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Abstract

We study forcing of periodic points in orientation reversing twist maps. First, we observe that the fourth iterate of an orientation
reversing twist map can be expressed as the composition of four orientation preserving positive twist maps. We then reformulate
the problem in terms of parabolic flows, which form the natural dynamics on a certain space of braid diagrams. Second, we focus
our attention on period-4 points, which we classify in terms of their corresponding braid diagrams. They can be categorized in two
types. If an orientation reversing twist map has a period-4 point of one type, then there is a semi-conjugacy to symbolic dynamics
and the system is forced to be chaotic. We also show that this result is sharp in the sense that the remaining type does not necessarily
lead to chaos.
© 2007 Elsevier B.V. All rights reserved.

MSC: 37E40; 37E30

Keywords: Twist maps; Orientation reversing maps; Conley index; Braids

1. Introduction

Orientation preserving twist maps have been studied by many authors over the past decades. In particular, we
mention the important contributions by Moser [22,23], Mather [20], Aubry and Le Daeron [4], Angenent [1,2], Boy-
land [8] and Le Calvez [10]. Most of these works consider area and orientation preserving twist maps and make use
of the variational principle that comes with it. This is a powerful tool for studying periodic points, in particular, when
the domain of the map is an annulus.

In this paper we are interested in dynamical systems generated by orientation reversing twist maps that do not
necessarily preserve area and that are defined on the whole plane. Specifically, we are interested in periodic orbits and
the minimal dynamics they force. We postpone a discussion of related work to the end of this introductory section.
First, we give the necessary definitions and introduce a topological principle for such orientation reversing maps.

A well-known example of a two-dimensional orientation reversing twist map is the family of Hénon maps. The
discrete time dynamics that are obtained by iterating such maps have emerged as models from various applications in
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the physical sciences. Orientation preserving (twist) maps of (sub-regions of) the plane are often obtained as time-1

maps in non-autonomous Hamiltonian systems in the plane, or as first return maps to a Poincaré section in three-

dimensional dynamical systems. On the other hand, maps that reverse orientation do not occur as such section maps.
In this paper we are mainly concerned with diffeomorphisms of the plane, i.e., bijective C! maps.

Definition 1.1. A diffeomorphism f:R? — R? is called an orientation reversing twist diffeomorphism of the plane
if there exist global coordinates (x, y) € R? such that f is given by (x’, y') = f(x, y) and satisfies the assumptions:
(i) det(df) < 0, and (ii) %iy > 0. Due to the latter condition, which we will refer to as the twist property, f is said to

have positive twist. If the bijectivity assumption is dropped but f is still C! and satisfies properties (i) and (ii) then f
is called an orientation reversing twist map.

In the following, to indicate the coordinate functions x’ and y’ of f, we use the composition with the orthogonal
projections 77, and 7y onto the x- and y-coordinate, respectively, i.e., x’ =7, f(x, y) and y' = 7y, f(x, y).

As will be explained in Section 3 (see also [15]) (compositions of) orientation preserving (positive) twist maps
have a natural topological structure, which is less straightforward in the orientation reversing case. There exists an
easy procedure to circumvent this obstacle and find a useful topological tool for orientation reversing twist maps. Note
that even powers of f are orientation preserving maps, but compositions of twist maps are in general not twist maps.
The second composite iterate f2 can be written as a composition of two orientation preserving twist maps as follows:
f2= fio f_,with fy = foRy,and f_ = R, o f, where R, is a linear reflection in the y-axis. The drawback is that
fy is a positive twist map and f_ a negative twist map. If we consider the fourth iterate f* we have the decomposition

f*=fs0fr0fiofo. (D)
where the maps f; are defined as follows:
fo=—f-. fi=—fro(=id), fo=f-o(—=id), and f3=f.

One can easily verify that all four maps are orientation preserving maps with positive twist. The theory of parabolic
recurrence relations in [15] (summarized in Section 3) is now applicable since it applies to compositions of orientation
preserving positive twist maps. Using this formulation we can study periodic points of period n = 4k (for other periods
symmetry requirements could be imposed, but we will not pursue this issue here).

Recall that a point z = (x, y) is a period-n point for f if f"(z) =z, where f” denotes the nth iterate of f. The
period n is assumed to be minimal, i.e., f*(z) # z for all 0 < k < n. Instead of describing a period-4 point in terms
of the images of f, i.e., (z, f(2), £2(2), f3(2)), a natural way to describe orbits is to do so in accordance to the
decomposition given by (1). We write an orbit as {z,-}?:O, with z; = fij(zi—1). This applies to period-4k points, by
defining f; via f;14 = f;, for all i € Z. The theory of parabolic recurrence relations in [15] now dictates that orbits
{z;} should be represented as braid diagrams, which we will explain next.

Let z be a period-4 point of f. By choosing the points z, f(z), f>(z), and f>(z) as different initial points we obtain
four different orbits for the composition f3 o f o f1 o fy, namely the orbits defined by z; = fi(z;—1) while setting
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Fig. 1. Period-4 points lead to two possible braid classes. In the braid diagrams on the right one may think of all the crossings as being positive, i.e.,
the strand with the larger slope going on top.
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20=f k(z) for k =0, 1, 2, 3. For each orbit we connect the consecutive points (i, z;) via piecewise linear functions.
This yields a piecewise linear closed braid consisting of four strands. By projecting the braid on the x-coordinates one
obtains a closed braid diagram. Braid diagrams are discussed in more detail in Section 3.1. Fig. 1 depicts the braid
diagrams which result from this construction starting from two different period-4 orbits. Since the braid diagram is
only concerned with the x-coordinates the construction of the braid diagram is, for all practical purposes, equivalent
to the following: let (x%, x!, x2, x3) be the x-coordinates of a period-4 point orbit {fk (z)}izo, ie., x\ =m, fi(z),
then perform a flip on these coordinates to obtain (xg, x1, x2, X3) = (—xo, x!, %2 —x3), and finally connect the points
(i, x;) in the plane by line segments. This gives one strand and the total braid diagram is obtained by performing this
transformation to all shifts of the orbit through z.

Notice that period-4 points can occur in a variety of six different “permutations” (of the x-coordinates, see also
Section 4). However, permutations do not have topological meaning with respect to parabolic recurrence relations and
permutations are thus not suitable for classifying period-4 points. On the other hand, via the above construction each
permutation yields a unique braid class that has a topological meaning. It follows that period-4 points give rise to
exactly two types of braid classes. Fig. 1 shows the two possible braid classes: type I and type II. In other words, any
period-4 orbits is either of type I or of type II, according to the braid class that results from the above transformations.
More details on this classification are supplied in Section 4. Period-4 points of type I imply chaos, while those of
type II do not, as is stated in our main theorem.

Theorem 1.2. An orientation reversing twist diffeomorphism of the plane that has a type 1 period-4 point is a chaotic
system, i.e., there exists a compact invariant subset A C R? for which f|a has positive topological entropy. Con-
versely, there exists an orientation reversing twist diffeomorphism with a type 1l period-4 point that has zero entropy.

We want to point out that the theorem is stated under quite weak assumptions; in particular, there are no compact-
ness assumptions (the twist property in a way compensates this lack of compactness). The bijectivity assumption in
the theorem is certainly stronger than strictly necessary. In fact, instead, for twist maps it is more natural to assume
the infinite twist condition: a twist map is said to satisfy the infinite twist condition if

lim 7, f(x,y) =200 forallxeR. 2
y—+o00

For twist maps on the plane this condition in some sense means that the map has positive twist at infinity (not an
infinite amount of twist). Under the infinite twist condition we have the same result as for diffeomorphisms.

Theorem 1.3. An orientation reversing twist map of the plane that satisfies the infinite twist condition and that has a
type 1 period-4 point, is a chaotic system—chaotic as explained in Theorem 1.2. Conversely, there exists an orientation
reversing twist map that satisfies the infinite twist condition, has a type 1l period-4 point, and that has zero entropy.

We can also give a lower bounds on the entropy for Theorems 1.2 and 1.3. Namely the entropy satisfies 2(f) >
2In(1 + v/2) and h(f) > % 1In3 in Theorems 1.2 and 1.3, respectively.

The infinite twist condition makes the topological/variational principle we use easier to apply and the proof less
technical. This is strongly related to the fact that the infinite twist condition is a more natural assumption in the context
of twist maps than bijectivity. We will therefore explain all the details by proving Theorem 1.3. In Section 7 we make
the necessary technical adaptations to the method in order to prove Theorem 1.2.

The method discussed in this paper makes extensive use of the twist property. On the other hand, we stress that
it needs no compactness conditions, nor information about the asymptotics of f near infinity. It allows us to study
periodic solutions of orientation reversing twist maps, in particular those of which the period is a multiple of four (but
other periods can be dealt with as well). Theorems 1.2 and 1.3 are representative for the kind of results that can be
obtained, but the method is much more general. We note that there is an additional variational structure that can be
exploited in this setting if the (absolute value of the) area is preserved (see Remarks 2.2 and 3.8).

Of course the theorem does not detect all occurrences of chaos. An important example of orientation reversing
twist maps is the Hénon map f (x, y) = (8y, 1 — ay? + x), where « € R and B > 0 are parameters. It is well known
that for various parameter choices the system is chaotic, while a type I period-4 point is hard/impossible to find.
Nevertheless, concerning the practical aspects of the above theorem we note that to establish chaos one can search
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Fig. 2. Orbits of the map f(x,y) = (y,x + 177/\7 - %)’3). A period-4 orbit of type I is indicated by the large dots.

for a type I period-4 point with the help of a computer. This can be done in a mathematically rigorous manner, for
example, with the help of a software package like GAIO, see [14,12]. Furthermore, in the family of generalized Hénon
maps f(x,y) = (v, x +ay — by?), which are orientation reversing twist maps, a period-4 orbit of type I can be found
analytically (exploiting the symmetry) for a > 4+/2 and any b > 0. In Fig. 2 a period-4 orbit of type I is indicated and
the chaotic nature of the dynamics is apparent.

To obtain an example of a non-chaotic map with a period-4 orbit of type Il we return to the classical Hénon map,
for convenience rescaled to read f(x,y) = (y, ex + A[y — y?]). For & = 0 this is a one-dimensional map and for A
not too large it is non-chaotic. For small positive ¢ the 1-dimensional map perturbs to a 2-dimensional map, which for
appropriately chosen X has a period-4 point of type II and which remains non-chaotic. The details of the construction
are given in Section 6. This provides a proof of second statements in Theorems 1.2 and 1.3.

We like to point out the similarity of the above theorem and the famous Sharkowskii theorem [25,19], which states
that a one-dimensional system having a period-3 point necessarily has periodic points of all periods. In our case chaos
is forced by certain period-4 points. In a one-dimensional system the Sharkowskii ordering has little implications for
a map containing a period-4 point. Nevertheless, also in the one-dimensional case certain types of period-4 orbits
(depending on the permutation of the points) force chaos (proved via the usual one-dimensional techniques).

On compact surfaces of genus G (with or without boundary) the results in [16] and [6] show that if an orientation
reversing diffeomorphism has at least G + 2 periodic points of distinct odd periods, then there exist periodic points
for infinitely many different periods, and in particular the topological entropy of the map is positive. The maps in this
paper are maps on R? and therefore the above result does not immediately apply. However, in the special circumstance
that an orientation reversing map on R? allows extension to S> with a fixed point at infinity, then the existence of a
period-3 point, or any other odd period for that matter, implies, by the above mentioned result, that the map has
positive topological entropy. To translate this result back to the context of the original map on R? one needs (detailed)
information about the local behavior near the point at infinity (the asymptotics of the map). In contrast, Theorems 1.2
and 1.3 are applicable without prior knowledge of asymptotic behavior. Moreover, our result gives insight in what
happens when we have information about period-4 points, which complements the results on periodic orbits with odd
periods in [6,16].

The relation to Thurston’s theory. Once again, the method of proof in this paper strongly relies on the fact that we
consider (compositions of) twist maps, which allows an elementary construction of infinitely many periodic points
and a semi-conjugacy to a (sub-)shift on 3 symbols. This draws strongly on the elegant topological principle for twist
maps. A different approach would be to employ Thurston’s classification theorem of surface diffeomorphisms [26].
Thurston’s result does not restrict to twist maps, however compactness is required (we come back to this point in a
moment).

Since the results for arbitrary maps on compact surfaces via Thurston’s theory are complementary to those for twist
maps on the (non-compact) plane in the present paper, let us explain how our results relate to Thurston’s theory. For
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Fig. 3. The map f is orientation preserving and has the twist property, hence the suspension looks like a distorted rotation, which leads to a positive
braid.

suspension

sake of simplicity, let us assume that the maps can be extended to homeomorphisms on, for example, D?. In that case
the classification theorem is applicable. In order to follow the approach using Thurston’s classification theorem we
first need to decide what distinguishes period-4 points. In our approach there is a natural distinction into two types of
period-4 points via discrete four strand braids. In the approach using Thurston’s result the braids are used to determine
the isotopy class of a map in question, see e.g. [8].

It is easier to visualize this for orientation preserving maps, so we consider g = f*, which is an orientation
preserving map and which can be written as a composition of four orientation preserving positive twist maps
g = f30 fao f1o fo. In the case of a period-4 orbit P = {f "(z)}f’:0 for f, the map g has four fixed points P.
Therefore one considers the mapping class group MCG(D? rel P), where the maps are orientation preserving and
fix P (as a set) and 9 D? (a homeomorphism of the boundary). Using the results in [5] it can be shown easily that
MCG(D?rel P) >~ By/center, where By is Artin’s braid group on four strands, and the center of the braid group By is
the infinite cyclic subgroup generated by (010203)%, the full twists.

In general it is quite hard to determine the mapping class of a map, but for twist maps this is a little easier. In fact,
identifying the mapping class with the braid group, the mapping class for f* is exactly the positive braid we have
constructed above. We illustrate this for the first of the composite maps fj for a type I period-4 orbit in Fig. 3. Besides
the permutation of the (x-coordinates of the) points in P, the twist property gives global information about the map,
so that the suspension can be understood (note that fy does not fix P, but this does not lead to undue complications).
The other three maps are similar and the total braid is obtained by the natural addition in the braid group. We refer
to [7] for a further discussion on the application of Thurston’s theory to twist maps on an annulus. As a final point,
the same construction can be carried out for § = f> = f| o f_. One needs to take into account that f_ has negative
twist and thus leads to a braid with negative generators. Of course, repeating the braid for g twice leads to a braid that
is equivalent to the one for g.

Using Thurston’s classification the braid of type I is pseudo-Anosov, and thus the corresponding mapping class
is also pseudo-Anosov, hence chaotic. In order to draw conclusions for the original map on R? one needs to find a
compact invariant set in the interior of D*> on which the entropy is positive. This requires detailed information about
the behavior near d D2, and thus about the asymptotic behavior of the original map on R2. This is not needed in our
results however. The braid of type II is reducible and contains only components of finite type (and thus no pseudo-
Anosov component, in fact the braid is a cable of cabled braids), hence the corresponding map is not necessarily
chaotic. We point out that our construction of a non-chaotic map with a type II period-4 point confirms the latter
conclusion. However, Thurston’s classification theorem does not provide a non-chaotic map within the class of twist
maps as required here. See also [9] for details on pseudo-Anosov maps and mapping classes.

The organization of the paper is as follows. In Section 2 we recall some facts about twist maps and for orientation
reversing maps we introduce a transformation that associates a parabolic recurrence relation to such maps. In Section 3
we summarize the concepts we need from braid theory and parabolic flows, which were thoroughly studied in [15].
In Section 4 the focus shifts to period-4 orbits and their classification in types I and II. We combine these concepts in
Section 5 to prove the first assertion in Theorem 1.3 by constructing a semi-conjugacy to the shift on three symbols. In
Section 6 we show an example of a non-chaotic map with a period-4 orbit of type II, which establishes the second part
of the theorem. Finally, Section 7 is devoted to extending the techniques to bijective maps and proving Theorem 1.2.

Acknowledgement. The authors wish to thank R.W. Ghrist for a number of fruitful discussions on this subject.
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2. Twist maps
We collect some facts about both orientation preserving and reversing twist maps.
2.1. Recurrence relations for twist maps

A C! map from R? to R2, denoted by f(x,y) = (my f, 7y f), is a (positive) twist map if % > 0. It is orientation

oy f

o > 0 and/or

preserving if det(df) > 0 and orientation reversing if det(df) < 0. Of course, one could also consider

negative twist, but a change of coordinates reduces these cases to % > 0.

Note that iterates f* of a twist map are not necessarily twist maps, but the crucial property of twist maps is that
they allow us to retrieve whole trajectories {(xx, yx)} = {f*(x0, yo)} from just the sequence {x;}. To show this we
follow [2] (see also [1]). Let us start with the observation that the twist property implies that there exists an open set
U such that for any pair x, x’ € U there exists a unique solution Y (x, x’) of the equation

nxf(x, Y(x, x/)) =x'.
It also follows from the twist property that ¥ is monotone in x':
Y
— >
ax’
From the function Y we construct yet another function:
3 def
Y(x,x)E my f(x, Y (x, x)).

This second function Y also has a monotonicity property that follows directly from the inverse function theorem. The
map f is locally invertible and the derivative of its inverse f~! is given by 3 (7 f ') = —(det(df)) ' 92 (mx f) o f 71,
hence

aY
h(ref') <0 and Pl 0 if f is orientation preserving,
x

Y
0 (nx f _l) >0 and x > (0 if f is orientation reversing.
X

Obviously the reason for these definitions is that if (xg41, yk+1) = f (xk, yk) then

Yk =YXk, xg41) and  yry =Y (xk, Xeg1)-

That is, the functions ¥ and ¥ can be used to retrieve the whole trajectory {(xg, yx)} from the sequence {x}. It easily
follows that a sequence {(xx, yx)} forms an orbit of f if and only if the x-coordinates satisfy

Y (xp, xe1) — Y (i1, xx) =0 forall k € Z.
We therefore introduce the notation

def ~
Rk—1, Xk Xk1) = ¥ (ot Xg1) — ¥ (1, X1).- 3)

Solutions {x;} of the recurrence relation R (xx_1, Xk, Xk+1) = O thus correspond to trajectories of the map f. From the
properties of ¥ and Y we see that R is increasing in xx41, and if f is orientation preserving then R is also increasing
in x;x_1. In this case R will be referred to as a parabolic recurrence relation. When f is orientation reversing then R
is not increasing, but decreasing in x;_;. In Section 2.2 we explain how we can, nevertheless, associate a parabolic
recurrence relation to an orientation reversing map.

The function Y (and similarly Y ) has a domain of the form

D={(x,x)|xeR, gx) <x' <h(x)},

where the functions g, h: R — [—00, 0o] are upper/lower semi-continuous with g(x) < h(x), see Section 7 for more
details. A way to ensure that the domain D is the whole plane, is to assume the infinite twist condition (2). To simplify
the exposition in the following sections we assume that D = R?. In Section 7 we show how to extend our results to
maps that are bijective to R? (i.e., diffeomorphisms of the plane). Note that bijectivity does not imply the infinite twist
condition, nor does it guarantee that D = R2.
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Remark 2.1. Any twist map that satisfies the infinite twist condition is injective. Namely, let f (xo, yo) = f(x1, y1) =
(x’,y"). If xog = x; then it follows from the twist property that yo = y;. Suppose xg # x1, say xo < xi, then the

infinite twist condition implies that for any x € [xq, x1] there is a (unique) y(x) such that 7, f (x, y(x)) = x’, with

y(x0) = yo and y(x1) = y;. Since % < 0 we have Mw

my f(x1, y(xn) =y’

0, contradiction the fact that 7y f (xg, ¥(x0)) =

Remark 2.2. When f is an orientation and area preserving twist map there exists an additional structure, namely gen-
erating functions (see e.g. [3]). A smooth function S : R2 — R exists with the property that if (x’, y’) = f(x, y), then
y=015(x,x’), and y' = —,S(x, x’). This generating function S allows one to formulate the existence of periodic
points in terms of critical points of an action function. A period-n point corresponds to a critical point of

def .
Wxo, x1,..., xp—1) = ZS(Xi,XiH), with x,, = Xo.

The parabolic recurrence relation is then given by the gradient of W: R(x;—_1, x;, Xj4+1) = . For orientation re-
versing area preserving maps a similar variational structure exists. The difference is that the relatlons between the
generating function S and the y coordinates are y = 91 S(x, x’) and y' = 8,S(x, x’), i.e. with the same sign. A period-
2m point corresponds to a critical point of

2m—1
def P .
W (xo, X1, ..., Xom—1) = E (—=D'S(xi, xi+1), with x2, = xo.
i=0

The recurrence relation is not quite given by the gradient, but by ‘;TW = (=DR(xi_1, x;, Xi+1), so there is still a
correspondence between critical points of W and solutions of R. However, it is more convenient to deal with such a
situation through the (flip) transformation described in Section 2.2 below.

We finish this section with an example.

Example 2.3. Let us consider the well known Hénon map. The Hénon map is a two-dimensional invertible map given
by formula:

(* By
f: — 5 .
y I —ay*+x
It is an orientation reversing twist map for all 8 > 0 and « € R. It is bijective and also satisfies the infinite twist

condition (2). It is not difficult to construct the recurrence relation:

-2.2 -1
RXk—1, X, Xpy1) = =1 — X1 + o™X + B Xgq1.
2.2. Parabolic recurrence relations for orientation reversing twist maps

Consider the case that f is an orientation reversing twist map. From the previous subsection it then follows that
the trajectory of a periodic point can be retrieved from the sequence {x;} satisfying the recurrence relation

R(Xk—1, Xk, Xk4+1) =0

where R is defined by (3), with E)lﬁ < 0 and 8375 > 0. Since the theory of braid flows (see Section 3.2) is defined
using parabolic recurrence relations (i.e., 1R > 0 and 3R > 0), we need to make a modification. In Section 1 we
explained that f* can be written as a composition of four orientation preserving positive twist maps f;. For each f;
we can derive the recurrence function R;, which has the properties that

817?,,' >0 and 8372,‘ > 0.

This is equivalent to defining the functions R; as follows
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Ro(x_1, x0, x1) & R(—x_1, —x0, x1),
Ri(x0, X1, %2) = R (—x0, 1, %2),
Ra(x1, x2, x3) & —R(x1, %2, —x3),
R3(x2, x3, X4) o —R(x2, —x3, —X4).

It is easily verified that the recurrence functions are indeed parabolic and we define the sequence {R;} periodically:
Ri+4 =R;. This change of coordinates naturally also affects the trajectory x = {x;}. To make this precise we define
the transformation

A = { —xx fork=0,3 mod 4,

Xk fork =1,2 mod 4. “)

We call the transformation A on sequences a flip. Clearly 12 =1id and it commutes with o, where o is the shift map
0 (xX)k = Xk4+1. Now x = {x;} solves R =0 if and only if A(x) solves R; = 0.

Lemma 2.4. Every solution x = {x} of R; = 0 yields a solution \(x) ofﬁ =0, and thus corresponds to a trajectory
of f, namely {(A(x)k, Y (A(X)k, A(X)k41))}-

3. Braid diagrams and the Conley index
3.1. Discretized braids and braid diagrams

In this section we define and describe the main topological structure which is used in the proofs of Theorems 1.2
and 1.3. As pointed out in Section 1 the way we deal with sequences is to consider them as piecewise linear functions
by connecting the consecutive points via linear interpolation.
Definition 3.1. (See [15].) The space of discretized period d braids on n strands, denoted D", is the space of all pairs

u, ), where T € S, is a permutation on n elements, and u is an unordered collection of n strands u = {u®}”_., which
p a=1
satisfy the following properties:

(a) Each strand consist of d + 1 anchor points: u* = (ug, u{, ..., u3) € RA+L,
(b) periodicity—Foralla =1, ..., n, one has: u$ = ué(a)

(¢) transversality—For any pair of distinct strands  and &’ such that u§ = u?‘, for some i, we have:
o o o o
(g —ui ) (ufyy — ufyy) <O ®)

We equip D} with the standard topology of R™ on the strands, and the discrete topology with respect to the
permutation 7, modulo permutations which change the order of the strands (i.e., two pairs (u, t) and (u, 7) are close
if there exists a permutation o € S, with o o ¥ = 7 0 o), such that u®® is close to i (as points in R"%) for all «.

We will say that two discretized braids u, u’ € DZ’Z are of the same discretized braid class (denoted [u] = [u'])
if they are in the same path component of D). The discrete topology on the permutations leads to the following
useful interpretation. Consider a continuous family of braids and pick one of the permutations in the equivalence
class (subsequently dropped from the notation). These discretized braids of period d on n strands are then completely
determined by their coordinates {u?‘}f‘::ﬁ:j’, i.e., every discretized braid corresponds to a point in the configuration
space R". We come back to this point of view later.

Let us now compare the notion of a discretized braid with that of a topological braid. In topology a braid 8 on
n strands is a collection of embeddings {8 :[0, 1] — R3}Z:1 with disjoint images such that (a) 8“(0) = (0, «, 0),
(b) B*(1) = (1, 7(), 0) for some permutation t € S,, and (c) the image of each % is transverse to all the planes
{x = constant}.

The projection of a topological braid onto an appropriate plane, e.g., the (x, y)-plane, is called a braid diagram
if all crossings of strands are transversal in this projection. In this braid diagram a marking (4) indicates a crossing
which is “bottom over top”, whereas a marking (—) indicates a crossing “top over bottom”. A positive (+4) crossing of
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Fig. 4. Example of a braid on three strands. [left] A braid with all crossings positive (bottom over top), [middle] its 2-d projection, and [right] the
associated piecewise linear braid diagram, a discretized braid. Its braid word is 0p01070{ 05"

the ith and (i 4 1)st strands corresponds to a generator o;, while a negative crossing corresponds to al._l. The use of
these generators o; leads to a natural group structure (see, e.g., [5] for more background). The sequence of generators
(“reading” the braid from left to right) is called the braid word.

The link between discretized braids and topological braids is the following. Any discretized braid u can be inter-
preted as the braid diagram of a topological braid when we use linear interpolation between the points (i, u') € R2,
where u{ are the anchor points of strand «. Here we choose the convention that all crossings in this discretized braid
diagram are positive. The resulting positive piecewise linear braid diagram is denoted by S(u). It is also useful to
consider braid diagrams that are not piecewise linear. A (positive, closed) topological braid diagram is a collection
of strands {#* € C([0, 1])}?_, such that (a) B%(1) = BT@(0) for some permutation T € S,,, and (b) all intersections
among pairs of strands are isolated and topologically transverse. The topological braid class {u} is a path component
of B(u) in the space of positive topological braid diagrams. Fig. 4 depicts a braid in its various appearances. Since for
positive braids the braid word consists of positive generators only, it follows that the number of generators in the braid
word, the braid word length, is an invariant of a discretized braid class, and even of a topological braid class. For a
more detailed account we refer to [15].

Since discretized braids are periodic we extend all strands periodically:

()

uf g =u; foralli e Z, a=1,...,n.

As explained above, D7 is a subset of a collection of copies of R™ (one for each equivalence class of permutations).
Fixing an appropriate permutation, we may identify a discretized braid class with a subset of R, its configuration
space. The connected components of D%, i.e., the discretized braid classes, are separated by co-dimension-1 varieties
in R™  called the singular braids:

Definition 3.2. Let 53 denote the collection of nd-dimensional vector spaces of all discretized braid diagrams u

satisfying properties (1) and (2) of Definition 3.1. Now X &ef Z_DZ \ D} is the set of singular discretized braids.

The set 1_32 is the closure of D’ hence its elements do not necessarily satisfy the transversality condition (5). The
braids in X are said to have a rangency. A moments reflection shows that in singular braids of sufficiently high co-
dimension (m > d), different strands can collapse onto each other. This set of specific singularities plays an important
role later on and is defined as

> d:ef{ue > u? —u® Vi € 7, for some 750/}.
1 1

If one wants to braid a strand, one needs something to braid it through. This leads us to the introduction of a
so-called skeleton braid through which we can braid so-called free strands. Define uUv € Y_DZer, with u € D)) and
Ve Y_D:in as the (unordered) union of strands. Then for givena v € DZ’ we define

def
DIRELV= {ue Dl luUve D))

It is important to remember that the transversality condition (5) is imposed on the strands in u U v.

The path components of D) REL v form relative discretized braid classes, denoted by [u REL v]. The braid v is
usually called the skeleton, and u are called the free strands. Now it is easy to define relative versions of the concepts
presented above, i.e., ¥ RELV, ¥~ RELYV, Y_DZ REL v, and {u REL v} (as topological relative braid class).

It is also possible that two classes [u REL v] and [u’ REL V'] are topologically the same. The set of equivalent
topological relative braid classes {u REL {v}} is defined by the relation {u REL v} ~ {u’ REL v’} if and only if there
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exist a continuous family of topological (positive, closed) braid diagram pairs deforming (u, v) to (u’, v'). See [15]
for more details.

3.2. Parabolic flows on braid diagrams

In [15] the topology of discretized braids is used to find solutions of parabolic recurrence relations. This is done
by embedding the problem into an appropriate dynamical setting. Before briefly explaining the ideas we recall the
definition of parabolic recurrence relations.

Definition 3.3. (See [15].) A sequence of functions R = (R;);cz, with R; € C 1 (R3, R), satisfying

(i) 01R; >0and 93R; >0 foralli € Z,
(i1) for some d € N we have R; 4 =R; foralli € Z,

is called a parabolic recurrence relation.

Here we only consider parabolic recurrence relations defined on R3, although one can also study parabolic recur-
rence relations on more general domains, see Section 7.
Let R be a parabolic recurrence relation and consider the differential equation

dui

T =Ri(uj_1,ui,uj+1) whereu(r) e X= RZ andt e R.

It is straightforward to show that such an equation defines a (local) C'-flow ¥ on X under periodic boundary condi-
tions, provided they are of period nd. We call such a flow, generated by a parabollc recurrence relation, a parabolic
flow on X. Notice that it is easy to regard this flow as a flow on the space Dd by considering the equation
du? —

d_;:Ri(”?—l’”?’”?—H)’ where u e D). (6)
This equation is well-defined by the periodicity requirement in Definition 3.3. The next-neighbor coupling and the
monotonicity of a parabolic recurrence relation have far reaching consequences for the corresponding parabolic flow.
Namely, along flow lines the total number of intersections in a braid, i.e., the braid word length, can only decrease in
time (as indicated in Fig. 5). The following proposition is a precise statement of this property.

Proposition 3.4. (See [15].) Let ! be a parabolic flow on Z_)Z.

(a) For each pointu € X \ X, the local orbit {yy'(u) | t € [—e¢, €]} intersects X uniquely at u for all  sufficiently
small.

(b) For any such u, the braid word length of the braid diagram ' (u) for t > 0 is strictly less then that of the braid
diagram ' (u) for t <O.

Fig. 5. A schematic picture of a parabolic flow on a (bounded and proper) braid class.
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Fig. 6. Two bounded braids with the same skeleton (black lines); the free strand is the gray line. The braid on the left is improper (one can deform
the free strand to one of the strands of the skeleton), the one on the right is proper.

As a direct consequence of this proposition flow lines cannot re-enter a braid class after leaving it. In other words,
the dynamics of (6) obeys the natural co-orientation of the braid classes, i.e., if we co-orient the boundary X' \ X'~
in the direction of decreasing intersection number, then the vector field, and thus the flow, is co-oriented in the same
way.

In Section 3.3 we will define the Conley index of a braid class, hence we need the braid class to be isolating, i.e.,
the flow at the boundary should have no internal tangencies. Proposition 3.4 shows that we are “in danger” when our
system evolves near to X', since a parabolic flow displays invariant behavior in X'~ . For this reason, a discretized
relative braid class [uREL v] is called proper if its boundary (which is a subset of X REL v) does not intersect X~ RELV.
Fig. 6 gives a simple examples of a proper and an improper braid class. Besides properness we also need the braid
classes to be compact. A discretized relative braid class [u REL v] is called bounded if the set [u REL v] C RO tmd g
bounded.

3.3. Conley index for braids

The Conley index is a powerful tool for studying the complexity of dynamical systems. For braid classes the
Conley index is defined in [15] and we refer to that paper for all details, proofs and much additional information. For
more details about the general setting of the Conley index, see [11,21]. Proposition 3.4 implies that cl([u REL v]) is
isolating for the flow generated by a parabolic recurrence relation, provided the braid class is proper and bounded. Let
N denote cl([uREL v]), and let N~ C N be the exit set for a parabolic flow y*. Then the Conley index 4 (uREL V) is
the homotopy type of the pointed space (N/N~,[N~]), denoted by [N/N_]. Note that N~ can also be characterized
purely in terms of braids by using the co-orientation of X' \ X' ™.

Proposition 3.5. (See [15].) Suppose [u REL V] is a bounded proper relative discretized braid class and ' is a
parabolic flow that fixes the skeleton v. Then

(1) cl([u REL V]) is an isolating neighborhood for V', which yields a well-defined Conley index h(u REL vV, ¥").
(2) The index h(wREL v, /") is independent of the choice of the parabolic flow ' as long as ' (v) = v. Therefore
the index is denoted by h(u REL v).

Remark 3.6. The Conley index is in fact an invariant of the topological relative braid class {u REL v}, provided one
slightly generalizes the definitions. First, the definitions of proper and bounded are extended in a straightforward
manner to {u REL v}. Furthermore, an equivalence class of topological relative braids {u REL {v}} is proper/bounded
if for all v/ € {v} any class {u' REL v’} € {u REL {v}} is proper/bounded.

Second, several discretized braid classes may be part of equivalent topological braid classes. For fixed period
d, let [u(0) REL V'] be a discretized braid class such that on the topological level {u(0) REL v’} € {u REL {v}}. Let
[u(j) RELV'], j =0,..., m, denote all the different discretized braid classes relative to v’ such that {u(j) RELV'} €
{urREL {v}}. The set N= UT:O cl([u(j) RELV']) is isolating for any parabolic flow fixing v/, and the exit set is denoted
by N~. The Conley index H(u REL V') of the topological relative braid class {u REL v’} is the homotopy type of the
pointed space (N / N~—,[N~]). It does not depend on the period d, the choice of v’ or the parabolic flow. The Conley
index H(u REL V') is an invariant of {u REL {v}}.
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The homotopy index is usually not very convenient to work with and therefore we use the homological Conley
index

CH,.(uRELV) & H (N, N7),

where N = cl([u REL v]), N~ is its exit set, and H, is the relative homology of the pair (N, N 7). One can assign to
such an index a characteristic polynomial

CP,(urEL V) & Z B,
k>0

where B is a free rank of CHj (u REL v). For the parabolic flows under consideration Morse inequality can be used to
draw conclusions from the characteristic polynomial about fixed points and periodic orbits (see Section 7 of [15]). In
this paper we use the only the simplest consequence:

Lemma 3.7. Let [u REL V] be a discretized relative braid class that is bounded and proper. If CP_1(u REL V) is
nonzero, then there is at least one stationary point in [u REL V] for any parabolic flow ' that leaves v invariant.

Remark 3.8. A special situation occurs when the recurrence relation is exact, i.e., when there exists a d-periodic
sequence of C 2(R2) functions S; such that

Ri(uj—1,ui,uit1) = 028;i—1(ui—1,u;) + 018 (ui,ui+1) foralli €Z.

Note that a recurrence relation is exact if it originates from a composition of area preserving twist maps, see Re-
mark 2.2. The main example in our context is when the orientation reversing twist map f is area preserving. Setting
W) = Zle Si(ui, ui4+1) the corresponding parabolic flow is a gradient flow: ‘é—‘t‘ = VW. This implies that invariant
sets consists of fixed points and connecting orbits only. The second order character of the recurrence relation leads
to the following strong result (see [15, Section 7]): for an exact parabolic flow on a bounded proper relative braid
class [u REL v], the number of fixed points is bounded below by the number of distinct nonzero monomials in the
characteristic polynomial CP;(u REL V).

Example 3.9. We calculate the homotopy index of the braid shown at the left in Fig. 7. It is of period two and
it is proper and bounded. A braid can evolve only in such a way as to decrease the number of intersections (cf.
Proposition 3.4 and Fig. 5). Hence along the flow the free anchor point u( cannot cross the anchor points of skeleton
since this would lead to an increased number of crossing, i.e., ug is “trapped” between anchor points of the skeleton.
On the other hand, the middle point u; of the free strand can evolve in such a way that it crosses the nearest anchor
points, since this decreases the number of crossings. Of course, on crossing the anchor point of the skeleton, the
free strand leaves the braid class. The configuration space and the flow on the boundary are shown in the middle
in Fig. 7. The exit set N~ consists of the top and bottom boundaries. The homotopy index of this braid class is
[N/N~]~ (S!, pt), hence CP, =t and any parabolic flow leaving v invariant has at least one fixed point inside the
braid class.

T
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Fig. 7. In the relative braid on the left black lines denote the skeleton and gray lines the free strand. In the middle its configuration space is shown
and the direction of the parabolic flow on the boundary is indicated. On the right we see how the configuration space is positioned with respect to
the stationary points of the skeleton, represented by the four dots.
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4. Period-4 points for orientation reversing twist maps

We now apply the theory of braids and parabolic flows to orientation reversing twist maps. Let f be an orienta-
tion reversing twist map. As explained in the introduction and Section 2 we can write it as the composition of four
orientation preserving twist maps. This leads to a parabolic recurrence relation R = (R;);cz which is 4-periodic:
Ri+4 ="R;. Lemma 2.4 gives the correspondence between trajectories of f and solutions of the recurrence relation
via the flip transformation (4).

Suppose now that {(x’, y))}}_, is a period-4 orbit of f, i.e., its minimal period is four. Let x = {x'};z, then the
flipped sequence A(x) is a solution of the recurrence relation R = 0. Obviously, any shift 0% (x) of the sequence x
corresponds to the same period-4 orbit of f. Hence A(c%(x)) for o = 1,2, 3,4 are four solutions of the parabolic

recurrence relation R = 0, labeled v!, v2, v3, v*, respectively, and they thus form the four stationary strands of a

closed discretized braid diagram v = {v*} € Dﬁ. A priori v is only in Z_)i, but if v € X, then necessarily v e X', since
Proposition 3.4 implies there are no stationary points of a parabolic flow on ¥ \ X' ™. On the other hand, if ve X',
then at least two of the strands A(o%(x)) coincide, hence the minimal period is smaller than four. However, we are
assuming that the initial orbit is a true period-4 orbit and hence the corresponding braid diagram v is a discretized
braid in Dj.

The next question is: which braid classes do these period-4 orbits represent? Because we need to make sure that we
consider all possible cases, we start simply from the quadruple (x°, x!, x2, x3). Assume, without loss of generality,
that x° = min{x}. There are six non-degenerate orderings (degenerate ones are discussed below), namely

x0<x1<x2<x3, x0<x1<x3<x2, XO<X2<)CI<)C3,

@)
X0 <x? <x<xl, X0 <xd <xl <2, X0 <xd < x?<xl.

For each of these six possibilities the procedure described above leads to a closed discretized braid diagram. The
easiest way to do this is depicted in Fig. 8. Namely, one draws the four iterates of the four shifts of the periodic
solution. Then one inverts the order of the points at the zeroth and third coordinates to obtain a braid diagram. It is
perhaps good to point out that the picture in the middle of Fig. 8, i.e., before the flip, is not interpreted as a braid
diagram, since it is not related to a parabolic flow. For the six possible orderings the resulting braid diagrams are
shown in Fig. 9.

The six discretized braid diagrams can be grouped in two distinct topological braid classes, type I and type II, see
Fig. 9. We note that they are in four distinct discretized braid classes in D2, but on the topologically level these reduce

to two classes. Type I has (periodic) braid word 0220120320220]2032 and corresponds to orderings x* < x3 < x! < x% and

x0 < x! < x3 < x2, while the (periodic) braid word of type II is 01202012020320203202.

As discussed above, since the braid consists of stationary solutions of a parabolic flow, the braid cannot have
tangencies. Of course, anchor points can nevertheless coincide, which corresponds to a degenerate case in the ordering
of the quadruple x°, x!, x2, x3. That is, some of the inequalities in (7) are replaced by equalities. Since tangencies in
the braid diagram are excluded and since we start from a true period-4 orbit, the only possible degenerate cases turn
out to be

W<xl=x2<x® and X" <x?=x3 <x1,
which both lead to a braid of type II.

i=0 i=1 i=2 i=3 i=4

)

flipped flipped flipped

1

Fig. 8. Starting from an ordering of the points (9, x1, x2, x3) on the left ( f permutes the ordered points), one uses four iterates (middle) and then
applies the flip (i.e., inverting the order at the zeroth and third coordinates) to obtain the braid diagram on the right.
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type 1

type II

Fig. 9. The six period-4 orbits and their corresponding braid diagrams.

Remark 4.1. The fact that we have four different discretized braid diagrams but only two topological braid classes
may lead to notational difficulties that we clarify here while we are at it. The two discretized braid classes within one
topological braid class are related by a shift o or a double shift o2. We can thus go back and forth between the two by
applying shifts to both v and R. When we obtain results for a parabolic flow generated by R that has stationary braid
v, then these results carry over to o (R) and o (v), since o (R) is a parabolic recurrence relation that fixes o (v). We
may thus restrict our attention to just one of the discretized braid classes in each topological braid class.

5. Positive topological entropy

We are ready to assemble the machinery previously presented in order to prove that a twist map with a period-4
point of type I is chaotic. Throughout this section we assume the infinite twist condition (2), which leads to a proof of
Theorem 1.3, see Section 7 for the case of a diffeomorphism. We will show that for f there exists a compact invariant
set A C R? on which £ has positive topological entropy.

Our strategy is to first consider the second iterate f2 and to show that there is a compact set A; C R?, invariant
under f2, on which it is semi-conjugate to the shift map on three symbols, which has positive entropy. Standard results
about the entropy then imply that the map f also has positive entropy on A = A1 U f(A1). The set of all sequences on
three symbols is denoted by X3 = {—1, 0, +1}Z, and o : X3 — X3 maps {a,},ez to the shifted sequence {a,+1}nez-

Let 7 be a period-4 point of type I. According to Section 4 this means that we may assume that the x-coordinates of
its orbit, denoted by x’ = 7, f(Z), are ordered in a certain way. In particular, in view of Remark 4.1 and considering
an iterate of 7 if necessary, we may without loss of generality assume that

XO<X3<)C] <x2.

Let S C R? be the set of all complete orbits of f and define
Az eS| 2 (2) e X and 7, f2H (2) € 13, x ] forall i € Z). (8)

Remark 2.1 shows that f~! is well-defined (at least on the image of f). We note that 7 and f 2(z) are elements of Aj.
The set A; is invariant under f2 and it is bounded. By definition the x-coordinates are uniformly bounded on Ay,
while boundedness of the y-coordinate follows from the fact that the functions Y (x, x") and 17(x, x") from Section 2
are continuous on R? and thus bounded on bounded sets. Furthermore, since f and f ! are continuous (differentiable)
functions it is not hard to see that A; is compact.
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Let ¢ : A1 — X3 be the function that assigns a symbol sequence to each point in A; as follows:

an=+1 ifm f2(z) e (x', x2,

9@ =fanhez <= Ja,=0 ifm f7 () el x'], ©)
a,=—1 ifm f2"(z) e [x°, x3).
The sequence {a,},<z Will be called the symbolic description of a point (trajectory) in A;. We note that
e@={(=D""} _, and o(f*@)={-D"}, ., (10)

Our goal is to show that ¢ is a semi-conjugacy. It follows from the construction that ¢ o f2(z) = o o ¢(z) for all
z € Ap. We still need to show that ¢ is surjective and continuous. Continuity is proved in Lemma 5.4, while surjectivity
follows from Lemma 5.3. Leading up to that we first state and prove the crucial lemma, which uses the concepts of
the flip transformation, braid diagrams and their Conley index.

Lemma 5.1. For any periodic symbol sequence {a,}n,cz € X3 there exists a point in Ay that has {an}nez as its
symbolic description.

Proof. Let p be the minimal period of the sequence {ay,},<7, and let 4g denote the smallest common multiple of 2p
and 4.

Step 1. Construction of relative braid classes.

In Section 4 we explained in detail how a period-4 point yields a braid v € Df{ that is stationary for the parabolic
flow associated to the recurrence relation R = (R;);ez. In this section v is assumed to be a type I braid. By concate-
nating v (just repeating it) we obtain more stationary skeletons. To be precise, define #,v to be the g-concatenation
of v. Clearly #,v € D} pr and it is a stationary skeleton for R (cf. Fig. 10).

Using the skeletons #,v we can now construct numerous relative braid classes by weaving in a free strand with the

skeletal strands. Given a periodic symbol sequence {a,}, a free strand u = (u i)?ial can be characterized as follows:

(i) Fori odd, u; € (x3,x") wheni =1 mod 4, and u; € (—x', —x3) when i =3 mod 4.

(i) The position of the even anchors is determined by the sequence {a,, }’2111:61 :

ifa, =+1 thenuy, € (xl, x2) for n odd, and uy, € (—xz, —xl) for n even,;
ifa, =0 then u,, € (x3, xl) for n odd, and u,, € (—xl, —x3) for n even;

ifa,=—1 thenuy, € (xo, x3) for n odd, and uy, € (—x3, —xo) for n even.

Moreover, let u4y = ug. The subdivision of the range of n (basically n = 0,3 mod 4 and n = 1, 2 mod 4) is needed
since we are working with the (flipped) coordinates for parabolic recurrence relations. Fig. 10 shows an example

Fig. 10. Braid diagrams corresponding to {...,aq,ay,az,a3,aq4,as,ag,...} = {...,0,+1,4+1,0,—1,+1,0,...}. At the top is a generic
non-symmetric situation, while at the bottom the skeleton is deformed into a symmetric one, which has the same topological information and
has the advantage that it is a lot easier to survey. The homotopy type of this braid class is the pointed space (82, pb).
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of a relative braid class obtained in this way. Denote the equivalence class of the relative braids described above by
[uREL#,v]. If @, # £(—1)", then the these braid classes are bounded and proper. For the sequences a, = £(—1)" the
corresponding points in Aj are given by (10), and we will exclude these special sequences from our considerations.

Step 2. Non-triviality of the Conley index.

We now calculate the Conley index for the braid classes described in step 1. Since each coordinate u; can only
move in the designated intervals as described above, the configuration space N = cl([u REL #,v]) is a Cartesian
product of intervals, i.e., N ~ I*¢, a 4g-dimensional hypercube. We now proceed by determining N, the exit set.
As in Example 3.9 the flow can only decrease the total number of intersections if uy, € (x3, xY) or ug, € (—x1, —x3).
Then the number of intersections decreases when uy, moves through the boundary of these intervals. The number of
anchor points for which this is possible is equal to the number of zeroes in {an}iq:?)l. Denote this number by k. This
way N~ consists only of opposite faces. Therefore, 1 = [N/N~] 2 (S¥, pt). A standard result from homology theory
then shows that

R ifx=k,

- k _
H.(N,N") = H*((S ,pt)) - {() otherwise,

and CP;(h) = t*, proving that the Conley index is non-trivial for any periodic symbol sequence {a,} with a,
£(—1)". Such symbol sequences will be earmarked as non-trivial.

Step 3. Existence of periodic points.

From the previous step we have that CP_;(h) = (—l)k # 0. Lemma 3.7 then proves that there exists at least one
stationary point, i.e., a solution of R = 0, in the relative braid class [u REL #,v] that is associated to each of the
non-trivial periodic symbol sequences {a,}. The considerations in Section 2, in particular Lemma 2.4, imply that
the stationary solution u constructed this way corresponds to a periodic point of f. Hence it corresponds to a 2g
periodic orbit of f2 and the construction of the braid classes ensures that this periodic orbit is in A; and has symbolic
description {a,}. O

The proof of Lemma 5.1 does not show that every periodic symbol sequences of minimal period p corresponds to
a periodic trajectory with period p of £2 (only when p is even this is clear). Nor do we obtain uniqueness of points
in Ap that have a particular periodic symbolic description. However, since we are only building a semi-conjugacy,
neither of these points matter.

Remark 5.2. For any z € A; the x-coordinates of the even iterates cannot be on the boundary of the intervals dis-
tinguishing the different symbolic descriptions, i.e., 7, f?"(z) # x', x3. Namely, suppose 7, f2*(z) = x! or x3, then
after applying the flip transformation and interpreting the flipped trajectory of z as a strand in the braid diagram (see
Fig. 10), this strand is stationary and has a tangency at anchor point 2n with one of the strands of the skeleton. This
is impossible, as stated in Proposition 3.4. An alternative is to compare the trajectories of z and z and to use the twist
property of the orientation reversing twist map f to obtain a contradiction directly.

The periodic symbol sequences from Lemma 5.1 allow us to deal with the general case.
Lemma 5.3. For any sequence {a,},cz, € X3 there exist a point in Ay that has {a,}nez, as its symbolic description.

Proof. Let a = {a,},cz be any sequence in X3. We can approach a by periodic sequences a¥ € X3, where af; =ay,
for |n| < k with periodic extension afl = allj_z,(_l for all n. Clearly a* — a as k — oo, with a* being periodic (the
metric is given explicitly in the proof of the next lemma). Lemma 5.1 shows that there exist points zx € A1 such that
0(zK) = a®. Since A; is compact, there exists a convergent subsequence zx,, — z € Ajasm — oo. Letp(z) =b € X3,
then we claim that b = a. For any fixed n € Z, 7, fz" () is either in [x°, x3), (x3, x1) or (x!, x2], because the values
x! and x3 are excluded by Remark 5.2. Hence it follows that for m sufficiently large 7, f2" (zk,,) 1s in the same of
these intervals as 7, f 21 (7). Since the intervals encode the symbolic description, this implies b, = a,li’" for sufficiently
large m, and thus indeed b =a. O

Lemma 5.4. The map ¢ defined in (9) is continuous.
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Proof. The arguments resemble the ones used in the previous proof. We use the metric d(a,b) =
2~ maximlan=by for [nl<m} oy 373 Tet z; be any convergent sequence in A, zx — z € Aj. Let ¢(z) =b € X3 and
o(zK) = bk . For any fixed n € Z, nxfzn (2) is either in [x2, x3), (x3, x1) or (x1, x2], because the values x! and x3 are
excluded by Remark 5.2. Hence it follows that for k sufficiently large m, f 2n(7.) is in the same of these intervals as
e f 2n (), which implies b, = bﬁ for sufficiently large k. In particular, for any (large) m € N there exists a K (m) € N
such that b,, = b’,; for all |n| < m and k > K. In other words, |¢(z) — ¢(zx)| < 2-m=1 for k > K, which establishes
continuity. O

From the previous lemmas we conclude that ¢ as defined by (9) is a semi-conjugacy from f2| A, to ol x,. To carry
over this information to the map f we define

AZ AU f(AY),
which is invariant under f, and the entropy of f on A can be estimated in terms of the entropy of the shift on three
symbols.

Theorem 5.5. An orientation reversing twist map of the plane that satisfies the infinite twist condition and that has a
type 1 period-4 point, has positive topological entropy restricted to the compact invariant set A.

Proof. We use the semi-conjugacy ¢ to estimates the entropy 2 (f|4) of f on A. Standard properties of the entropy
(e.g., see [13]) give the estimates

1 1 1 1
h(fla) = Eh(leA) > Eh(ﬂu.) > h@ls)=5mG). D

Remark 5.6. As an alternative strategy one can consider the fourth iterate of f instead of the second one. This is
perhaps more natural in view of the decomposition of f* in terms of orientation preserving twist maps, as discussed
in the Introduction. On the other hand, the notation becomes a bit more involved. Anyway, it is not difficult to see that
arguments analogous to the ones used for the second iterate lead to a semi-conjugacy of f*| A, to the shift on the space
X9 of sequences on nine symbols. This approach gives exactly the same lower bound for the topological entropy of f:

h(f| )>1h(f4| )>1h( | )_—11(9)_—11(3)
= = - o - n 5N :

A 4 Ay 4 X9 4 )

6. Type II periodic points

In the previous section we have proved that a period-4 orbit of type I forces orientation reversing twist maps to
be chaotic. Now we will show that the theorem is “sharp” in the sense that we construct an example of a map with a
period-4 orbit of type II that has zero topological entropy, i.e., the entropy of the dynamics restricted to any bounded
invariant set is zero.

We start with the well-known quadratic family of one-dimensional maps

X1 = Axp (1 — xg),

where A is a parameter. This map is a good starting point since it has a simple formula and its dynamics has been
studied extensively. The property of most interest to us is that for A slightly larger than

A =1+ 6,

the system has a period-4 orbit which is stable (the period-2 orbit undergoes a period doubling bifurcation at A = 1*).
Moreover, the topological entropy of the map on the maximal bounded invariant set is zero.

We want to embed this system into R? and turn it into an orientation reversing twist map. To accomplish this we
use the family of maps

N y
fe: (y) ~ (8)6 +ay(l — y))’
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which are orientation reversing twist diffeomorphisms for all ¢ > 0, while for & = 0 we retrieve the quadratic family
in disguise (fp is not a diffeomorphism). Notice that for ¢ = 0, and X slightly larger than A*, the period-4 orbit is of
type II (cf. Section 4). Intuition suggests that for small ¢ > 0 the perturbation ex will not change the dynamics much
(in particular, the entropy remains zero). The remainder of this section is spent on making this precise.

Since our aim is to show that the maps for ¢ > 0 have zero topological entropy we prove that their non-wandering
sets are all “the same”, and in a sense “copies” of the non-wandering set at ¢ = 0, i.e., we will prove a version of §2-
stability for this particular situation. Let S¢ be the set of all points in R? through which there is a complete bounded
orbit of f;, and let £2° be the set of non-wandering points of f,. We start with proving that all interesting dynamics is

contained in the compact set N def [—1,2] x [—1,2].
Lemma 6.1. For ¢ € [0, 1/2) and X € [1, 4] it holds that 22° C S° C int(N).

Proof. The case ¢ = 0 corresponds to the one-dimensional quadratic map and the statements are easily seen to hold.
We turn to the case ¢ € (0, 1/2), for which f, is invertible. First we show that S¢ C N. Let us start with the bound
Xn, Yn < 2. By contradiction, assume that x¢ > 2, then since Ay, (1 — y,) < 1 we have

xp,—1

Xp—2 2 .
&

Hence the sequence x_p; — 00, as k — o0o. This contradicts the fact that trajectory is bounded, so indeed x, < 2 for
all n. Since y, = x,+1 we then also have y, < 2.
Next we prove that x,, y, > —1. If yo < —1 then the inequality

Yn+1 <Ayn(1—yp) +1

implies that y; — —oo as k — oo. Therefore y, > —1 and again the same holds for x,,.

We now show that also £2° C N. From the previous argument we see that if this is not the case then there has to be
some point (xg, yp) € §2° for which xg > 2. It then follows that x_p; — o0, and since xg is non-wandering x_2,,+1
has to be arbitrarily close to xo > 2 for some m € N. The same reasoning as before then shows that x_y,,,4+1-2r — 00
as k — oo, contradicting the fact that (xg, yg) € §£2°. We have thus established that £2° C N. Finally, if z € £2¢, then
fe(z) € 2° and f71(z) € £2°, hence 2° C S°. O

In £2-stability theory the concept of axiom A maps and the no-cycle property are usually essential (see, for exam-
ple, [24]). Let us recall their standard definitions. For a compact manifold M, we say that a map f: M — M satisfies
axiom A if the set £2(f) is hyperbolic and the periodic points are dense in £2(f). When f satisfies axiom A then the
non-wandering set §2( f) can be written as a finite disjoint union £2 = £29 U - - - U £ of closed invariant sets on which
f is topologically transitive (the spectral decomposition theorem, cf. [24]). The sets £§2; are called basic sets. We say
that £2; < £2; if (W*(£2;) \ 2;) N(W"(£2;) \ £2;) # @, where the stable and unstable sets are given by

Wi (R2) ={xeM]| f*(x) > £2; asn — o0},
W) ={xeM|f"(x)—> £2; asn — oo}.

A map f satisfying axiom A has the no-cycle property if for every choice of distinct indices {ix}j_;, n > 1 it is
impossible to have the inequalities

Qi] ggizg"'ggl},ggil-

Since our case does not fit in the usual setting of diffeomorphisms on a compact manifold we will now adapt these
concepts to the family f;. For fy the invariant set is

SO ={(x,y) |x €[0,1/4] and y = rx(1 — x)}.
For values of A slightly larger than A* there are two unstable fixed points, an unstable period-2 orbit and stable period-4

orbit. For simplicity we write

e 21—period-4 orbit;
e §2,—period-2 orbit;
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Fig. 11. The graph of the fourth power of the quadratic map. The pa- Fig. 12. One of the two trapping regions of the period-4 orbit. We
rameter A is set to A* +0.04. The intervals Ay, A and A3 (bounded choose A so close to A* that the function is monotone between the
by the extrema) are indicated. three fixed points of F. f in the picture.

e (23—non-trivial fixed point;
o 24—fixed point (0, 0).

We would like to show that these are the only non-wandering points. To analyze the dynamics we observe that for
the fourth power Ff of quadratic map F; (x) = Ax(l — x) eventually maps any point xo € (0, 1) into the interval
A =[F,(A/4), 1/4] (cf. Fig. 11). On the other hand, in A we can distinguish three intervals A = [Fy(1/4), Ff r/4)],
Ay = (F}(A/4), F}(1/4)) and A3 = [F2()./4), »/4]. Monotonicity of F;' on A> N (F{)~!(A2) guarantees that any
point in A, with the exception of the fixed point £2,, will eventually enter A; or A3 under iterates of F. f . Apart from
the period-2 orbit any point in A| and A3 approaches the period-4 orbit due to monotonicity of F. f on these intervals
(cf. Fig. 12). Our choice of A is sufficiently close to A* so that the function F’ f is monotone between the three fixed
points of F f in A1 and As. Since fy mimics the dynamics of Fj, it follows that any point in S° that is not eventually
periodic has £23 as its w-limit set. Moreover, we have proved that there are no other non-wandering points then the
orbits contained in £2; fori =1,2,3,4,1i.e.,

RV=02,U2,U 23U Q4.

One can easily see that the eigenvalues of d f; in a point in £2° are a; = 0 and «, which is equal to the eigenvalue of
the corresponding point of F;. Again, since for A sufficiently close to A*, and A > A*, we have F] # %1 at the fixed
points, the period-2 and the period-4 orbit. Hence, they are all hyperbolic, and £2; is hyperbolic fori =1, 2, 3, 4.

The reasoning above shows that f has a hyperbolic non-wandering set which only consists of periodic orbits.
Moreover, we have identified the basic sets to be £2; with i = 1,2,3,4. Now we turn to the no-cycle property. To
simplify the notation we write W (£2i) = W*($2;) \ §2; and W (82;) = W*(82;) \ £2;. To exclude the existence of a
cycle let us start with the observation that W (£24) N S° = (. This ensures that £2; ;( 24 fori =1,2,3, 4. On the other
hand W“(.Ql) =, s0 £2; 7( £2; fori =1, 2,3,4. From the arguments above (illustrated in Figs. 11 and 12) it follows
that W”(.Qq) C WS(_QI) U W5(£2,) and W”(.Qz) C W*(£2;). Combining these observation we see that there are no
cycles among {£2; }121. This reasoning shows that

Lemma 6.2. For A slightly larger than A* the map fo has a finite hyperbolic non-wandering set, and there are no
cycles among the basic sets.

We are now in a position to prove §2-stability and in particular

Lemma 6.3. There exists an €* such that for all € € [0, £*] the set 2¢ is finite.
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Proof. We will mimic the proof of §2-stability theorem for diffeomorphisms on a compact set in [24]. From the
lemmas above we know that 20 = per(fo) = £21 U §£2o U £23 U £24. It is well know that for fj there exist a Lyapunov
function (see [17]). So there exists a function V : N — R satisfying the following conditions. It is decreasing along
trajectories of fp, except on £2;, i = 1,2, 3,4, where V is constant. Furthermore, because of the no-cycle property
we may assume that V (£2;) # V(§2;) fori # j. Also, we can rescale V so that V: N — (%, 4%] and V(£2;) =i. We
define the (compact) sets

M; €V (=00, j+1/2]) NN.

The sets M ; have the properties of a filtration:

(1) N=M4D M3DM; DM DMy=09;
(2) fo(M;) Cint(M;);

3 .Qj C int(Mj \ Mj—l);

@) 2j = o fo M\ Mj—1);

where fofk denotes the kth pre-image. These properties follow from the definition of M; and the structure of 2°. For
simplicity denote
def
Uj = Mj\ Mj-1.
By the continuity of the family f, and the compactness of N we can choose ¢ so small that property (2) holds for all
e < ey, ie., fo(M;) Cint(M;) forall j.

Since £2; consists of a hyperbolic periodic orbit, £2; continues under perturbations. The perturbed periodic orbit,
denoted by £27, is again hyperbolic for & sufficiently small, say & < &2 < e1. Clearly £27 C £2° for all i. To conclude
the proof we show the other inclusion £2° C £27 U £25 U 25 U £2;.

We will prove the two following claims. Firstly, for & sufficiently small, £27 = §°(U;), where §(U;) is the set

of all points in R? whose complete orbits lie entirely in U i Secondly, if z € £2° N U; for some ¢ < & and some j,
then f;(z) € U; forall i € Z. Let us assume for the moment that the claims are true for ¢ < &* < &7. Let 79 € £2° for
some ¢ € (0, £*]. By property (1) of the sets M the point z¢ has to be in some U},. By the second claim the whole
trajectory of zq is contained in Uj,. Then the first claim shows that zg € Qj . This proves that the non-wandering set
for f. consists entirely of the perturbation of the non-wandering set of fy. In particular, £2¢ is finite. Now we return
to the proof of the claims.

Claim 1. .ng = S§%(U;) for all j and all ¢ sufficiently small.

Because of property (3) of the set M ; we get .Q]s C 8%(U;) for ¢ sufficiently small. For the other inclusion we argue

by contradiction. Setting ¢ = 1/n we assume that for all n > ng € N there is a z,, € Sl/”(Uj) such that z,, ¢ Ql/m By

j
the hyperbolicity of £2; (and .Q;?) there is a § > 0 such that flk /(:)(zn) is not in a §-ball B5(£2;) around £2; for some

k(n) € Z. Set w, = flk/(',:)(zn), then w, € S]/”(Uj) \ Bs(§2;). By compactness of N there exists a subsequence m(n)
so that wy,n) — vo € lTj'\ Bs(£2;). We want to show that vo € U; and that there is an'complete orbit in U; through
vo. First we prove that fé (vo) € Uj for all i > 0. If this would not be the case then fé (vo) € M for some i > 0.
From the property (2) of the sets M; we get fé“(vo) € int(M;_1), and from the continuity of the family f; and the
continuity of the map it follows that fli/trzo(n) (Wig(n)) € int(Mj_1) for n large, which contradicts the assumption that
Wimon) € Uj. We thus have that fé(vo) € U; for all i > 0. To get the same for pre-images of vy we need to extract
further subsequences.

From the sequence m(n) we extract yet another subsequence m1(n) such that ff/}i“ ) (W, (n)) converges to, say,
v_1. It easily follows that fo(v_1) = vg. Similarly, from the sequence m(n) we can extract a subsequence my(n)
such that fl_/rznz(n)(me(”)) — v_p, and fp(v—_2) = v_1. We can repeat this procedure inductively and we end up
with a sequence {vk}g:fOo C ITJ and fo(v—) =v_g41. In fact, vy € U; (k € N), because if v_ € 17] \ Uj, then
V_g41 = f(v—g) € int(M;_1), a contradiction.
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of the sets M this trajectory has to be contained in §2, but since vy ¢ Bs(£2;) we get a contradiction, which concludes
the proof of Claim 1.

We have now constructed a whole trajectory {vk}gz 0o U fé‘(vo)},fio of fp contained in sowu 7). By property (4)

Claim 2. For all z € 2¢ with ¢ € (0, &3] it holds that if 7z € U, then fgi (z)eUj foralli eZ.

It is worth recalling that & < &, implies that f; (M) C int(M;). Assume that z € £2° N U; for some ;.

Firstly, we show that f/(z) € U; for all i > 0. Since z is in M; we know that f(z) is in the interior of M for
every positive i. Next, fgi (z) ¢ M;_ for all i > 0. Namely, if fsi (z) € Mj_ for some i > 0, then the next iterate is
in the interior of M;_1. The continuity of the map guarantees that fgi +1(Bs(2)) Cint(M j—1), for & sufficiently small,
which also implies fg+1+k(Bs (z)) Cint(M;_y) for all k € N. On the other hand, Bs(z) N M;j_1 = ¥, for sufficiently
small §. Hence, fgi +4K(Bs(2)) N Bs(z) = @ for all positive k and § sufficiently small, which contradicts z € £2¢.

Secondly, we show that also the negative iterates fa_i (z) € Uj, for all i > 0. We have to show that f;i )¢ M;_
and that £,/ (z) ¢ Uj+m, where i, m > 0. As above it follows that if f,/(z) € M;_y, then z = £,V (z) € int(M;_),
whereas z € U, which shows that f,7'(z) ¢ M;_1. To prove that f,'(z) ¢ Uj4m, m > 0, we observe that the non-
wandering set £2¢ is invariant under f, and fg_l. If we would have that z = fg_i(z) € Uj4m for some i > 0 and
some m > 0, then z € £2¢ and fgk (Z) € Ujym, for all k > 0, by the result on positive iterates established above. This
contradicts the fact that f; (z) =z € U}, concluding the proof of Claim 2 and therefore the lemma. O

We have thus found our counterexample.

Lemma 6.4. The orientation reversing twist maps fe, with A slightly larger than \* and ¢ sufficiently small, which
have a period-4 orbit of type 11, have zero topological entropy (as explained at the beginning of this section).

Proof. Lemma 6.3 proves that the non-wandering set £2° of f; is finite. Standard results on the topological entropy
show that the entropy of f; on S is equal to the entropy on £2¢, and the entropy of the map on a finite set is zero (e.g.,
see [24]). O

7. Twist diffeomorphisms of the plane

We now extend our results to situations where the parabolic recurrence relation is not defined on the whole of R3.
Since this requires some careful analysis, this section is substantially more technical than the previous ones. We first
introduce the necessary frame work and in Section 7.3 we apply it to period-4 orbits of orientation reversing twist
diffeomorphisms and we prove Theorem 1.2.

7.1. The domain of parabolic recurrence relations

We are interested in bijective orientation reversing twist maps. In the introduction it has been explained that the
fourth iterate can be decomposed in four orientation preserving positive twist maps, to which we can apply the theory
of parabolic flows. We thus restrict our attention here to orientation preserving twist diffeomorphisms, and composi-
tions thereof. We assume £ is an orientation preserving twist diffeomorphism, i.e., f is bijective to R?, df # 0, and
32 (7 f) > 0. By definition the function f —1 is defined on RZ, it is differentiable by the inverse function theorem, and
az(nxf’l) <0,i.e., f’l has negative twist.

We recall and refine some notation from Section 2. Let (x’, y’) = f(x, y), then there are differentiable functions
Yy and )7f with 9,Y ¢ > 0 and 0; 17f < 0, such that

y=Ys(x,x") and y =Y;(x,x). (1)

Since f~! has negative twist, the same reasoning as in Section 2 gives differentiable functions ¥ -1 and ?f—l with
%Y1 <0and 3;Y,-1 > 0, such that y' =Y, (x/,x) and y = ¥ ;1 (x', x). Obviously

Yr(x,x')= ?f—l (x',x) and Yf(x, x) =Y (X, x).
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Let us consider the domain D of Yy and ?f, and define
def .. def ..
gx)= lim m,f(x,y) and h(x)= lim 7, f(x,y). (12)
y—>—00 y—>0o0

These are functions from R to [—o0, oc]. Since they are limits of monotone sequences of continuous functions, g is
upper semi-continuous and & lower semi-continuous, and g(x) < A(x) for all x € R. The domain of Y and Y is the
open set given by

D = {(x,x/) lxeR, gx) <x' < h(x)}.

When f is invertible we can use the same arguments for f’l. We define G(x) =limy_, nxf’] (x,y)and H(x) =
limy—, —oo 77 f "' (x, ). The domain of ¥ ;-1 and Y1 is given by D = {(x", x) | x' € R, G(x") <x < H(x')}. Obvi-
ously (x,x’) € D if and only if (x/, x) € l~), ie., D = D! This gives us a lot of information on g and 4. In fact, the
boundary d D of D consists of at most four pieces, each of which is a monotone graph. This is depicted in Fig. 13.

It takes some notation to make this precise. The function 4 : R — (—00, o0] is lower semi-continuous; there is a
point x;, € [—00, 0o] such that i (x,) = oo and / is non-decreasing for x < xj,, and non-increasing for x > xj. This
means that & consists of at most two pieces of real-valued functions on (semi-)infinite intervals, a non-decreasing
function 4™ and a non-increasing one i2~. Since & and/or x;, can be infinite, A~ and/or 2~ may be nonexistent. The
associated graphs are

hE = gr(h™®) = 3{(x,x") e R? | x e dom(h™), x' < h*(x)} C R

In Fig. 13 h+ is the northwest boundary and h~ is the northeast boundary. A similar description is valid for g, with
g being non-decreasing (the southeast) and g~ being non-increasing (the southwest). The boundary of D C R? thus
consists of the (at most four) graphs g+ and h=~.

Since the parabolic recurrence relation, and hence the parabolic flow, is not defined on the boundary d D, we need
to define (preferably smooth) approximations to it. We construct here the smooth approximations to the northwest
boundary i . The other boundaries are dealt with similarly. Let 21 be a cutoff/extension function of h*: h+¢(x) =
min{e ™!, At (x)} for x € dom(h™) and A4 (x) = ™! for x ¢ dom(h+). We make it smooth by using a one-sided
mollification as follows. Let z(x) be a nonnegative function with support in [0, 1] and integral fR z=1;let zo(x) =
e~ 1z(x/e). Define

arctanh(x) — 1

h;r(x) =¢ >

+/zs(y)h+€(x —y)dy.
R

The &-approximation A, of h+ is smooth on R. Because of the one-sided mollification and the addition of a small
increasing term, h;" is increasing, hence h;'/ > 0, and

ht(x—e)—e <hf(x)<h®(x) (13)

Fig. 13. The domain D of the functions Yy and )7f for a twist diffeomorphism f.
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provided x — & € dom(h*). This means that gr(i;}) is ~/2e-close to AT on the piece where i} < ¢~!. The cut-off
along the x’ coordinate will cause no problems since we will only be interested in bounded braid classes, i.e., bounded
subset of R2. Furthermore, hj‘ is strictly increasing in ¢. It follows from (11)—(13) that

lin}) Y(x,hf(x)) =00 for all x € dom(h™), (14a)
E—>
m% Y((hH) '), x") =00 forall x’ € range(h ™). (14b)
E—>

Since we are interested in compositions fj_j o fy—2 o--- o f1 o fp of orientation preserving twist maps, we index
the corresponding g and / accordingly. The e-approximation of the domain D; of Y; is thus

Dje={(xi, xit1) | g7, (x) < xig1 <hj,(xi)}.
7.2. Restricted braid classes

The spaces of restricted braid diagrams are defined as (cf. [15])

E DN {u| (u,u®,)eDifori=0...d—1landa=1...n},

ErEprnful (u¥,ul,,)eDifori=0...d—landa=1...n},

s EE N\,
Forue & :11 the restricted braid class [u]g is defined as [u] NE. Forve &£ :1" anduUve D3+m the restricted relative
braid class [u REL v]¢ is [uREL v] N {u € £7}.

The boundary of a restricted relative braid class [u REL v]g consists of two parts, namely the singular braids in
d[uREL v]g N X¢, and the braids that violate the restriction in d[uREL v]¢ \ X'¢. The parabolic flow is well-defined on
d[uRELV]g N ¢ but not on I[uREL v]g \ X¢. To overcome this difficulty we may of course use the e-approximations
of Section 7.1:

[uREL V]z = [uRELV]g N {u| (uf, uf, ) € Disfori=0...d —landa=1...n}.

Now the flow is well-defined on the whole boundary d[u REL v]sg.

As an example, let us suppose (ug, ui+1) is close to the northwest boundary h¥t of Dy, say ug+1 = hJ (ux) and
& — 0. If all other pairs of coordinates (u;, u;+1), i # k, are not close to the boundary, then, by (14), we have for
sufficiently small ¢ that

duy ~
= Yi(ug, wiy1) — Ye—1(up—1, ug) >0,

t (15)
dug+1 5

T Y1 iy, ug12) — Yie(ug, ugy1) < 0.

Since A > 0 the flow is thus directed inwards at this point, see Fig. 14(a). On the other boundaries similar arguments
hold, which leads to the (mental) picture in Fig. 14(b).

However, we may have a problem when, for example, (ux—1, ux) also approaches a boundary. If it approaches the
southeast or northeast boundary then there is no problem, since then Y;_1(ur—1, ux) < 0 and (15) still holds. On the
other hand, if (u;_1, ur) approaches the northwest or southwest boundary then the two terms in (15) do not cooperate
and we can draw no conclusion about the sign. In that case we are unable to conclude that [u REL v]% is isolating for
the parabolic flow. We therefore need to introduce the notion of cooperation.

Definition 7.1. A restricted relative braid class [u REL v]g is cooperating, if for any braid u in the boundary piece
Jd[uREL v]g \ X¢, the following holds:

(1) if (uff,ufy,) € by then (uf_ . uf) ¢ b Ugi s
(2) if (u¥,u?,,) € g, then (u&_, u®) ¢ hi_ Ugh .
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Fig. 14. (a) The northwest corner and its e-approximation with the direction of the flow. (b) Cartoon of the four pieces of boundary of the domain.

We want to link the index of the restricted braid class to that of the unrestricted braid class. For that purpose we
need a stronger assumption, that also takes points in [u REL v] \ [u REL v]¢ into account.

Definition 7.2. A restricted relative braid class [u REL v]g is strongly cooperating if for any u € cl([u REL v]) the
following holds:

(D) if u® | > h @), then u® < b (u?_,) and u? > g | (& );
() ifuf, < gii(u;"), then uf <h;_ (uf_;) and uf > gl."r_l(uf‘_l).

We are now ready to state the main result. The statement and proof are similar to Section 8.3 in [15], where the
restrictions on the domain were simpler and cooperation was automatic.

Theorem 7.3. Let [u REL V]¢ be a cooperating restricted braid class and let the unrestricted braid class [u REL V] be
bounded and proper.

(a) Then the e-approximation N = cl([u REL V]g) is an isolating neighborhood for the parabolic flow for all suffi-
ciently small g, which yields a well-defined Conley index, denoted by h(u REL V, E).

(b) Moreover, if [u REL V]¢ is strongly cooperating, then the index of the restricted braid class is the same as that of
the unrestricted braid class: h(WREL YV, £) = h(uREL V).

Proof. Denote by 7%,- the parabolic recurrence relation under consideration, with parabolic flow J’ defined on N, for
all small . We first need to show that N, is isolating for sufficiently small ¢. For any point u € 9N, N X¢ the flow
1;’ leaves N, in forward or backward time by Proposition 3.4. For any point u € N, \ X¢ the flow 1;’ leaves N,
in forward or backward direction by the definition of a cooperating braid class and the arguments that lead up to its
Definition 7.2. We thus conclude that N, is isolating, hence its Conley index is well-defined and is independent of
(sufficiently small) ¢.

Next consider the unrestricted braid class [u REL v]. There exists a parabolic flow that fixes v (see Appendix
of [15]), given by a recurrence relation R° defined on R?. We are going to change the recurrence relation so that it
still fixes v, while the invariant set is guaranteed to be in the smaller set [u REL v]g. Clearly v € £ and also v € &,
for sufficiently small . Let € C*°(R) such that 5(x) = 0 for x <0 and 5(x) = Ke~/* for x > 0, with large K to
be chosen later. We construct a nonnegative function &; (x, x”) that is 0 on D; 2, and that is large in some sense (see
below) on the complement of the slightly larger D; .. Namely, we define

Gi(x, x") =n(x" = hiH(0) +n(x" — b, () — n(g;h, () —x') — n(g 5, (x) —x');

& (x, x) =n(x" = b (0) = n(x" = hi5, () = (g5 () = x') + n(g 5. () — x).
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It is important that 9,¢; > 0 and 91&; < O (they mirror the behavior of ¥; and 171-). For any large square N in R? we
can choose ¢ sufficiently small, so that the four terms have disjoint support in N. Additionally, for any C > O there is
(by a straightforward compactness argument) a sufficiently large K so that

GG, x)=n(x' —h,(x) > C on NN {x'>h’ @)} (16a)
Gi(x, x')=—n(g5(x) —x') < —=C on Nn{x' <g/ (0} (16b)
g (x,x)=xn(x — hfzs(x)) Z2+C onNN{x h?;(x)}; (16¢)
E(x) =Fn(g5 () —x) SFC on NN {x' <gf (0} (16d)

We define for s € [0, 1]
RE(Xi—1, Xy Xit1) = RO(Xi—1, Xi, Xi41) + 5[ i (i, xig1) — &1 (xim1, x0) ]

Let ¢! be the flow generated by R*. By computing 3; R and d3R}, it is not difficult to check that R* is a parabolic
recurrence relation and ¥! a parabolic flow for all s € [0, 1]. Since R = RO on &, the whole family fixes v. Since
[uREL V] is bounded it is contained in a large cube, say (u;', uj, ;) € N for all i and &. Using the strongly cooperating
property of [uREL v] we can deduce from (16) that for sufficiently large K the recurrence relations Ril and Rll 41 have
fixed sign whenever (x;, x;+1) € N \ D; ¢, for example, Rll > 0 and Ril+l < 0 when x;j4+1 > h:’g (x;). This implies that
in forward or backward time the orbit through such a point leaves N. Therefore the invariant set for ¥{ in [u REL v] is
completely contained in [u REL v]%.

We now use the fact that the Conley index is a property not only of an isolating neighborhood, but also of an invari-
ant set. Let S be the invariant set of [u REL v] under the flow 1//1 Since [u REL V|5 € is also an isolating neighborhood
of S for 1/f1, we see that the Conley indexes of [u REL v] and [u REL V] g are the same, namely the index of S.

Finally, consider the flows given by the interpolating parabolic recurrence relations (1 — A)R + AR, A0, 1],
with parabolic flow 1//A Note that 1//0 l/ft and 1//1 ¥, and the whole famlly fixes v. Furthermore, [u REL v]% is an
isolating neighborhood for Kh for any A € [0, 1], since the signs of Rl and R; on the restricting boundaries are the
same. Hence the Conley index does not change along the continuation from 1//' to 1//1

h(uRELYV, &) = h([uREL V], v ") =h([wRELVIZ, ¥]) = h([uREL V], ¢]) = h(WRELV).

This finishes the proof. 0O
7.3. Positive entropy for bijective twist diffeomorphisms

Let us apply the theory developed in the previous section to prove Theorem 1.2. We can try to emulate Section 5 up
to the point where we need to calculate the Conley index, which is now replaced by the restricted index 2 ([uRELV], £).
We need to be sure that the restricted index is well-defined. The braid classes under consideration are bounded and
proper, but they might not all be cooperating.

Let us look at the shape of the domains D;. Since the skeleton v (cf. Figs. 7 (right) and 10) consists of stationary
points, it must be that (vf‘, vf‘+1) € D; for ¢ = 1,2, 3,4. These points are shown in Fig. 15 for even and odd i. For
each i the projection of the unrestricted braid class [u REL v] under consideration onto the (u;, u;+1)-plane is one of
the three blocks indicated in Fig. 15. As a consequence of the fact that (v}, vf‘+1) € D; and of our knowledge about
the shape of the boundary d D;, we see that the northeast and southwest boundary never come into play for any of the
braid classes under consideration, see Fig. 15 again.

According to the definition of cooperating braid classes we need to prevent that (u;_1, u;) and (#;, u;4+1) can be
both on the northeast or both on the southwest boundary. When one retraces the steps, in particular the application of a
flip in the proof of Lemma 5.1, one sees that this can only happen if in the associated symbol sequence —1 is adjacent
to —1 or 41 is adjacent to +1, and we thus need to exclude these possibilities. To ensure the braid class is cooperating
we therefore go back a step and replace the (full) shift on three symbols by a subshift with adjacency matrix

0 1 1
A:|:l 1 1:|.
1 10
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Fig. 15. The dots represent the points (v?‘, vlf)‘H) € Dj, « =1,2,3,4, for even i (left) and odd i (right). The domain D; is indicated in gray.
The projections of the unrestricted braid classes onto the (u;, u;4)-plane are hatched. Of the four boundaries of D; only two can intersect the
unrestricted braid classes.

In words, only sequences in which —1 is followed by O or +1, and +1 is followed by —1 or 0, are allowed. The
corresponding braid classes are now all cooperating, and even strongly cooperating, so the remainder of the proof
follows the path described in Section 5, using Theorem 7.3 to compute the restricted Conley index.

There is one more issue to deal with, namely compactness. The set A as defined in (8) is not necessarily bounded,
since, as should be clear at this point, it is harder to control the y-coordinates Y and Y for diffeomorphisms than it is
for maps with the infinite twist condition. To resolve this problem, consider the set A of periodic orbits of f? that is
“constructed” in the same way as in Lemma 5.1 with the restriction on the symbol sequences due to the cooperating
braid classes described above. To be more precise, for every symbol sequence in the subshift defined by A the proof
of Lemma 5.1 gives a corresponding periodic point/orbit of f2, and the collection of these orbits we call A,.

Since A; consists of orbits it is invariant under f2 and we claim that it is also bounded. Clearly the x-coordinates
are uniformly bounded. The parameter ¢, that is used to regularize in Section 7.1, can be chosen in a uniform manner,
since there are only four different maps and four different domains D; . to consider. In the ¢-approximations [uREL v]%
of the braid classes considered in Lemma 5.1, the pairs (x;, x;4+1) are in a bounded subset of D; ., and on these sets the
continuous functions Y and Y are bounded. Hence also the y-coordinates of the points in A are uniformly bounded.

The set A in Section S is now replaced by the (smaller) compact set A 1 = cl(A3), which is invariant under f 2,
Clearly this set A\ also suffices in Lemma 5.3, because that lemma essentially consists of taking the closure of the
periodic trajectories. Replacing A by A1 does not change any of the other arguments in Section 5. The resulting
lower bound on the entropy of the bijective twist map is half of the entropy of the subshift, which is log of 1 + +/2,
the largest eigenvalue of the matrix A (cf. [18]).
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