationary cost of executing a test case under policy £, =1 as g'=78.19 euros.

Table 12: Transition Probability Matrix, P under control policy, p=1

5.00%| 94.00% 0 0 0] 0) 1.00% 0) 0) 0] 0 0 0 0 0
1.00% 5.00%| 94.00% 0 0) 0) 0) 0) 0) 0] 0 0 0 0 0
0]  5.00%| 10.00%| 65.00% 0] 20.00% 0] 0] 0] 0] 0 0 0 0 0

0 0 1.00% 5.00%| 94.00% 0] 0] 0] 0] 0] 0 0 0 0 0

0 0 0 0 1.00% 0] 89.00% 0) 0) 0] 0 0 0 0| 10.00%

0 0 0] 99.00% 0] 1.00% 0] 0] 0] 0] 0 0 0 0 0
5.00% 0 0 0 0] 0] 10.00%| 20.00%| 65.00% 0] 0 0 0 0 0
0 0 0 0 0] 0) 0] 1.00%| 99.00% 0) 0 0 0 0 0

0 0 0 0 0] 0] 5.00% 0] 10.00%| 20.00%| 65.00% 0 0 0 0

0 0 0 0 0] 0] 0] 0] 0] 1.00%| 99.00% 0 0 0 0

0 0 0 0 0] 0] 0] 0] 5.00% 0] 10.00%| 65.00% 0 20.00% 0

0 0 0 0 0) 0] 0) 0) 0) 0) 1.00% 5.00%| 94.00% 0 0
89.00% 0 0 0 0) 0) 0) 0] 0) 0) 0 0 1.00% 0| 10.00%
0 0 0 0 0] 0] 0] 0] 0] 0] 0f 99.00% 0 1.00% 0

0] 0] 0] 0] 49.50% 0] 0] 0] 0] 0] 0 0| 49.50% 0 1.00%
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Table 13: Expected Test Execution Time (in hours) under control policy, p;=1

0 1/5 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1/5 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1/3 0 0 1/3 0 0 0 0 0 0 0 0 0
0 0 0 1/5 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1/7 0 0 0 0 0 0 0 1/7
0 0 0 1/7 0 1/7| 0 0 0 0 0 0 0 0 0
1/3] 0 0 0 0 0 1/3 1/3 1/3 0 0 0 0 0 0
0 0 0 0 0 0 0 1/7 1/7| 0 0 0 0 0 0
0 0 0 0 0 0 1/3 0 1/3 1/3 1/3 0 0 0 0
0 0 0 0 0 0 0 0 0 1/7, 1/7 0 0 0 0
0 0 0 0 0 0 0 0 1/3 0 1/3 1/3] 0 1/3 0
0 0 0 0 0 0 0 0 0 0 1/5 1/5) 1/5 0 0
1/7, 0 0 0 0 0 0 0 0 0 0 0 1/7, 0 1/7
0 0 0 0 0 0 0 0 0 0 0 1/7, 0 1/7, 0
0 0 0 0 1/7, 0 0 0 0 0 0 0 1/7, 0 1/7
= 0 tha E: Tima ta C Test B {undar additianal invastment) by Wi I N
48
23
3
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Steps
Figure 14: Convergence of Expected Time to Complete Test Execution under control policy, p;=1

Table 14: Stationary Distribution M-, Unconditional Expected Test Execution Time, E[W;] and Limiting Transition Probability ¢,
under control policy, u;=1

8.73% 9.15% 9.65% 8.64% 9.10% 1.95% 9.63% 1.95% 9.60% 1.94% 9.16% 8.19% 8.68% 1.85% 1.80%

1/5 1/5 1/3 1/5 1/7 1/7 1/3 1/7 1/3 1/7 1/3 1/5 1/7 1/7 1/7
7.43% 7.78%| 13.68% 7.34% 5.53% 1.18%| 13.65% 1.18%| 13.61% 1.18%| 12.98% 6.97% 5.27% 1.12% 1.09%

Table 15: Cost of Test Execution (per hour) under control policy, p;=1

€ 60.00| € 60.00 | € 90.00 | € 60.00 | € 40.00 | € 10.00 | €120.00 | € 10.00 | €110.00 | € 10.00 | €100.00 | € 60.00 [ € 20.00 [ € 10.00 | € 10.00
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As described in section 6.5, as t — oo, the probability that test cases will keep failing would tend to
0.Therefore we obtain the asymptotic transition probability matrix as shown in Table 16 and Table 17 for

control policy 4, =0 and 4, = 1respectively.

Table 16: Transition Probability Matrix when t—oo and control p;=0

0f 85.00% 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0f 85.00% 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0| 45.00% 0| 15.00% 0 0 0 0 0 0 0 0 0
0 0 0 0 85.00% 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0f 85.00% 0 0 0 0 0 0 0| 10.00%
0 0 0| 95.00% 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0| 15.00%| 45.00% 0 0 0 0 0 0
0 0 0 0 0 0 0 0| 95.00% 0 0 0 0 0 0
0 0 0 0 0 0 0 0f 15.00%| 45.00% 0 0 0 0
0] 0 0 0 0 0 0 0 0 0| 95.00% 0] 0 0 0
0] 0 0 0 0 0 0 0 0 0 45.00% 0f 15.00% 0
0| 0 0 0 0 0 0 0 0 0 0 0] 85.00% 0 0
85.00% 0 0 0 0 0 0 0 0 0 0 0] 0 0| 10.00%
0] 0 0 0 0 0 0 0 0 0 0[ 95.00% 0 0 0
0] 0 0 0 0 0 0 0 0 0 0 0] 0 0 0

0f 94.00% 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0f 94.00% 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0| 65.00% 0| 20.00% 0 0 0 0 0 0 0 0 0
0 0 0 0 94.00% 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0| 89.00% 0 0 0 0 0 0 0| 10.00%
0 0 0| 99.00% 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0| 20.00%| 65.00% 0 0 0 0 0 0
0 0 0 0 0 0 0 0| 99.00% 0 0 0 0 0 0
0 0 0 0 0 0 0 0 O0f 20.00%| 65.00% 0 0 0 0
0] 0 0 0 0 0 0 0 0 0| 99.00% 0] 0 0 0
0] 0 0 0 0 0 0 0 0 0 0[ 65.00% 0f 20.00% 0
0 0 0 0 0 0 0 0 0 0 0 0] 94.00% 0 0
89.00% 0 0 0 0 0 0 0 0 0 0 0] 0 0| 10.00%
0] 0 0 0 0 0 0 0 0 0 0f 99.00% 0 0 0
0] 0 0 0 0 0 0 0 0 0 0 0] 0 0 0

Moreover, by equation (21), we computed the expected long run costs E[—c/'], Vi, and the results

are presented in Table 18.The expected long run cost for each test case is presented along the diagonal
elements of the matrix in Table 18. The values in the columns other than the diagonal entries are the
values obtained from the Bellman equation of (21) for j =1...N . The cells highlighted in green are the

maximum value of E[—c/']across the two policies (without and with investment). These results in the

optimal policy vector shown in Table 19.Therefore we obtained an optimal policy wherein additional
should be made in the terminal test cases 6 and 14.Thus, when additional investment doubles the cost
function as shown in Table 15, additional investment in test cases that connect to the next execution
branch minimizes the average expected long run costs.
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Table 18: Average expected long run cost when starting at test case 'i' and under control policy p. The table shows the long
run expected difference in costs when starting at test case ‘i’ and starting in stationarity

(€0.24)] (€0.01)] (€£3.74) (€9.58) (€3.12)
€5.85 €311 | (€006) €028| (€339)) €6.54| (£9.17)| €3.9 (€2.44)| €10.75 €471 €1255[ €11.05| €18.20 €6.28
€5.01 €217 | (€0.12) €0.19| (€3.50) €6.45 (€9.30)] €3.76 (€2.65)] €10.41 €435] €11.94| €1033| €17.62 €6.28
€7.04 €4.56 €1.65 €041 | (€3.24) €9.28 (€9.00)] €4.25 (€2.14)] €11.23 €522 €1341[ €12.06| €19.02 €6.28
€8.42 €6.18 €3.55 €637 | (€3.07) €12.33 (€8.79)] €4.58 (€1.79)] €11.79 €581 | €1441| €13.23]| €19.96 €6.28
€5.96 €3.29 €0.15 €064 (€297) €6.89 (€9.16)] €3.99 (€2.41)] €10.79 €476 | €1263| €11.14| €1828 €6.28
€5.12 €231 (€101)f (£1.32)) (€527) €5.02| (€11.39) €0.41 (€2.62)] €10.45 €440 | €12.03| €1043| €17.70 €6.28
€4.90 €204 (€1.32) (€1.85)] (€590) €4.52| (€12.12)] (€0.76)] (€7.40)] €2.79 €430 €118 | €10.23| €17.55 €6.28
€5.20 €240 | (€090) (€1.13)] (€505 €520 (€11.13)] €0.83 (€5.74)] €5.46 (€0.85)] €12.08| €10.49 €9.28 €6.28

(€0.49)] (€0.44)] (€£4.24) (€10.17) (€4.11)] €8.07 €189 €779 €10.75| €13.68 €6.28

€3.95

€0.33

(€3.52)

(€1.81)] (€5.80)

(€13.75)

€7.69

(€2.08)

€7.75

€706| €149 (€2.28)] (€035)| (€425 €939 (€1200)] €9.73] (€002)| €1982| €1018| €18.28| €1557| €27.84| €974
€359 (€0.06)| (€3.54) (€1.84) (€5.83) €792 (€13.77) €7.66| (€2.11)| €1738| €772 €1537| €1248| €2496| €974
€803| €468| €110| €006| (€381) €1335| (€11.50) €1031| €057 €2051| €1087 | €19.09| €16.44| €2864| €974
€11.88 | €876 €545| €877| (€2.06) €18.42| (€954) €1259| €288 | €2321| €1360| €2231| €198 | €31.83| €9.74
€383 €020 (€366) (€1.97) (€597) €7.79| (€13.65) €7.80| (€1.96) €17.55| €7.89| €1558| €12.70 | €25.16| €9.74
(€0.58)| (€4.49) (€865) (€7.86) (€12.24)] €1.96 | (€20.97)| (€0.75)| (€4.62)] €1445| €476| €11.88| €877 €2151| €9.74
(€2.82)| (€6.89)] (€11.19) (€10.85)| (€15.42)] (€1.00)| (€24.55)| (€4.92) (€14.81)] €255 €3.17] €1001| €678 €1965| €9.74
(€0.55)| (€4.46)] (€862) (€7.82)] (€12.19)] €2.00| (€20.93)] (€0.70)| (€10.54)| €7.53| (€2.23)] €11.91] €8.80] €1335| €9.74
€243 (€1.28)] (€5.24)] (€3.83) (€7.95) €5.95| (€16.16) €4.87| (€4.92)| €14.09] €440 €1146| €11.46| €21.08] €974

Table 19: The Optimal Policy Vector

Next, we only changed the cost function wherein additional investment increases the cost function by a

factor of 1.5 instead of a factor of 2. The new cost function is shown in Table 20.Under the new cost

function we obtained g1 =46.20 euros. Again, we computed E[—c”], Vi, u using the Bellman equation

in (21) and the results are shown in Table 21. Therefore as shown in Table 22, additional investment in

test case 6 and test case 8 minimizes the average long run cost

Table 20: Cost of Test Execution (per hour) under control policy, =1

€36.00

€36.00

€54.00

€36.00

€24.00

€6.00

€72.00

€6.00

€66.00

€6.00

€60.00

€36.00

€12.00

€6.00

€6.00
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Table 21: Average expected long run cost when starting at test case 'i' and under control policy p. The table shows the long
run expected difference in costs when starting at test case ‘i’ and starting in stationarity

(€0.24)] (€0.01)] (€£3.74) (€9.58) (€3.12)
€5.85 €311 (€006) €028| (€339)) €6.54| (€9.17)| €3.9 (€2.44)| €10.75 €471 €1255[ €11.05| €18.20 €6.28
€5.01 €217 | (€0.12) €0.19| (€3.50) €6.45 (€9.30)] €3.76 (€2.65)] €10.41 €435] €11.94| €1033| €17.62 €6.28
€7.04 €4.56 €1.65 €041 | (€3.24) €9.28 (€9.00)] €4.25 (€2.14)] €11.23 €522 €1341[ €12.06| €19.02 €6.28
€8.42 €6.18 €3.55 €637 | (€3.07) €12.33 (€8.79)] €4.58 (€1.79)] €11.79 €581 | €1441[ €13.23| €19.96 €6.28

€5.96 €3.29 €0.15 €064 (€297)| €6.89 (€9.16)] €3.99 (€2.41)] €10.79 €476 | €1263| €11.14| €18.28 €6.28

€5.12 €231 (€101)f (£1.32)] (€527) €5.02| (€11.39)| €041 (€2.62)] €10.45 €440 | €12.03| €1043| €17.70 €6.28

€4.90 €204 | (€1.32) (€1.85)] (€590) €4.52| (€12.12)] (€0.76)] (€7.40)] €2.79 €430| €118 | €10.23| €17.55 €6.28
€5.20 €240 | (€090)| (€1.13)] (€505 €520 (€11.13)] €0.83 (€5.74)] €5.46 (€0.85)] €12.08| €10.49 €9.28 €6.28
(€0.49)] (€0.44)] (€£4.24) (€10.17) (€4.11)] €8.07 €189 €779 €10.75| €13.68 €6.28

€237 €020 | (€2.11)] (€1.09)
€4.24 €0.90 | (€£1.37)] (€0.21)

€3.48)| €477 (€8.25) (€1.25) €4.65
€255)| €564 (€7.20) €5.84| (€0.01) €11.89 €6.11 | €10.97 €9.34| €16.70 €5.85
€215| (€£0.03)[ (€2.13)] (€1.10) €3.50) €475 (€8.26)] €4.59 (€1.27)] €10.43 €4.63 €9.22 €749 | €14.98 €5.85
€4.82 €281 €0.66 €0.04 €2.28)] €801 (€6.90)] €6.18 €034 | €12.30 €6.52 | €11.46 €98 | €17.19 €5.85
€7.13 €5.26 €3.27 €5.26 | (€1.24)] €11.05 (€5.73)] €7.56 €173 | €13.92 €816 | €13.39( €11.92| €19.10 €5.85

(
(
(
(

€230 €012 (€219)] (€1.18)| (€358)| €467| (€8.19) €468| (€118 €1053| €473| €935| €762| €1510| €585

(€035)| (€2.70) (€5.19) (€472)| (€7.34)] €118 (€12.58)| (€045)| (€2.77)] €867| €28 | €713 €526 €1290| €585

(€1.69)| (€4.13)[ (€671 (€651)| (€9.25)] (€0.60)| (€14.73)| (€2.95)| (€8.89)] €1.53| €1.90| €601 €407 €11.79| €585
(€033)| (€2.68) (€517) (€469) (€7.32)] €120 (€12.56) (€0.42)| (€6.33)] €a52| (€1.34)] €714 €528| €801| €585
€146 | (€0.77)| (€314)] (€2.30)] (€477)| €357| (€9.70) €292] (€295 €846| €264| €6587| €6.87| €1265| €585

Table 22: Optimal Policy Vector

Additionally, we also considered the case where under policy £, =1, the transition probability matrix is

the same as the transition probability matrix under policy 1 =0 i.e pg. =p,.1j .As a consequence we
obtained the stationary distribution, unconditional execution time of a test case and the limiting

probability as shown in Table 23.

Table 23: Stationary Distribution ., Unconditional Expected Test Execution Time, E[W;] and Limiting Transition Probability ¢,
under control policy, y;=1

8.20%|  9.12%| 11.63%| 7.75%| 7.71%| 1.8a%| 11.57%| 1.83%| 11.38%| 1.80%| 10.24%| 6.83%] 6.87%| 1.62%| 1.53%
1/5] 1/5] 1/3 1/5] 1/7] 1/7] 1/3] 1/7] 1/3] 1/7] 1/3] 1/5] 1/7] 1/7] 1/7
6.72%  7.40% 15.73%  6.29% _ A.47% _ 1.06%  15.65%  106%  1539%  1.04% 13.85%  5.54%  3.98%  0.94%  0.89%

N
Furthermore, we obtained the average waiting time at a test case ZHlj E[le] =14.79 minutes and
j=1

g' =49.41 euros (the cost matrix being the same as the one given in Table20).
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Again using the Bellman equation in (21) we computed E[—c/'],Vi, as shown in Table 24. Therefore

as shown in Table 25, additional investment in test cases 5, 6, 8 and 10 minimizes the average long run
cost

Table 24: Average expected long run cost when starting at test case 'i' and under control policy p. The table shows the long
run expected difference in costs when starting at test case ‘i’ and starting in stationarity

(€0.24) (€3.74) (€9.58)] €331 (€3.12)
€5.85 €3.11| (€0.06) €028| (€339)] €654 (£9.17) €3.96 (€2.44)] €10.75 €471 €1255[ €11.05| €18.20 €6.28
€5.01 €217 | (€0.12)] €0.19| (€3.50)] €6.45 (€9.30)] €3.76 (€2.65)| €10.41 €435] €11.94[ €1033| €17.62 €6.28
€7.04 €4.56 €1.65 €041 | (€3.24) €9.28 (€9.00)] €4.25 (€2.14)] €11.23 €522 €1341[ €12.06| €19.02 €6.28
€8.42 €6.18 €3.55 €637 | (€3.07) €12.33 (€8.79)] €4.58 (€1.79)] €11.79 €581 | €1441| €13.23]| €19.96 €6.28

€5.96 €3.29 €0.15 €064 | (€297) €6.89 (€9.16)] €3.99 (€2.41)] €10.79 €476 | €1263| €11.14| €1828 €6.28

€5.12 €231 (€101 (£1.32)) (€527) €5.02| (€11.39)| €0.41 (€2.62)] €10.45 €440 | €12.03| €1043| €17.70 €6.28

€490 €204 (€132 (e185)| (€5.90)| €a52| (€1212)] (€076) (€740 €279| €a30| €11.86| €1023] €1755] €6.28
€520 €240 (€090 (€1.13)] (€505 €5.20] (€11.13)] €083 (€574)] €546| (€085)] €12.08] €1049] €9.28] €6.28
(€0.49)| (€0.44) (€4.29) (€10.17) €237 (€411)| €807| €189 €779| €1075[ €1368| €6.28

(€0.39)] €0.36
€4.96 €248 | (€0.24)] €0.61

(€8.22) (€2.74)
€2.44)] €6.78 (€7.88)] €4.15 (€2.16)] €10.12 €412 | €11.34| €10.18| €16.97 €6.20
€3.86 €138 (€0.31)] €049 €2.58)| €6.66 (€8.04)] €3.89 (€2.44)] €9.67 €3.65| €10.54 €9.25| €16.22 €6.20
€5.68 €3.53 €0.99 €0.68 €2.35)| €875 (€7.77)] €433 (€1.97)] €10.41 €443 | €11.86| €10.79| €17.47 €6.20
€7.00 €5.08 €2.82 €577 | (€2.18)] €11.68 (€7.57)] €4.64| (£1.64) €10.95 €499 | €12.81| €11.92| €1837 €6.20

€4.90 €261 (€0.09)| €086| (€215 €7.02 (€7.89)] €4.14| (€£2.17) €10.09 €4.09| €11.29( €10.13| €16.93 €6.20

€4.17 €175| (€1.09)| (€0.84)] (€4.14)| €541 (€9.87)] €0.95 (€2.36)] €9.80 €3.78 | €10.77 €9.51| €16.43 €6.20

€3.96 €150 | (€1.39)| (€1.33)] (€4.73)| €4.93[ (€10.56)[ (€0.15)| (€6.69)] €2.85 €3.69 | €10.61 €933 | €16.29 €6.20
€4.23 €18 | (€1.01)| (€0.70)] (€3.97)| €554 (£9.68) €1.27 (€5.20)] €5.24 (€1.01)] €10.81 €9.56 €8.75 €6.20
€4.53 €217 | (€0.61)| (€0.01)] (€3.17)] €6.19 (€8.73)] €278 (€3.60)] €7.80 €168 €7.23 €9.81| €13.07 €6.20

Table 25: Optimal Policy Vector

Next, we computed the optimal allocation of capital K=70 euros among the remaining test case ,starting
from test cases 8 such that the probability of realizing test case 14 on or before schedule is

maximized. We considered r; as shown in Table 26.

Table 26: Additional investment to reduce the expected time to complete execution of test case ‘i’

€6.00 €6.00 €9.00 €6.00 €4.00 €1.00]| €12.00 €100] €1100 €1.00| €10.00 €6.00 €1.00 €1.00 €1.00

Moreover, we defined the marginal decrease in test execution time per unit increase in investment as
shown in Table 27.



Table 27: Marginal decrease in test execution time per unit increase in investment
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o) 0.015 0 o] 0 0 0 0 0 0 o] 0| 0 0 0
[8) 0 0.015 0 0 0 0 0 0 0 0 [8) 0 0 0
[8) 0 0 0.01 0 0.01] 0 0 0 0 0 [8) 0 0 0
0| 0 0 0 0.015 0 0 0 0 0 0 0| 0 0 0
0| 0 0 0 0 0 0.02 0 0 0 0 o) 0 0 0.02
[8) 0 0 0.02 0 0 0 0 0 0 0 [8) 0 0 0
0| 0 0 0 0 0 0 0.01 0.01] 0 0 0| 0 0 0
0| 0 0 0 0 0 0 0 0.02] 0 0 0| 0 0 0
[8) 0 0 0 0 0 0 0 0.01] 0.01 [8) 0 0 0
0| 0 0 0 0 0 0 0 0 0 0.02 0| 0 0 0
o) 0 0 0 0 0 0 0 0 0 0.01] 0 0.01] 0
[8) 0 0 0 0 0 0 0 0 0 0 [8) 0.02] 0 0
0.02] 0 0 0 0 0 0 0 0 0 0 [8) 0 0 0.02
o) 0 0 0 0 0 0 o] 0 0 0 0.02] 0 0 o]
[8) 0 0 0 0 0 0 0 0 0 0 [8) 0 0 0

We assumed the billing rate per hour, m =40 euros. The different execution

paths from test case 8 to

test case 14 are shown in Table 28.We computed the probability of reaching test case 14 along the

different execution as shown is Table 29. As expected the probability of execution path 7[{44 is the

highest. Finally, we solved the LP problem in (28) obtain the optimal additional investment along the

execution paths from test case 8 to test case 14.As can be seen in Table 30, test case 10 requires the

highest investment of 10 euros as its is a complex test case with many branches, followed by test case

12 and 13. In contrast to the additional investment assumed in table 26, the optimal solution does not

require any additional investment in test cases 8,9,11 and 14.

Table 28: The possible execution paths from test case 8 to test case 14

8 9 10 11 12 13 14

8 10 11 12 13 14

8 9 10 12 13 14

8 10 12 13 14

8 9 10 11 12 15 13 14
8 10 11 12 15 13 14

8 9 10 12 15 13 14

8 10 12 15 13 14

Table 29: Probability of reaching test case 14 along different paths

0.77% 2.45%

2.45%

7.35%

0.24%

0.77%

0.77%

2.33%

Table 30: The optimal additional investment
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9. Conclusion and Future Work

In this research paper we have formulated a stochastic model for system testing and test management
which can be used by a test manager to optimize the tradeoff between test execution time and test
execution cost. We have shown that test execution can be modeled as a counting process with test
execution time being exponentially distributed. Moreover, we have extended the test execution model to a
semi-Markov process where test execution time can have a general distribution. Using this model we have
computed the expected time required for executing a test case and hence the execution time of all test
cases in the test suite. The model also takes into account the complexity of each test case in order to
compute the expected execution time. The results obtained provide a good estimation of the expected time
to perform system testing and is more accurate than the results obtained from the SMC model.

We have further developed the semi-Markov process model of system testing to incorporate decisions
wherein a test manager, based on the history of the system testing process, can decide whether an
additional investment should or should not be made in a test case in order to ensure that the schedule
constraints are satisfied. The results obtained in this paper contradict the usual assumption that additional
investment in defect prevention activities is always optimal. In contrast, out results show that investment
in developing the skill sets of the testers, such that their average test execution rate increases can be an
optimal decision in some situations. Finally, our model allows the test manager to compute the minimum
additional investment that is required in a chain of test cases such that the probability of completing test
execution within as specified time is maximized. Our results show that the highest investment should be
made in test cases which belong to the complexity class ‘C’ and in turn are parent to other complex test
cases.

This paper assumes that test cases are being executed by only one tester. We intend to extend the model to
multiple testers and therefore compute the execution time and the minimum cost of test execution. It will
also be interesting to investigate into skill based assignment of test cases to testers and analyze the impact
on time and costs. The model can also be extended to include a stochastic knapsack which can be used to
model a defect tracking system used by testing teams wherein defects are logged as and when they occur
and are picked up by developers to be fixed. This will help a test manager estimate the number of
developers that should be allocated to fix defects detected by the testing team. Our model of system
testing as a random walk on a finite graph also opens up the possibility of research in the area of mixing
time, martingale property and optimal stopping of the system testing process.
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Appendix

Monotone Convergence Theorem

Let { 1, (x)} be a sequence of functions in 2_" (the class of non negative simple functions) increasing to

f(x) ielimsup f (x)= f(x),Vxe X and f ,(x)= f (x) a.e.
Then fe X" and pu(f,(x)) T u(f)<eo . This means lim, _ [ f,du=[lim, _ fdu=|fdu

Jensen’s Inequality

Let (Q,F,P) be a probability space, X an integrable real valued random variable and ¢ a convex

Sunction. Then @(E[X]) < E(@p(X)]

Linearity Property of Expectation
Let X, X,....,X, be random variables, then E[z Xi] = ZE[Xi]

Tonelli’s Theorem
Let (X,A,u) and (Y,B,v) be o —finite measure spaces andf :X XY —[0,00). Then

[ 17Gey1d(xy) <o and | ( | f(x,y>dyjdx= | U f(x,y)dxjdy= [1rGemidexy)

AXB AXB

Law of the unconscious statistician
Let F be the cumulative distribution function of X , then the expected valued of g(X) is given by

Elg(X)]= | g(x)dF (x) Vxe R
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