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ARTICLE INFO ABSTRACT

Keywords: In location analysis, the effects of demand aggregation have been the subject of many studies. This body
Capacitated Facility Location Problem of literature is mainly focused on p-median and p-center problems. Relatively few papers in the literature
Agg:fga“o“ on aggregation explicitly concern the Capacitated Facility Location Problem (CFLP). Our work examines the
Matheuristic

beneficial use of aggregation in the context of the CFLP. We focus on problems where there are significantly
more demand points than potential facility locations, since this is where aggregation is most applicable
in reducing complexity. We examine ways to obtain an aggregation at a fixed resolution, that is likely
to perform well for a given instance of the problem. These aggregation techniques will form the core
of a broader algorithmic framework, which contributes to the literature concerning heuristics for CFLPs.
Our core aggregation method is based on applying k-means clustering in R™, where m is the number of
potential facilities. The space in which we apply the clustering is constructed by applying a transformation
to the normalized distance matrix corresponding to the original CFLP problem. The aim of applying the
transformation is to magnify differences in distance where relevant, and to compress irrelevant differences
in distance. We evaluate our heuristic method on larger instances based on a real-world problem in reverse
logistics. The results are encouraging and indicate that our method is capable of outperforming an intuitive
benchmark aggregation method. We find that choosing the right hyperparameters and starting with a good
initialization help our method perform better.

Reverse logistics

1. Introduction public facilities to which an entire population or demographic may

require access. In these settings, the locational problems at hand are

Location problems emerge in many contexts, such as supply chain
design (da Gama, 2022), power systems (Lee, 2022) and public service
planning (Celik Turkoglu and Erol Genevois, 2020). As the availability
of detailed data increases, these problems may become very large and

often p-median and p-center problems. The choice between using a p-
median or a p-center objective may depend on the locational goal of
the modeler (Bach, 1981), but both models require the selection of p

hard to solve. Aggregation has been extensively studied as a means of
data manipulation to reduce problem complexity for discrete facility
location problems. The motivation for using a demand aggregation
method to solve these problems is to be able to obtain near-optimal
solutions to these larger instances relatively fast, while using an intu-
itive and straightforward technique. By producing a smaller problem
that is actually solved to optimality, a sense of accuracy based on the
level of fine-grainedness of this smaller problem is also provided. The
fact that there is no clear, unambiguous answer to the question how to
best obtain an aggregated problem from the original problem, has led
to aggregation being a topic of research in location science for decades.

Demand aggregation is especially relevant when the resolution of
customer data is very detailed. A good example of this is locating

points as the locations for (identical) facilities. The topic of demand
aggregation is thus mainly discussed in scientific literature for these
two problem classes.

However, locational problems with many demand points are not
limited to p-center or p-median settings: In contexts such as waste
management, or warehouse location for (very) large customer bases,
the Capacitated Facility Location Problem (CFLP) is more applicable.
Although these cases may be more limited compared to those for
p-median and p-center models, they still provide an interesting motiva-
tion for studying CFLPs with many demand points as well, despite the
CFLP not being the focus of most of the aggregation-related literature.
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We remark here that there exist other reasons and settings for
which it makes sense to consider aggregation, most notably the lack
of accurately specific data. We will, however, focus specifically on the
setting where a large location problem with many data points has to
be simplified in order to obtain a good solution within a reasonable
amount of time. Note that as we will not attempt to resolve any of the
complexity arising from having a large number of facilities, we restrict
our approach to problem settings where the number of demand points
is much larger than the number of potential facilities to choose from.
This ensures that complexity can be sufficiently reduced by focusing on
the demand points only. Bearing this in mind, the contribution of this
paper is as follows:

» We will study aggregation in the context of Capacitated Facility
Location Problems (CFLP), a problem that is addressed relatively
little in aggregation-related literature;

We will focus on minimizing the actual optimality gap between
the original problem and the aggregated version, thus allow-
ing problem-specific knowledge to be used in our aggregation
schemes instead of applying a general, error bound-based scheme
to each encountered problem instance, and demonstrate the ef-
fectiveness of this approach;

We will place the presented aggregation techniques in a broader
algorithmic framework, adding to the body of existing heuris-
tics for large capacitated facility location and network design
problems.

The remainder of the paper is structured as follows: We will go over
the CFLP in Section 2, followed by a discussion of related literature in
Section 3. In Section 4, we will discuss the motivation and theoretical
background behind our methodology, after which we will present our
core aggregation framework. In Section 5, we argue how to approach
the topic of parameter selection within our aggregation paradigm.
Consequently, we evaluate our methods by applying them to various
instances of the CFLP and discuss our results in Section 7. In Section 8,
we provide additional analysis to assess the potential of our method
for application to other location problems. Finally, we present our
conclusions in Section 9.

2. The capacitated facility location problem

The CFLP is a location problem where one may open any number
out of m potential facilities to fulfill the demand arising at » demand
points. The intent is to minimize the costs associated with having open
facilities and transporting goods from the facility to the customer.
This problem is NP-hard (Cornuejols et al., 1990). The CFLP can be
described in the form of a Mixed Integer Linear Program (MILP) P as
can be seen in Egs. (1) to (5). The objective (Eq. (1)) shows that we are
minimizing facility cost and transportation cost over a set of facility
opening variables y € {0,1}" and demand allocation variables x €
R, The decision variables x and y are constrained to meet demands
exactly (Eq. (2)) while not exceeding facility capacity (Eq. (3)). In the
broadest sense, the parameters d;; describe the cost associated with
fulfilling demand from demand point j by facility i. For this paper, we
assume that d;; is finite for all / and j. This means that there are no
absolute restrictions on which demand point is served by which facility.
Moreover, we assume that these parameters represent a transportation
cost and that they are proportional to some distance in the real world.

l‘ilvi;lz= Z Z D;d;;x;; + Z c;y;i (€))

i€[m] j€ln] i€[m]

subject to
Z x;=1
i€[m]

Z x;;D; < Q;y; Vi€ [m] &)
JEln]

Vjeln (2)
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0<x; <1

yi €{0.1}

Viem], j€ln] 4
Vie[m 5)

The CFLP can be solved to optimality by applying a solution algo-
rithm tailored to solving MILPs, but because of its NP-hardness, finding
optimal solutions for large instances of the CFLP is not computationally
tractable.

3. Related literature

In this section, we will review the related literature. Our review fo-
cuses on three subdomains: Analysis of aggregation errors, aggregation-
based solution techniques and algorithms and heuristics for solving the
CFLP. We would like to remind the reader that most of the works on
aggregation in location modeling that we review here also cover p-
median and (to a lesser extent) p-center problems. For a more detailed
description and analysis of these problems, we refer the reader to the
chapters on p-median and p-center problems by Marin and Pelegrin
(2019) and Calik et al. (2019), respectively.

3.1. Analysis of aggregation errors

One of the first papers that addresses the error induced by aggre-
gating all demand in a single area into a single point is the work
of Hillsman and Rhoda (1978). They introduce three types of aggrega-
tion errors that emerge when aggregated data is used to solve location
problems. Two of these, called source A and source B errors, are caused
by approximating the weighted distance of a facility to all of the
demand in an area by the distance of a single representative point. They
also introduce the source C error, which arises from the possibility that
for some demand points, the nearest facility changes by aggregating.
Current and Schilling (1987) proposed a ethod to eliminate source
A and B errors in these problems, which ensures that the optimal
objective of the aggregated problem is bounded below by the opti-
mal objective of the original problem. Later, a method of eliminating
source C error when the disaggregated demand is not known exactly
was proposed by Hodgson and Neuman (1993). However, minimizing
aggregation-induced errors is far from a trivial problem. In fact, Francis
and Lowe (1992) have shown that, for p-median and p-center problems,
the problem of obtaining an aggregation that is generally optimal (min-
imizing the worst-case error, which does not allow for the exploitation
of any structural properties of the problem instance) is of the same type
as the original location problem. This is referred to as the aggregation
paradox.

For examples of work relating to aggregation error analysis in
specific contexts, we refer the reader to Goodchild (1979) (analysis of
the effect of aggregation error on the problem solution), Bach (1981)
(aggregation and distance measures), Erkut and Bozkaya (1999) (error
analysis of different aggregation methods, among which planar k-
means clustering), and Hodgson and Hewko (2003) (analysis of the
trade-off between aggregation and surrogation error). An extensive
overview of the mathematical aspects of aggregation and the different
characterizations that can be used for errors induced by this practice in
location modeling, as well as a literature survey on this topic, can be
found in Francis et al. (2009).

3.2. Aggregation-based solution techniques for location problems

The fact that the task of finding the ‘best’ aggregation in general is
at least as hard as the original problem, does not mean that aggregation
cannot or should not be used as a tool to solve large or complex
location problems. In fact, many aggregation-based methods have been
proposed to solve different location problems. We again remark that
the p-median problem was the context in which most of the methods
that we will review here have been developed. Such methods can be
developed with different aims in mind. One approach is to aim for
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a minimal worst-case performance. Examples include Francis et al.
(1996), Andersson et al. (1998), and the multi-pattern tiling algorithms
introduced by Qi and Shen (2010), which are based on the honeycomb
heuristic of Papadimitriou (1981). There are also works in which the
proposed aggregation method is more practically driven, and where
the proposed method has some desirable traits that suit the context
in which it is applied, instead of a possible worst-case application.
Examples include Avella et al. (2012) and Irawan and Salhi (2013).
In both of these works, aggregation is applied in the context of a
broader algorithmic framework. Another more recent example is the
quadtree-based method by Salhi and Irawan (2015). In this work, the
authors arrive at an aggregation from the base that is best for a known
(sub)set of potential facilities, acknowledging that finding an optimal
general aggregation is not possible due to the aggregation paradox.
Another study that has this algorithmic nature is that of Cebecauer and
Buzna (2017). They have developed an iterative aggregation algorithm,
in which the aggregation is updated at each iteration in order to
minimize error. The method has been applied to p-median problems of
different scales using data from Slovakia. For a more extensive review
of aggregation-based methods for several location problems, we refer
the reader to the survey by Irawan and Salhi (2015).

3.3. Algorithms and heuristics for solving the Capacitated Facility Location
Problem (CFLP)

In the abundance of aggregation-related literature, relatively few
works explicitly state the CFLP. To the best of our knowledge, the work
on aggregation-based methods for this problem is limited to the paper
by Sankaran (2007). In this paper, an aggregation heuristic is proposed
that is based on iteratively collapsing individual demand points into a
single point, while keeping the increase in a derived error bound below
a certain level, until this is not possible anymore. In this approach,
the maximal error has to be specified beforehand, and the number of
aggregation zones required (and thus the computational complexity of
the resulting problem) are an outcome of the iterative process. Despite
the fact that aggregation has not been used as a prominent solution
technique for CFLPs, the problem has been approached from many
angles. We will review the most important directions for the heuristic
methods that have been proposed in the literature here. It is known that
methods based on Lagrangian Relaxation can provide lower bounds, for
instance, of the CFLP, while also yielding approximate solutions (see,
e.g., Marin and Pelegrin, 1999). Among the popular solution methods,
we also find metaheuristic approaches. Basu et al. (2014) give a good
overview of how these approaches are used for solving various types of
location problems, among which the CFLP. Liao and Guo (2008) use a
heuristic based on an adaptation of k-means clustering directly to find
good solutions to capacitated facility location problems.

Guastaroba and Speranza (2012) showed that kernel search, a
matheuristic, could reproduce optimal results for CFLPs with a large
number of potential facilities, or find new good approximate solutions.
This method could be considered a reduction-based method as well:
The kernel search algorithm aims to find good solutions by sequentially
solving a problem containing only a subset of the original variables.
Another matheuristic based on the premise of size reduction was
presented for the related p-median problem by Stefanello et al. (2014b).
Besides these, a few other methods that are based on reducing the
model and using an easier counterpart in the solution technique have
been proposed: In their branch & bound algorithm, Nauss (1978)
use a condition derived by Akinc and Khumawala (1977) that allows
some facilities to be fixed open without changing the optimum, which
comes down to reducing the number of binary decision variables in
the (sub)problem. Avella et al. (2009) made use of a constructed
core problem, which contained only a subset of facility and allocation
variables, selected based on Lagrangian reduced cost. Finally, Jain and
Vazirani (2001) presented a constant-factor approximation algorithm
for the metric Soft Capacitated Facility Location Problem, a variant of
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the metric CFLP where each facility can be opened multiple times. Their
approach reduces the problem to an uncapacitated facility location
problem, for which better constant-factor approximation algorithms
had already been established.

The contribution by Jain and Vazirani (2001) also contributes to
another line of work, which is dedicated to developing approximation
algorithms for the CFLP. For an overview of approximation algorithms
for the CFLP and related problems, we refer the reader to Aardal et al.
(2015). More recently, An et al. (2017) were the first to develop a for-
mulation of the CFLP that has a constant integrality gap. They used this
formulation and LP-rounding to devise a constant-factor approximation
algorithm.

4. Methodology

In this section, we will address the technical background of aggrega-
tion in the context of the CFLP. We analyze the effects of aggregation
on the solutions of the CFLP. We provide an instance-specific upper
bound for the optimality error that is induced by applying aggregation.
Finally, we outline our core aggregation framework, which is based on
our analysis.

4.1. Theoretical background

When aggregating demand in the context of location models, we
usually map the set of demand points to a new, much smaller set of
demand points in order to reduce the size and complexity of a problem:
The aggregated location problem can be modeled using a smaller MILP
P. A valid and straightforward approach here would be to aim for
minimizing the weighted distance from demand points j € [n] to their
mapping, M(j) € K, |K| < n. Francis et al. (2000) have shown that
this weighted distance is, in fact, an error bound for a class of location
models called SAND models. A way to avoid underestimation of the
objective function by P (using Current and Schilling, 1987’s approach
to mitigate source A and B errors) is to assign a set of weighted average
distances to each aggregated demand point (ADP). Rather than treating
the ADP as some point with a physical location, it can be viewed
as an aggregation over the distances of the points that are mapped
to it. Minimizing the difference in distance between demand points
(DPs) and their ADPs, instead of minimizing the distance of a DP
to some physical ADP location, allows for the use of aggregation in
problems where distances are non-Euclidean. Our simplified problem P
is equivalent to the original problem where d is replaced by d. Here we
define d, ; as the determined distance between M (/) and facility i. We
denote this problem by P;. We can infer about how we should construct
P by comparing P and P;, as the latter is equivalent to P. We will first
introduce some notation. All of the notation that will be introduced
refers to the objective z (Eq. (1)), and is thus subject to (2) to (5).

Firstly, we can express the objective value of problems P and P;
(where the distances are given by d and d, respectively) as a function

of x and y:

zg(x,y) 1= Z Z D;d;x;; + Z Ci¥is (6)
i€[m] j€ln] i€[m]

zz(x,y) = Z ZDJUx,I+ chl )
i€[m] j€ln] i€lm]

Furthermore, we introduce the shorthand notation z4(y) and zz(y)
that express the objective of P and P; only in terms of the binary
facility location vector y, where we choose for x the allocation that
minimizes transportation cost given y. Finding this allocation and the
corresponding objective can be achieved by solving an LP with respect
to x.

zq(y) - _mm z Z D;d;;x;; + Z CiYi» 8

i€[m] je[n]

zz(y) - —m1n 2 Z D; d,Jx,j + 2 ;Y- (C)]

i€[m] je[n]
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Along these lines, we also define xji(y) and xZ(y) denoting that alloca-
tion x, that minimizes transportation cost given y.

x(y) := argmin 2 Z D;d;;x;; + Z 57 (10)
x i€[m] j€[n] i€[m]

x5 ::arginin Z Z D;d;x; + Z ;- (€8]
i€[m] je[n] i€[m]

We will also introduce a specific notation for the optimal locational
decision in the problems P and P;.

¥} i=argmin z4(y), 12)
y

y; = argmin z(y). 13
y

Finally, we introduce notations for three different flavors of optimal
objectives: z; for the objective of optimal location decision y’ in the
original problem, 23 for the objective of aggregate-optimal location
decision y’; in the aggregated problem, and finally ZZ for the objective

of the aggregate-optimal location decision in the original problem.

2 = zq(¥y), 14)
23 = 23(¥3) (15)
zi‘.j = zd(y";). (16)

Since we are interested in the performance of the aggregate-optimal
solution under the actual locational distribution of the demand, we aim
to minimize the problem-specific optimality gap ZZ —z7;. This optimality
gap is always nonnegative due to the way d is constructed.

An upper bound (UB) to this gap is provided by z;(y})—z4(y}). This
UB coincides with the optimality gap when the UB is 0. This value can
theoretically be achieved if the number of ADPs is large enough. The
UB reduces to

2 2 Dj(dNij - dij)x:;(yz)ij' 17)
i€[m] j€ln]

This is equivalent to an intermediate result given by Sankaran (2007),
who uses this result to further derive an upper bound that is problem-
specific, but does not depend on the optimal solution x7(y7);; of the
original problem.

4.2. Core aggregation framework

A schematic overview of our core aggregation method is given in
Fig. 1. Our method is centered around shifts in the distance matrix
domain (rather than directly minimizing distances in the Cartesian
plane). It consists of the following five steps:

. Application of decay function (Section 4.2.2)

. Clustering (Section 4.2.3)

. Computing aggregated distance vectors (Section 4.2.4)
. Solving the aggregated MILP (Section 4.2.4)

. Solving the allocation problem (Section 4.2.5)

g b wWwhN =

In the remainder of this section, we will first discuss why we
propose looking at differences in the distance matrix instead of looking
at differences in planar location, after which we introduce our core
method in a stepwise manner. Fig. 3(a) shows an example of a CFLP
instance. This small instance, consisting of three facilities and thirteen
demand points (with unit demand), will be used to demonstrate our
methodology in a stepwise manner.
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4.2.1. On the domain of the distance matrix space and minimizing shifts
In our example setting, each demand point j is described using its
Cartesian coordinates, and the distance d;;; between two points i and j
in this plane is given by the Euclidean distance formula. As discussed,
an aggregation procedure could be based on the premise of minimizing
the weighted sum of these distances between the original demand
points j and their respective aggregated mappings j’. However, since
our UB (17) is defined as a sum of differences between distances rather
than the distances to some representative point, our method focuses on
the shift in these distances instead. We denote the total demand at ADP
kby Dy = ¥, y(j5=« D, Note that by means of construction, for a single

ADP k, d;, = Zymgrmi Dydy Also, because of the equivalence relation
between the smaller ’1(\/[ILP P and the surrogate MILP P;, we have that
d; ; =dy¥j : M(j) = k,Vi. For any given ADP k, the UB contribution of
distance shifts that we can attribute to this ADP is equal to

D, Dy(dy = dixy vy as)
1 MG)=k i€lm]
where d;; = d;;. We observe that the contribution will be equal to zero
if, for all i € [m], the term x:;(y’;),- ; consists of only zeros or ones for
the indices j : M(j) = k. We can show that the contribution of any
ADP k to the UB is always nonnegative. Moreover, let H;, be the set of
facilities for which the condition mentioned above does not hold:

Hy={iem:0< Y xip,<lli: MG =k} 19)
JiM()=k

Proposition 1. Given an ADP k, the upper bound for the total error that
can be attributed to this ADP is equal to

1 ¢ -
2D, DjD,-/(xZ(yZ),»j - x;(y,',)ij/)(di,-/ —d;j) (20)
kieHy j: M()=k j': M(j")=k
Note that for larger ADPs, the summation in Eq. (20) will contain
many zero terms. We can be more precise by enumerating only the
terms corresponding to tuples (i, j, j') for which xl’;(y:;),- T xl’;(y:;),- 1 1s
nonzero. Let us first define this set of tuples G, for a given ADP k:
Gy =1{G,j,j") 1 i € Hy, j,j' €nll
M) =k, M(') = k, X (¥ — X5V # 0} 21
Eq. (20) can now be simplified as follows:
Y DDy - Xy — dy) (22)
1Dy (xg(ygiy = xq(¥g)iy )iy = dyj
k(.1 eGk
Without loss of generality, let us assume that for every tuple (j, j') there
are exactly two corresponding elements in Gy: (i, j,j’) and (/, j, j’).

Proposition 2. Suppose that for every tuple (j,;') there are exactly
two corresponding elements in Gy: (i,j,j') and (', j,j"). If (i,j,j’) and
(i’',j,j') are two elements of G,, the contribution to the error UB cor-
responding to these two elements is proportional to and increasing in
|(di’j - di’j’) - (dij - dij’)l: Dj and Dj/.

The proofs for Propositions 1 and 2 can be found in the Appendix
A.

Proposition 3. The pairwise error-bound contribution presented in Propo-
sition 2 is bounded below by 0 and above by |(dy; — dy ;)| + |(d;; — d; 1),
and both bounds are tight.

il

Proof. The lower bound trivially follows from the fact that the con-
tribution is an absolute value. The upper bound trivially follows when
both terms in the expression have different signs. An example of tight
bounds in Euclidean space is when both demand points and facilities
are on a straight line: If the facilities are on the same end of the line
compared to the demand points, the expression attains value 0, and if
both facilities are on opposite ends with the demand points in between,
the upper bound is attained. []
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Fig. 1. A schematic overview of our core aggregation method.

By substituting the upper bound from Proposition 3 into Eq. (22),

we obtain the following weaker, but more practical upper bound on the
introduced error for ADP k:

1
Y D;Dyldy —dl

L (23)
K (i,j.j)eGy

Moreover, we remark that there generally is a negative relation
between x7,(y7);; and d;;. More specifically, one can expect that the
higher the biggest deviation of d;; from d;; in an ADP, the more likely
it is that H, # @. This should be avoided as much as possible, as
these are the ADPs that contribute to the UB. When attempting to find
an aggregation for which the mentioned UB is low, this would give
an incentive to put more weight on penalizing the largest weighted
differences D; D |d;; — d;;| in distance.

Given this information, we can still view this as a task of minimizing
the distance between points, albeit not in the original R? space of
the locations depicted in Fig. 3(a), but rather in the R™ space where
each point is characterized by its (normalized) distance d; ; to each of
the m potential facilities. Figs. 2(a) to 2(c) show the two-dimensional
slices of the location of the demand points from Fig. 3(a) in their
three-dimensional distance matrix space. Note that in many instances
of CFLP, the distances used between demand points and facilities
are not necessarily Euclidean, nor are the locations always given in
some coordinate system. The distance between each demand point and

facility is always specified, however, so working in the distance matrix
space is generally possible for every possible CFLP instance.

4.2.2. Application of decay function

We have seen in the previous section that minimizing distance
shifts will help to ensure that the UB attains lower values. However,
our previous analysis also suggests that only specific shifts near the
‘allocation boundary’ of the optimal facilities y7; are really of interest
for minimization. As we do not know y;, x;(y) is unknown, and
we cannot minimize these specific shifts directly. We can, however,
apply a transformation to make sure that some shifts are prioritized
(i.e., penalized heavier) rather than treating all distance shifts equally.
The motivation for doing this is similar to the idea underlying variable
elimination in size reduction heuristics, such as the one Stefanello et al.
(2014b) introduced to solve the capacitated p-median problem, which
is very similar to the CFLP.

The choice for a good transformation is not obvious. One could
consider a general elementwise transformation mapping each distance
in the normalized distance matrix to a new value on the same domain
(¢ [0,1] — [0,1]). An alternative approach would be to use a
parameterized function that may be uniquely defined for each (i, )
pair, and applied elementwise to each distance matrix entry ({¢;; :
[0,1] —» R*;i € [m],j € [n]}). In our illustrative example, we apply a
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Fig. 2. 2-dimensional slices of the normalized distance matrix representation of the demand points from the example of Fig. 3(a), before and after application of decay function

¢.

single transformation ¢ that allows us to account far less for distance
shifts occurring outside of a certain ‘critical’ domain. For example, we
are not too concerned if a distance is shifted from 0.7 to 0.95 (e.g.,
because we expect that the corresponding allocation variable x;; will
quite confidently be 0 in both cases), but a shift from 0.15 to 0.25 might
be very undesirable (e.g., because we expect that the allocation variable
x;; takes on both values 0 and 1 in this region). To this end, we propose
a function of the following form:
e

O T

(24)

Here, @ and f can be chosen such that all differences outside a certain
bandwidth will ‘decay’ to a small value. An example of such a function,
with a bandwidth of 0.5, centered around 0.3, is depicted in Fig. 2(d).
The resulting mapping of the points from Figs. 2(a) to 2(c) is shown
in Figs. 2(e) to 2(g). After applying this mapping to the normalized
distance matrix, we obtain a Decayed Distance Matrix (DDM).

4.2.3. Clustering

Having obtained the DDM, we can apply a clustering algorithm to
minimize the decayed distance shift errors. In principle, any weighted
clustering algorithm could be applied to such a task, depending on
the exact metric to minimize in terms of the decayed shift errors. In
the context of constructing P are looking to partition all m DPs into k
ADP clusters, with k < m. We apply the greedy k-means ++ algorithm
(Arthur et al., 2007) as implemented in the scikit — learn package
in Python (Pedregosa et al., 2011) in this paper, using the demands of
the DPs as weights. In addition to speed and scalability considerations,
this algorithm fits the task at hand since its objective is to minimize the
¢,-norm of the distance shifts. Another option would be to perform a
k-medians clustering, which punishes large decayed shifts less severely,
but regardless of the question which objective is more desirable to
minimize in our setting, the method is less computationally tractable
for large datasets, and thus less well-fitted for our purpose. Using the
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(b) k-means on non-decayed normalized distance
matrix, depicted using PCA on the distance ma-
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(c) k-means on normalized distance matrix after
applying decay function ¢ (Section 4.2.3), de-
picted using PCA on the DDM

Fig. 3. Results of different clustering methods.

obtained clustering, we have found a mapping M : [n] — K of
demand points to ADPs, which can be used to obtain a reduced instance
of the CFLP with only k demand points. The resulting clustering on
our example instance is shown in Fig. 3(c), and we can note the
differences compared to applying k-means directly in the plane, and
to applying our approach without effectively applying a decay function
(i-e., ¢(x) = x), which are shown in Figs. 3(a) and 3(b). We remark here
that k-means clustering in the plane intends to minimize the weighted
sum of squared Euclidean distances. In the absence of extreme outliers,
the resulting aggregation will be one in which the sum of weighted
distances from the DPs to the centroid of the ADP is also low.

4.2.4. Computing aggregated distance vectors and solving the aggregated
MILP

Having obtained k ADPs to use as a substitute for our initial m
demand points, the next step is to obtain a smaller instance of CFLP
using the ADPs as demand points. We can compute the new demand at
the ADPs using Dy = ¥ ;. p(j)=x) D;- As described in Section 4.1, the
distances d;; between facility i and each ADP k can be represented in
the aggregated variant of the MILP in Egs. (1) to (5) using the weighted
mean of the distances of the DPs that are mapped to k:

Zymi=k Didyj

Dy, '
Substituting the ADPs for the original DPs in the MILP P presented in
Section 2, yields a new MILP P, with (collapsed) variables % € R**" and

y € {0,1}", which can be solved using an exact MILP-solving algorithm
to obtain the optimal solution (%*, y*) to this problem.

dy =

4.2.5. Solving the allocation problem

After having solved the aggregated problem, we have obtained a
pseudo-optimal facility opening vector y*, as well as an allocation x*
of ADP demand to the open facilities. The associated optimal objective
value of P is z. Consider (%*, 7*), the optimal solution of P. From this,
it is easy to construct a corresponding solution to the original MILP

P. This solution, the optimal solution of Pj;, is obtained as follows:
xZij = X;‘M(j) for each j € [n], and y:fi = y*. However, this solution is not
always equal to the actual objective associated with y*. If we decide to
implement solution y*, the associated transportation costs will be those
that are optimal under the original distance matrix. This means that the
associated allocation decision is xl*i(yl’fi) and the actual objective for this
solution is indeed ZZ (= zd(yZ)).

5. Parameter selection

In order to get insight into how the core method performs and
to evaluate its strengths and weaknesses, we performed some com-
putational experiments on toy problems. In Fig. C.10, ten different
geometric patterns were used as a testing environment for systematic
experimentation, using three different values for the number of facili-
ties n (where both n and k are small). For each instance used for these
experiments, 2000 demand points were sampled in the unit plane. For
some of the experiments, their locations were drawn from a (truncated)
bivariate normal distribution with means of 0.5, variances of 0.09,
and zero covariance, whereas for other experiments, their locations
were sampled uniformly. The optimal solutions of these instances are
known, since it is possible to solve them using an exact solver within a
reasonable amount of time.

5.1. Universal ¢: analysis of « and f

In the first setting that was tested, we applied our method with
a parameterized function ¢, where the parameters « and g are fixed.
This means that we applied the same function to each distance matrix
entry, independent of the demand point and facility to which the
entry belongs. Note that the value of « corresponds with the center
as indicated in Fig. 2(d), whereas # can be numerically estimated such
that the function ¢ has a specific bandwidth, which we will indicate
by b. We tested different combinations of fixed « and b on the test
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Table 1

Realized mean z;(y}) for different configurations (&, b) on each instance group, compared to the mean z for an aggregation obtained by applying planar k-means.
(a, b) a b c d e f g h i j
(0.3, 0.35) 3339.01 2945.27 4979.30 3310.10 3361.07 3464.50 4825.58 3342.25 3141.43 3998.15
(0.45, 0.7) 3329.92 2971.70 4908.35 3134.70 3154.37 3360.29 4656.69 3340.29 3110.07 3886.14
0,0.7) 3354.88 2951.01 4960.85 3167.11 3270.38 3406.61 4783.13 3345.27 3097.28 3984.47
(0.2, 0.8) 3338.03 2957.35 4910.60 3115.51 3143.40 3369.38 4699.13 3326.57 3101.24 3907.59
(0.15, 0.2) 3518.57 3127.03 5041.37 3766.55 3811.70 3851.68 5063.62 3613.80 3598.02 4446.64
(0.6, 0.3) 3335.99 3003.57 4970.17 3378.87 3407.12 3380.05 4733.32 3621.21 3201.75 3964.05
(0.5, 1.0) 3331.32 2967.39 4908.51 3132.64 3154.99 3359.52 4649.19 3331.19 3115.29 3881.81
Benchmark 3361.24 2966.81 4874.81 3096.04 3118.96 3388.63 4643.41 3332.20 3094.54 3895.63

beds where the demand point locations were uniformly distributed, and A -

compared the resulting z;(y}) to a benchmark based on planar k-means N . o

clustering. We set this benchmark to be ZE , where d in this case refers to \\\ . "

the distances resulting from obtaining an aggregation mapping through " A . m

planar k-means clustering. These values are reported in Table 1. \\\ . '\\\

The insights that can be derived from these results are as expected: e

For some of the instance groups, we do find a configuration that beats \\\ ;\\ \\\

the benchmark in terms of the upper bound, but for other groups this N \\\ - o \\\ N

does not seem to be possible. We can explain the cause of these differ- R ) \\

ences by looking at how our method generally tends to aggregate points - - \\

in two different instance groups, (a) and (g), when the parameters are . . B

fixed to a single value. This is depicted in Fig. 4: In Fig. 4(a), the . - \\ A

boundaries of the (green) aggregation zone are parallel to the allocation n

boundaries of the facilities (indicated by the dashed lines). In Fig. 4(b),
on the other hand, multiple allocation boundaries of the facilities cut
through the aggregation zone.

Our example in Fig. 4 demonstrates why applying a single function
¢ universally to the entire distance matrix can, in some cases, be
very restrictive in finding good aggregations. The points within an
aggregation zone will have similar distances to the potential facilities.
If some points are far from all facilities, this will result in them
being grouped together, even though it is unlikely that these points
will actually be served from the same facility. In the example, we
would likely benefit from parameterization on demand point — so
that DPs with very different distance vectors can still be aggregated
together, provided that their ranking of the distances to the potential
facilities is relatively similar. One could also imagine instances where
parameterization on facility would be very desirable, for example, if
an instance contains facilities with very bad cost-to-capacity ratios or
if there is a lot of variation in capacity (and thus likely in service reach)
between potential facilities.

5.2. ¢ parameterized on demand point and facility: proposed method for a
and y

We will now discuss a way to address the shortcomings described
in Section 5.1, by parameterizing «;; on demand point and facility, and
introducing a parameter y;, that amplifies the decayed distances for
certain facilities:

e(X—ay‘/)ﬁ

dii(x) =7 PR

We propose to use the decay function in synthesis with an approach
that tries to construct the allocation boundaries of the optimal facilities.
By this, we mean to identify those points j that are most likely to be
‘close’ (with respect to some distance, for example, Euclidean distance if
the Cartesian coordinates of the demand points are known) to points j’
such that argmax;(x;;) # argmax;(x; ). More precisely, in our approach,
we intend to estimate a;; such that a;; is roughly equal to the distance
of facility i to its allocation boundary in the direction of demand point
Jj. To estimate this for every demand point j, we can take some solution
of the problem, for which we expect that the allocation boundary of a
facility is in some way representative of the allocation boundary that
this facility would have in the optimal solution (if the facility is opened
in the optimal solution). To determine where the allocation boundary

(a) An example of a favorable region to be clustered together by an
aggregation algorithm

(b) An example of an unfavorable region to be clustered together by
an aggregation algorithm

Fig. 4. Examples of a favorable and unfavorable region to be clustered together by an
aggregation algorithm.

lies in the selected solution, we look at the distance d, of facility i to
the point j’ € {;j’ € [n]| argmax;(x; ;) # argmax;(x;;7)} that is nearest to
j.

It is worthwhile to note that, in some cases, taking the nearest
point on the other side of the boundary might lead to an undesirable
estimation of how far the boundary is. It is even possible to get an
estimate a;; that is lower than d;; for a point that is within the allocation
boundary. Also, in some cases, there are multiple close points on the
other side of the boundary that would yield very different «;; estimates.
Thus, it makes sense to guide the process by penalizing points that
lie further from the facility (in case of inward estimation) or that are
closer to the facility (in case of outward estimation) when selecting the
nearest point at the other side of the boundary. Adding the penalty term
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+wd,; will ensure that the point on the other side of the boundary that
is found lies in the same direction as demand point j (with reference
to the facility). This concept is shown in Figs. 5(a) and 5(b). Another
case where boundary misestimation can happen is at peripheral points:
a point j in the corner of the plane that is allocated to facility i may
perceive that its closest neighbors that are not allocated to facility i are,
in fact, all closer to the facility than j itself, leading to underestimating
a;;. This can lead to the formation of ‘peripheral ADPs’, ADPs that
contain points from all the corners of the plane. These ADPs can
introduce a significant amount of error. To mitigate this, we can add
some surrogate points that are not allocated to any facility, at the
bounds of the plane, just for aiding the estimation process (the points
are not present at any moment when optimizing the problem). To each
of those surrogate points, we can allocate (high) values 6,;. a;; will then
be set to the value of 6;;, if such a surrogate point is hit. Example values
could be 6;; = 1 for all surrogate points and facilities, or to set 6;; equal
to twice the distance between the facility i and the surrogate point j.
Fig. 5(c) shows an example of the estimation procedure with surrogate
points.

We suspect that the approach will work better when the distances
d;; are approximately Euclidean, and it will likely work extremely
poorly if distances do not satisfy the triangle inequality or if they are
completely random. (Since, in that case, there is barely any exploiting
of the distance structure that can be done). Of course, we can only
apply this procedure to those facilities for which y; = 1 in the selected
solution. If we encounter a solution that has y; = 0, we cannot infer
anything about the possible location of the allocation boundary of
facility i based on that solution. It is possible to get an estimate of
the allocation boundary for every i by first solving m LP relaxations,
where the constraint y; = 1 is added to LP relaxation i. This however
comes with a significant computational overhead (scaling with m).
Therefore, we instead opt for a warm-up period together with an on-
the-fly exploration mechanism in our matheuristic, which enables the
estimation of the allocation boundary for relevant (promising) facilities.
This mechanism will be discussed further in Section 6.

6. Heuristic aggregation algorithm

Fig. 1 shows the main idea of how the core methodology can be used
within a matheuristic algorithm to solve large CFLP instances. By apply-
ing aggregation iteratively, we can obtain more accurate information of
where the allocation boundaries may be in the optimal solution. This
information is acquired by inspecting solutions that were already found
during a previous iteration. The locations of the allocation boundaries
of the open facilities in those solutions provide (more) reasonable
estimates for the allocation boundaries in the optimal solution. Fur-
thermore, by keeping track of a ranked list of solutions found by the
algorithm, we obtain additional ways to steer the algorithm towards
exploration in the beginning, and exploitation in later stages. The
parameter y; in the aggregation method can for example be based on
the number of solutions of good quality in which facility i is opened.
Our complete matheuristic can be found in Algorithm 1.

The algorithm consists of 5 phases. Phase 0 is an initialization phase,
which is only carried out at the start of the heuristic. Phases 1-3
describe the core aggregation method. Phase 4 is the phase in which the
parameters are updated, after which the heuristic will iterate through
Phases 1-4 until the termination criterion is met. We will now briefly
elaborate on each of the phases. A more detailed explanation of Phase
1-3 can be found in Section 4.

Algorithm 1 Iterative aggregation matheuristic

Output: A best found solution (x, y) and a corresponding aggregation
mapping M and problem P for which y is the optimal locational
decision.

1: 1< 0
2: TERMINATION_CRITERION_MET < False
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(a) Inward estimation: We penalize points that are further from the
facility, to avoid overestimating c;;. In this case, the purple point,
which is nearer to the grey dashed line, is preferred over the pink
point, even though the pink point is nearer to j.

(b) Outward estimation: We penalize points that are closer to the
facility, to avoid underestimating «;;. In this case, the purple point,
which is nearer to the grey dashed line, is preferred over the pink
point, even though the pink point is nearer to j.

(c) Corner estimation: We add surrogate reference points to avoid
underestimating «;;. In this case, the selected purple point is not
in the original set of points on the other side of the boundary, which
does not reflect the actual distance of the allocation boundary in
the direction of j well.

Fig. 5. Illustration of the selection process of a near point to determine a;;, which
should approximate the distance of facility i to its allocation boundary in the direction
of point ;.

3: Execute Phase 0:
4 = Pass qUNIT) jUNIT) LUNIT)
5 |S [, 1S,

sarln le xulrrl’
6: — Obtain aﬁj , ]/I.(l),ﬂ; )
7: List of solutions L « ¢
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8 1«1
9: while TERMINATION_CRITERION_MET = False do

10: Execute Phase 1:

11: - Pass P, o), v, B, K

12: — Obtain Mapping M© : [n] - K
13: Execute Phase 2:

14: - Pass P, MO, (@) : ¢ €[t - 1]}
15: — Obtain (x*®, y®)

16: Execute Phase 3

17: - Pass P, y®

18: — Obtain x®, z(

19: L « Lu(x®, y® z0)

200,y < argmin,g;, 2

21: if pest <t- Timproue”l = Tmax then
22: TERMINATION_CRITERION_MET < True
23: else

24: Execute Phase 4

25: — Pass 1, L, (x©,y®, z0) q® p® ,®
26: end if

27: te—t+1

28: end while
29: return (x(tbest)’y(tbest)’ z(’bexr)), M (best)

6.1. Phase 0: Initialization

Before entering the main loop of the heuristic, a®, g® and y®
need to be initialized. Furthermore, some preliminaries are needed to
be able to determine the allocation boundaries that are needed for a
estimation in Phase 4. For this procedure, we require the distances from
each demand point to other demand points.

For big problems, using all demand points as reference points for the
boundary estimation will weigh heavily on memory and computational
time, so that we are required to take a sample of the demand points
to use as a reference. The sample needs to be big enough to accurately
obtain estimates of the allocation boundary, yet small enough to ensure
computational tractability. In our experiments, when n > 2500 we take
a sample of size 2500. If the Cartesian coordinates of the demand points
are known, the Euclidean distance between the demand points can be
used (possibly as a surrogate). If this is not the case, but the triangle
inequality holds, we can use a lower bound based on the distances
between the demand points and the facilities, as described in Line 30
of Phase 0.

As described in Section 5.2, surrogate points are added to the
reference points at the boundary of the plane. This is again relatively
straightforward if the Cartesian coordinates of the demand points are
known, since they can be linearly placed along a bounding box. If the
coordinates are not known, such a bounding box can be artificially
estimated by constructing its main diagonals based on the estimated
distances between the demand points. The surrogate points can then
be added by means of an affine combination of the distances of the
corner points of the artificial box. The distances to these points are
increased by a small padding factor of 1.15 to account for the fact that
the bounding box and distances between demand points are estimated
artificially.

Phase 0 Initialization

Input: oUNIT) pUNIT) -, (UNIT) - fixed number of reference demand
points to be sampled (|.S,,.|), fixed number of surrogate demand
points to be added (| S, |, should be a multiple of 4).

1:

Output: af;) for all facilities i € [m] and demand points j € [n],
yi(l) and ﬂfl) for all facilities i € [m], set of reference demand points
Sampies S€t Of surrogate demand points S,

2: function ADD_NON-CARTESIAN_SURROGATES( )

10

N ah

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

21:
22:

23:
24:

25:
26:
27:
28:
29:
30:

31:
32:
33:
34:
35:
36:
37:
38:

39:
40:
41:
42:
43:
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CoRNER1, .CORNER2 < ATGMAX ;i1 elnlxS, d; J' .

> We estimate corner points for a bounding box: The first
diagonal axis if this box spans the largest distance between
two individual demand points (One demand point and one
point in the sample);

for all j/ € S do

sample

deAGONALlj’ - \/dCORNERIj’ + \/dCORNERZj’
end for

CORNER3 « argmax . Soample dpisconnl )’

> From all points in Sy, the point which is furthest from
the two existing corner points should be the third corner
point. We use the square root to disincentivize choosing a
point that is very far from one corner point but not from the

other,
CORNER4 < argmax . Suample Apiconarlj’ + dCornr3)!

> The same principle applies for the fourth corner point, which
should be the point that is furthest from the third corner
point and the diagonal formed by corner points 1 and 2.

¢ « A vector of length %|SM,| whose elements are spaced

linearly between 0 and 1
for all i € [n] do

for all j € {1,.... 15} do
dij «— 1.15(fjd[C0RNER1 +1- fj)diC()RNER?))
J et S
dijp — 115(Z jdicomena + (1 — € )dicommens)
J" e+ 510
dijr — 115( jdicommena + (1 = € )diconnena)
J" e+ 218,
dijm < 1.15(¢ jdicopnent + (1 = € )dcornina)
end for
end for
> This sets the distances from the demand points to the sur-
rogate points as affine combinations of corner points of the

artificial bounding box.
end function

Syampie < sample of |S,,,,.| demand points from [n] > The
sample of reference demand points can be the entire set [x], if n is
small enough.
if CARTESIAN_COORDINATES_KNOWN = True then

S < asetof |S,,| surrogate demand points, composed of

4 sets of }1|Sm| points linearly spaced along each bound of

the plane.
for all (j. ") in [n] X (Ssumpie U Ssurr) dO

d; < Euclidean distance between j and j'

end for
else
for all (j, ./,) in [n] x S:amp/e do
djjr < maXgpld;y — d;;|

> If the triangle inequality holds, this is a lower bound for

the actual distance between j and j’.
end for

ADD_NON-CARTESIAN_SURROGATES( )
end if
for all (i, j) € [m] X Sy,
0;; < 2d;;
end for
function BeTA_FROM_BANDWIDTH(b)
Solve for p: b= o lostB+VE(G=2)
> To compute which g corresponds to a certain value of b, we
compute the points where the slope of the base transforma-
tion is equal to % p is chosen such that all points with a

do

slope bigger than % are in the band with width b. Solving

the above equation is done numerically and approximately.
end function

for all (i, j) € [m] X [n] do
"’S) « qUNIT)

end for

for all i € [m] do
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44; bV < pUNID
)
45: ﬂ,.(l) — BETA_FROM_BANDWIDTH(bI(.l) )
46: y.(l) « yUNIT)
1
47: end for
48: t < 1
49: L <0
50: 1

pexp/ ore <

6.2. Phases 1 (decay function and clustering), 2 (obtaining and solving
reduced problem), and 3 (allocation problem and solution to P)

Phases 1, 2 and 3 encompass the application of the different steps of
the core method, as described in Section 4. In Phase 2, some additional
constraints are added in most cases:

- In line 11, constraints are added that eliminate each solution that
has already been seen by the algorithm.

+ In line 16, a constraint may be added to ensure that the algorithm
will arrive at a solution that opens at least one, and at most &,,,,
facilities for which the allocation boundary has not yet been esti-
mated. This mechanism also ensures the exploration of solutions
that are not composed of the same facilities as the solutions that
have already been found. During an initial warm-up period, the
algorithm will explore with probability 1, and during the rest of
the iterations it will explore at a lower rate.

Phase 1 Decay function and clustering

Input: Problem P, af;) for all facilities i € [m] and demand points
j € [nl, yl.(’) and /3,.(’) for all facilities i € [m], set of ADPs K
Output: Mapping M® : [n] - K
1: for all (i, j) € [m] X [n] do

20 e a®)
A o

3: end for o7

4. for all j € [n] do

50 0 < @)1ty ()

6: end for

7: Apply k-means ++ clustering to partition the n vectors vj.') into |K|

clusters, and obtain the corresponding mapping M® : [n] - K

Phase 2 Obtaining and solving reduced problem

Input: Problem P, Mapping M, all previously found solutions for y:
Yyt elr-11)
Output: (%@, 5*®), the optimal solution of the reduced problem P
1: for all k € K do
DY < Xm0 D
for all i € [m] do
d, = Zyim®g)=k
ik = Dy
end for
end for
: Obtain P, a CFLP with demand points K and facilities [m] and
demand volumes and distances as computed above.
: forallY €[t—1] do

D;d;

N h wiy

o)

1ify =1

—1 Otherwise

Add the following constraint to P®):
(") (")

Yiem ¥ Vi < Diem Vi — 1

> Note that y/l.('/) and y(’,)

i

/
Let (//l.(r ) =

10:

are parameters, not variables

11
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12: end for )
130 Supexplored = 11 2 ¥ =0V €[t - 11}

14: if Sunexplored # ﬂ then

15 With probability p,, /.., add the following constraint to P®:
16: Ziesunexplared i z §

17: Where ¢ ~ U[1,&,,4,]

18: end if

19: Solve P® using an exact solver.

20: (@, y®) « The optimal solution of A"

Phase 3 Allocation problem and solution to P

Input: Problem P and solution y® of reduced problem
Output: x®, z®
1: Solve P exactly with the values for y fixed to y
2 x® x;(y;i) and z® « z;.

*(1)

6.3. Phase 4: Update parameters

After completing Phase 3, we update the parameters «,  and y and
re-iterate Phases 1-3 with the updated parameters. The updating rules
are different for the warm-up period and the rest of the algorithm: The
warm-up period is used mainly to explore the solution space and to
estimate the allocation boundaries of the facilities, whereas during the
remainder of the algorithm we aim to capitalize on the information that
was gained before.

During the warmup period, we explore different solutions by keep-
ing the entries of a equal to 0, and applying different bandwidth values,
starting with a large value and then slowly decreasing. In fact, the shape
of the transformation function ¢ in this setting is not sigmoidal, but it
is instead strictly increasing and concave. This transformation suits a
general situation, enabling exploration without any information being
available on the allocation boundaries. The parameter y; is kept con-
stant for all facilities during the warmup period, as we want to explore
the solution space as much as possible while having no information yet
about which facilities are ‘promising’. During the warmup period, we
do gain more information on the allocation boundaries of the facilities.
We do already update these, and store the corresponding a-values in
@, which will be used by the algorithm after the warmup period has
ended.

The complete matheuristic is shaped by how the update rules used
after the warm-up period are specified. Different update mechanisms
may be better suited to different situations. As we want the algorithm
to find decent solutions in relatively few iterations, we opt for relatively
large update steps for «, f and y after the warmup period has finished.
Especially the value for the bandwidth parameter will have a different
impact on the solution progression depending on the characteristics of
the instance. It is clear however that starting with a high bandwidth
value and decreasing it as the allocation boundary becomes more
precise and the solutions obtain better quality, is a good strategy. We
thus opt for a set of update rules where a can change relatively quickly,
while slowly decreasing the bandwidths, as well as decreasing y; for
the facilities that do not show up in any of the best solutions found so
far. The update rules we used can be found below: a is a weighted
average of all the allocation boundaries estimated before, favoring
more recent observations. If for some facility i, all a,.(/’.) are O for all j, we
do not smooth the values corresponding to this facility, and the newly
obtained values derived from the allocation boundary are used at time
t+1. b will slowly decline over time for all facilities. y is updated based
on a list of x best solutions: For facilities that are not opened in any
of these solutions, it will decay towards 0, and for facilities that are
opened in multiple solutions in this list, it will grow to 1. The more
solutions in the list contain a facility, the faster its respective y will go
to 1.
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After finishing Phase 4, Phases 1-3 will be repeated, unless one
of the termination criteria is met. The algorithm terminates if the
maximum number of iterations 7T, . is reached, or if the best solution

max
has not changed over the past T, iterations.

Phase 4 Update parameters

Input: Current solution (x®, y®, z), Set of previous solutions L, cur-
rent parameters a®, g, y®

1: function SeT_ALPHA_VALUES(X, i, 1)

2 A; < {jlj €[n] : argmax; g, xy; =i}
3 for all j € A; do

4 J'« argminneg 4, djjm + od;n
5: if j/ € S,,,, then

6: aDij « 0ij’

7 else

8 aDij « dij’

9 end if
10: end for
11: for all j € [n]\A; do
12: j, « argminjneAlns djjrr —(,()dijrr
13: aVij « dij’
14: end for
15: end function

16: function Uppate_ALPHA(L, 7, a®)

17:  foralli e [m] : yﬁ’) =1do
18: SET_ALPHA_VALUES(x®, i, t + 1)
19: end for
20: forallie[m]: yﬁ’) =0do
21: for all j € [n] do
22: @ij D« qij®
23: end for
24: end for
25: for all i € [m] do
26: if ¥ &,.(/’.) #0 then
27: for all j € [n] do
28: @ij+D — (1 = p)aij® +n1af;.“>
29: end for
30: end if
> We only apply smoothing when we already have estab-
lished an initial a estimate for facility i
31: end for
32: at+b « (1 - m)&(t) + m&(t+1)
33: if 1 < T, 4myp then
34: atth)  o®
35: else
36: Q) G+
37: end if
38: end function

39: function Uppate_seTa(L, b®)

40: BI+D (1 — 1,)b®

41: for all i € [m] do

42: ﬁ,.(’“) — BETA_FROM_BANDWIDTH(bI(,H1))
43: end for

44: end function

45: function UppaTe_camma(L, ¢, y®)

46: ifr < Twarmup then

47 y(t+l) P y(t)

48: else

49: Ly < 9

50: k<1

51 while x < min(t, «,,,,) do

52: Ltop < Ltap v {argmin(xvaZ)GL\me 2}
53: K—kK+1
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54: end while

55: YD — (1 =)y ®

56: for all i|3(x,y,z) € L,,, : y; =1 do

57: YD yl.(H'l) — (X (%,¥,2) € Ly, y; — 1)113}/;')
58 i }'i(H-l) +2(xy.2)€ Lyopyims
59: end for

60: end if

61: end function

62: UppaTE_ALPHA(L , 1, a®)

63: Uppate_Beta(L , b®)

64: UpDATE_GaMMA(L ,t, y®)

65: if 1 > T, then

66: Pexplore < 0.2

67: end if

7. Computational experiments

In order to assess the effectivity and versatility of our method, we
test its performance on a broad range of instances. We compare its
performance to the benchmark method (planar k-means). In this section,
we will present a detailed description and motivation for the set up
of our experiments, as well as the experimental results on each of the
instance sets.

7.1. Instance sets

Firstly, we have applied our method to a set of relatively small CFLP
instances from the literature, whose optimal solutions are known. The
resulting optimality gaps can provide insight into the general perfor-
mance that can be expected of our heuristic when solving instances of
the CFLP. The instances we have used are the following:

» Very small instances labeled cap4l - capl134 from the OR
library (Beasley, 1988).

+ Instances capa - capc from the same library, which are slightly
larger than the previous set. In addition to this, we created
instances using the same generation process in order to be able to
compare the performance of our method on instances where the
Cartesian coordinates are not known to similar instances where
they are known. We relabeled the instances capa - capc to
cap201 - cap224, and labeled the generated instances cap231
- cap284.

5 sets of instances as proposed by Klose and Gortz (2007) and
Gortz and Klose (2012), where mxn = 1000 x 1000, 1500 x 300,
1500 x 600, 500 x 100 and 500 x 200.

Besides these instances from the literature, we also generated some
new instances on which we compared our method to the benchmark
approach. In addition to the instances in Fig. C.10, that were mentioned
in Section 5, we generated different instances from a data set inspired
by a location problem for waste treatment centers in reverse logistics.
This was done in order to evaluate our method on real-life location
problems with many demand points. The demand points represent
small and large future construction and demolition sites which will pro-
duce insulation waste over a time horizon spanning multiple decades.
In this section, we elaborate on these instances.

The instances and underlying data are partly based on a real-life
location application for locating treatment plants for insulation waste
from construction and demolition. Estimates of the volumes of insula-
tion material in buildings are made for a region of around 2 million
people around Amsterdam, the Netherlands. The region contains both
very dense urban areas and more rural areas. The treatment plants,
for which we have to make the locational decision, have to be built
from scratch. The plants need to have enough capacity to process all
the insulation material currently present in buildings.
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Table 2
Demand point configurations in instances.
Specifics Total volume Number of Volume of Number of
(m?) DPs largest DP instances tested
0 Euclidean distances, realistic amount collected 4,227,074 57,854 46,786 200
from pre-sorting locations
1 Euclidean distances, more waste collected from 4,227,286 36,635 62,807 160
pre-sorting locations
3 Euclidean distances, more waste present in 8,243,537 22,540 261,293 70
non-residential buildings, (much) more waste
collected from pre-sorting locations
5 Euclidean distances, realistic amount collected 4,227,074 57,854 46,786 200
from pre-sorting locations
6 Road distances, more waste collected from 4,227,286 36,635 62,807 160
pre-sorting locations
8 Road distances, more waste present in 8,243,537 22,540 261,293 70

non-residential buildings, (much) more waste
collected from pre-sorting locations

Some points with very high demand are present in the data: These
represent existing collection and pre-sorting facilities which will first
collect the waste of the smallest among the construction and demolition
sites: The waste then needs to be transported from this collection station
to the treatment facilities. The amounts of waste accumulating in these
locations will thus be much larger than the amounts at a single large
construction site.

We generated 3 different sets of demand points and volumes, using
different parameters for the amount of material in buildings. We also
changed the threshold value below which waste from a potential con-
struction site is not collected from that site, but rather from its nearest
pre-sorting facility. The characteristics of the 3 sets of demand points
are shown in Table 2. We have tested our algorithm both for Euclidean
and over the road distances, resulting in 6 different settings for the
DPs. The instances where we make use of over the road distances were
generated with help of openrouteservice.org.

As for the potential locations and parameters of the treatment
plants, we generated sets of 10 parameters for cost and capacity. Some
of these parameters are more realistic than others. We however also test
our method on parameter sets that are less realistic to the original data
context in order to infer how well it will perform in problems which
do have different characteristics than ours.

For each of the parameter sets, we generate the costs from one of
ten pre-defined cost distributions, and fix all capacities to one of ten
different values. The number of potential locations in our instances
ranges from 42 to 125. The instances which have 42 potential lo-
cations, consist of those locations where building a treatment plant
would actually be possible. However, in order to test the behavior
of our method on instances where m grows larger, we also decided
to generate instances with more locational optionality. For this, we
incrementally add industrial zones to the set of potential locations to
generate instances ten with different values of n. We also tried settings
with more than 125 potential locations, but from this problem size
onward, we are facing computational limits at which CFLP problems
can no longer be addressed by methods solely addressing demand point
reduction. The complexity arising from the number of locations needs
to be reduced as well in order to (heuristically) obtain good solutions
for these problems. All parameters used to generate our instances can
be found in Table 3.! The costs associated with the facilities are not
directly expressed in a monetary unit, but one cost unit is equal to the
cost of moving 1 m> of material over a distance of one meter. Fig. C.9
shows two example instances.

1 For a small subset of the possible combinations, it is immediately
clear that no feasible solution exists: The instances resulting from these
combinations are discarded.
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Table 3
Facility configurations in instances.

(a) Number of potential facilities m (b) Cost distribution (c) Capacity

m Distribution Capacity

0 42 0 U(2150,2350) 0 142,500
1 60 1 U(2000,2500) 1 170,000
2 80 2 U(1000,4000) 2 200,000
3 100 3 Fixed: 2250 3 220,000
4 125 4 U(3150,3350) 4 250,000
5 U(3000,3500) 5 300,000

6  Fixed: 3250 6 375,000

7 U(1150,1350) 7 450,000

8  U(1000, 1500) 8 600,000

9  Fixed: 1250 9 900,000

7.2. Experimental setup

We have applied our method, as well as the benchmark method to
each of the instance sets described before. We use slightly different
configurations for each set, based on the complexity of the problems
and the computational load needed to store the required data during
the solution process. We ran our experiments using different input
values for the number of ADPs, again differing per instance set. For
each instance, we ran the benchmark method 40 times and for the
instances from the literature we also ran our matheuristic multiple
times. This is because the results of both methods depend on the
random initialization. For the 860 newly generated instances, we only
ran our matheuristic once. Because of its iterative nature, running the
heuristic once many instances still gives an adequate impression of its
performance. In order to enhance the solution process of the reduced
problem in Phase 2, we add the following known valid inequalities to
the reduced problem when solving more complex instances:

x;; <y Vi€[m],j€ln] (25)

The other hyperparameters we used for these experiments can be
found in Table 4. We used 16 cores for instances that were com-
putationally less heavy, and for some heavier instances we used 32
cores, based on memory requirements. For some runs, we limited the
number of threads the solver could use to limit memory use. A detailed
overview of the characteristics of the test instances and experimental
setup for these instances can be found in Appendix B. For all instances,
we limited the MILP solve time for the reduced problem to 20 min per
iteration (for both our method and the benchmark method), using the
best found solution instead of the optimum if this limit was reached. We
limited the total runtime of our algorithm to 9000 s. Our experiments
were conducted on a computing cluster, on 2.4 GHz CPU nodes, with
2 GB of available RAM per core. The matheuristic and benchmark
method were implemented in Python 3.10.4 and the reduced and
allocation problems were solved using Gurobi 10.0. 1.
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Table 4
Hyperparameter configuration.
Phase 0
I ampe | 2500
I 0| 500
0, 2 times the Euclidean distance between i and j
for the Euclidean real-life instances, 2.8 times
the Euclidean distance between i and j for all
other instances.
a(INIT) 0
pUNIT) 1
yUNIT) 1
w g (Euclidean real-life); % (Others)
Phase 2
Simax 5
Phase 4
" 0.35
L] 0.1
3 0.18
Koo 6
Timprove 25
Thax 40
T varmup 6 (OR-Library) or 10 (Other instances)
7.3. Results

In the following, we will present and evaluate the performance of
our heuristic on the different test instances. We will shed some light
on optimality gaps for the instances for which the optimal values are
known. We will also compare the performance of our method to the
benchmark method, and assess the impact of the number of ADPs |K|
on the performance and running times of the method.

7.3.1. Beasley OR library instances

The CFLP instances from the OR library (Beasley, 1988) are very
small, and thus not representative for the types of instances for which
our method could be of use: Using state of the art solvers it is possi-
ble to solve these problems in little time. The instances do however
constitute a good test set for evaluating our method and obtaining
insight into its working. As the instances cap41--cap134 have non-
Euclidean transportation costs, but Cartesian coordinates are available
(The 50 demand points represent US cities), a comparison to the bench-
mark method is possible and insightful. The slightly larger instances
cap201--cap284 can give insights into how effective our method is
in the absence of Cartesian coordinates.

Table 5 shows the performance of our method on the OR library
instances. This table states the mean optimality gaps for our method, as
well as the best optimality gaps attained by the benchmark method, for
different values of |K|, averaged over each instance group. A striking
observation is that our method is often able to outperform the best
benchmark run if | K| is sufficiently large: Most of the gaps near 0 as |K|
grows larger. However, our method has problems dealing with smaller
values of |K|, even more so than the benchmark method. We presume
that this is due to the fact that the ADPs created by our method in this
case will be more imbalanced, and a very large ADP that has to be
served by multiple facilities will cause multiple facilities to be open in
the center of this ADP, which is not optimal.

7.3.2. Klose & Gortz instances

The instances from Klose and Gortz (2007) and Gortz and Klose
(2012) are larger than the OR library instances, and the distances in
these instances are Euclidean. For evaluation of our methods, we chose
four sets of instances which have n > m, and the biggest set of instances
for which m = n, to evaluate how this would impact the performance.

The results of our method on these instances, and the best results
of the benchmark method are shown in Table 6. Comparing the perfor-
mance across the different instance sets, we can see that our method
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on average outperforms the best benchmark runs especially on those
sets where n > m. The benchmark method is able to outperform our
method on the instances where m = n, which is not a big surprise
given that as m grows larger, our method will have more difficulty
in creating good ADPs based on promising solutions, as there will be
more facilities for which the method will not have seen solutions where
these were opened. Another observation is that the optimality gaps for
both methods will practically diminish as |K| grows to 150. This is also
expected as n is relatively small in these instances, which means setting
|K| to 150 results in producing small ADPs.

For these larger instances it also is insightful to compare running
times. An overview of these is given in Table 7. This table reports
the mean times per iteration for different values of |K|, as well as
the mean time spent during initialization. We do remark here that the
main driver for time spent during initialization for these instances is the
time it takes to initialize the allocation problem. If multiple benchmark
runs were done sequentially, this time would only be spent once. We
separately measured how long it took Gurobi on average to set up this
problem for a subset of our benchmark runs. The mean benchmark
runtimes, which are also reported in Table 7, have been corrected by
subtracting these averages. The problem setup times are also reported
in the table, and are very comparable to the initialization times of
our method, indicating that on these problems, the remainder of the
initialization does not take a significant amount of time. In addition,
Table 10 gives an insight into how many iterations were needed for the
algorithm to reach its best value, and how many iterations were carried
out before termination. Across the board, one iteration of our algorithm
takes roughly an equal amount of time as one benchmark run, without
the time it takes to initialize the allocation problem. Judging from
Table 10, it is clear that our method is able to reach its best value in a
relatively small number of iterations, which means that our approach
is timewise competitive with running the benchmark method multiple
times and keeping the best solution. For some of the larger instance
sets, our algorithm needed significantly less time per iteration than the
benchmark method. We suspect that a cause for this might be that the
reduced problems that occur during the warmup period are easier to
solve to optimality than the problems resulting from the benchmark
method.

7.3.3. Real scale amsterdam region instances

Table 8 presents an overview of the average performance of our
heuristic on the different groups of instances, compared to the best
result in 40 benchmark runs. The runtimes involved in both approaches
are reported in Table 9.

The results show that our method is able to outperform the best
of 40 benchmark runs on average on most of the instance groups, and
the outperformance is stronger on the non-Euclidean instances than on
the Euclidean instances. An interesting observation is that on the non-
Euclidean instances we observe that our method sometimes very clearly
outperforms the best benchmark run, but on other instances the best
benchmark run found a significantly better solution. The fact that this
only holds for the best benchmark run likely indicates a larger variation
in the objective values of the solutions given by the benchmark method:
The benchmark method does not necessarily find the best solution
every time nor is the objective of its reduced problems close to the true
objective, but there is enough variation in the clustering outcomes for
the best run to be quite competitive.

Based on earlier experimentation and insights from the results on
the instances from the OR-library, we would expect our method to
perform worse on instances where the number of open facilities in the
optimal solution is (expected to be) higher than the number of ADPs.
However, the results do not clearly show this effect. The converse is
also true: Instances with a label ending in 9, which often require fewer
facilities to be open, do not show a clear pattern of outperformance.
A detailed visualization of the performance of each method on each
instance is given in Appendix D.
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Average optimality gaps (%) of our heuristic (averages over 30 runs per instance) and the benchmark method (best of 40 runs) on different sets of instances from the OR-library
(Beasley (1988)) and some instances generated using the same generation process. Note: The benchmark method requires the availability of Cartesian coordinates, which were not

available for instances cap201 - cap224.

K| 6 9 15 21
Our method Benchmark Our method Benchmark Our method Benchmark Our method Benchmark

cap41-44 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
cap51 0.303 0.211 0.020 0.000 0.000 0.000 0.000 0.000
cap61-64 0.748 0.943 0.104 0.172 0.005 0.105 0.000 0.000
cap71-74 0.692 1.136 0.093 0.480 0.000 0.105 0.000 0.000
cap81-84 3.629 2.237 2.050 1.152 0.049 0.029 0.000 0.000
cap91-94 2.359 1.869 1.205 0.677 0.063 0.148 0.000 0.053
cap101-104 2.190 2.533 1.045 1.166 0.065 0.270 0.000 0.059
capll1-114 3.739 2.940 1.719 0.600 0.052 0.221 0.000 0.021
capl21-124 3.179 2.117 1.366 0.772 0.058 0.191 0.000 0.079
cap131-134 2.702 2.561 1.289 1.005 0.075 0.334 0.000 0.079
cap201-204 0.040 - 0.048 - 0.007 - 0.004 -
cap211-214 3.938 - 0.957 - 0.295 - 0.139 -
cap221-224 6.355 - 0.603 - 0.183 - 0.094 -
cap231-234 0.281 0.394 0.023 0.000 0.000 0.000 0.000 0.000
cap241-244 0.248 0.301 0.002 0.138 0.024 0.000 0.000 0.000
cap251-254 3.576 2.457 1.104 1.138 0.412 0.193 0.098 0.048
cap261-264 21.255 22.577 13.449 13.181 3.042 2.889 0.602 0.869
Average 3.372% 3.179% -b -b 0.290° 0.339% -b -b

K| 9 21 35 70

Our method Benchmark Our method Benchmark Our method Benchmark Our method Benchmark

cap271-274 33.180 34.426 6.778 7.052 1.002 1.540 0.058 0.379
cap281-284 7.992 8.388 0.359 0.619 0.207 0.282 0.046 0.137
Average 4.238" 4.151° 0.514° 0.582" 0.604¢ 0.911¢ 0.052¢ 0.258°¢

@ Average over instances cap41 - cap134 and cap231 - cap264, for a fair comparison.

b Average over instances cap4l - cap134 and cap231 - cap284, for an overall and fair comparison.

¢ Average over instances cap271 - cap284.

Table 6

Optimality gaps (%) of our heuristic on different sets of instances from Klose and Gortz (2007) & Gortz and Klose (2012) for different values
of |K|, averaged over 5 instances per set and 6 runs per instance, and the benchmark method (best of 40 runs, averaged per set).

IK| 20 75 150
Our method Benchmark Our method Benchmark Our method Benchmark
1000 x 1000_5 0.983 0.821 0.214 0.141 0.038 0.035
1000 x 1000_10 0.967 0.746 0.152 0.109 0.058 0.026
1000 x 1000_15 0.896 0.579 0.104 0.041 0.052 0.007
1000 x 1000_20 0.609 0.371 0.094 0.012 0.026 0.000
1500 x 300_5 3.498 3.016 0.135 0.281 0.023 0.012
1500 x 300_10 2.109 2.022 0.116 0.186 0.020 0.019
1500 x 300_15 2.509 2.781 0.064 0.234 0.001 0.006
1500 x 300_20 2.398 3.096 0.100 0.287 0.017 0.033
1500 x 600_5 2.642 2.353 0.288* 0.408 0.056% 0.050
1500 x 600_10 4.237 4.034 0.257% 0.243 0.076* 0.037
1500 x 600_15 3.552 3.007 0.056 0.180 0.030 0.035
1500 x 600_20 2.035 1.509 0.089 0.270 0.019 0.023
500 x 100_3 0.414 0.322 0.000 0.000 0.000 0.000
500 x 100_5 0.158 0.205 0.000 0.000 0.000 0.000
500 x 100_10 0.103 0.202 0.003 0.000 0.000 0.000
500 x 200_3 0.603 0.427 0.007 0.001 0.000 0.000
500 x 200_5 0.826 0.520 0.032 0.021 0.001 0.000
500 x 200_10 0.220 0.325 0.002 0.000 0.000 0.000
Average 1.598 1.463 0.095 0.134 0.023 0.016

2 These averages are computed over 3 runs instead of 6.

Finally, we have investigated the impact of the number of ADPs |K |

on the performance of our method. Fig. 6 depicts how the performance
and run times are affected by |K| for a selection of 10 instances. As
described earlier, choosing |K| too low will lead to a rather poor per-
formance, and our method suffers from this more than the benchmark.
For all instances, the gaps shrink as |K| increases, and we see them
flatline towards O around |K| = 100. As for the run times on this set
of instances, we observe the effect of n being large in the duration of
the update phase: For many of the instances this now constitutes the
biggest share of a typical iteration.

15

For those instances in which the reduced problem can be solved
relatively quickly even for large | K| (represented by the light blue lines
staying underneath the dark red line), the benchmark method should be
preferred. For the instances where the reduced problem is more difficult
to solve, our method is more competitive timewise, as the update phase
is not the main driver of computation times for these instances.

We observe the same pattern in the reported runtimes for all in-
stance groups in Table 9: The update phase takes a more or less constant
time of around 15-25 s during each iteration. If the reduced problem
solves quickly, the benchmark method is faster, but if the reduced
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Average runtimes per iteration for our method and average benchmark runtimes (corrected for problem setup time), for different values of |K|, and method initialization &
benchmark problem setup times, on the instances by Klose and Gortz (2007) & Gortz and Klose (2012).

K| 20 75 150 Initialization Problem setup
Our Bench- Our Bench- Our Bench- Our method Benchmark
method mark method mark method mark

1000 x 1000_5 9.00 4.28 31.80 32.65 86.09 84.40 17.00 16.25

1000 x 1000_10 8.05 3.79 27.65 38.85 81.00 116.40 17.17 16.32

1000 x 1000_15 7.59 3.62 25.31 26.74 65.24 51.48 17.06 16.25

1000 x 1000_20 7.34 3.32 20.54 20.54 47.02 40.23 17.00 16.36

1500 x 300_5 18.66 14.00 68.13 154.34 132.23 175.24 7.91 7.40

1500 x 300_10 6.61 3.32 23.10 53.07 56.04 85.16 7.98 7.42

1500 x 300_15 3.93 1.87 11.32 20.68 23.08 32.16 8.00 7.40

1500 x 300_20 3.64 1.83 9.76 15.96 20.46 29.20 7.96 7.44

1500 x 600_5 52.76 43.44 451.37° 346.36 665.55" 502.60 15.29 14.57

1500 x 600_10 169.38 78.09 717.48% 713.30 832.07% 746.70 15.30 14.63

1500 x 600_15 136.24 329.65 145.67 420.76 465.92 525.27 15.68 14.54

1500 x 600_20 20.24 6.27 47.16 129.17 119.40 226.99 15.59 14.70

500 x 100_3 1.40 0.78 3.85 3.30 8.82 7.18 1.01 0.91

500 x 100_5 1.35 1.03 4.58 4.38 10.96 8.99 1.00 0.91

500 x 100_10 1.07 0.75 3.44 2.28 8.38 4.42 1.01 0.90

500 x 200_3 2.34 1.23 8.56 6.11 22.54 14.92 1.91 1.81

500 x 200_5 4.82 3.27 15.08 14.93 36.48 32.95 1.92 1.76

500 x 200_10 2.94 2.84 14.19 14.00 47.88 33.39 1.91 1.79

Average 2 method 1.812 0.947 1.142 1.071

Benchmark

a These averages are computed over 3 runs instead of 6.

Table 8
Average gaps (%) between our objective found by method and the benchmark method
(best of 40 runs) on different subsets of the Amsterdam instances.

Euclidean instances Non-Euclidean instances

K| 20 100 |K| 20 100

0000-0039 -0.023 0.001 5000-5039 0.002 0.000
0070-0099 —-0.023 —0.001 5070-5099 0.044 —0.004
0100-0139 —-0.037 —0.001 5100-5139 —-0.195 —0.001
0140-0169 —-0.029 0.001 5140-5169 —0.242 —0.007
0240-0269 0.035 0.002 5240-5269 —-0.072 0.001
0270-0299 —-0.038 0.004 5270-5299 —-0.298 —0.004
0350-0359 0.056 0.001 5350-5359 -0.146 0.001
0450-0459 0.111 0.002 5450-5459 -0.119 0.023
1040-1069 —0.004 —0.000 6040-6069 —-0.017 —0.001
1070-1099 0.016 0.000 6070-6099 0.117% —0.000
1100-1139 —-0.010 0.002 6100-6139 —0.096 —-0.002
1240-1269 0.020 0.001 6240-6269 —0.040 —0.001
1270-1299 —0.038 —0.001 6270-6299 —-0.146 -0.005
3140-3169 —-0.043 —0.000 8140-8169 —0.056 0.001
3200-3239 —0.046 —0.000 8200-8239 —-0.207 —-0.012
3270-3299 —-0.151* —0.002 8270-8299 —0.284 —0.010
Average -0.021 0.000 Average -0.109 —0.003

a For |K| = 20 on instances 3279 and 6079, an issue relating to solver precision
caused our method to terminate before producing a final solution. These instances are
not included in the averages.

problem is more difficult, our method is more competitive, as the MILP
solution times are the main drivers for runtimes in that case.

7.4. Upper bound: A posteriori analysis

As our method is based on trying to minimize Eq. (17), the results
can be interpreted as being influenced by two factors: The ability of our
method to indeed attain low values for this expression (which can only
be computed a posteriori if the optimal solution is known), and the
extent to which attaining low values here translates to finding better
solutions to the location problem. In this section, we assess the ability
of our method to effectively minimize the bound presented in Eq. (18).
As the optimal solutions of the instances from the OR-library are known
and they are very small, it is not hard to compute the upper bound for
the error contribution of the ADPs (Eq. (18)) for our method and the
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benchmark. We have compared the mean best value of the total upper
bound as presented in Eq. (17) for our method and the benchmark
method on the OR library instances. The results can be found in Table
11. Clearly, our method is capable of minimizing the upper bound much
more effectively than the benchmark method. We can however also
conclude that this upper bound is not always a good indicator of the so-
lution quality in practice. The fact that our method is able to minimize
the upper bound more effectively does not necessarily mean that it will
also find better solutions. While minimizing the upper bound, we may
also at the same time be decreasing the objective value in the reduced
problem for other good solutions, especially as the approach aims to
learn from previously seen solutions. In the worst case, our method
can be prone to overfitting to a set of solutions it has already seen.
Furthermore, once our method has seen the optimal solution, it may
find ADPs that suit the optimal solution very well, greatly decreasing
the upper bound. In this case, low upper bounds observed in later
iterations of the algorithm should be viewed with some caution. They
may be less indicative of the ability of our algorithm to find the optimal
solution while only having seen characteristics of good non-optimal
solutions.

An example of the progression of the upper bound and the contri-
bution of the individual ADPs to it for instance cap101 from the OR
library (using K = 15) can be found in Fig. 7. The left half of the figure
shows the realization of the upper bound for the 40 benchmark runs,
and the progression of the upper bound for our method , looking at
the median of 30 runs. We observe that the upper bound decreases
drastically after the warmup period ends and the updated « values are
being used. Another observation we could make is that in some of the
runs for the OR-library instances, after around 20 iterations, the upper
bound values would start increasing drastically again. This is caused
by the creation of a single larger and imbalanced ADP, which likely
has to do with the fact that the bandwidth has reached a very low
value by that time. This is mainly a problem for lower values of K, and
sometimes a lower value of the bandwidth can produce very good re-
sults. For numerical reasons, we do not let the bandwidth reach a value
below 0.025, which probably will have some stabilizing effect; Only
on very large instances with extremely narrow allocation boundaries
would it be worthwhile considering altering this. Tuning the bandwidth
is perhaps the most challenging aspect of our method. Especially in the
presence of outliers that are served by different facilities in different
good solutions, the allocation boundaries may fluctuate heavily, which
could only be accounted for by tailoring the bandwidth.
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Average runtimes per iteration for our method average benchmark runtimes (corrected for problem setup time), for different values of |K|, and method initialization & benchmark

problem setup times, on the Amsterdam instances.

|K| 20 100 Initialization Problem setup
Our method Benchmark Our method Benchmark Our method Benchmark
Euclidean instances
0000-0039 30.01 8.45 31.27 9.77 43.95 41.14
0070-0099 30.37 8.42 31.22 9.06 43.59 41.09
0100-0139 36.23 10.75 75.62 57.48 62.53 58.15
0140-0169 70.70 52.76 149.85 94.95 62.71 58.06
0240-0269 237.19 205.83 256.07 211.43 81.19 71.37
0270-0299 43.32 26.70 83.26 51.85 80.75 77.43
0350-0359 235.93 149.77 308.17 184.01 101.81 96.83
0450-0459 291.00 230.47 535.52 425.70 126.35 121.46
1040-1069 19.95 5.25 23.93 6.97 27.79 26.06
1070-1099 19.50 5.35 20.15 5.78 27.87 26.02
1100-1139 22.43 7.01 66.58 48.64 39.22 36.75
1240-1269 215.53 202.03 278.49 230.28 51.49 48.96
1270-1299 27.96 14.29 36.45 26.48 50.93 49.02
3140-3169 18.77 6.00 26.47 7.93 24.15 22.61
3200-3239 29.85 24.93 63.93 84.41 31.13 30.04
3270-3299 20.53 6.66 24.94 12.53 31.62 30.00
Our_method
Average Benchmark 3.328 3.208 1.061
Non-Euclidean instances
5000-5039 31.17 9.32 31.65 9.74 44.16 41.24
5070-5099 31.63 9.17 31.74 9.41 43.80 41.22
5100-5139 34.59 10.60 37.21 14.52 61.54 58.42
5140-5169 36.52 11.77 68.45 36.23 61.87 58.35
5240-5269 52.04 33.48 136.44 85.59 80.63 77.21
5270-5299 40.20 12.36 45.39 15.78 81.16 77.26
5350-5359 67.37 41.89 179.96 132.49 102.38 97.05
5450-5459 94.26 70.83 290.54 179.35 127.42 121.41
6040-6069 19.88 5.78 20.75 6.53 27.81 25.96
6070-6099 20.02 5.89 20.29 6.12 27.67 25.99
6100-6139 22.21 6.70 24.30 8.43 39.02 36.83
6240-6269 44.12 31.34 129.14 48.22 61.34 48.80
6270-6299 25.98 7.69 34.92 17.02 51.36 48.81
8140-8169 18.86 6.46 20.58 8.37 24.08 22.52
8200-8239 21.34 7.10 29.47 19.15 31.53 29.99
8270-8299 20.45 6.70 22.43 8.55 31.39 30.07
Average 2urmethod 3.191 3.184 1.064
3.00%
—— Best benchmark run 250
2.50% 1 —— Our matheuristic
200
2.00% 1 o)
§ 150 A —=— MILP solving time
1.50% A 9 —— Time in update phase
o Time in initialization
£ 100
1.00% =
0.50% | 501 J
0.00% y 0

20 40 60 80 100 120 140
K (Number of ADPs)

(a) Overview of performance of the matheuristic and the best of 40
benchmark runs for different values of |K|.

100 200 300 400 500
K (Number of ADPs)

(b) Overview of runtimes of different phases in the matheuristic and
of the benchmark method for different values of |K]|.

Fig. 6. Overview of performance and run times for different values of |K| compared to best known solution, averaged over a selection of 10 real scale instances with differing

characteristics.
8. Capacitated p-median problem

To assess the applicability of our methodology for a wider range
of related location problems, we also applied our matheuristic to a set
of capacitated p-median problem (CPMP) instances from the literature
(Lorena and Senne, 2003; Stefanello et al., 2014b; Gnégi and Baumann,
2021). This problem differs in some aspects from the CFLP, as can be
seen by inspecting its formulation in Egs. (26) — (31):
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« Instead of assigning a cost to each opened facility in the objective,

the number of facilities to open is fixed beforehand to p.
+ The distance costs to minimize are not scaled by the demands of

the individual demand points; These are only used when it comes

to the capacity constraints.
» The problem does not allow multi sourcing: Each demand point

has to be served by exactly one facility.
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Table 10
Iteration at which best value was attained, and at which our algorithm was terminated,
averaged over 5 instances per set and 6 runs each.

K| Best value at iteration Stop at iteration
20 75 150 20 75 150

1000 x 1000_5 24.5 28.7 34.0 39.8 40.0 40.0
1000 x 1000_10 26.7 34.9 28.0 40.0 40.0 39.9
1000 x 1000_15 30.2 30.2 21.6 40.0 40.0 38.9
1000 x 1000_20 30.7 24.2 15.6 40.0 39.5 36.9
1500 x 300_5 6.9 21.7 11.7 30.6 38.5 34.7
1500 x 300_10 16.2 21.1 10.6 36.5 38.5 33.2
1500 x 300_15 18.9 19.1 13.1 37.1 39.2 36.4
1500 x 300_20 23.2 20.9 14.4 38.8 39.0 36.2
1500 x 600_5 5.1 17.9° 9.7% 29.1 22.8° 17.7¢
1500 x 600_10 8.6 9.9% 5.4° 31.6 16.3% 14.0°
1500 x 600_15 8.0 20.7 11.1 31.6 39.0 26.2
1500 x 600_20 18.1 21.7 13.1 37.0 39.1 36.0
500 x 100_3 14.8 8.3 3.4 34.6 32.0 27.4
500 x 100_5 16.1 6.8 2.8 36.3 30.6 26.8
500 x 100_10 18.9 8.4 5.4 38.4 32.0 29.4
500 x 200_3 6.6 12.8 6.0 30.6 35.5 30.0
500 x 200_5 15.7 11.7 6.3 35.3 34.0 29.9
500 x 200_10 22,5 6.9 3.4 39.1 30.4 26.6

a These averages are computed over 3 runs instead of 6.

T W

140000 Individual ADP contribution indicator

Difference in UB

120000

Our method
(Median run)

Benchmark
100000

m 80000
)

60000

40000

20000

0

21 36
Run (Sorted) Iteration

Fig. 7. Evaluation of the error bound from Eq. (18) on one of the instances from
the OR library: The 40 benchmark runs are compared to the worst, median and best
algorithm progression. Red marks indicate the contribution of different ADPs.

+ In general, the instances of the CPMP that are proposed in the
literature have the characteristic that the set of demand points
and the set of potential facility locations coincide (And thus,
n=m> p).

min Z Z di;x;; (26)
Y i jeln)

Zx,.j=1v,'e[n] 27)
i€[m]

Y Dyx; <O Vi€lm (28)
JEIn]

Y vi=p (29)
i€[m]

y; €{0,1} Vi€ [m] (30)
x; € (0,1} Vi€ ml,j€lnl G1

Considering this, we made the following adjustments to our algo-
rithm in order to apply it to instances of the CPMP:
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» We limit the warmup period to 6 iterations;

* We choose a higher value for ¢,,,, because the number of poten-
tial facilities is higher;

In Phase 2, we solve the reduced problem as a problem where
multi-sourcing is allowed (relax constraint (31)). This is because
the ADP’s summed demand can be bigger than the capacity
of the facilities, rendering the problem infeasible. Relaxing this
constraint means that the objective of the reduced problem no
longer is an upper bound to the objective of the original problem,
as constructing a feasible solution to the original problem from
the reduced problem is no longer guaranteed;

The allocation problem to solve after the facilities have been
chosen, remains a binary program and is thus harder to solve
than the LPs we are dealing with when applying the method to
the CFLP. We therefore decided to limit the solution time of this
binary program as well;

The distances of the ADPs to the facilities are computed by taking
the unweighted mean of the distances of the DPs that belong to
it. We also apply unweighted k-means clustering for this reason;

max>

For our experiments, we kept the remainder of the implementation
intact, as the aim of these experiments is to investigate whether it
could be worthwhile to consider a modified version of our algorithm,
for application to different settings, and not to provide a different
heuristic tailored to this problem. Due to the fact m and n are both high,
our implementation becomes rather slow and memory and resource
intensive: In terms of runtimes, our method’s performance will not be
comparable to state-of-the-art approaches for this problem, which are
designed to avoid large computational overheads caused by massive
distance matrices (see e.g. Gndgi and Baumann, 2021). To reduce these
computation times, the method should be extended to aggregate the
potential facilities as well. This is out of scope for this study, but we
sketch an outline of how this could be achieved in Section 9.

For the smallest set of instances (SJC1-SJC4Db, Lorena and Senne,
2003), we could keep the computational limits similar to the CFLP
experiments: We used 32 cores and 10 solver threads and limited the
solver time for the reduced problem to 20 minutes. We set &,,,. to 10,
15, and 25 for instances SJC1, SJC2 and SJC3a—4b, respectively. We ran
our heuristic 6 times on each of these instances for different values of
|K|; The results for |K| = 50,75 and 150 can be found in Table 12. Due
to the relatively low number of solutions our method sees, it does not
attain optimal values on these instances. However, the gaps attained
are reasonably low, which suggests that our method can also be applied
successfully to this problem, and a broader range of location problems
in general.

Furthermore, we observed staggering gaps when selecting |K| < p.
This is similar to our earlier observation for the CFLP. We conclude that
our method, and (demand) aggregation in general is most exploitable
in those problems where Z is higher. Furthermore, lower values of
p also lead to a more compact allocation problem, which decreases
the computational burden needed for obtaining the allocation. Keeping
these observations in mind, we also ran our method on somewhat
larger instances with appropriate values for |K|, that are nonetheless
still considered small or medium-scale instances for the CPMP (Gnégi
and Baumann, 2021). As our method would only produce qualitative
solutions on the instances fn14461_0250 - fn14461_1000 for rather large
values of |K|, and since we are not mainly focusing on runtime for
this analysis, we relaxed our computational limits to ensure that 15
iterations of our algorithm could be completed, as a prerequisite to a
meaningful analysis of its performance. For all the fnl instances, we ran
our heuristic three times. We limited the solver time for the reduced
problem to 20 min (which was almost always reached) and for the
allocation problem to 10 min. Using 32 cores for most experiments:
for one set of runs we had to use 64 cores instead, and for one set
of runs, 2 out of 3 runs encountered an Out of Memory condition.
The results of these experiments can be found in Table 13. The largest
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Table 11
Mean best value of Eq. (17) for our method and the benchmark method on the OR library instances.
K Our method Benchmark Our method Benchmark Our method Benchmark
6 15 21
cap41-44 173,450.49 172,713.21 18,822.01 49,378.66 7,787.17 20,867.01
capb1l 106,775.73 123,894.88 5,336.64 26,123.95 60.63 10,161.16
cap61-64 86,169.81 108,074.11 17.96 26,333.14 0.00 9,942.36
cap71-74 70,893.01 95,974.62 0.00 20,716.84 0.00 7,716.83
cap81-84 227,577.83 229,006.23 11,230.77 38,517.32 1,046.00 11,713.31
cap91-94 181,600.24 162,034.11 2,465.45 22,409.42 0.00 5,258.88
capl101-104 139,087.79 144,906.74 2,465.45 17,961.71 0.00 5,543.29
capl11-114 212,782.99 217,393.71 13,050.62 38,856.84 235.77 13,216.63
capl21-124 187,666.61 170,021.47 2,465.45 22,071.63 0.00 4,722.28
capl131-134 136,316.31 145,846.35 2,465.45 19,728.87 0.00 6,314.87
Table 12
Mean objectives, optimality gaps and runtimes of our algorithm on the SJC test instances of the capacitated p-median problem.
K| 50 75 150
Instance Objective Gap (%) Time (s) Objective Gap (%) Time (s) Objective Gap (%) Time (s)
sJC1 17,374.65 0.495 26.58 17,381.57 0.536 50.90 - - -
SJC2 33,366.63 0.288 56.82 33,307.56 0.110 77.82 33,278.43 0.023 224.51
SJC3a 45,573.77 0.526 89.79 45,531.85 0.434 114.23 45,478.44 0.316 249.19
SJC3b 40,854.63 0.538 83.49 40,769.86 0.330 104.52 40,650.77 0.037 243.14
SJC4a 62,630.41 1.138 197.94 62,278.54 0.570 451.49 61,981.38 0.090 631.22
SJC4b 52,920.68 0.882 141.55 52,721.83 0.503 165.47 52,552.58 0.180 318.60
Table 13
Mean objectives, gaps to best reported solution and runtimes of our algorithm on the FNL and XMC test instances of the capacitated p-median problem.
Instance m=n P |K| Cores Solver threads Runs Iters Objective Gap (%) Time (s)
fnl14461_0020 4461 20 150 32 10 3 15 1,284,644.25 0.086 5,138.42
450 32 10 3 15 1,283,663.31 0.010 18,472.56
fnl14461_0100 4461 100 150 32 10 3 15 552,962.95 0.739 19,899.61
450 32 10 3 15 549,574.63 0.121 15,022.72
fnl4461_0250 4461 250 450 32 10 3 15 339,685.76 1.130 21,706.29
750 64 10 3 15 337,895.06 0.597 22,391.37
fnl14461_0500 4461 500 750 32 10 3 15 228,784.92 1.835 23,107.44
1250 32 10 1 15 227,059.38 1.067 24,344.54
fnl14461_1000 4461 1000 1250 32 10 3 15 150,433.67 3.134 26,622.65
XMC10500_100 10500 100 150 192 10 3 15 178,909.18 -1.412 49,515.34
450 192 10 3 15 177,379.75 —2.255 50,233.44

instance on which we ran our matheuristic is instance XMC10500_100.
For this instance, we set the solver times for the reduced and alloca-
tion problems to 40 and 20 min, respectively. We were able to run
our method using 192 cores with |K| = 150 and |K| = 450, and
this instance marks the computational limit of applying our current
method without significant additional problem-reducing mechanisms.
The optimality gaps we obtained are competitive to those obtained by
state-of-the-art methods (Gnagi and Baumann, 2021). As mentioned
before, these methods are much more efficient in terms of runtime.
Nonetheless, the fact that our method is able to find solutions that are
closer to the optimal value, especially for those instances where p is
low, suggests promising prospects if our method were to be applied in
combination with other complexity reducing approaches. On instance
XMC_10500_100, our method was able to find a new best solution
compared to the one reported by Gnidgi and Baumann, once more
highlighting the potential of our method when = is higher. Fig. 8 shows
the progression of our heuristic on 2 runs with different values of
|K| for this instance. The progression indicated that even during the
warmup period, qualitative solutions were found, and our method was
able to improve on those during the remaining iterations.

9. Conclusions & future work

In this work, we investigated how aggregation techniques can be
employed for solving instances of the CFLP with a large number of
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demand points. We have addressed how information on the locations
and parameters of the original problem can be used to arrive at an
aggregated problem whose objective function approaches that of the
original problem in the neighborhood of the optimal solution. Our
heuristic method relies heavily on inference about the optimal solution
from previously seen good solutions. This means that our method, while
having the potential to find better aggregations than the benchmark,
is quite sensitive to the hyperparameter selection and the solutions
seen during the warm-up period. Furthermore, our method works well
under the assumption that the number of ADPs is comfortably higher
than the number of facilities to be opened in the optimal solution, and
under the assumption that the complexity emerging from the number
of potential locations is not too big. If these conditions are not met, a
good performance is not guaranteed.

As we have seen the importance of hyperparameter tuning, it would
be an interesting topic for further research to scrutinize this aspect,
both from a theoretical and an empirical angle. It would also be
interesting to investigate whether our method can be adapted to solve
more involved variants of the CFLP, such as CFLPs with multiple layers
of facilities, or stochastic versions of the CFLP.

Finally, the method presented in this paper is mainly suited for
application to instances of capacitated location problems for which
there is a small number of facilities but a very large number of demand
points. The behavior of the current method for instances with a very
large number of potential facilities requires a large computational
load, as clustering has to be done in m-dimensional space, and the
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Fig. 8. Overview of the progression of our method on 2 runs (|K| =

reduced problem may still be hard due to the plethora of potential
facilities that can be opened. Under certain restrictive assumptions,
the proposed aggregation method could also be applied to aggregate
potential facility locations. This would mainly be of interest for solving
capacitated location problems where m is large, for example in settings
where each demand point is also a potential facility location, such as
the capacitated p-median problem. As mentioned before, Approaches
aiming to solve very large instances of this type of problem fastly and
efficiently have to be designed to avoid large computational overheads
caused by massive distance matrices (Gnégi and Baumann, 2021).

By also aggregating the potential facility locations that correspond
to the demand locations being aggregated, the complexity arising from
a large number of potential facilities could be reduced. This effectively
transforms an MILP with m binary variables into a reduced MILP with
| integer variables. Similarly to the demand aggregation case, every
facility could be associated with a vector in R” of transformed distances
to or from demand points. Based on these vectors, facilities can be
clustered, such that facilities with similar vectors can be treated as a
single bigger facility in a reduced model. This approach would mainly
applicable to problems for which at least one of the following is true:

1. ¢; = C;, where C; is some constant, for all potential facilities i
2. Q; = C,, where C, is some constant, for all potential facilities i

The capacitated p-median problem fulfills (at least) the first condition.
An outline for an approach would include the following steps:

1. Aggregate the points based on a limited set of promising facility
locations using our method.
2. Aggregate the demand volumes for the ADPs.

3. For each ADP k, instantiate an aggre§ated fac111ty with incre-
LitM)=k <i k

M k)I , and associated

mental (integer) capacity steps of size =——-——

£ Z, M=k Ci
itM(@)=k}|"

4. Solve the reduced problem exactly.

5. Use the solution of the reduced problem to enforce constraints
on the original problem that indicate how many facilities should
be open in each cluster, and re-solve the original problem using
these constraints.

cost per capacity step o

We see two main issues that would need to be addressed first in order to
make this approach viable. The first issue concerns the computation of
the distances between the aggregated facilities and the demand points.
Assuming we would apply this approach to problems where multi-
sourcing is allowed, it is still unknown whether the property can be
preserved that, given a solution to the reduced model, a solution with
equal objective can be constructed to the original problem. This is due
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150 and 450, respectively) for instance XMC10500_100.

to the fact that the exact combination of facilities that will be opened
within a cluster is not known in advance: Taking the weighted average
distance over all facilities that are aggregated together will not strictly
yield an upper bound for the transportation cost to any possible subset
of these facilities. Secondly, the final step may still yield a computation-
ally untractable problem, for which a further heuristic approach may
need to be considered: As an example of this, applying this approach
to a capacitated p-median problem and choosing K = 1 will again yield
the original problem in the final step. The further fleshing out of this
approach and delving deeper into the aforementioned issues is out of
scope for this paper, but would be a very interesting topic for future
research.
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Appendix A. Proofs of Propositions 1 and 2

A.1. Proof of Proposition 1

Proof. We recall Eq. (18); The contribution of an individual ADP is equal t0 ¥;. ys(j—k Zieim D i(d;; — d;))x5 (%), This equation can be written
. ~ Dyd; .
out as follows (knowing that d;; = d;; = 3. ()= "Dk’ ):

D‘/d"/
> XD ( > o ‘dif>x§(y§)u
i€H) j: M(j)=k JM(h=k Tk
Multiplying d;; by 1 = ﬁ—t and using Dy = ¥ 1. py(1y=i Dy 8ives

= Xy mi=kj'#i D Dy
2z 2 D/<—x3(y2)ijdu+ 2 xaDydy

i€Hy j: M(j)=k Dy JMGh=kjt ]k

Combining the summations and rearranging gives

DDy .o DDy e
Z 2 Z - x,(yidij + D X, (V)i
i€y j: MO)=k 1 : M ks 4 k k

Writing the sum twice, reversing the order of j and j’ gives

D;D;

Dy

1 o DDy .
5 xq(Vg)ijdij + D_kxd(yd)ijdij’

|: i€H j:M()=k j' : M(j")=k:j'#]

D.D; D.D.
E z z J T 3 J 7T kg w
+ - Dk x;(y;)ijrdij/ + D—kxz(yd)ij/dij

i€H, j': M(")=k j: M())=k:j#]"

Merging the two sums yields

1 : : :
3D [ 2 X Y DDy (X + xgdiy — xg Wy iy + X0y d;)
ko LieHy j: MG)=k j': MGN)=k:j'#i

By simplifying and acknowledging that x’(y%);; — x},(¥3);» = 0 when j = j’, we arrive at

1 .
o X X X DDy - x0pndy —dy) O
k ieH; j:M()=k j’: M(j")=k

A.2. Proof of Proposition 2

Proposition 2. Suppose that for every tuple (j,;’) there are exactly two corresponding elements in G,: (i,j,j") and (', j,j"). If (i,j,j") and
(i’',j,j') are two elements of G,, the contribution to the error UB corresponding to these two elements is proportional to and increasing in
|(di’j - d,-rj/) - (d’/ - dij’)l! Dj and Djr.

Proof. Denote by r; and r the remaining capacities of facilities i and i’ if the optimal solution x7(y%) is applied at all points besides j and j’, with
the values x;;, x;;r, xy;, xy;» still set to 0. Note that r; and r, must be positive, since we know by definition that x;; and x;;; cannot both be 0, and
the same holds for x;; and x; ;. Also, r; +ry > D; + D, since all demand must be fulfilled by facilities i and i". We will prove the Proposition by

making inference about the possible values of x;;, x;7, xy;, and x 1, in relation to d;;, d;;1, dy;, and d ;. We distinguish three main cases:
Case 1: d;; —dy; <d;yp —dyy
We can distinguish three scenarios that may have caused the tuples (i, j,j’) and (i, j,j’): to be in G,: The first possibility is that one
facility is closer to both demand points, but it does not have enough remaining capacity to fulfill the complete demand of both. This can

be either facility i or i'.

Scenario 1a: If facility i is closer to both demand points, both d;; —dy; and d,; —d ;» are negative, but the difference in distance is bigger for
demand point j. The solution that adds the lowest cost for x;;, x; s, xs; and x, s is to greedily allocate the remaining capacities
according to

— T 1
x;; = min o
J

D.+D; —r;
Xt =min{¥,l}
D

J

x;0 =1 - Xy

ij J

x,-/jzl—x,»/-
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Table B.14
Test bed groupings and specifications.

Test Bed Instances m n Set of values used for |K|  Facilities Cores used Solver max Bench- Heuristic Valid
open (opt. threads mark runs  runs inequali-
sol.) ties?

OR-library cap41-44 16 50 {6,9,12,15,18,21} 12-13 16 - 40 30 -

cap51 16 50 {6,9,12,15,18,21} 8 16 - 40 30 -
cap61-64 16 50 {6,9,12,15,18,21} 5-11 16 - 40 30 -
cap71-74 16 50 {6,9,12,15,18,21} 4-11 16 - 40 30 -
cap81-84 25 50 {6,9,12,15,18,21} 13-17 16 - 40 30 -
cap91-94 25 50 {6,9,12,15,18,21} 7-15 16 - 40 30 -
cap101-104 25 50 {6,9,12,15,18,21} 4-15 16 - 40 30 -
capl11-114 50 50 {6,9,12,15,18,21} 13-17 16 - 40 30 -
capl21-124 50 50 {6,9,12,15,18,21} 7-15 16 - 40 30 -
capl131-134 50 50 {6,9,12,15,18,21} 4-15 16 - 40 30 -
cap201--204 (capa) 100 1000 {6,9,12,15,18,21,35,70} 4-7 16 - 40 30 -
cap211-214 (capb) 100 1000 {6,9,12,15,18,21,35,70} 7-11 16 - 40 30 -
cap221-224 (capc) 100 1000 {6,9,12,15,18,21,35,70} 9-11 16 - 40 30 -
cap231-234 100 1000 {6,9,12,15,18,21,35,70} 5-7 16 - 40 30 -
cap241-244 100 1000 {6,9,12,15,18,21,35,70} 4-7 16 - 40 30 -
cap251-254 100 1000 {6,9,12,15,18,21,35,70} 7-10 16 - 40 30 -
cap261-264 100 1000 {6,9,12,15,18,21,35,70} 19 16 - 40 30 -
cap271-274 100 1000 {6,9,12,15,18,21,35,70} 33 16 - 40 30 -
cap281-284 100 1000 {6,9,12,15,18,21,35,70} 17 16 - 40 30 -

Gortz 1000 x 1000_10 1000 1000 {20,75,150} 56-58 32 10 40 6 v

& Klose, 1000 x 1000_15 1000 1000 {20,75,150} 39-41 32 10 40 6 v

Klose 1000 x 1000_20 1000 1000 {20,75,150} 29-31 32 10 40 6 v

& Gortz 1000 x 1000_5 1000 1000 {20,75,150} 114-118 32 10 40 6 v

1500 x 300_10 300 1500 {20,75,150} 22-24 32 10 40 6 v
1500 x 300_15 300 1500 {20,75,150} 23-25 32 10 40 6 v
1500 x 300_20 300 1500 {20,75,150} 22-27 32 10 40 6 v
1500 x 300_5 300 1500 {20,75,150} 36-38 32 10 40 6 v
1500 x 600_10 600 1500 {20,75,150} 35-37 32 10 40 6 v
1500 x 600_15 600 1500 {20,75,150} 24-26 32 10 40 6 v
1500 x 600_20 600 1500 {20,75,150} 21-23 32 10 40 6 v
1500 x 600_5 600 1500 {20,75,150} 69-72 32 10 40 6 v
500 x 100_10 100 500 {20,75,150} 10-12 16 - 40 6 v
500 x 100_3 100 500 {20,75,150} 21-23 16 - 40 6 v
500 x 100_5 100 500 {20,75,150} 12-15 16 - 40 6 v
500 x 200_10 200 500 {20,75,150} 12-14 16 - 40 6 v
500 x 200_3 200 500 {20,75,150} 39-45 16 - 40 6 v
500 x 200_5 200 500 {20,75,150} 24-26 16 - 40 6 v

Newly 0000-0099 42 57854 {20,100} - 16 10 40 1 v

generated 0100-0199 60 57854 {20,100} - 16 10 40 1 v

instances 0200-0299 80 57854 {20,100} - 32 10 40 1 v

(Euclidean) 0350-0359 100 57854 {20,100} - 32 10 40 1 v

0450-0459 125 57854 {20,100} - 32 10 40 1 v
1000-1099 42 36635 {20,100} - 16 10 40 1 v
1100-1199 60 36635 {20,100} - 16 10 40 1 v
1200-1299 80 36635 {20,100} - 32 10 40 1 v
1350-1359 100 36635 {20,100} - 32 10 40 1 v
1450-1459 125 36635 {20,100} - 32 10 40 1 v
3100-3199 60 22540 {20,100} - 16 10 40 1 v
3200-3299 80 22540 {20,100} - 32 10 40 1 v
3350-3359 100 22540 {20,100} - 32 10 40 1 v
3450-3459 125 22540 {20,100} - 32 10 40 1 v

Newly 5000-5099 42 57854 {20,100} - 16 10 40 1 v

generated 5100-5199 60 57854 {20,100} - 16 10 40 1 v

instances 5200-5299 80 57854 {20,100} - 32 10 40 1 v

(over the 5350-5359 100 57854 {20,100} - 32 10 40 1 v

road) 5450-5459 125 57854 {20,100} - 32 10 40 1 v

6000-6099 42 36635 {20,100} - 16 10 40 1 v
6100-6199 60 36635 {20,100} - 16 10 40 1 v
6200-6299 80 36635 {20,100} - 32 10 40 1 v
6350-6359 100 36635 {20,100} - 32 10 40 1 v
6450-6459 125 36635 {20,100} - 32 10 40 1 v
8100-8199 60 22540 {20,100} - 16 10 40 1 v
8200-8299 80 22540 {20,100} - 32 10 40 1 v
8350-8359 100 22540 {20,100} - 32 10 40 1 v
8450-8459 125 22540 {20,100} - 32 10 40 1 v
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P .

(a) Instance 0000 (b) Instance 1476

Fig. C.9. Overview of two of our generated instances. Facilities are annotated with cost and capacity. White diamonds represent demand points, with sizes proportional to the
demand volumes.

Scenario 1b: If facility i’ is closer to both demand points, both d;; —d;; and d;;s —d; ;; are positive, but the difference in distance is bigger for
demand point 2. The solution that adds the lowest cost for x;;, x;1, xy; and x; » is to greedily allocate the remaining capacities
according to

. Dj+Dj/—r,-/
Xjj = min  ————— .1
J

. r,-/

Xy =mind —, 1
/ D
J

X,-j/ =1- X

ij

¥
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Fig. C.10. 10 different positional patterns of potential facilities, serving as computational testing environments to get insights into parameterization of the core method.

x,-;jzl—x,»j

Scenario 1c: The final possibility is that facility i is closer to demand point j, while facility i’ is closer to demand point j’. In this case, the
solution that adds the lowest cost for x;;, x; 7, xy; and x;  is to greedily allocate the remaining capacities according to

. r;
X;; =min{ —, 1
1] D
Jj
. r,-/
Xy =minq —,1
D

x;0 =1 - Xy

ij J
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(a) Heuristic performance on Amsterdam instances compared to mean benchmark performance
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(b) Heuristic performance on Amsterdam instances compared to best benchmark performance

Fig. D.11. Breakdown of algorithm performance relative to benchmark objectives, setting |K| = 20. Negative values (in green) indicate instances where the heuristic attained a
better objective than the relevant benchmark objective.
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Fig. D.12. Breakdown of algorithm performance relative to benchmark objectives, setting |K| = 100. Negative values (in green) indicate instances where the heuristic attained a

better objective than the relevant benchmark objective.
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Xt :l—x,-j

We observe that, in all scenarios, either x; ; Or xp (or both) must be equal to 1, and both must be strictly greater than 0. From this it
follows that, in the optimal solution, x;; > x;:
We conclude that in this case (xl*i(y’;)[j - xl*i(yfi),-j,) > 0 while also (dy; —d;; +d;» —dyy) > 0. This shows that, in this case, the error is
positively proportional to |(dy; —d;; +d;j —dy )| = |(dy; — dy ) — (d;; — ;)]

Case 2: dij—dy; >diy —dyy
Similar to the previous case, we can distinguish three scenarios and deduct the optimal allocations:

Scenario 2a: Facility i is closer to both demand points:

. r;
X =min{ —,1
D,

D.+ D, —r;
x,.,,.=mm{¥,1}

Dj/

X =1—=xp;
Xi/jl =1 —x,.j/
Scenario 2b: Facility i’ is closer to both demand points:

D:.+Dy—ry
Xy :mm{;,]}
D.

J
. rl-/
Xy:; =minq —, 1
rJ D
J
X =1=xp;

X,-/j/ =1- xij/

Scenario 2c: Facility i is closer to demand point j’, facility i’ is closer to demand point j.

. r
Xt >min{ —, 1
D;
. r/-/
Xy Zmin{ ——, 1
j!

x;;=1=xp;

x,-/j, =1 —xij/

Using the same argument as in the previous case, we may conclude that Ry — x5 (i) <0 while also (d;; —d;; +d;y —dy ) <O0.
This shows that, in this case, the error is positively proportional to |(d; G —dpy) = —dijp)

Case 3: d;; —dy; =d;jp —dyy
This case is trivial, since (dy; — d;; +d;;» — dy ;) = 0 and thus the error is positively proportional to |(d;; —dy ) — (d;; —d;)l O

Appendix B. Table of instances and experiment details

See Table B.14.

Appendix C. Visualizations of generated instances

See Figs. C.9 and C.10.

Appendix D. Detailed visual overview of results on generated instances

See Figs. D.11 and D.12.
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Data availability

Data will be made available on request.
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