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Abstract

Area-preserving diffeomorphisms of a 2-disc can be regarded as time-1 maps of (non-autonomous)
Hamiltonian flows on R/Z x D2. The periodic flow-lines define braid (conjugacy) classes, up to full twists.
We examine the dynamics relative to such braid classes and define a new invariant for such classes, the
BRAID FLOER HOMOLOGY. This refinement of Floer homology, originally used for the Arnol’d Conjec-
ture, yields a Morse-type forcing theory for periodic points of area-preserving diffeomorphisms of the 2-disc
based on braiding.

Contributions of this paper include (1) a monotonicity lemma for the behavior of the nonlinear Cauchy—
Riemann equations with respect to algebraic lengths of braids; (2) establishment of the topological invari-
ance of the resulting braid Floer homology; (3) a shift theorem describing the effect of twisting braids in
terms of shifting the braid Floer homology; (4) computation of examples; and (5) a forcing theorem for the
dynamics of Hamiltonian disc maps based on braid Floer homology.
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1. Motivation

The interplay between dynamical systems and algebraic topology is traceable from the earli-
est days of the qualitative theory: it is no coincidence that Poincaré’s investigations of invariant
manifolds and (what we now know as) homology were roughly coincident. Morse theory, in par-
ticular, provides a nearly perfect mirror in which qualitative dynamics and algebraic topology
reflect each other. Said by Smale to be the most significant single contribution to mathematics
by an American mathematician, Morse theory gives a relationship between the dynamics of a
gradient flow on a space X and the topology of this space. This relationship is often expressed as
a homology theory [27,36]. One counts (nondegenerate) zeroes of —V f on a closed manifold M
(with Z; coefficients), grades them according to the dimension of the associated unstable man-
ifold, then constructs a boundary operator based on counting heteroclinic connections. Careful
but straightforward analysis shows that this boundary operator yields a chain complex whose
corresponding (Morse) homology HM,.(f) is isomorphic to H.(M; Z3), the (singular, mod-2)
homology of M, a topological invariant.

Morse’s original work established the finite-dimensional theory and pushed the tools to apply
to the gradient flow of the energy function on the loop space of a Riemannian manifold, thus
using closed geodesics as the basic objects to be counted. The problem of extending Morse
theory to a fully infinite-dimensional setting with a strongly indefinite functional remained open
until, inspired by the work of Conley and Zehnder on the Arnol’d Conjecture, Floer established
the theory that now bears his name.

Floer homology considers a formal gradient flow and studies its set of bounded flowlines.
Floer’s initial work studied the elliptic nonlinear Cauchy—Riemann equations, which occur as a
formal L2-gradient flow of a (strongly indefinite) Hamiltonian action. The key idea is that no
locally defined flow is needed: generically, the space of bounded flow-lines has the structure of
an invariant set of a gradient flow. As in the construction of Morse homology one builds a com-
plex by grading the critical points via the Fredholm index and constructs a boundary operator
by counting heteroclinic flowlines between points with difference one in index. The homology
of this complex — Floer homology HF, — satisfies a continuation principle and remains un-
changed under suitable (large) perturbations. Floer homology and its descendants have found
use in the solution of the Arnol’d Conjecture [13], in instanton homology [14], elliptic sys-
tems [5], heat flows [32], strongly indefinite functionals on Hilbert spaces [1], contact topology
and symplectic field theory [11], symplectic homology [12,28,37], and invariants of knots, links,
and 3-manifolds [29].

The disconnect between practitioners of Floer theory and applied mathematicians is substan-
tial, in large part due to the lack of algorithms for computing what is in every respect a truly
infinite-dimensional construction. We suspect and are convinced that better insights into the com-
putability of Floer homology will be advantageous for its applicability. It is that long-term goal
that motivates this paper.

The intent of this paper is to use Floer homology to define a new invariant for braids and
use the invariant to study the dynamics of time-dependent Hamiltonians on a 2-disc. We build
a relative homology, for purposes of creating a dynamical forcing theory in the spirit of the
Sharkovski theorem for 1-dimensional maps or Nielsen theory for 2-dimensional homeomor-
phisms [23]. Given one or more periodic orbits of a time-periodic Hamiltonian system on a disc,
which other periodic orbits are forced to exist? Our answer, in the form of a Floer homology, is
independent of the Hamiltonian. We define the Floer theory, demonstrate topological invariance,
and connect the theory to that of braids.
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Any attempt to establish Floer theory as a tool for applied dynamical systems must address
issues of computability. This paper serves as a foundation for what we predict will be a compu-
tational Floer theory — a highly desirable but challenging goal. By combining the results of this
paper with a spatially-discretized braid index from [ 18], we hope to demonstrate and implement
algorithms for the computation of braid Floer homology. We are encouraged by the potential use
of the Garside normal form to this end: Section 14.1 outlines this program. The goal in this paper
is to present the construction of Floer homology in a more or less self-contained manner and
based on elementary principles valid in the simple case of the 2-disc.

2. Statement of results
2.1. Background and notation

Recall that a smooth orientable 2-manifold M with area form w is an example of a symplectic
manifold, and an area-preserving diffeomorphism between two such surfaces is an example of a
symplectomorphism. Symplectomorphisms of (M, w) form the group Symp(M, w) with respect
to composition. The standard unit 2-disc in the plane D? = {x € R? | |x| < 1} with area form wy =
dp A dq is the canonical example, with the area-preserving diffeomorphisms as Symp(ID?, w).

Hamiltonian systems on a symplectic manifold are defined as follows. Let Xy (¢, -) be the
1-parameter family of vector fields given via the relation tx,w = —d H, where H(t, ) : M — R
is a smooth family of functions, or Hamiltonians, with the property that H is constant on dM.
This boundary condition is equivalent to i*tx,,w = 0 where i : 9M — M is the inclusion. As a
consequence Xy (t,x) € TydM for x € dM, and the differential equation

dx(t)
dt

=Xu(, x(t), x(0)=ux, (2.1.1)

defines diffeomorphisms ¥, g : M — M via ¥, g(x) def x(¢t) with dM invariant. Since w is
closed it holds that /" ;& = w for any 7, which implies that y; # € Symp(M, ). Symplectomor-
phisms of the form ; g are called Hamiltonian, and the subgroup of such symplectomorphisms
is denoted Ham(M, w).

The dynamics of Hamiltonian maps are closely connected to the topology of the domain. Any
map of D? has at least one fixed point, via the Brouwer fixed point theorem. The content of the
Arnol’d Conjecture is that the number of fixed points of a generic Hamiltonian map of a (closed)
(M, w)isatleasty « dim Hy (M ; R), the sum of the Betti numbers of M. Periodic points are more
delicate still. A general result by Franks [15] states that an area-preserving map of the 2-disc has
either one or infinitely many periodic points (the former case being that of a unique fixed point,
e.g., irrational rotation about the center). For a large class of closed symplectic manifolds (M, w)
a similar result was proved by Salamon and Zehnder [35] under appropriate non-degeneracy con-
ditions; recent results by Hingston for tori [21] and Ginzburg for closed, symplectically aspheri-
cal manifolds show that any Hamiltonian symplectomorphism has infinitely many geometrically
distinct periodic points [20]. These latter results hold without non-degeneracy conditions. In [9]
extensions of Franks’ Theorem are proved using Floer homology techniques.

In this article we develop a more detailed Morse-type theory for periodic points utilizing
the fact that area-preserving diffeomorphisms of the 2-disc are Hamiltonian and that orbits of
non-autonomous Hamiltonian systems form links in R/Z x D2. The central problem can be
phrased as follows. Let A, = {y], ey C D? be a discrete invariant set for a Hamiltonian
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Fig. 2.1.1. A pair of braids on five strands are in the same connected component of ACs.

diffeomorphism f = | g are there additional periodic points? We build a forcing theory based
on a new invariant for braids, defined via Floer homology, to answer this question. The new
invariant for braids using Floer homology will be referred to as BRAID FLOER HOMOLOGY.

2.1.1. Closed braids and Hamiltonian systems

We focus our attention on the unit disc D2, keeping track of a set A,, of m distinguished
points. Extensions to discs with b holes, e.g. the annulus, are easily made within the framework
of the theory as presented here.

2.1. Proposition. (See Boyland [S, Lemma 1(b)].) For every area-preserving diffeomorphism f
of the disc D?, with f(A) = Ay, there exists a Hamiltonian isotopy Y. H on D? such that
f =vY1.u. In particular Symp(]D)z, wp) = Ham(D?, wy).

We note that (contrary to the typical case in the literature) 9D is assumed invariant, but not
pointwise fixed. As a consequence of the proof, the Hamiltonian H (¢, x) can be assumed to be
C®, 1-periodic in ¢, and vanishing on 9D%>. We denote this class of Hamiltonians by .# (see
Section 3.2 for the precise definition).

Periodic orbits of a map of D? are described in terms of configuration spaces and braids. The
CONFIGURATION SPACE C,,(ID?) is the space of all subsets of D? of cardinality m. Let x € D?
be an m-periodic point, i.e. f(x) = x, with m > 1 the minimal period. Then the set A,, =
{x, f(x), -, f" ()} satisfies f(Ap) ={f(x), f2(x),---, f"(x) =x} = A, and a periodic
point is thus represented by a point A, € C,,(D?). More generally, any invariant set A,, of f of
cardinality m is a point in C,, (ID?). The free loop space AC,, of continuous maps X : R/Z —
C,n(D?) captures the manner in which periodic orbits ‘braid’ themselves in the Hamiltonian flow
on R/Z! x D?, as in Fig. 2.1.1. If we represent a periodic point, or more generally a discrete
invariant set, by a configuration A,, € Cp, (]]))2), then ¢ — Y y(A,,) is (smooth) loop contained
in AC,,. Geometrically, this path yields a closed braid in S! x D?. This justifies referring to
AC,, as the space of closed geometric braids on R/Z x D?. Recall that the classical BRAID
GROUP ‘B,, on m strands is 71 (C,, (D?)) (pointed homotopy classes of loops). Modulo conjugacy,
the elements of B,, label the connected components of AC,,. Although elements of AC,, are
not themselves elements of B,,, we abuse notation and refer to such as braids.

There is a natural homomorphism B,, — S,,, which associates a braid with a permutation.
A loop X therefore defines a permutation o (X). The cycles of the permutation correspond to the
components of X and a finite number of components makes a SUB-BRAID. The order of the cycle
determines the number of ‘strands’ of the component. To build a forcing theory, we work with
RELATIVE BRAIDS — braids split into ‘free’ and ‘skeletal’ sub-braids. The configuration space
Cn,m(]D)z) of 2-COLORED CONFIGURATIONS is the space of (ordered) pairs of disjoint subsets
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Fig. 2.1.2. Shown are two relative braids in the fiber [X] rel Y: the fixed strands Y are called the skeleton (in red). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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of D? of cardinality n and m respectively. Denote by AC,,_, the loops (braids) in AC,,, which
decompose in sub-braids of n and m strands respectively. Such loops are denoted by X rel Y
and are called RELATIVE BRAIDS, with the sub-braids X € AC,, and Y € AC,,; its RELATIVE
BRAID CLASS [Xrel Y] is the connected component in AC, ;. A RELATIVE BRAID CLASS
FIBER [X] rel Y is defined to be the subset of elements X’ rel Y € [X rel Y]. The braid class fiber
represents all possible free braids which stay in the braid class, keeping the SKELETON Y fixed:
see Fig. 2.1.2. The group of pointed homotopy classes (Cn,m(]Dz)) is called the 2-color braid
group By, ;. In Section 3.1 we will give detailed definitions of these concepts.

2.1.2. The variational approach
Fix a Hamiltonian H € .7#, then the Hamiltonian action of smooth functions x : R/Z — D?
is given by

1 1

fy(x):/G(X(t)):/ao(x,(t))dt—/H(t,x(t))dt, teS!, (2.1.2)

0 0

where 6 = g — Hdt, ag = pdq and dag = wo. Now x(t) = ¥, g (x),t € R, is a 1-periodic orbit
of the Hamiltonian flow (2.1.1) if £ is stationary at x(¢).

Let A,, C D? be an invariant set for f = Yi,m and Y € ACy, is given by Y(¢) = ¥y g (An).
The components of Y correspond to periodic solutions of Eq. (2.1.1) of integer period and there-
fore Y may be regarded as a ‘set of periodic solutions’ of Eq. (2.1.1). We will assign Floer
homology to relative braid class fibers [X] rel Y. In order to provide intuition consider the special
case of relative braids in ACy . In this case X(¢) = {x(#)} is closed loop in AC| = AD? and
X ‘avoids’ the pre-existing solutions given by Y. Closed loops in AD? that are solutions of the
Hamilton equations can be found as critical points of the action .Zy on the fiber [X] rel Y. The
topology of the fiber [X] rel Y may force critical points of . in the fiber.

We investigate critical points of .Zy on [X] rel Y via nonlinear Cauchy—Riemann equations
given as an L2-gradient flow of % . We choose the standard compatible almost-complex struc-
tures J on (D2, wp), which is defined by the properties J?=—1Id, wo(J-, J-) = wo(-,-) and
(-,-)g = wo(:, J-), which is an inner product on ID?. For functions u : R x R/Z — D? the non-
linear CAUCHY—RIEMANN EQUATIONS are defined as

def Ju(s, 1) 8M(Sal)

(05.80)(5.1) = = o~ VeH(tu(s. 1), (2.1.3)

where V, is the gradient with respect to the metric (-, -),. Stationary, or s-independent solu-
tions u(s, t) = x(¢) satisfy Eq. (2.1.1) since JVH = Xp. In Section 4.1 we will provide a more



1668 J.B. van den Berg et al. / J. Differential Equations 259 (2015) 1663—1721

e — f@\&?

Fig. 2.2.1. The standard positive generator o; for the braid group B, sends the ith strand over the (i + 1)st. Pictured in
Bs is (left) o and (right) the braid o, '0301030; ‘010205 ‘010, ‘02030, 'o105 . This braid has length (algebraic
crossing number) equal to +3.

detailed account on the Cauchy—Riemann equations for relative braids X rel Y € AC,, ,,, with
n>1.

2.2. Result 1: Monotonicity

There is a crucial link between bounded solutions of the Cauchy—Riemann equations and
algebraic—topological properties of the associated braid classes. For X € AC,,, the associated
braid can be represented as a CONJUGACY CLASS in the braid group B,, using the standard
generators {o; }?:_11. The LENGTH of the braid word (the sum of the exponents of the o;’s) is
well-defined and is a braid invariant. Geometrically, this length is the total CROSSING NUMBER
Cross(X) of the braid: the algebraic sum of the number of crossings of strands in the standard
planar projection (see Fig. 2.2.1).

Let us return to the case of braid class fibers [X] rel Y € ACy j, as discussed in Section 2.1.2.
The algebraic sum of the crossings in any X rel Y, Cross(X rel Y), is the same for all relative
braids in [X] rel Y. Let u be a bounded solution of the Cauchy—Riemann equations (2.1.3). Define
U(s) = u(s, -) as a 1-parameter family of closed loops in AD?. It follows from the analysis of
Eq. (2.1.3) that for almost all s € R, U(s) rel Y € ACy ,,. However, Cross(U(s) rel Y) need not
be constant in s. More precisely, the following monotonicity principle holds (see Section 5.2 for
details).

2.2. Monotonicity Principle. Suppose U(s) rel Y € ACy p, for s = so £ €. If there exists an
s € [so — €, 50 + €], such that U(s) rel Y ¢ ACy y,, then

Cross(U(sg — €) rel Y) > Cross(U(sg + €) rel Y). 2.2.1)
Otherwise, Cross(U(s) rel Y) is constant for s € [so — €, S0 + €].

This consequence of the maximum principle follows from the positivity of intersections of
J-holomorphic curves in almost-complex 4-manifolds [25,24]; other expressions of this principle
arise in applications to heat equations in one space dimension, see e.g. [3,4].

The monotonicity principle leads to an isolation property for certain relative braid classes
which makes a Morse-theoretic approach viable. Denote by .# ([X] rel Y) the set of bounded
solutions u(s, t) of the Cauchy—Riemann equations for which U(s) rel Y € [X] rel Y for all s € R.
For a Floer homology construction compactness of this space is required. However, the invariant
set in a braid class fiber is non-compact in general. In order to obtain compactness we consider
relative braid classes that satisfy the following topological property: loosely speaking, for any
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Fig. 2.2.2. Proper (left) and improper (right) relative braid classes. On the right, the free strands can collapse onto the
skeleton (in red). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

representative in the fiber [X] rel Y, X cannot collapse onto strands in Y, nor can X collapse onto
the boundary 9D?. Such braid classes are called PROPER: see Fig. 2.2.2. From elliptic regularity
of the Cauchy—Riemann equations and the Monotonicity Principle we obtain compactness: for a
proper relative braid class, the set of bounded solutions . ([X] rel Y) is compact in the topology
of uniform convergence on compact subsets in R>.

2.3. Compactness Theorem. Let [X] rel Y be a proper relative braid class. Then, in the topology
of uniform convergence on compact subsets in R?, the set of bounded solutions .# ([X] rel Y) is
compact.

The proof is a combination of Proposition 4.1 and Proposition 6.2. In Sections 4 and 5 we will
develop this theory in detail and state the appropriate results for arbitrary proper relative braids
in ACy .

2.3. Result 2: Braid Floer homology

The above proposition is used to define a Floer homology (cf. [13]) for proper relative braid
classes. The concept of properness is a topological property that extends to any n > 1. For a
proper relative braid class fiber, define .4#” = [X] rel Y. By the Compactness Theorem 2.3 the set
of bounded solutions of the Cauchy—Riemann equations in .#” is compact and |U| < 1, for all
urel Y € (/). In order to define Floer homology for .4, the system needs to be embedded
into a generic family of systems. The usual approach is to establish that for ‘generic’ choices of
Hamiltonians the critical points of the action are non-degenerate and the sets of orbits connecting
stationary braids are finite dimensional manifolds .#x_ x, (A").

The Fredholm theory for the Cauchy—Riemann equations yields an index function w on sta-
tionary points of the action £y and dim .Zx_ x_ ([X] rel Y) = u(X_) — p4(X4). Following Floer
[13] we can define a chain complex Cy([X] rel Y) = € Z»(X), where the direct sum is taken over
critical points of index k. The boundary operator 9y : Cr — Ci—_1 is the linear operator generated
by counting orbits (modulo 2) between critical points of index difference one. The structure of the
space of bounded solutions reveals that (Cy, d,) is a chain complex. The homology of this chain
complex is denoted HF, ([X] rel Y; J, H). This is finite dimensional for all £ and nontrivial for
only finitely many values of k. Independence of choices is our first major result. Any almost com-
plex structure J and any Hamiltonian H for which Y is stationary, i.e. Y(t) = ¥ g (An) € ACy,
yields the same Floer homology — HF.,.([X] rel Y; J, H) is independent of H. Homotopies of Y
within the braid class also leave the Floer homology invariant. To be more precise, for v, Y’ € [Y],
the Floer homology groups for the relative braid class fibers [X] rel Y and [X] rel Y’ of [X rel Y]
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Fig. 2.4.1. The addition of a full positive twist (on right) to a proper relative braid class (on left) shifts the Floer homology
up by degree 2n (skeletal strands in red). (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

are isomorphic, HF, ([X] rel Y; J, H) = HF([X'] rel Y'; J/, H'). The Floer homology groups
{F H.([X]rel Y; J, H)} are an inverse system. This allows us to assign the Floer homology to
the entire product class [X rel Y] (within the admissible class of Hamiltionians, i.e., Hamiltonians
in 2 with a stationary skeleton Y’ € [Y]), thereby establishing a true braid invariant.

2.4. Braid Floer Homology Theorem. The braid Floer homology of a proper relative braid
class,

HB,.([X rel Y]) déf@HF*([X] rel v; J, H), 2.3.1)

is a function of the braid class [X rel Y] alone, independent of choices for J, H and the repre-
sentative skeleton Y. The braid Floer homology groups HBy ([X rel Y]) are finite dimensional for
all k and nontrivial for only finitely many values of k.

The relative braid classes [X rel Y] are in one-to-one correspondence with the conjugacy class
of the 2-color braid group B, ,,. Therefore, braid Floer homology is an invariant for proper
conjugacy classes in B, .

2.4. Result 3: Shifts & twists

The braid Floer homology HB,. entwines topological braid data with dynamical information
about braid-constrained Hamiltonian systems. One example of the braid-theoretic content of HB,
comes from an examination of twists. Recall that the braid group B, has as its group operation
concatenation of braids. This does not extend to a well-defined product on conjugacy classes;
however, B, has a nontrivial center Z(B,) = Z generated by [J = A2, the FULL TWIST on n
strands. Thus, products with full twists are well-defined on conjugacy classes. These full twists
have a well-defined impact on the braid Floer homology (Section 12). Twists shift the grading:
see Fig. 2.4.1.

2.5. Shift Theorem. Let [X rel Y] denote a proper relative braid class in AC, ;. Then
HB, ([(X rel Y) - Az]) = HB,_ o, ([Xrel Y]),

where A2 is a full twist on n +m strands.
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Fig. 2.4.2. The braid class of Example 2.6 has one free strand surrounded by a pair of skeletal braids whose rotation
numbers are bound from above and below (skeletal strands in red). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

In any Floer theory, computable examples are nontrivial. We compute examples in Section 13,
including the following.

2.6. Example. Consider a skeleton Y consisting of two braid components {y!, Y2}, with Y! and
Y2 defined by (see Fig. 2.4.2)
27n 27n’

27n . o 27’ . -
Y1 = [rle m ”,...,rle m it m+1)}, YZ: {}’26 m’ ”,---,rze m’ it m+l)]’

where 0 < r; <ry <1, and (n,m) and (n’, m’) are relatively prime integer pairs with n,n’ € Z,
n#0,m>2,and m’ > 0. A free strand is given by X = {x'}, with x' (r) = re® ¥ forr; <r <
ry and some £ € Z, with either n/m < £ <n’/m’ or n/m > £ > n’/m’, depending on the ratios
of n/m and n’/m’. The relative braid class [X rel Y] is defined via the representative X rel Y. The
associated braid class is proper, and HB,.([X rel Y]) is non-zero in exactly two dimensions: 2£
and 2¢ £ 1, see Section 13.

This example agrees with a similar computation of a (finite-dimensional) Conley index of
positive braid classes in [18]. Indeed, we believe that the braid Floer homology agrees with
that index on positive braid classes. We anticipate using Theorem 2.5 combined with Garside’s
Theorem on normal forms for braids as a means of algorithmically computing HB,, see e.g.
Section 14.1.

2.5. Result 4: Forcing

Braid Floer homology HB, contains information about the existence of periodic points or
invariant sets A,, of area-preserving diffeomorphisms f. Recall that an invariant set A, = {y!,
.-+, y™} for f determines a braid class [Y] via Y(¢) = ¥ u(Am) = (tpt,H(yl), .., w,,H(y”)).
The representation as an element 8(Y) in the braid group B, given by a choice of a Hamilto-
nian H, is uniquely determined modulo full twists.

2.7. Braid Forcing Theorem. Let f € Symp(D?, wo) have an invariant set A,, representing the
m-strand braid class [Y]. Then, for any proper relative braid class [X rel Y] in ACy p for which
HB. ([X rel Y]) # O, there exists an invariant set A}, for f such that the union A, U A, represents
the relative braid class [X rel Y].
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Since the braid Floer homology is an invariant of conjugacy classes on B,, ,, the same result
holds for symplectomorphisms f € Symp(M, w), with M = D?,

2.8. Example. Consider the braid class [X rel Y] defined in Example 2.6. For any area-preserving
diffeomorphism f of the (closed) disc with invariant set represented (up to full twists) by the
braid class [Y], there exist infinitely many distinct periodic points. To prove this statement we in-
voke the invariant HB,,, computed in Example 2.6, and use Theorem 2.5. In particular, this result
implies that if f has a fixed point at the boundary and a periodic point of period larger than two
in the interior, then f has periodic points of arbitrary period, and thus infinitely many periodic
points. In Section 13 we give more details: the main results are presented in Theorem 13.4.

3. Background: configuration spaces and braids

In the following section we give the necessary background on braids and introduce some new
concepts needed to build a forcing theory of periodic solutions of Hamiltonian systems.

3.1. Configuration spaces and braid classes

Configuration spaces provide a natural setting to introduce braids. The CONFIGURATION
SPACE C,, (ID?) is the space of subsets of D? of cardinality n. An equivalent way to define C,, (ID?)
is via configuration spaces of ordered sets of points. The CONFIGURATION SPACE OF FINITE OR-
DERED SETS is defined as F,(D?) = {(x',---x") € D? x --- x D? | x! # x7/, Vi # j}, with the
metric topology inherited from D? x --- x D?. For n = 1, F{(D?) = D? and for n > 1, F,(D?)
is a smooth, non-compact, aspherical, symplectic manifold of dimension 2n and the symplectic
structure is given by @wg = wo @ - - - © wg. The group of permutation S, acts freely, smoothly and
evenly as a right action on the manifold F, (]D)Z); let o € S, then

((xl,-~-,X”),0) >l e, () o= (0D x7 W)

The configuration space is given as C, (D?) = F, (]D)z) /S, — the orbit space —, and C,, (Dz) is
a smooth, open (for n > 1), aspherical, symplectic manifold of dimension 2n. The mapping that
sends points in F}, (D?) to their orbits,

@ Fy(D?) = Cu(D), (!, ) [l x-Sl

is an (n!-sheeted) covering map. For the analytic theory of braids in this paper it is convenient to
work with ordered sets.

3.1. Definition. The SPACE OF CLOSED BRAIDS ON n STRANDS, denoted I" F;,, consists of con-
tinuous mappings X () = (xl(t), e x"(t)) 10,11 = D? x --- x D2, which satisfy

(i) for some permutation o € S, xk(l) =xo® ), forallk=1,---,n;
(ii) for any pair k # k', it holds that x*(r) # x¥ (1), for all r € [0, 1].

On I'F,, we consider the strong metric topology of C°([0, 1]; D? x - -- x D?).

! The action of ¢ is defined by o' ((1, -+, n)) = (¢(1), -+, 0 (n)).
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The elements in I'F,, are the lifts of based loops y : [0,1] — C, (D?). Choose a point
Xo € F,(ID?), then for any based loop y : [0, 1] = C,(D?) with y(0) = X and y (1) € @, (Xo),
there exists a unique lift X : [0, 1] — F, (D?) with x(0) = Xg and x(1) = X(0) - o, for some
permutation o € S,,. The same holds for free loops in the free loop space A C,, of continuous map-
pings y : R/Z — C,(D?) by choosing a base point. For any X € I' F,, we define the R-extension
by X(t + £) = X(¢) - ot. It follows that X is n!-periodic, since o™ = id, and the extension X
defines a free loop in A F},, denoted by n! - X : R/n!Z — Fn(ID)z), with n! - X[j0,1] = X.

The path connected components of I' F}, are called braid classes. The BRAID CLASS of X is
the path connected component [X] in I" F,,. Since we are dealing with ordered sets of points in D>
a braid class [X] determines a unique permutation o for all X" € [X]. It is useful to point out that
shift along a braid defines a closed loop in [X]: A(s)(t) = X(t + 5), s € [0, 1].

The CO-closure of [x] is denoted by cl([X]) and the braids in cl([X]) are mappings that sat-
isfy Condition (i) in Definition 3.1, but not necessarily Condition (ii). We define the SINGULAR
BRAIDS as X[X] =cl([X]) \ [X] and the COLLAPSED SINGULAR BRAIDS as

YT [X]= {X € X[X] : xk(t) =xk/(t), Vt € R, for at least one pair k # k’}.

Singular braids in general are denoted by ¥ = cl(I"'F},;) \ I' F;,, and similarly for £~. We also
define the set of PROPERLY SINGULAR BRAIDS as

SFX]={x e Z[x] : I <k,k <nand 1,1 € Rs.t. x*(t9) = x* (1) and x*(r1) # x* (1)}

Singular braids in ¥+ may have collapsed strands, but there are at least two strands that intersect
and are not collapsed.
Let X e 'F, and Y € I' F},;, and define mapping I' F;, x ' F;;, — cl(I" Fy,4) by

1

(x,Y)|—>XrelY:(x1,~--,x”,y s Y™,

The space of relative closed braids is defined by

T Fym={Xrel Y €T Fyim}.

As before, [X rel Y] denotes the path connected component of Xrel Y in I'F}, ,,, and is called
the RELATIVE BRAID CLASS of X rel Y. The components X and Y of a relative braid X rel Y
are referred to as the FREE STRANDS and the SKELETON, respectively. For a given skeleton Y €
' F,,, define the RELATIVE BRAID CLASS FIBER [X] rel Y as the set of relative braids X’ rel Y €
[X rel Y]. The subset of I" F, ,, of relative braids with skeleton Y is denoted by I F}, rel Y. Under
projection onto the first component of a relative braid, a fiber can be regarded as a subset of [X].
‘We will abuse notation and sometimes write [X] rel Y C [X].

In this paper we distinguish two types of relative braid classes; proper and improper classes.
These are purely topological properties of braid classes.

3.2. Definition. A relative braid class [X rel Y] is PROPER if for any braid class fiber [X] rel v it
holds that

(i) x'rel Y € cl([X] rel Y) implies that |xk(t)| = 1, for all k;
(i) cl([x]rel Y) N Z[X rel Y] € TF[x rel Y].

Braid classes for which either (i) or (ii) is not satisfied are called IMPROPER.
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All the elements in the boundary of a proper relative braid class are thus properly singular
braids. The compactness and isolation of the invariant set in [X] rel Y are consequences of the
properness of the relative braid class, see Theorem 2.3, Lemma 3.4 and Section 6.

3.2. The Hamiltonian action

In order to consider Hamiltonian systems on the loop spaces I' F,, we introduce the class
¢ (D?) of Hamiltonians, characterized by the following hypotheses:

(h1) H € C®(R x D% R);
(h2) H(t+1,x)= H(t,x) forall t € R and all x € D?;
(h3) H(t,x) =0 for all x € 9D? and for all t € R.

For H € J¢ define the 1-form 6 = pdg — Hdt on R x D?. Consider differentiable functions

x:[0, 1] = D2, with x,(t) = % € TX(I)DZ continuous. This implies in particular that x,(#p) €

TX(,O)Z?]D)Z, whenever x(t9) € 9D2. The action of x(¢) is defined by

1 1 1

/B(x(t)):/ao(x,(t))dt—/H(t,x(t))dt. (3.2.1)
0

0 0

For X € [X] we define the action by

1
Zux) =Y [outon.
ko

With respect to smooth variations & we have:

1

1
dLy(x)E=-) f wo(xK (1), 5 (1))dr — / dH(t,x*(1)e* (1)dt
L)

0

1
== % [ on(xt @ = Xun a0 )ar,
ko

where £X € C®(R) satisfy £¥(r + 1) = £7®(¢) for all 1. Setting the first variation equal to zero
gives the variational principle for Eq. (2.1.1). From the variational principle we define the notion
of a critical, or stationary braid for the Hamilton action.

3.3. Definition. A braid X € [X] is CRITICAL, or STATIONARY for the Hamilton equations if the
components x¥ satisfy

xtk = Xy (¢, x*), with boundary conditions x*(r + 1) = x® (1),

forall r and all k =1, - - -, n. The braid X is said to satisfy the Hamilton equations.
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Let Y € T'F,, satisfy the Hamilton equations and consider proper relative braid classes
[Xrel Y] in T'F, ;. The braid Y is called a stationary skeleton. A relative braid X rel Y satis-
fies the Hamilton equations if also X satisfies the Hamilton equations. In other words X rel Y is
stationary in the sense of Definition 3.3. For a fiber [X] rel Y we denote the stationary relative
braids by Crity ([X] rel Y).

3.4. Lemma. Let Y be a stationary skeleton and let [X rel Y] be a proper relative braid class.
Then set Critg ([X] rel Y) C [X] rel Y is compact (with respect to the C” topology, for any r > 0).

Proof. Since |xk| < 1, for all k, it follows from Eq. (2.1.1) and the assumptions on H,
that |xtk| = |VH(t,x*)| < C. Therefore, IX[lwieo < C, for all Xrel Y € Crity([X]rel Y). Let
Xp rel Y be a sequence in Crity ([X] rel Y), then via the compact embeddings (Arzela—Ascoli)
there is a subsequence, again denoted by X,, rel Y, such that the components x,’i converge in C°
to a limit x* € C9([0, 1], D?), for all k. Using the equation we obtain the convergence in Cland
the components x* satisfy the Hamilton equations (2.1.1). The C”-convergence is achieved by
differentiating Eq. (2.1.1) repeatedly.

Since [X rel Y] is proper, xﬁ cannot converge to a strand yk/, nor does the limit satisfy
|x*(t)] = 1. If a limiting component x¥ satisfies x*(r9) = yk,(to), or |x(ty)| = 1, for some o
and some k', then we obtain a contradiction with the uniqueness of the initial value problem for
Eq. (2.1.1). Therefore the boundary conditions are satisfied and X(¢) rel Y(¢) € F,4p (D?) for
all ¢, which implies that X rel Y € [X] rel Y, completing the proof. O

3.5. Remark. The critical braids in Crity ([X] rel Y), for a proper relative braid class, have the
property that |x¥(¢)| < 1, for all 7 and all k. We say that such a braid is supported in int(D?).

4. Background: Cauchy-Riemann equations and a priori estimates
4.1. Almost complex structures

The standard almost complex matrix Jy is defined by the relation (-, -) = wo(-, Jo-), where
(-, -) is the standard inner product defined by dp ® dp + dg ® dq, and Jy defines an almost
complex structure on (D, wp) which corresponds to complex multiplication with i in C. In
general an almost complex structure on (D?, wo) is a mapping J : TD? — TD?, with the property
that J2 = —id. An almost complex structure is compatible with wg if wo(-, J-) defines a metric
onD?, and g = wo(-, J-) is J-invariant. The space of #-families of almost complex structures is
denoted by ¢ = #(R/Z x D?).

In terms of the standard inner product (-, -) the metric g is given by (§,n), = g(&,n) =
(—JoJE&, n), where —JoJ is a positive definite symmetric matrix function. With respect to the
metric g it holds that JV, H = Xg.

4.2. A priori estimates
In order to study 1-periodic solutions of Eq. (2.1.1) the variational method due to Floer
and Gromov explores the perturbed nonlinear Cauchy—Riemann equations (2.1.3) which can

be rewritten as

0y, W) =us—J[u; — Xp(t,u)] =0,
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for functions u : R x R — D? (short hand notation). We consider almost complex structures J
that do not depend on (¢, x). When we consider continuation properties of the Floer homology
we will consider J = J(s), but in most of the paper J is a constant complex structure. When
J does depend on s, we may always choose the path such that J is constant for |s| sufficiently
large.

In this section we derive a priori estimates for functions satisfying the periodicity condition
u(s,t+4£)=u(s,t), £ € N. We start with global bounds on all derivatives. These bounds follow
from local regularity combined with the a priori bound u(s, ) € D?.

1
4.1. Proposition. Let u : R x R/{Z £, D? be a solution of the Cauchy-Riemann equations
07,1 (u) =0, then there is a uniform constant C = C(«, J, H), independent of u, such that

[0%u(s, )| < C(a, J, H), V(s,1)eRxR/LZ, “4.2.1)
where a = (as, a;) is any multi-index and 9%u = d;° d;" u.

4.2. Remark. Consider almost complex structures J = J(s) and Hamiltonians H = H(s, t, x)
with the property that J(s) and H (s, ¢, x) are independent of s for |s| > R, then the same a priori
estimates hold for the associated non-autonomous Cauchy—Riemann equations

ug — J($)us — Vg H(s, t,u) =0,
where g5 (-, 1) = wo (-, J(5)-).

Proof. In this proof, the constant C changes from line to line. Define the operators

0 0 - a 0

y=— gL h =g,
R TR AR +

Eq. (2.1.3) can now be written as dyu = Vo H (1, u) o f(s,1). By the hypotheses on H and
the fact that |u(s, 1)| < 1, we have that f(s, 1) € L°(R?) and || f ||z < C(J, H). This follows
from the fact that the solutions u can be regarded as functions on R? via periodic extension in .
From the interior regularity estimates due to Douglis and Nirenberg for elliptic systems [10],
and in particular the operators d; and d; we have the following LP-estimates for functions

ue Wgﬂ’p(Bl(O)), l<p<ooandk>O0:

||M||W(/)c+1,p = C(k, p, Dlojullyr.r, ||M||Wg+l,p <Clk, p, DNdsullyrr,  (42.2)

which also follow from L”-estimates for the Laplacian A = d;9; = 9,9, cf. [19,33]. Using a
partition of unity we derive the standard interior regularity estimates for the Cauchy—Riemann
operator from the above interior estimates, e.g. [33]. Let K CC G C R2, with K, G compact
domains, then

oy < Cp. 1 K. O (10510 + Il e 4.2.3)

for 1 < p < oco. Indeed, let € < dist(K, dG), then the compact set K can be covered by
balls Be/2(xp) for finitely many xo € K. Furthermore, let {w¢ x,}x, be a partition of unity of
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Uxo Be/2(x0) D K subordinate to { B (x0)},. Recall that || fgllz» < |l fllLllgllzr, which yields
the basic estimate on B (xg):

||we,xou||wl»p = ”Cl)e,xo“”W(;,p <Clay (we,xou)”Ll’

< Cllwe xgdsullLr + Clludjwe xyllLr < CllojullLer) + CllullLrc)-

Since {we,x, }x, 18 a partition of unity it follows that
lullwirxy = sze’xouHWLP(K) = Z llwe xottllwi.p (B, (xp))>
X0 X0

which proves (4.2.3). For an extensive survey of compactness for J-holomorphic curves see [26].
We apply these basic regularity estimates to the nonlinear Cauchy—Riemann equation (2.1.3)

to obtain a priori estimates on the Holder norm. We consider nested sets GJS’T =[S—jS5+
J+ 1 x[T—j, T+ j+1]for j =0,1,2. Note that S and T just represent shifts in the vari-
ables. Since the estimates are autonomous, while S and T are arbitrary, the estimates will be
independent of S and T', and we will drop them from the notation. Choose K = G' cc G> =G.
It holds that ||f||L,,(G2) <C(p, H),since f € L. Similarly, ||u||Lp(Gz) < C(p) by the assump-
tion that |u(s, t)| < 1. Therefore,

||u||WLp(GI) <C(p, J)(”aJMHLp(GZ) + ||u||Lp(GZ)>
=C(p, J)(”f”Lp(GZ) + ||M||Lp(G2)) <C(p,J,H).

In order to further bootstrap the regularity of solutions we argue as follows. Recall that
I fgllwrr < C(IfIlwrpliglizee + lIglwrpll fllzoe). As before, on balls Be(xo) we obtain

lwe.xottllwr = llwexoully2r = ClloT (@exot) w1

=< Cllwexydyullwip + Clludjwe xgllwi.p

= Clojullre@)+ Cllosullywirgy + CluliLe) + Cllullwirg)-

Since {we x,}x, 15 a partition of unity we obtain the estimate
2y < Cp. 1. K. G (18suly1.06) + ltllrny + N0sull ) + lull e ).

for compact domains K CC G, and 1 < p < 0o. Now choose K = G cc G! = G. In order to
estimate the term 0sullwirry in the above inequality, observe that d;u = Vo H (¢, u). Then,

by the WP interior estimates, the components
def
fi(s, 1) = (Vo H (t,u))s = dy Vo H (t, u)(0, uy),

Fie. ) E(V H @ w)) = dy oy Ve H(t u)(1,up),
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both lie in LP(G') and thus also Df = (f;, f;) lies in LP(G'). Moreover, ||Df |l »g1) <

C(p, J, H), hence ||8Ju||L,,(G1) <C(p,J, H). From the W2P_interior estimates it then follows
that

lullw2.rgoy < C(p, -l)(||8]u”LP(G|) +llullwrogry + 1f o1y + ||M||LDO(GI)) <C(p,J,H).

Additional regularity is obtained from the Sobolev embeddings [2, Ch. 5], W>P(G?) —
C'(GY) for p > 2, and thus lullcr s s+1yxr.7+17) < C(J, H). Since the estimate is independent
of S and T we obtain the a priori estimate

lus(s, t)| + |us (s, t)| < C(J, H). 4.2.4)

In order to get bounds on the higher derivative we differentiate the equation. The derivatives
satisfy the equations

djus = (VeH(t,w)) . and dju; = (VgH(t, u)),.
By the a priori estimates on u, us and u,, the right hand sides of the above equations are uniformly
bounded and we can apply the previous estimates to the equations for u; and u;. This yields a

priori bounds on the second derivatives D?u. By iterating this process we obtain a priori bounds
on all derivatives of any order, which completes the proof. O

4.3. Corollary. Let u : R x R/¢Z < D? be a solution of the Cauchy—Riemann equations
a7, 5 () =0, then there is a uniform constant C = C(¢, J, H) such that

L
/ / lus|3dtds < 2C, (4.2.5)
0

R

and the action satisfies |fog O(u(s, t))dt| <C.

Proof. Due to the a priori bounds on the derivatives of u it holds that | fol 0 (u(s, t))dt| <
C(¢, J, H) and since

L 4
d
E/@(u(s,z))dm—/m@dt <0,
0 0

it follows that the limits limg_, 4o f(f O(u(s,t))dt = c+ exist and are a priori bounded by the
same constant C (¢, J, H). Finally, for any T, T’ > 0,

T’ L L

J4
//|us|§dtds=/9(u(T/,t))dt—/G(M(—T,t))dt.
0 0

-7 0
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By the uniform boundedness of the action along all orbits # we obtain the estimate
IS f(f |us|§dtds <2C(¢, J, H), which completes the proof. O

4.3. Compactness for parametric families
Consider the non-autonomous Cauchy—Riemann equations:
ug — J(s)uy — Vg H(s, t,u) =0, “4.3.1)

where s — J (s, ) is a smooth path in _# and s — H (s, -, -) is a smooth path in . Both paths
are assumed to have the property that the limits as s — oo exist. The path of metrics s — g
is defined via the relation gs(-,-) = wo(-, J(s, -)-). Assume that |Hy| < k(s) — 0 as s - +oo
uniformly in (¢, x) € R/Z x D?, with « € L'(R). For the equation dyv = f (s, t), the analogue
of Proposition 4.1 holds via the L°°-estimates on the right hand side, see [33,34]. We sketch the
main idea.

Define s > £y (s, x) as the action path with Hamiltonian path s — H (s, -, -). The first vari-
ation with respect to s can be computed as before:

& s, 0Gs >)——+Z/w0  Xp () ib)di

9

'ZH Xy (,ub)2 di
k= 10

oLy |

Z—H—/|US|2,dt.

3S 8s

0

The partial derivative with respect to s is given by

8$H _Z/ s,t,uk(s,t)> dt

k=17

and }%) < Ck(s). It now follows from the inequality %fy(s, u(s,-)) — %fy <0 and

the assumption « € L! (R) that the limits limg_, £~ Zg (s, U(s, -)) = c+ exist. Since k € L! (R)
we also obtain the integral bound fR fol |Us|z,xdtds < C(J, H). This non-autonomous Cauchy—
Riemann equation will be used to establish continuation for Floer homology.

5. Crossing numbers and the monotonicity principle
5.1. The crossing number

We begin with an important property of the (linear) Cauchy—Riemann equations in dimension
two. We consider Eq. (2.1.3), or more generally Eq. (4.3.1), and local solutions of the form
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u:G CR?* - R? where G =[a,a’] x [b, b']. For two local solutions u, u’ : G — R2 of (2.1.3)
assume that

u(s, ) #u'(s,t), forall (s,t) € 9G.

Intersections of u and u’, where u (s, tp) = u’(sg, t9) for some (sg, fy) € G, have constrained evo-
lutions. Consider the difference function w(s, 1) = u(s, r) —u’(s, t). By the assumptions on u and
u’ we have that w|y¢ # 0, and intersections are given by w(so, fo) = 0. The following lemma is a
special feature of the Cauchy—Riemann equations in dimension two and is a manifestation of the
well-known positivity of intersection of J-holomorphic curves in almost complex 4-manifolds
[25,24].

5.1. Lemma. Let u,u’ and G be as defined above. Assume that w(so,ty) = 0 for some
(50, t0) € G. Then (5o, to) is an isolated zero and deg(w, G, 0) < 0.

Proof. Taylor expand: Vo H (t,u’) = Vo H (t,u) + Ri(t,u,u’ —u)(u’ — u), where R; is smooth.
Substitution yields

ws — J(Hw, — A, Hw =0, w(sy, fp) =0,

where A(s, t) = R (¢, u, —w) is smooth on G. Define complex coordinates z = s — so + i (f — tg)
and identify the target space R? with C. Then by [22, Appendix A.6], there exist a § > 0, suf-
ficiently small, a disc Ds = {z | |z| < 8}, a holomorphic map & : Ds — C, and a continuous
mapping ® : Ds — GLg(R?) such that

det ®(z) >0, J()® () = D (2)i, w(z) = ®(2)h(z),

for all z € D;s. Clearly, @ can be represented by a real 2 x 2 matrix function of invertible matrices.
Since w = ®h and & is invertible, it holds that the condition w(zg) = 0 implies that

h(zo) = h(z9) = 0. The analyticity of 4 then implies that either zg is an isolated zero in Dy,

or h =0 on Ds. If the latter holds, then also w = 0 on Ds. If we repeat the above arguments we

conclude that w =0 on G (cf. analytic continuation), in contradiction with the boundary condi-

tions. Therefore, all zeroes of w in G are isolated, and there are finitely many zeroes z; € int(G).
For the degree we have for small €; > 0 that, since det ®(z) > 0,

m m m
deg(w, G,0) = ) " deg(w, B¢, (z:),0) = ) _ deg(h, B¢ (z1),0) = — ) _ deg(h, B¢, (2:), 0),
i=1 i=1 i=1

and for an analytic function with an isolated zero z; it holds that deg(h, B, (z;), 0) =n; > 1; thus
deg(w, G,0)<0. O

For a curve ' : | — R? \ {(0,0)}, with I a bounded interval, one can define the WINDING
NUMBER about the origin by

1

W(T,0) déf—/r*az —
2 2

1 r

a!
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for @ = (—qdp + pdq)/(p? + ¢*). In particular, for curves w(s, -) : [b, '] — R?\ {(0,0)} and
for s = a, a’ the (local) winding number is

1 1
W (w(s, ), 0) défg who = Z/a.
w

We denote these winding numbers by W‘Eb’b/](w) and Wg”b,l(w) respectively. In the case that

[b,b'] = [0, 1] we simply write W, (w) def Wcllo’ll(w). Similarly, we have winding numbers for

the curves w(-, 1) : [a,a’] — R?\ {(0,0)} and for t = b, b’, which we denote by W['; a,](w)
and W[]’a/ a,](w) respectively. These local winding numbers are related to the degree of the map

w : G — R?. The following lemma is a direct consequence of the definitions above.

5.2. Lemma. Let u,u’ : G — R? be solutions of Eq. (4.3.1). Let w and G be as above, with
w(sg, fo) =0 and wlyg #O0. Then

[Wg”b/](u}) _ ng»b’](w)] - [W[ba/,a,](w) —wP (w)] —deg(w,G,0).  (5.1.1)

la,a’]

In particular, for each zero (so, ty) € int(G), there exists an €y > 0 such that

[b,b'] [b,b'] v b
Wso+€ (w) — W, (w) < W[S()—E,S()-‘ré](w) - W[S()—e,so+5](w)’

so—¢€

forall 0 < € <¢.

From Lemma 5.2 we can also derive the following a priori estimate for solutions of the
Cauchy-Riemann equations.

5.3. Proposition. Let u : G — D? be a solution of Eq. (4.3.1), then either
lus, )l =1, or  u(s,n)] <1,
forall (s,t) € G.

Proof. By assumption, the boundary of the disc is invariant for X i and thus consists of solutions
x(#) with |x(#)| = 1. Assume that u(so, fo) = x(#p) for some (sp, o) and some boundary trajec-
tory x (7). For convenience, we write u'(s, ) = x(t) and we consider the difference w(s, 1) =
u'(s,t) —u(s,t) = x(t) — u(s, t). By the arguments presented in the proof of Lemma 5.1, we
know that either all zeroes of w are isolated, or w = 0. In the latter case u = x, hence |u(s, t)| = 1.

Consider the remaining possibility, namely that (s, #p) is an isolated zero of w, which leads
to a contradiction. Indeed, choose a (small) rectangle G = [0, 0’] x [z, T] containing (so, f),
such that w|yg # 0. With y = G positively oriented, we derive from Lemma 5.2 that

W(w(y),0) =deg(w, G,0) < —1.

The latter is due to the assumption that G contains a zero. Consider on the other hand the loops
u(y) and u’(y). By assumption (u’ —u)(y) =w(y) #0and |(u' — w) ()| = [u()| < [u' ()| =1.
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If we now apply the ‘Dog-on-a-Leash’ Lemma’ from the theory of winding numbers [16], we
conclude that —1 > W(w(y),0) = W(u'(y), 0) = 0, which contradicts the assumption that u
touches 9D%. Hence |u(s, )| < 1 for all (s, ). O

5.2. The monotonicity principle
On the level of comparing two local solutions of Eq. (2.1.3), the winding number behaves like

a discrete Lyapunov function with respect to the time variable s. This can be further formalized
for solutions of the Cauchy—Riemann equations. For a closed braid X € I' F;, and an arbitrary lift

= (xl, -+, x™), one defines the TOTAL CROSSING NUMBER
Cross(x) & Y W(xk —x¥,0) =2 Y w(x* —2¥,0), (5.2.1)
kK {k.k"}
k;ék/

where the second sum is over all unordered pairs {k, k}, using the fact that the winding number
is invariant under the inversion (p, g) — (—p, —¢q). Here we use the abbreviated notation W =
WIO0-11 (there is no s-dependence). The number Cross(X) is equal to the total linking/self-linking
number of all components in a closed braid X. The local winding number as introduced above is
not necessarily an integer. However, for closed curves the winding number is integer valued. It is
clear that the number Cross(X) as defined above is also an integer, one interpretation of which is
via the associated braid diagrams as the ALGEBRAIC CROSSING NUMBER:

5.4. Lemma. The number Cross(X) is an integer, and
Cross(X) = #{positive crossings} — #{negative crossings}.

This is a braid class invariant; i.e., Cross(X) = Cross(X') for all X, x' € [X]. See Fig. 2.2.1 for
the geometric meaning of positive and negative crossings.

This result is standard and a proof is left to the reader.
Let U(s, ) = (u!(s, 1), ..., u¥(s,1)) : R x [0, 1] — D? x - - - x D? with the periodicity condi-
tions

ks, ) =u’®(s,0), Vs, andVk=1,...,n, (5.2.2)

for some permutation o € §,,. This implies that U(s, -) € cI(I'F},) for all s € R.
5.5. Definition. A smooth mapping U(s,t) = (u](s,t),...,uk(s,t)) 'R x [0,1] — D? x
- x D?, satisfying the periodicity condition (5.2.2), is said to satisfy the Cauchy—Riemann

equations if 8 g (u¥) =0 for all k = 1, ..., n. The space of such mappings will be denoted by
M (T Fy)).

2 Roughly, if two closed planar paths I'(r) (dog) and T (1) (walker) satisfy |T”(t) — ['(1)| < [T’ (t) — 0| (i.e., the leash
is shorter than the walkers distance to the origin) then W (I, 0) = W(I"/, 0).
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For U € ///(CI(I‘FH)), note that U(s, -) is not necessarily in I' F;, for all s. If U(s,-) € I'F,,
then the crossing number Cross(U(s, -)) is well-defined.

5.6. Definition. A smooth mapping U : R x [0, 1] — F,(D?) has the property that U(s, ) € T'F,,
for all s € R. The space of such mappings that satisfy the Cauchy—Riemann equations is denoted
by 4 (T F,).

Using the representation of the crossing number for a braid in terms of winding numbers, we
can prove a Lyapunov property, which is the crucial step in setting up a Floer theory for braid
classes.

5.7. Proposition (Monotonicity Principle). Let U € .# (cl(F Fn)). If U(so,-) € X, then either
there exists an €y > 0 such that U(so £ €, ) € T'Fy, for all 0 < € < €p, and

Cross(U(sg — €, +)) > Cross(U(sg + €, -))

orUeX, e uk=

u’ for at least one pair k #k'.

Proof. We use the notation from the proof of Lemma 5.4. Since U(sg, -) € X, there are k # k’
and 1y € [0, 1] such that u¥(so, 79) = u* (s0, 7g) for at least one class 7 j- As in the proof of
Lemma 5.4 we define wy, (s, 1) = uk(s, 1) — uk' (s, 1) for some representative {k, k'} € ;. From
the proof of Lemma 5.1 we know that (so, ) is either isolated, or u* = u¥". In the case
that (so, o) is an isolated zero there exists an €y > 0, such that (s, #9) is the only zero in
[so —€,50 + €] X [to — €, 19 + €], for all 0 < € < €. Furthermore, by isolation we can choose
€o sufficiently small to ensure that Cross(U(s, -)) is well-defined for all 0 < [s — sp| < €.
By periodicity it holds that wy; (s, 7 + 2|7|) = wx; (s, 1), for all (s,7) € R?, and therefore

—e42|7; - . e
[t‘?o—jvo‘ijell(w”.i) = W{?O_Ge so+ E](wﬂ j). From Lemma 5.2 it then follows that we have strict in-
equality
[to—e,to—e+2|m ] [to—e,to—e+2|m ]
We Pwa) > W e ™ 7 (wa)). (5.2.3)

Such terms make up the expression for Cross(U(s, -)) in Eq. (5.2.1), hence we obtain the desired
inequality (since we have (5.2.3) with non-strict inequality for all other classes 7). O

6. Isolation and compactness
6.1. Spaces of bounded solutions

Let Y be a skeleton for a Hamiltonian systems generated by a Hamiltonian H and let
[Xrel Y] C T'F, ,, be a proper relative braid class. Following Floer [13] we define the set of
bounded solutions, or moduli spaces of the Cauchy—Riemann equation inside a proper relative
braid class fiber [X] rel Y by

A (X1 rel i, H) E U el Y e A (TF) [ UGs, ) rel v e [X]rel Y, Vs €R].
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Note that since Y is stationary, U rel Y may be regarded as a path in I" F}, ,,,. We are also interested
in the paths traversed (as a function of s) by these bounded solutions in phase space. Hence we
define

y([x] rel Y; J, H) oo {X relY=0(,-)relY|Urel Y € ,///([X] rel Y; J, H)}

If there is no ambiguity about the relative braid class, or J and H, we write .# and .7. The
space .# can be equipped with the topology induced by compact-open C” topology of mappings
R x [0, 1] = D? x --- x D?, for any r > 0. The topology on .# is induced by the compact-open
C” topology (strong C” topology) in C” ([0, 1]; D? x - -- x D?).

6.2. Isolation

From Proposition 5.3 we derive that for proper braid classes, bounded solutions in
A ([X] rel Y) have modulus less than one, i.e. for every Urel Y € .# ([X] rel Y) it holds that
|U(s, t)| < 1, since braids in [X] rel Y cannot be contracted onto the boundary.

6.1. Corollary. For any Urel Y € . ([X] rel Y), it holds that |U(s,t)| < 1, for all (s,t) € R x
R/Z.

This implies that solutions in .# are supported in int(ID?). Next we combine this property with
the monotonicity principle and the compactness of bounded solutions of the Cauchy—Riemann
equations to formulate the main compactness statement for .Z ([X] rel Y).

6.3. Compactness

The following compactness statement is the culmination of the previous properties and results
for solutions of the Cauchy—Riemann equations on proper relative braid classes.

6.2. Proposition. For any fiber [X]rel Y of a proper relative braid class [X rel Y], the set
///([X] rel Y) is compact and |U(s, t)| < 1, forany Urel Y € A .

Proof. Let {u; rel Y} C . # ([X] rel Y) be a sequence of solutions. The extensions n! - U; are
smooth mappings, with n! - U; € AF;, and the components u{‘ :R x R/n!Z — D? satisfy the
Cauchy—Riemann equations. By construction they satisfy the periodicity condition

(n!-u)@s,t+1)= ((n!~U)(s,t)) -0, (6.3.1)

for all s, ¢. To the components uf‘ we can apply the a priori estimates in Proposition 4.1. These
imply the existence of subsequences uf, — uk, as i’ — oo in C"(I x R/n'Z;D?), for any
compact interval / C R. The limiting functions u* : R x R/n!Z — D? satisfy the Cauchy—
Riemann equations and the periodicity condition (6.3.1). Therefore, U rel Y, with U =n!- U](o,1],
is a smooth solution to the Cauchy—Riemann equations in the sense of Definition 5.5, with
U(s,0) rel Y € cl([X] rel Y), for all s € R. The remainder of the proof is to show that U(s, -)
is in the relative braid class [X] rel Y, by eliminating the possible boundary behaviors.
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If |uk(s0, tp)| = 1, for some (sg, fo) and k, then Proposition 5.3 implies that |uk| =1, hence
|uﬁ.‘,| — 1 as i’ — oo uniformly on compact sets in (s, z). This contradicts the fact that [X] rel Y
is proper, and therefore the limit satisfies [U(s, #)| < 1, for all s, 7.

If u (sg, 19) = ut’ (0, o) for some (sg, 79) and some pair k # k', then by Proposition 5.7 either
there exists an €y > 0 such that U(sg == €,-) rel Y € I'F,; rel Y and Cross(U(sg — €, -) rel Y) >
Cross(U(so + €, ) rel Y), for all 0 < € < €, or u* = u¥’, for at least one pair k # k’. The former
case will be dealt with below. In the latter case the limit has a collapsed singularity, i.e. Urel Y €
¥ _[X] rel Y, contradicting the fact that [X] rel Y is proper.

If uk(so, to) = yk, (tg) for some (sg, tp) and k and some yk, €Y, then by Proposition 5.7 either
there exists an €y > 0 such that U(sg = ¢,-) rel Y € I'F;; rel Y and Cross(U(sg — €, -) rel Y) >
Cross(U(sg + €, -) rel Y), for some 0 < € < €, or uk = yk,. Again, the former case will be dealt
with below. In the latter case U rel Y € ¥_[X] rel Y, contradicting the fact that X rel Y is proper.

Finally, the remaining two possibilities imply that both U(sg — €, -) rel Y, U(sp +€,-) rel Y €
I'F, rel Y, for all 0 < € < ¢€p, and thus U(sg — €, -) rel Y, U(so + €, -) rel Y € [X] rel Y (using the
fact that U(s, -) rel Y € cl([X] rel Y) for all s). This implies that

Cross(U(sg — €, -) rel Y) = Cross(U(sg + €, -) rel Y),

for all 0 < € < ¢p. This contradicts the strict inequalities for the crossing numbers given above
and therefore U(s, -) rel Y € [X] rel Y, for all s € R, which proves that .# ([X] rel Y) is compact
and |U(s,t)| < 1foralls,t. O

Proposition 6.2 implies an isolating property for the compact set . ([X] rel Y):
F([x]rel Y) C {X'rel Y € [X] rel Y | [X'| < 1}.

Crucial to the construction of Floer homology are the connecting orbit spaces: for X+ rel Y €
[X] rel Y we define

M(X_rel Y,XprelY) =

{U rel Y € ///(CI(FF,, rel Y)) | lim U(s,-) rel Y =Xy rel Y € [X] rel Y}. (6.3.2)
s— 100

By continuity it holds that U(s, -) rel Y € [X] rel Y for all |s| >> 1, sufficiently large, and there-
fore Cross(U(s, -) rel Y) = Cross(X4+ rel Y) for |s| > 1. If U(sg, -) rel Y ¢ I' F;, rel Y for some s,
then Proposition 5.7 implies that

Cross(X_ rel Y) > Cross(U(sp, -) rel Y) > Cross(X4 rel Y),

which is a contradiction. Consequently, U(s, -) rel Y € ['F;, rel Y, for s € R and in the same path
component [X] rel Y. This yields the following corollary.

6.3. Corollary. For any pair of proper braids X_rel Y,XrelY € [X]rel Y it holds that
M(X_rel Y, Xy rel Y) C A ([X] rel Y).
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This in turn implies that

U M(X_rel Y, Xy rel Y) C A ([X] rel Y).

X4 rel YE
Crity ([X] rel Y)

It is important to emphasize that, even though .# ([X] rel Y) is compact, the connecting or-
bit spaces are not necessarily compact. In the following sections we will discuss the non-
compactness of connecting orbits spaces in detail.

7. The Conley-Zehnder index for braids

The action .Zy has the property that stationary braids have a doubly unbounded spectrum,
i.e., if we consider the d*> %y (X) as a stationary braid X, then d 2Ly (X)isa self-adjoint operator
(on appropriately chosen function spaces) whose (real) spectrum consists of isolated eigenvalues
unbounded from above or below. The classical Morse index for stationary braids is therefore not
well-defined. The theory of the Maslov index for Lagrangian subspaces is used to replace the
classical Morse index [13,30,31], via Fredholm theory. In this section we will recall the standard
theory of Maslov indices as developed in [30] and we use these concepts to define an analogue
of the Conley—Zehnder index suitable for stationary braids.

7.1. The Maslov index

Let (E, ) be a (real) symplectic vector space of dimension dim E = 2n, with compati-
ble almost complex structure J € Sp™(E, ). An n-dimensional subspace V C E is called
LAGRANGIAN if w(v, v") =0 for all v,v" € V. Denote the space of Lagrangian subspaces of
(E,w) by L(E, w), or £ for short.

It is well-known that a subspace V C E is Lagrangian if and only if V =range(X) for some
linear map X : W — E of rank n and some n-dimensional (real) vector space W, with X satis-

fying

xTix=o, (7.1.1)

where the transpose is defined via the inner product (-, -) défa)(-, J-).

The map X is called a LAGRANGIAN FRAME for V. If we restrict to the special case (E, ) =
(R, @), with standard Jp, then for a point x in R*" one can choose symplectic coordinates
x=(p', .-, p" q', -+, ¢" and the standard symplectic form is given by @o = dp' A dq' +
g) with P, Q
n x n matrices satisfying P Q = QT P, and X has rank n. The condition on P and Q follows
immediately from Eq. (7.1.1).

For any fixed V € £, the space £ can be decomposed into strata Ex(V):

-« 4+dp" Adg"™. In this case a subspace V C R?" is Lagrangian if X = (

n
L=]JEw).
k=0
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The strata E;(V) of Lagrangian subspaces V' which intersect V in a subspace of dimension &
are submanifolds of co-dimension k(k + 1) /2. The MASLOV CYCLE is defined as

n

E(V)= U Er (V).

k=1

Let A(#) be a smooth curve of Lagrangian subspaces and X (f) a smooth Lagrangian frame for
A(t). A crossing is a number 7o such that A(fp) € E(V), i.e., X (fp)w =v € V, for some w € W,
0#veV.Foracurve A : [a,b] — £, the set of crossings is compact, and for each crossing
to € [a, b] we can define the crossing form on A(f9) N V:

T(A, V. 1) () € (X (to)w, X (to)w).

A crossing fg is called REGULAR if T" is of a nondegenerate form. If A : [a,b] — L is a La-
grangian curve that has only regular crossings then the MASLOV INDEX of the pair (A, V) is
defined by

1 1
w(A V)= sign D(A,V.a) + > sign (A, V. 10) + Ssign T(A V. b).

a<to<b

where I'(A, V,a) and I'(A, V, b) are zero when a or b are not crossings. The notation ‘sign’
is the signature of a quadratic form, i.e. the number of positive minus the number of negative
eigenvalues and the sum is over the crossings 7o € (a, b). Since the Maslov index is homotopy
invariant and every path is homotopic to a regular path the above definition extends to arbitrary
continuous Lagrangian paths, using property (iii) below. In the special case of (R>", @) we have
that

T(A, V. 10)(v) = @o(X (to)w, X' (to)w)
= (P(to)w, Q' (to)w) — (P’ (to)w, Q(t0)w).

A list of properties of the Maslov index can be found (and is proved) in [30], of which we mention
the most important ones:

(i) forany W e Sp(E), u(WA,WV) = u(A, V),
(ii) for A : [a, b] — L itholds that (A, V) = u(Ala,c1, V) +1(Ale,p, V), forany a < ¢ < b;
(iii) two paths Ag, Aj : [a,b] — £ with the same end points are homotopic if and only if
n(Ao, V) = pu(Ar, V);
(iv) for any path A : [a, b] — E;(V) it holds that u(A, V) =0.

The same can be carried out for pairs of Lagrangian curves A, AT : [a, b] — £. The crossing
form on A (fo) N AT (1) is then given by

T(A, AT 1) £ T(A, AT(10). 10) — T(AT, Alt0). 10).

3 This property shows that we can assume E to be the standard symplectic space without loss of generality.
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For pairs (A, AT) with only regular crossings the Maslov index (A, A") is defined in the same
way as above using the crossing form for Lagrangian pairs. By setting AT(r) = V we retrieve
the previous case, and A(¢r) =V yields I'(V, AT, 19) = =T (AT, V, tg). Consider the symplectic
space (E, @) = (E x E, (—w) x ), with almost complex structure (—J) x J. A A crossing A (79) N
AT (19) # & is equivalent to a crossing (A x AT)(to) € B(A), where A C E is the diagonal
Lagrangian plane, and A x AT a Lagragian curve in E, which follows from Eq. (7.1.1) using the

XT((t)) > Let o = (v, v) = X (f9)w, then

Lagrangian frame X (¢) = (
T(A x AT, A, 10) (D) = &(X (t0)w, X' (t9)w)
= —o(X(t)w, X' (1))w) + o(X (to)w, X (1) w)

=—T(A, AT (t0), 10)(v) + T (AT, A(t0), 10) (v).
This justifies the identity
w(A, AN = (A, A x A). (7.1.2)

Eq. (7.1.2) is used to define the Maslov index for continuous pairs of Lagrangian curves, and is
a special case of the more general formula below. For W : [a, b] — Sp(E) a symplectic curve,

p(WA, AT = pu(gr(¥), A x A, (7.1.3)

where gr(V) = {(x, Wx) | x € E} is the graph of W. The curve gr(¥)(¢) is a Lagrangian curve

in (E,») and Xy (t) = is a Lagrangian frame for gr(W¥). Indeed, via (7.1.1) we have

Id
v(r)

(Id w7 (1)) <_OJ 3) (\;g)) =T Jv@)—J =0,

which proves that gr(¥)(z) is a Lagrangian curve in E. Via E x E the crossing form is given by
P (2rw), A x AT 10) =T (2r(¥), (A x AN @), 10) =T (A x AT, gr(W) (1), 10)

and upon inspection consists of the three terms making up the crossing form of (V' A, AT)in E.
More specifically, let & = X (f9)€ = X (fo)1o = 1, so that W Xno = W&y = X9, which yields

I (2r(®), (A x AN W), 10) §) = 0 (W (10)60, W' (10)60)
= o (¥ (o) X (t0)10, ¥’ (t0) X (t0)10),
and
I (A x AT, gr(W)(0),10) (n)

—w(X (to)no, X' (to)no) + w(XT (f0)mo, XT/(to)no)

= — (W (1) X (10)n0, W (10) X (t0)10) + (X (t0)mo, X' (t0)mo).
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which proves Eq. (7.1.3). The crossing form for a more general Lagrangian pair (gr(¥), A),
where A(#) is a Lagrangian curve in E, is given by I (gr(¥), A, fo) as described above. In the
special case that A(t)=V x V, then

T (gr(¥), A, 10) (1) = 0 (¥ (1)w, V' (to)w),

where v = Xy (fp)w.

A particular example of the Maslov index for symplectic paths is the CONLEY—ZEHNDER IN-
DEX on (E, w) = (R, @), which is defined as ftcz(¥) = 1t (er(¥), A) for paths W : [a, b] —
Sp(2n, R), with W(a) = Id and Id — W(b) invertible. It holds that ¥’ = JoK ()W, for some
smooth path t — K (¢) of symmetric matrices. An intersection of gr(¥) and A is equivalent to
the condition det(W (#p) — Id) = 0, i.e. for &y € ker (W (#9) — Id) it holds that W (z9)&y = &p. The
crossing form is given by

T (gr(¥), A, t0) (§0) = @o (V¥ (10)&0. V' (t0)&0)
= (W (10)&0, K (10) W (t0)é0)
= (50, K (t0)&0)-

In the case of a symplectic path W : [0, 7] — Sp(2n, R), with W (0) = Id, the extended Conley—
Zehnder index is defined as ucz (W, ) = u(gr(¥), A).

7.2. The permuted Conley—Zehnder index

We now define a variation on the Conley—Zehnder index suitable for the application to braids.
Consider the symplectic space

E =R> x R?", w = (—dg) X @o.

In E we choose coordinates (x, x), with x = (pl, e, p",ql, ceo,q")and X = (]31, cee, ﬁ",ql,
.--,@") both in R*". Let o € S, be a permutation, then the permuted diagonal A, is defined by:

def ~ ~k ~
A E{. D) | (53 =0p"®.q°Y), 1 <k <n}. (7.2.1)

g 2 and the permuted diagonal A, is a Lagrangian
subspace of E. Let W : [0, t] — Sp(2n, R) be a symplectic path with W (0) = Id. A crossing
t = t¢ is defined by the condition ker (W (#9) — o) # {0} and the crossing form is given by

It holds that A, = gr(o), where o =

[ (gr(V), Ag, 10) (§5) = @o (¥ (1060, V' (10)&0)
= (W (10)&0, K (10) W (t0)é0)
= (0&0, K (to)a &) = (€0, 0" K (to)o &), (72.2)
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where gg = X,&p, and X, the frame for A,. The PERMUTED CONLEY—-ZEHNDER INDEX is
defined as

o (W, 1) = (g (W), Ag). (7.2.3)

Based on the properties of the Maslov index the following list of basic properties of the in-
dex (, can be derived.

7.1. Lemma. For ¥, W' : [0, 1] — Sp(2n, R) symplectic paths with ¥ (0) = W' (0) =1d,
() o (W x W', 1) = 1o (W, T) + 1o (W7, 7);

(i) let @i (t) : [0, T] — Sp(2n, R) be a symplectic loop (rotation) given by Oy (t) = e
Mo (PrW, T) = o (W, ) + 2kn.

2k
T JO’, then

Proof. Property (i) follows from the fact that the equations for the crossings decouple. As for (ii),
consider the symplectic curves (using W (0) = Id)

[ e@0v@) rel0,1] e ref0.1]
%(t)_{xy(r) telr.27l, ‘I"(”_{xy(z—r) el 2tl.

The curves Wy and W are homotopic via the homotopy

o _ [ POV =00 rel07]
MO =V w(r+rc—21) relr 27l

with A € [0, 1], and s (Wo, 27) = o (W1, 27). By definition of Wy it follows that p, (O W, 7) =
Ue (Yo, 27). Using properties (ii) and (iii) of the Maslov index above, we obtain
MU(qu\I’, 'L') = o (\I’(), 2‘[) = o (\Ilj, 21') =u (gr(\.yl)7 AJ)
= u (gr(®o)lj0,e1, Ag) + p (gr(W (t — T))r,201, Ao)
= 11 (gr(®p)l0,71, Ao) + o (W, 7).

It remains to evaluate u (gr((bk)|[o,,], Ag). Recall from [30, Remark 2.6], that for a Lagrangian
loop A(t + 1) = A(¢) and any Lagrangian subspace V the Maslov index is given by

(A, V)= M, det (P(t) +iQ(1)) = @,

where X = (P, Q) is a unitary Lagrangian frame for A. In particular, the index of the loop is
independent of the Lagrangian subspace V. From this we derive that

1 (gr(®u)lo,e1. Ao ) = 1 (gr(®i)lpo.c1. A).,

and the latter is computed as follows. Consider the crossings of ®j: det (62”"/ ©Joto Id) =0,

which holds fortg = tn/k,n =0, - - -, k. Since ®y, satisfies CID;c =2nk/t .70<I>k, the crossing form
is given by T (gr(®y), A, 10) & = (€0, 2k /T&0) = 27k /T|&0|%, with & € ker (W (19) — Id) # {0},



J.B. van den Berg et al. / J. Differential Equations 259 (2015) 1663—1721 1691

and sign I" (gr(®x), A, t9) = 2n (the dimension of the kernel is 2n). From this we derive that
u (gr(d>k)|[0,t], A) = 2kn and consequently u (gr(@k)ho,r], Ag) =2kn. O

8. A functional analytic framework
8.1. Function spaces

At the end of Section 6 it is pointed out that connecting orbits in a relative braid class fiber are
important for the construction of Floer homology. We will see in the next section that, generically,
all bounded solutions are connecting orbits. Consider the Banach spaces (1 < p < 00)

WL ([0, 11; R £ {5 e WhP ([0, 11 R?") | (n(0), n(1)) € A, }

WEPR x [0, 1;R¥) & (&£ e WP R x [0, 1;R>) | (£(s, 0), (s, 1)) € A, ).

For functions U € W;’p , with p > 2, consider the operator
Fyu: WEP(R x [0, 1]; R*) — LP (R x [0, 1]; R*"), (8.1.1)

defined as (3" 7. H(U)) p =07, aW®), k=1,...,n. Note that stationary braids are s-independent
solutions of Eq. (8.1.1). In order to study the spaces .# (X_ rel Y, X4 rel Y) we consider
Eq. (8.1.1) on the affine spaces

WP (X_rel Y, Xy el V) £ {2+ & | £ € WHP(R x [0, 1; R}, (8.1.2)

where Z(s, t) is a fixed, smooth connecting path such that lim,_, + o, Z(s, -) = X+ and |z(s, 1)| < 1
for all (s,7) € R x [0, 1]. When p > 2, then all functions U € ulyp(x_ rel Y, X4 rel Y) are
continuous and satisfy the limits lims_, +o0 U(s, -) = X+. The operator Iy i as mapping from
WVP(Xx_rel Y,X relY)to LP isa C! (nonlinear) operator and J; g (U) = O then defines the
space of connecting orbits .# (X_ rel Y, X, rel Y). Define the set of functions in % ' of mod-
ulus less than or equal to one by %) = {U € % "P(x_rel Y, X4 rel Y) | [U(s, 1) < 1}.

8.1. Lemma. Let Xy rel Y € [X]rel Y, a proper relative braid class, then 9;,111(0) N A =
M (X_rel Y, X4 rel ).

Proof. Let U € % be a zero of F; y(U) =0, then, since |U(s, ¢)| < 1, the a priori estimates in
Proposition 4.1 imply that U is a smooth mapping satisfying the Cauchy—Riemann equations, lim-
iting to the relative braids X+ rel Y. Moreover, from the monotonicity principle (Proposition 5.7)
and since limg_, 400 U(s, ) rel Y = X4 rel Y € [X] rel v, it follows that U(s, ) rel Y € [X]rel Y
foralls e R. O

The linearization dF; g (U) : W;’p — L? around a zero U is a linear operator of Cauchy—
Riemann type:

0 -0 = ,—
dJ; a(U) = 35 JE + JJod?*H (t,U(s, 1)) (8.1.3)
s
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where @o (-, J-) = wo(-, J-) @ - D wo(-, J-) and H(t, U(s, 1)) = Y}, H(t,u*(s,1)). The stan-
dard almost complex structure Jo is defined by (-, )g2n = w0 (-, Joo).

Such a linear operator can be transformed into standard type. We carry out the transformation
for the more general s-dependent Cauchy—Riemann equations (4.3.1). Consider the change of
variables u = ®(s)v, where s —> D (s) is a path in GL(2, R), satisfying J (s)®(s) = P (s)Jo and
Dd*wy = wo, i.e. det & (s) = 1. Such a smooth path in GL(2, R) can be found by solving the above
matrix equation. The almost complex structure J (s) is given by

_ (als) b(s) - 2 _
J(S)_(c(s) —a(s))’ with a“ 4+ bc=—1.

The matrices satisfying J (s)®(s) = O (s)Jp are given by

[ ra(s) +u —A+ pa(s)
CD(S)_( Ac(s) ue(s) )’ A eR,

and det(®) = (A% + p?) c(s). Since J(s) has limits it holds that 0 < c— < c(s) < ¢4 and the
functions b(s) and a(s) are bounded as well. Choose A and u such that 224+ ,u2 =1/c(s). Then
s+ ®(s) is a path with det @ (s) = 1 and J (s)D(s) = P(s)Jp.

The following lemma simplifies the analysis for the case of s-dependent complex structures.
We assume throughout that J (s) is constant for sufficiently large |s|.

8.2. Lemma. Under the change of variables described above we have that

O dF; g () = ai — 70% —®T(s)d*H(t,u(s, 1) D(s) + D 1 (5)Ds(s), (8.1.4)
S

where ® = ® @ --- @ ®. The matrix function ®T (s)d*H (t, U(s, t)P(s) is symmetric and
o1 (s)Ds(s) has compact support.

Proof. We need to transform the linearization of Eq. (4.3.1). Using the change of variables given
above substitute £ = O (s)n into & — J& + JJod?*H(t, uk(s, t))&. This gives

& — JE& + JJod> H(t,u* (s, 1) = Oy — J Oy + J Jod” H 1, u* (s, 1)) D + Dy
= (s = Jon + Jo®~ Jod H 1, u s, 0)® + 07 ),
from which the lemma follows using the identity Jod~'Jo=—-®7. O
8.2. Fredholm theory and the Maslov index for closed braids

The main result of this section concerns the relation between the permuted Conley—Zehnder
index s and the Fredholm index of the linearized Cauchy—Riemann operator

9 _ 73 K(s,1)
Kdo =55~ 0%, S 1,
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where K(s,t) is a family of symmetric 2n x 2n matrices parameterized by R x [0, 1].
In Lemma 8.2 we showed that the linearization of the Cauchy-Riemann equations can be
transformed into a perturbed Cauchy—Riemann operator of the type dg a,, with K(s,f) =
T (5)d*H(t,U(s, 1)) P(s) + D ()P, (s). For |s| > 1, ® is independent of s, hence the second
term in K vanishes, so that K (s, t) is symmetric for sufficiently large |s|. Note that u may be a
connecting orbit, hence K is not assumed to be constant for large s. This motivates the study of
the perturbed Cauchy—Riemann operators dx A, below.

The operator dx A, acts on functions satisfying the non-local boundary conditions (E(s, 0),
E(s, 1)) € A, or in other words £(s, 1) = £(s,0) - 0. On K we impose the following hypotheses:

(k1) the matrix-function K : R x [0, 1] - M (2n, R) is symmetric for |s| sufficiently large, with
uniform limits limg_, 450 K(s,1) = K+ (2);
(k2) the solutions W of the initial value problem

d _
E\I}i —JoK+(t)Y+ =0, Vv, (0)=1d,

have the property that gr(\yi(l)) is transverse to A .

Hypothesis (k2) can be rephrased as det(llli(l) — a) = 0. It follows from the proof below that
this is equivalent to saying that the mappings Ly = J 0% + K4 (¢) are invertible.
In [31] (Theorem 7.42) the following result was proved.

8.3. Proposition. Suppose that hypotheses (k1) and (k2) are satisfied. Then the operator dk A, :
W;’z — L? is Fredholm and the Fredholm index is given by

ind . A, = o (V_, 1) = e (U4, 1).

As a matter of fact dg a, is a Fredholm operator from W;’p to LP, 1 < p < oo, with the same
Fredholm index.

Proof. We will sketch the proof adjusted to the special situation here. Regard the linearized
Cauchy-Riemann operator as an unbounded operator

d
Dy = I L(s),

on Lz(R; L2([0, 11; RZ”)), where L(s) = 70% + K(s,t). Assume that K (s,t) is symmetric,
so that L(s) is a family of unbounded, self-adjoint operators on L2([0, 1]; R?"), with (dense)
domain W}-2([0, 1]; R?"). In general, L(s) is only self-ajdoint for |s| > 1. However, L(s) is a
compact perturbation of a self-adjoint operator, which does not change the Fredholm property
or index. It therefore suffices to consider the self-adjoint case. In this special case the result

follows from the spectral flow of L(s): for the path s — L(s) a number sg € R is a crossing if
ker L(s) # {0}. On ker L(s) we have the crossing form

1
€ 12 8K )
A e | 10

0
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with & € ker L(s). If the path s — L(s) has only regular crossings — crossings for which I" is
non-degenerate — then the main result in [31] states that Dy, is Fredholm with

. . def
ind D; = — Z sign I"(L, s0) = _l/«spec(L)-
50

Let W (s, ) be the solution of the s-parametrized family of ODEs

L(s)¥(s,1) =0,
W(s,0) = Id.

Note that & € ker L(s) if and only if &£(r) = W(s, )& and W(s, )& = a&p, ie., & €
ker(W (s, 1) — o). The crossing form for L can be related to the crossing form for (gr(¥), As).
We have that L(s)W (s, -) = 0 and thus by differentiating

2
0K s, t)\ll(s D+ K02 (S D__7,0%6.0 ;p(ast’t).
S

From this we derive

IK (s, 1)
~(wis.ng. - w(s,r)so)
S
82
= (wis 00, K5, Do)+ (wis. 080, To o)
, BRA
= (k0w 0z, 2 e D)+ (wis, o, To oD,
— 0W(s, 1) 8\11(s 1) W (s, 1)
=—<J0 o &o, §0> <‘If(s t)§0,10W50>,
which yields that
3
< t)éo, (S t) )$o> <‘1’(S Héo, Jo ;S t)§>

We substitute this identity in the integral crossing form for L(s) at a crossing s = s¢:

1
rLoso@ = [ g0, 25 e
0
1
= [{vena. w6 ngar
0
= (w080, 7o D) = wis, 1o, To L0 D)

IW(s, 1) 50)

= o (W(s. D0 —5-

=T (gr(¥(s, 1), A, 50) (59)-
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(iii)

| e A
) 7

g

-

ya
—-—'-.

-

Fig. 8.2.1. The symplectic contour in R2 and as cylinder [T, T] x R/Z.

The boundary term at r = 0 is zero since W(s,0) = Id for all s. The relation between the
crossing forms proves that the curves s — L(s) and s — W(s, 1) have the same crossings
and p(gr(W(s, 1)), Ag) = tspec(L). We assume that W(£T,t) = W1 (¢), and that the crossings
s = 5o are regular, as the general case follows from homotopy invariance. Consider W (s, ) as
a symplectic operator parametrized by s and ¢. The symplectic path along the boundary of the
cylinder [-T,T] x R/Z C R x R/Z yields

—u(A, Ag) — o (W, 1) + Mspcc(L) +ue (-, 1)=0.

Indeed, since the loop is contractible the sum of the terms is zero. The individual terms along
the boundary components are found as follows, see Fig. 8.2.1: (i) for —T <s < T, it holds
that W(s, 0) = Id, and thus gr(¥(s,0)) = A and u(gr(¥(s,0)), As) = (A, Ay); (ii) for 0 <
t <1, we have W(T,t) = W, (), and therefore p(gr(V;), Ay) = e (W4, 1); (iii) for =T <
s < T (opposite direction) the previous calculations with the crossing form for L(s) show that
n(gr(W(s, 1)), Ag) = pspec(L); (iv) for 0 <t < 1 (opposite direction), it holds that W (-7, 1) =
W_ (1), and therefore u(gr(¥-), As) = e (W-, 1). Since ind D = —tspec (L) we obtain

ind D =ind 9k A, = o (W—, 1) — o (W, 1) + (A, Ag).

Since A, and A are both constant Lagrangian curves, it follows that w(A, As) = 0, which
concludes the proof of the theorem. O

_ We recall from Section 4 that the Hamiltonian for multi-strand braids is defined as
H(t,X(1) =Y H(t, x¥(t)). The linearization around a braid X is given by

_d _
Lxg_fz%my;ma+d%ﬂnm. (8.2.1)

Define the symplectic path ¥ : [0, 1] — Sp(2n, R) by

o Jod“H(t, X(t))¥ =0, v (0)=1Id. (8.2.2)
For convenience we write K (t) = d*H (¢, X(1)), so that the linearized equation becomes %\Il —

JoK (@)W =0.
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8.4. Lemma. Ifdet(\ll(l) — a) #0, then uys (W, 1) is an integer.

Proof. Since crossings between gr(¥) and A, occur when det(\IJ (1) — a) = (0, the only endpoint
that may lead to a non-integer contribution is the starting point. There the crossing form is, as
in (7.2.2), given by

L(gr(¥), Ay, 0)(E7) = (§,0 K(0)0§),

for all £ € ker(W(0) — o). The kernel of W(0) — 0 = Id — o is even dimensional, since in
coordinates (7.2.1) it is of the form ker(Id,, — o) = ker(Id,, — o) x ker(Id,, — o). Therefore,
sign I'(gr(¥), Ay, 0) is always even, and us (W, 1) is an integer. O

The non-degeneracy condition leads to an integer valued Conley—Zehnder index for braids.

8.5. Definition. A stationary braid X is said to be NON-DEGENERATE if det(¥ (1) — o) # 0. The

Conley—Zehnder index of a non-degenerate stationary braid X is defined by w(X) &ef ne (W, 1),

where o € §), is the associated permutation of X.
The proof of the following remark can be found in Thm. 3.3 in [35].

8.6. Remark. If X = {xk (t)} is a stationary non-degenerate braid, then w(X) can be related to the
Morse indices H(xk) provided that the matrix norm of K = d*H (xk) is not too large, e.g. if

def
1Kl < 27. For wr (X) S Y i (x%),

w00 =t (W, ) =" (1= i (@5 =n = 1 (). (8.23)
k

This relation can be useful in some instances for computing Floer homology, see Section 13.2.
Indeed, in dimension two W satisfies: W (1) = exp (JoKt), where K = d?H (x*(1)) is a constant
matrix. Then p(x¥) = ucz (W) =1 — = (K), where = (K) is the number of negative eigenval-
ues of eigenvalues.

9. Transversality and connecting orbit spaces

Central to the analysis of the Cauchy—Riemann equations are various generic non-degeneracy
and transversality properties. The first important statement in this direction involves the generic
non-degeneracy of critical points.

9.1. Generic properties of critical points

The Hamiltonians in this section are chosen from the class ¢ = .77 (]D)z), which is defined at
the beginning of Section 3.2. On C*®(R/Z x D?; R) we define the norm

o0
def
Ihllce =) " elihlicr.
k=0
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for a sufficiently fast decaying sequence €, > 0, such that (part of) C* equipped with this norm
is a separable Banach space, dense in L2. The set .7 is a closed linear subspace.

The genericity result below is special in the way that perturbations are with respect to Hamil-
tonians on R/Z x D?, not on R/Z x D? x --- x D?. For completeness we carry out the subtle
constructions.

9.1. Proposition. Let [X rel Y] be a proper relative braid class and [X] rel Y a fiber. Then, for
any Hamiltonian H € ¢, with Y € Critgy (' Fy,), there exists a 8, > 0 such that for any § < §,
there exists a nearby Hamiltonian H' € 7 satisfying

() I|1H—H'||c <8;
(ii) Y € Critg (T F,),

such that Crity ([X] rel Y) consists of only finitely many non-degenerate critical points for the
action Ly.

The property that Crity ([X] rel Y) consists of only non-degenerate critical points is called a
generic property, and is satisfied by generic Hamiltonians in the above sense, denoted by 78
and which are dense in 7.

Proof of Proposition 9.1. Given H € 7 we start off with defining a class of perturbations. For
a braid Y € I' F,,;, define the tubular neighborhood N (Y) of Y in [0, 1] x D? by :

N = |J BGFay.

k=1,---,m
tel0,1]

If € > 0 is sufficiently small, then a neighborhood N,(Y) consists of m disjoint cylinders. Let
D ={x €eD?| 1 —e < |x| < 1} be a small neighborhood of the boundary, and define

Ae =Ne(W) U (0,11 x D¢), A = ([0, 1] x D)\ Ae.

Let ([X]rel Y; J, H) represent the paths in the cylinder traced out by the elements of
L ([X]rel Y; J, H):

def

F(X]rel Y; J, H) = {6, x5 @) | 1 <k <n, 1 €]0,1], x € L([X] rel Y; J, H)}.

Since [X] rel Y is proper, by Proposition 6.2 there exists an €, > 0, such that for all € < ¢, it
holds that .7 ([X] rel Y; J, H) C int(Af_). Now fix € € (0, €,]. Let

¥ € h e C®(R/Z x D R) | supph C A},

def
Yse = {he V| |hlce <8},

and consider Hamiltonians of the form H' = H 4+ hs € 5, with hs € ¥; .. Then, by construction,
Y € Crity/ (I' Fy,), and by Proposition 6.2 the set . ([X] rel Y; J, H’) is compact and isolated in



1698 J.B. van den Berg et al. / J. Differential Equations 259 (2015) 1663—1721

the proper braid class [X] rel Y for all perturbation /s € ¥ . A straightforward compactness ar-
gument using the compactness result of Proposition 6.2 shows that 7 ([X] rel Y; J, H + hg) con-
verges to Z ([X] rel Y; J, H) in the Hausdorff metric as § — 0. Therefore, there exists a 8, > 0,
such that .7 ([X] rel Y; J, H + hs) C int(A5,), for all 0 <& < §,. In particular Critgip,, C
int(AEG), forall 0 < § < é,. Now fix § € (0, 5,].

The Hamilton equations for H' are xtk — JyVH (1, x5 = JyVh(t, x) = 0, with periodic bound-
ary conditions in 7. Define % C W,}'z([O, 1]: R2") to be the open subset of functions X = {xk }
such that x¥(r) € int(AE .) and define the nonlinear mapping

S: U x V5. — L*(10, 1] R*),
which represents the above system of equations and boundary conditions. Explicitly,
S(x,h)=JoX; + VH(t,X) + Vh(t,X),

where H(t,X) = Dok H(t, x*), and likewise for i. The mapping § is linear in A. Since G is
defined on % and both H and h are of class C, the mapping G is of class C'. The derivative
with respect to variations (&, §h) € W;’Z([O, 11; R2Y) x ¥ is given by

dS(X, h) (€, 8h) = Jo& + d*>H(t, X)€ + d*h(t, X)E + VSh(t, X)
= Lx& + V8h(t, X),

where Ly = Jo4 + d*H(t,X) + d*h(, X), by analogy with Eq. (8.2.1). We see that there is
a one-to-one correspondence between elements W in the kernel of Ly and symplectic paths
described by Eq. (8.2.2) with det(\IJ(l) — a) = 0. In other words, the stationary braid X is non-
degenerate if and only if Ly has trivial kernel.

The operator Ly is self-adjoint on L2([0, 1]; IRZ") with domain W;’z([O, 1]; RZ”) and is Fred-

holm with ind(Lx) = 0. Therefore G, &f G(-, h) is a (proper) nonlinear Fredholm operator with
ind(Gy) =ind(Lx) =0.
Define the set
2 ={(X,h) € U x ¥5.c | §(X, h) =0} =G~ '(0).

We show that & is a Banach manifold by demonstrating that dG(X, h) is surjective for all
(X,h) € Z. Since dG(X, h)(£,8h) = Lx& + V38h(t, X), and the (closed) range of Ly has fi-
nite codimension, we need to show there is a (finite dimensional) complement of R(Lx) in the
image of V8h(z, X). It suffices to show that {Véh({, X)}ahev/g is dense in L2([0, 1]; R?").
Recall that for any pair (X, h) € Z, it holds that X € Critys C int(A5,). As before consider a
neighborhood N¢(X), so that N.(X) C int(A¢) and consists of n disjoint cylinders N (x%). Let
¢k (1, x) € C§°(Ne(xh)), such that ¢ = 1 on Ne)»(x*). Define, for arbitrary f* € C*(R/Z; R?),

@GR, x) =Y ¢t ) (FF (1), x) 2.

k=1
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Since ¢ (¢, x()) = 1 it holds that 8k (¢, X) = Y j_, (f¥(t), x*) 2 for X € Crity, and therefore
the gradient satisfies VSh(t,X) = (fk) € C*WR/Z; R2"). Moreover, 8h € ¥, by construction,
and because C*®(R/Z; R?") is dense in L([0, 1]; R?") it follows that dS(X, k) is surjective.

Consider the projection 7 : & — ¥ ¢, defined by 7 (X, h) = h. The projection x is a Fred-
holm operator. Indeed, dr : Tx ny Z — Ve, with dm (X, h) (&, 8h) = §h, and

Toon 2 = {(s, §hy € W12 x ¥ | Lx& — V5h =o} .

From this it follows that ind(dnw) = ind(Lx) = 0. The Sard—Smale Theorem implies that the
set of perturbations & € ”//Br,ig C 75, for which & is a regular value of 7 being a countable
intersection of open and dense subsets, and thus a residual set and dense by the Baire cate-
gory theorem. It remains to show that /2 € ”I/Sr’ig yields that Ly is surjective. Let i € “I/(;r’eeg , and
(X, h) € Z, then dG(X, h) is surjective, i.e., for any ¢ € L2([0, 1]; R?") there are (&, 8h) such that
dS(X, h)(&,8h) = ¢. On the other hand, since # is a regular value for , there exists a /E\ such
that d7 (X, h) (€, 8h) = 8h, (€, 8h) € Tx.m %, i.e. L& — V8h = 0. Now

Lx(§ —&) =dS(X, h)(£ —E,0)
=dS(X, h)((,8h) — E.m)=¢ —0=¢,

which proves that for all 1 € ”f/arig the operator Ly is surjective, and hence also injective, implying
that X is non-degenerate. O

In Corollary 6.3 we showed that for any pair of proper braids X_ rel Y, X4 rel Y € [X] rel Y it
holds that .# (X_ rel Y, Xy rel Y) C . ([X] rel Y) and thus

)  #xrely.xqrely) C.#(X]rel Y). ©.1.1)

X+ rel YE
Critgy ([X] rel Y)

For generic Hamiltonians H € .7 we also have the reversed inclusion.

9.2. Lemma. Let [X rel Y] be a proper braid class, [X]rel Y a fiber and let H € ™8 be a
generic Hamiltonian with Y € Crity (I' Fy,). Then,

M ([X]rel Y) C U M(X—rel Y, X4 rel Y),

X4 rel YE
Critg ([X] rel Y)

which yields equality in view of (9.1.1).
Proof. See [33, Proposition 4.2], for a detailed proof. O
As pointed out before the sets .#x_ x, ([X] rel Y) are not necessarily compact. The following

corollary gives a more precise statement about the compactness of the spaces .#x_ x, ([X] rel Y),
which will be referred to as geometric convergence.



1700 J.B. van den Berg et al. / J. Differential Equations 259 (2015) 1663—1721

9.3. Corollary. Let [X rel Y] be a proper relative braid class, [X]rel Y a fiber and let H €
FE°8 be a generic Hamiltonian with Y € Crity (U'F,,). Then for any sequence {U; rel Y} C
M (X_ el Y, X4 rel Y) (along a subsequence) there exist stationary braids X/ € Crity ([X] rel Y),
j=0,...,d, orbits Ul rel Y € 4 (X rel Y, x/71 rel Y) and times sij, j=1,...,d, such that

(Ui rel Y)(-+5/,) — U rel Y, i — oo,

in Cj, (R x R/Z), for any r > 1. Moreover, xOrel Y = X, rel Y and x? rel Y = X_ rel Y and
Lu(x))y > Ly xI~Y for j=1,...,d. The sequence U; rel Y is said to geometrically converge
to the broken trajectory (Ulrely,..., u? rel Y).

Proof. See [33, Proposition 4.2], for a detailed proof. O
9.2. Generic properties for connecting orbits

As for critical points, non-degeneracy can also be defined for connecting orbits. This closely
follows the ideas in the previous subsection. Set W;’p = W;’p (R x [0,1]; R?*") and L? =
LP(R x [0, 1]; R?").

Let X_, X4+ € Critg(I'F,;) be non-degenerate stationary braids. A connecting orbit U €
//lxjigq is said to be NON-DEGENERATE, or TRANSVERSE, if the linearized Cauchy—Riemann
operator

9 — 9 - .
— — J—+JJod*H(t,U(s, 1)) : WhP > P,
o 8t+ 0 (t,U(s, 1)) o C =

is a surjective operator (for all 1 < p < c0).
As before we equip C*°(R/Z x D?; R) with a Banach structure.

9.4. Proposition. Let [X] rel Y be a proper relative braid class, and H € F€ be a generic Hamil-
tonian such that Y € Crity (I' Fy,). Then, there exists a 8, > 0 such that for any § < 8, there exists

a nearby Hamiltonian H' € 7 with |H — H'||co < 8 and Y € Crity: (T'Fy,) such that

(i) Crity ([X] rel Y) = Crity ([X] rel Y) and consists of only non-degenerate stationary points
for the action Ly;

and for any pair X_, X4 € Critg ([X] rel Y)

(i) L (x_rel Y, Xy rel Y; J, H') is isolated in [X] rel Y;

(iil) A (x_rel Y,X4 rel Y; J, H') consists of non-degenerate connecting orbits;

(iv) A (X_ rel Y, X4 rel Y; J, H') are smooth manifolds without boundary and
dim.Z(X_rel Y, X rel Y; J, H) = u(xX_) — u(Xy),

where w is the Conley—Zehnder index defined in Definition 8.5.

Proof. Since [X]rel Y is a proper braid class it follows from Proposition 6.2 that .%x_ x_ is
isolated in [X] rel Y for any H' € 7 provided Y € Crity.
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As for the transversality properties we follow Salamon and Zehnder [35], where perturbations
in R?" are considered. We adapt the proof for Hamiltonians in R?. The proof is similar in spirit to
the genericity of critical points. We restrict attention to the transversality properties of connecting
orbits for a single pair (X, X4 ), and refer to Remark 9.5 for the general statement.

As in the proof of Proposition 9.1 we denote by ¥¢ the set of perturbations 2 € C*°(R/Z x
D?; R) whose support is bounded away from (¢, Y(¢)), (¢, X+ (#)) and 9D? (this yields a cor-
responding set A¢ as in the proof of Proposition 9.1). It follows that there exists a dx such
that if we choose an h € ¥ = {h € Yc|||h|ce < &} with § <, then Crity ([X]rel Y) =
Critg ([X] rel Y) and it consists of only non-degenerate stationary points for the action .Z-. For
details of this construction we refer to the proof of Proposition 9.1.

Define the Cauchy—Riemann operator

S(U,h)=Us — JU; + JJoVH(t,U) + JJoVh(t, V).
Then the mapping (see (8.1.2))
G: P (x_rel Y, Xy rel Y) x 775,6 — LP(R x [0, 1]; R™"),

is smooth (as before, we shall only consider U € % "7 with |U(s, t)| < 1 for all s, 7). Define

def

P xy =) e w P (x_rel Y, X4 rel Y) x ¢ | G(U, h) =0} = G71(0),

which is Banach manifold provided that dG(U, k) is onto on for all (U, h) € Z%_ x +» where
dS(u, h) (&, 8h) = diG(U, 8h)§ + JJoV3h.

Assume that dG(U, h) is not onto. Then there exists a non-zero function € LY which annihilates
the range of dG(U, i) and thus also the range of d1 §(U, k), which is a Fredholm operator of index
W(X_)—u(X4); see Proposition 8.3. If we identify the dual pairing (-, -) with the g-inner product
we obtain

(d5(u, h)(§,8h),n) = (d5(U, h)(§,8h), n)gdtds

ot _

8\3 é\»8

1
/ (dS(U, h)(, 8h), =TT n)gandtds = 0.
0

The relation (d|G(U, h)&, n) = 0 for all £ then implies that
d1S(U, h)*n = —ng — T, 4+ T Jod*H(t, U)n + T Jod*h(t, U)n = 0.

Since (dG(u, h)(&, 8h), n) = 0 it follows that



1702 J.B. van den Berg et al. / J. Differential Equations 259 (2015) 1663—1721

8\8

1 oo 1
/ (n(s, 1),V 5h) dtds = — / / (n(s, 1), JJOV(Sh) dtds
0 -0 0

oo 1
= // n(s,t), Voh) Yr2ndtds =0, 9.2.1)
oo 0

for all k. Due to the assumptions on & and H, the regularity theory for the linear Cauchy—
Riemann operator implies that 1 is smooth. It remains to show that no such non-zero function n
exists.

Step 1: The function 7 satisfies the following perturbed Laplace’s equation: An = 935 5717 =
377 Jod*>H(t, U)n + 357 Jod*h(t, U)n. If at some (so, fo) all derivatives of 7 vanish, it follows
from Aronszajn’s unique continuation [6] that n = 0 is a neighborhood of (sg, f9). Therefore
n(s,t) # 0 for almost all (s,7) € R x [0, 1].

Step 2: The vectors n(s,t) = (nk(s, t)) and Ug(s,t) = (ui‘(s, t)) are linearly dependent for
all s and ¢. Suppose not, then these vectors are linearly independent at some point (so, fp). By
Theorem 8.2 in [35] we may assume without loss of generality that U (sg, #9) 7% 0 and U(sg, t9) #
X4 (fg) — a regular point. We carry out the argument for one component of U and we therefore
assume without loss of generality that U consists of one component. As before let U denote the
concatenation of the strands:

UG, T+k—D=ul@1), n6t+k—D=n"61), te€l01], k=1,-,m
Then both U : R x R/mZ — D? andQ:RxR/mZ—)R2 satisfy the equations

U, — JU, + JIOVH(t,U) + JJoVh(t,U) =0, and
—n, —Jn, + JJod*H(t, 0)n + J Jod*h(t, 1)y =0,

on D? and U, and 7 are linearly independent at (so, fo). We can now apply the arguments as in

the proof of Theorem 8.4 in [35] with M = ID?. Since (s, fo) is a regular point there exists small
neighborhood Uy C R/mZ x D?, such that Vo = {(s, ) | (¢, U(s, 1)) € Up} is a open neighbor-
hood of (so, 7o) and Up N A = &. The set Uy is a neighborhood of u"(so, to — k + 1) — note that
to —k+1¢€[0, 1] —, for some 1 <k <m and has the important property that

WK (s,t—K+1)¢Uy, V k#k,and ¥V re[k —1,k]. (9.2.2)

The proof in [35] shows that the map (s, t) > (¢, U(s, t)) from Vj to Uy is a diffeomorphism onto
its image. By choosing Vj small enough, n(s, t) and U (s, t) are linearly independent of Vj. As
in [35] this yields the existence of coordinates ¢, : D*> — R? in a neighborhood of (1, U(so, f0)) €
Uy such that

¢ (us, 1)) = (s — 50, 0), dg:(U(s,1))n(s, 1) = (0, 1).
Define g : R/Z x R? — R as follows:

gt,y1,y2) =Bt —t0)B(y1B(2)y2, for teR,
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where 8 > 0 is a C* cutoff function such that § =1 on a ball Bj, (0) centered at zero for
sufficiently small positive §1, and 8 = 0 outside of Bys, (0). We define a Hamiltonian 64 : R/Z x
D? — R via

6h(t7x):g(t1 ¢f(x))’ (t9x)€U0'

By construction, §k can be extended smoothly by setting it identically zero on the set [ty —
1/2, 19 + 1/2] x D? \ Uy. We extend 8k periodically to all of R x D?. Due to (9.2.2) it holds
that d8h(zr, U(s, t)) = O for all (¢, U(s, 1)) € R/mZ x D? \ Up. This is the very reason why the
1-periodic extension above does not cause additional terms and allows for the construction of a
Hamiltonian which is 1-periodic in 7. On the set Uy the above calculation yields

dh(r, U(s, 0)n(s, 1) = (s — s0) Bt — o),

for all (s, t) € Vp. This implies

oo 1 [e'¢]
f fd(ﬁ(t,U(s,t))n(s,t)z f fd(Sh(t,g(s,t))Q(s,t) >0,
—0 0

—00 0

and since d8h(t, U(s, n(s,t) =(n(s,t), VS_thZn we obtain

oo 1
/ / n(s, t), V8h)gmdtds > 0,
%0

which contradicts Eq. (9.2.1).

The remaining steps are identical to those in the proof of Theorem 8.4 in [35]: we outline
these for completeness.

Step 3: The previous step implies the existence of a function A : R x [0, 1] — R such that
n(s,t) = A(s, t)a—U(s t), for all s, ¢t for which 7(s, ) # 0. Using a contradiction argument with
respect to Eq. (9.2.1) yields 3)“ (s, t) =0, for almost all (s, ¢). In particular we obtain that X is
s-independent and we can assume that A(t) > 6 > O for all ¢ € [0, 1] (invoking again unique
continuation).

Step 4: This final step provides a contradiction to the assumption that 4§ is not onto. It holds

that
1 1
/< (s, 1), n(s, t)> dt = /A(t)
0 8 0

The functions Uy and 5 satisfy the equations d; G(U, h)Us = 0 and d, (U, h)*n = 0, respectively.
From these equations we can derive expressions for Ugs and 7y, from which it follows that

1
if<—(s 1), n(s, t)> dt =0.
ds 2
0

1

dt>5/ —(s t)

0

2 2
dt > 0.

8

—(s 1)
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Combining this with the previous estimate yields that ffooo fol |Us (s, t)|2dt = 00, which, com-
bined with the compactness properties, contradicts the fact that U € .#x_ x, (Corollary 4.3);
thus dG(U, h) is onto for all (U, h) € Z%_ x, .

We can now apply the Sard—Smale theorem as in the proof of Proposition 9.1. The only
difference here is that application of the Sard—Smale requires (u(X—) — @ (X4) 4 1)-smoothness
of G which is guaranteed by the smoothness of Y, H and 4. O

9.5. Remark. We can label a Hamiltonian to be generic now if both Crity ([X]rel Y) and
M(X_rel Y, Xy rel Y) for all X4 € Crity([X]rel Y), are non-degenerate. The terminology
‘generic’ is justified since the proofs of Propositions 9.1 and 9.4 provide a residual set of Hamil-
tonians J#es. Namely, we may take the (finitely many) intersections for the different pairs X4,
which yields a dense set of Hamiltonians for which properties (i)—(iv) in Proposition 9.4 hold for
all pairs (X_, X4 ) and thus for all of .Z ([X] rel Y; J, H).

For generic Hamiltonians H € J%, the convergence of Corollary 9.3 can be extended with
estimates on the Conley—Zehnder indices of the stationary braids.

9.6. Corollary. Let [X] rel Y be a proper relative braid class and H € ey be a generic Hamilto-

nian with Y € Crity (I' Fyy). If U, geometrically converges to the broken trajectory (ul, ... um,
withUl e #(x'rel Y, x'"Lrely; J,H), i=1,...,mand X' € Crity([X]rel Y), i =0, ..., m,
then

p(x) > pxh,
fori=1,...,m.
Proof. See [33] for a detailed proof of this statement. O

The above proof also carries over to the Cauchy—Riemann equations with s-dependent Hamil-
tonians H (s, -, -). Exploiting the Fredholm index property for the s-dependent case we obtain
the following corollary. Let s — H (s, -, -) be a smooth path in J# with the property Hy; = 0 for
|s| > R. We have the following non-autonomous version of Proposition 9.4, see [35].

9.7. Corollary. Let [X rel Y] be a proper relative braid class with fibers [X]rel Y, [X'] rel Y/
in [Xrel Y]. Let s — H(s,-,-) be a smooth path in ¢ as described above with Hi =
H(%oo,-, ) € Heg and Y € Crity_(T'Fy), Y € Critg, (I'Fyy). Then there exists a 8, > 0 such
that for any 8 < 8, there exists a path of Hamiltonians s — H'(s,-,-) in J€, with H] =0 for
|s| > R, H(*o0,-,)=Hy and |H — H'||c> < 8 such that

(1) L(xrel Y]; J, H') is isolated in [X rel Y];
() A (X_relY, X/+ rel Y'; J, H') consist of non-degenerate connecting orbits with respect to
the s-dependent Cauchy—Riemann equations;
(iii) A (x_rel Y, X rel Y'; J, H') are smooth manifolds without boundary with

dim.Z (x_rel Y, X/ rel Y; J, H') = pn(X-) — u(x}),

where w is the Conley—Zehnder indices with respect to the Hamiltonians H.
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10. Floer homology for proper braid classes
10.1. Definition

Let Y € I'F,, be a smooth braid and [X] rel Y a proper relative braid class. Let H € %,
be a generic Hamiltonian with respect to the proper braid class [X]rel Y (as per Proposi-
tions 9.1 and 9.4). Then the set of bounded solutions .# ([X]rel Y) is compact and non-
degenerate, Crity ([X] rel Y) is non-degenerate, and .7 ([X] rel Y) is isolated in [X] rel Y. Since
Critg ([X] rel Y) is a finite set we can define the chain groups

Ce([X1rel Y, H; Z,) & o Zy- X, (10.1.1)

X' eCrity ([X] rel Y)
n(x=k

as products of Z,. We define the boundary operator d; : Cy — Ck—_1 in the standard manner
as follows. By Proposition 9.4, the orbits U € .# (X_ rel Y, X4 rel Y) are non-degenerate for
all pairs X_, Xy € Critg([X]rel Y). Let .#Z(X_rel Y,X; rel Y) = 4 (X_rel Y, X4 rel Y)/R
be the equivalence classes of orbits identified by translation in the s-variable. Consequently,
the %(X, rel Y, X4 rel Y) are smooth manifolds of dimension dim%(x, rel Y,X; rel Y) =

pX-) —pu(Xq) — 1.

10.1. Lemma. If u(X-) — u(X4+) = 1, then ;/\/(X_ rel Y, X4 rel Y) consists of finitely many
equivalence classes.

Proof. From the compactness Theorem 4.1 and the geometric convergence in Corollaries 9.3
and 9.6, we derive that any sequence {U,} C .# (X_ rel Y, X4 rel Y) has a subsequence which

geometrically converges to a broken trajectory (U!, ..., U"™), with U' € . (x' rel Y, X' ! rel Y),
i=1,...,m and X' € Crity([X]rel Y), i =O0,...,m, such that u(x’) > u(x‘~1), for i =
1,...,m. Since by assumption p(X_) = u(X4) + 1, it follows that m = 1 and U, converges

to a single orbit vl e #(x_rel y, X+ rel Y). Therefore, the set %(X, rel Y, X4 rel Y) is com-
pact. From Proposition 9.4 it follows that the orbits in .# (X_ rel Y, X4 rel Y) occur as isolated
points and therefore .# (X_ rel Y, X4 rel Y) is a finite set. O

Define the boundary operator by
w(J, H)x & 3 n(x, X' J, H)X', (10.1.2)

X' eCrity ([X] rel Y)
n(x)=k—1

where n(x, x'; J, H) = [# ;/\/x,x’] mod 2 € Z,. The final property that the boundary operator has

to satisfy is dx—1 o 9 = 0. The composition counts the number of ‘broken connections’ from X
to X” modulo 2.

10.2. Lemma. If u(X_) — u(X4) = 2, then ,%(X, rel Y, X4 rel Y) is a smooth 1-dimensional
manifold with finitely many connected components. The non-compact components can be
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identified with (0, 1) and the closure with [0, 1]. The limits {0, 1} correspond to unique pairs
of distinct broken trajectories (this follows from “gluing”, see [13,33])

W', v e (x_rel Y, X rel Y) x 4 (X rel Y, X4 rel Y),
and

@', 0% et (x_rel v, X" rel Y) x (X" rel Y, X, rel Y),
with p(X") = p(X') = p(x-) — L.

We point out that properness of [X rel Y] and thus the isolation of .#/# is crucial for the
validity of Lemma 10.2. From Lemma 10.2 it follows that the total number of broken connections
from X to X” is even; hence dx_1 o 9 = 0, and consequently,

(CulixIrel Y. H: Z2), 8.0, H) )

is a (finite) chain complex. The Floer homology of ([X] rely,J, H ) is the homology of the chain
complex (Cy, 04):

def ker oy,

HF, ([X]rel Y, J, H; Z3) = (10.1.3)

1m8k+1

This Floer homology is finite. It is not yet established that HF, is independent of J, H and
whether HF,, is an invariant for proper relative braid class [X rel Y].

10.2. Continuation

Floer homology has a powerful invariance property with respect to ‘large’ variations in its
parameters [13]. Let [X] rel Y be a proper relative braid class and consider almost complex struc-
tures J, Je ¥, and generic Hamiltonians H, He Heg such that Ye Crity N Critg. Then the
Floer homologies HF, ([X] rely,J, H; Zz) and HF*([X] rel v, J H Zz) are well-defined.

10.3. Proposition. Given a proper relative braid class [X] rel Y,
HF.([X]tel Y, J, H; Zs) = HF.([X] el Y, J, H; Z»),
under the hypotheses on (J, H) and (f , H ) as stated above.

In order to prove the isomorphism we follow the standard procedure in Floer homology. The
main steps can be summarized as follows. Consider the chain complexes

(CulixIrel v, H: Z2), 0., H) ) and (Cu(IxT vel Y, 7 Z2),0,(T. 1)),
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and construct homomorphisms /Ay, satisfying the commutative diagram

—1(J,
'4>Ck(H)4>Ck 1(H )4>Ck 20H) ——
hx hi—1 hkzl

(T H) ~ St (T, H) ~
. ——> Cr(H) —= Cy_1(H) —> Cy_2(H) —

To define hy consider the homotopies A +— (Jy, Hy) in ¢ x € with A € [0, 1]. In particular
choose Hy, = (1 — M) H + AH such that Y € Crity, for all A € [0, 1]. Note that at the end points
A =0, 1 the systems are generic, i.e., Hy = H € e and H| = He Feg; this is not neces-
sarily true for all A € (0, 1). Define the smooth function A(s) such that A(s) =0 for s < —R
and A(s) =1 for s > R, for some R > 0 and 0 < A(s) <1 on R. The non-autonomous Cauchy—
Riemann equations become

— Dyttt — Vg Hy5)(t,u) = 0. (10.2.1)

By setting J(s,-,-) = Ji)(-,+) and H(s, -, ) = Hy(s), Eq. (10.2.1) fits in the framework of
Eq. (4.3.1). By Corollary 9.7 the path s — H(s, -, -) can be chosen to be generic with the same
limits.

Denote the space of bounded solutions by . ([x] rel Y; J, H)). The required basic compact-
ness result is as follows:

10.4. Proposition. The space .# ([x]rel Y; J,, H)) is compact in the topology of uniform con-
vergence on compact sets in (s, t) € R?, with derivatives up to order arbitrary order. Moreover,
L, is uniformly bounded along trajectories U € .# ([x] rel Y; Jy, H,), and

lim Ly, (UGs, )| =lex (0| < C(J, J, H, H),
s—+o00
//wé 2dtds_2//|u [dtds <C'(J'J, H, H).
k=1%
Moreover, lims_, _oo U(s, -) € Crity and limg_, 1, U(s, ) € Critg.

Proof. Compactness follows from the estimates in Section 4.3 and the compactness in Proposi-
tion 4.1. Due to genericity, bounded solutions have limits in Crity UCritz, see Corollary 9.2. O

We define a homomorphism hy = hy(Jy, Hy) as follows:

hx= > nxx; 0, H)X,
x'eCritg
n(x')=k
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where n(X, X'; Jy, Hy) = [# M (Xrel Y, X rel Y; J, H)\)] mod 2 € Z;. Using similar gluing

constructions and the isolation of the sets .#/-# and .7 ' itis straightforward to show that the
mappings & are chain homomorphisms and induce a homomorphisms 4} on Floer homology:

i (s, Hy) : HE (X rel Y; J, H) — HE. (X rel Y; 7, H).
Further analysis of the non-autonomous Cauchy-Riemann equations and standard procedures in
Floer theory show that any two homotopies (J,, Hy) and (J,, H,) between (J, H) and (J, H)
descend to the same homomorphism in Floer homology:
10.5. Proposition. For any two homotopies (J,, Hy) and (JA;L, I-AI;L) between (J, H) and (J~, ﬁ),
hi(J, ) = hi (Jy, H)).
Moreover, for a homotopy (Jy, Hy) between (J, H) and (J H) and a homotopy (J;U HA) be-
tween (J H ) and (J H ), the induced homomorphism between the Floer homologies is given
by
h :HE,([X] el Y, J, H) = HF, ([X] rel Y, J, H),
where h,t = hZ(JAA, I-AIA) o hZ(J;\, H;) and hz is thus an isomorphism.
Proof of Proposition 10.3. Consider the homotopties
b HF. (X rel Y; J, H) — HF, (X rel Y; J, H),
and
Rt :HF,(xrel Y; J, H) — HE, (X rel Y; J, H),
then
hf o hf :HF (X rel Y; J, H) — HF(x rel Y; J, H).
Since a homotopy from (J, H) to itself induces the identity homomorphism on homology, it
holds that &} o h = 1d. By the same token it follows that /i o h = Id, which proves i = (hp)~ !
and thus the proposition. O

10.3. Admissible pairs and independence of the skeleton

By Proposition 10.3 the Floer homology of [X] rel Y is independent of a generic pair (J, H),
which justifies the notation HF, ([X] rel Y; Z5) défl(iﬂlHF*([x] rel Y; J, H). It remains to show

that, firstly, for any braid class [X] rel Y an appropriate Hamiltonian (having stationary Y) exists,
and thus the Floer homology is defined, and secondly that the Floer homology depends only on
the braid class [X rel Y].
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10.6. Lemma. Let Y € I'F,, N C®, then there exists a Hamiltonian H € ¢ such that Y €
Crity (I'F,), i.e. Y is a braided solution of the associated Hamilton equations.

Proof. Let Y = {y*}7" | and define H*(t, x) = (y¥, Jox), which is a C*°-function on R x R
Note that H* (t+1,x)= Ho® (t, x),and H¥ is smooth, since Y is smooth. The strand yk is a so-
lution of the Hamilton equations for H k. Define tubular neighborhoods A’E‘ =, er Be k@) c
R xD?, and D = {x e D? | 1—€ < |x| < 1}. Choose € > 0 so small that the sets {A‘;‘}f:1 and D,
are all disjoint. Define a cut-off function A, € C*°([0, 00), R) such that A(r) =1 for0 <r <e/4
and A(r) =0 for r > €/2. Let )Jg(t,x) = Ae(Ix — Y*(®)|). Then )J; is a smooth function with
support in AIE‘, and )»’6‘ (t+1,x)= kg(k) (t, x). Now define

m
Ht,x)E Y 2k, H 1, 0).
k=1
We claim that H € 7. Indeed,
m m
Ht+1,x)=Y M+ 1L0)H ¢+ 1,x)=) 2P0 )H O, x)=H(.x).
k=1 k=1

By the construction of H, it holds that y{‘ = Xy (t, yk) = Xpg(t, yk), since H restricts to H in
a neighborhood of y*. O

This establishes that HF,([X] rel Y) is well-defined for any proper relative braid class
[X]rel Y e TF, rel Y, with Y € T"' F,,, N C°. We still need to establish independence of the braid
class in [X rel Y], i.e., that the Floer homology is the same for any two relative braid classes
[X]rel Y, [X] rel Y such that [X rel Y] = [X’ rel Y']. This leads to the first main result of this

paper.
10.7. Theorem. Let [X rel Y] be a proper relative braid class. Then,
HF, ([X] rel Y) = HF,([X'] rel Y),

for any two fibers [X] rel Y and [X'] rel Y/ in [X rel Y]. In particular;
HB, ([X rel Y]) défl(ir_nHF*([X] rel Y)

is an invariant of [X rel Y], which will be referred to as the BRAID FLOER HOMOLOGY of
[X rel Y].

Proof. Let Y, Y € 'F,, N C* and let (X(1), Y(1)), A € [0, 1] be a smooth path [X rel Y] which
connects the pairs X rel Y and X’ rel Y. Since X(A) rel Y(A) € [X rel Y], for all A € [0, 1], the sets
5, = [X(M)] rel Y(L) are isolating neighborhoods for all A. The proof of Lemma 10.6 shows that
we can choose smooth Hamiltonians Hj such that Y(A) € Crity, .

There are two philosophies one can follow to prove this theorem. On the one hand, using
the genericity theory in Section 9 (Corollary 9.7), we can choose a generic family (J,, H,) for
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any smooth homotopy of almost complex structures J,. Then by repeating the proof (of Propo-
sition 10.3) and incorporating continuously changing skeletons for this homotopy, we conclude
that HF, ([X] rel Y) = HF,([X'] rel Y'). On the other hand, without having to redo the homotopy
theory we note that . ([X(1)] rel Y(X); Jy, Hy) is compact and isolated in .45 ; thus, there exists
an ¢, for each A € [0, 1] such that .45 isolates . ([X(A/)] rel Y(1')) forall A’ in [A —€;, A +€5.].
Fix Ao € (0, 1); then, by arguments similar to those of Proposition 10.3, we have

HF*(C/‘&()a J)\()’ H)\.O) = HF*(Moa JA/’ H)\./)ﬂ

forall A" € [Ag — €3> A0 + €5, ] (.. using a fixed skeleton). A compactness argument shows that,
for ein sufficiently small, the sets of bounded solutions .# (A3/; J;/, Hyr) and A (N3y; Ty, Hyr)
are identical, for all ' € [Ag — eio, Ao+ eio]. Together these imply that

HB. ([x(1) rel Y(1)]) = HB,([X(%o) rel Y(20)])

for |\ — Ag| < min{ey,, e;o}. Since [0, 1] is compact, any covering has a finite subcovering,
which proves that HF, ([X] rel Y) = HF, ([X'] rel Y').
Finally, since any skeleton Y in 7 ([X rel Y]) can be approximated by a smooth skeleton Y/,

the isolating neighborhood .4 = a7 1(Y) N [X rel Y] is also isolating for Y’, i.e., we can define

HFE,.(A") & HF, (/). This defines HF([X] rel Y) = HF,(/4") forany Y e x([X rel Y]). O

11. Properties and interpretation of the braid class invariant

The braid Floer homology HB. ([X rel Y]) entwines braiding and dynamical features of solu-
tions of the Hamilton equations (2.1.1) on the 2-disc ID?. One such property — the non-triviality
of the invariant yields braided solutions — will form the basis of a forcing theory.

11.1. Theorem. Let H € S and let Y € Crity(I'F,,). Let [X rel Y] be a proper relative braid
class. If HB,([X rel Y]) # 0, then Crity ([X] rel Y) # @.

Proof. Let H, € 57 be a sequence of Hamiltonians such that H, — H,i.e. H,— H — 0in C*,
see Section 9. If HB. ([X rel Y]) # 0, then C.([X] rel Y, Hy; Z>) # 0 for any n, since

H,(Cu([X] rel Y, Hy; Z2), 05) = FH,([X rel Y]) #0,

where 0, = 9.(J, Hy,) (see Section 10). Consequently, Critg, ([X] rel Y) # &. The strands xfl‘
satisfy the equation (x*) = Xy (¢, x¥) and therefore ||)C5”Cl([0’1]) < C. By the compactness of
C'([0, 1]) = C°([0, 1]) it follows that (along a subsequence) x* — x* € C°([0, 1]). The right
hand side of the Hamilton equations now converges X g, (¢, xﬁ(t)) — Xpg(t, x(t)) pointwise in
t €0, 1]; thus x,’f — x*in C1([0, 1]). This holds for any strand x* and therefore produces a limit
X eCritg([X]rel Y). O

Let B = dimHB([X rel Y]; Z,) be the Z;-Betti numbers of the braid class invariant. Its
Poincaré€ series is defined as

P([Xrel Y]) = Z,Bk([x rel Y])£*.

keZ
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11.2. Theorem. The braid Floer homology of any proper relative braid class is finite.

Proof. Assume without loss of generality that Y is a smooth skeleton and choose a smooth
generic Hamiltonian H such that Y € Crity. Since the Floer homology is the same for all
braid classes [X]rel Y € [Xrel Y] and all Hamiltonians H satisfying the above, we have
HF.([X]rel Y, J, H) = HB,([X rel Y]). Let ¢; = dim Cy; then,

cx([X]rel Y, H) > dimker C > By ([X] rel Y, J, H) = By ([X rel Y]).

Since H is generic it follows from compactness that ) ", ¢x < oo. Therefore ¢ < 0o and cx # 0
for finitely many k. By the above bound By < cx <oco. O

In the case that H is a generic Hamiltonian a more detailed result follows. Both
P, HF ([X rel Y]; Zy) and D, Cx([X] rel Y, H; Z;) are graded Z;-modules, and their Poincaré
series are well-defined:

Py (Crity ([X] rel ) = )~ cx([X] rel Y, H)i¥,
keZ

where ¢y = dim Cy([X] rel Y, H; Zy).

11.3. Theorem. Let [X rel Y] be a proper relative braid class and H a generic Hamiltonian such
that Y € Crity for a given skeleton Y. Then

P, (Crityy ([X] rel Y)) = Py([X rel Y]) + (1 +1)Q;, (11.0.1)

where Q; > 0. In addition, # Crity ([X] rel Y) > Pj([X rel Y]).

Proof. Define Z; = ker 0y, By =im x4+ and Z; C By C Cix([X] rel Y, H) by the fact that 9, is
a boundary map. This yields the following short exact sequence

Id i j V4 0
0 By — > 7, — X HF, = B—" Y
k

The maps iy and ji are defined as follows: ix(X) = X and j;(X) = {X}, the equivalence class
in HF. Exactness is satisfied since keriy = 0 = im Id, ker jy = By = im i} and kerO = HF; =
im jx. Upon inspection of the short exact sequence we obtain

dim Z; = dim By + dim HF.

Indeed, by exactness, Zy D ker jr = By and im jr = HF; (onto) and therefore dim Z; =
dimker jx + dimim j; = dim By + dimHF. Since C; = Zy & Bj— it holds that

dim Cy =dim Z; 4+ dim By_;.

Combining these equalities gives dim Cy = dim HF; 4+ dim By_1 4+ Bk. On the level of Poincaré
series this gives

P (®xCr) = P, (& HF) + (1 +1) P, (D By) ,

which proves (11.0.1). O
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An important question is whether HB,([Xrel Y]) also contains information about
Critg ([X] rel Y) in the non-generic case besides the result in Theorem 11.1. In [18] such
a result was indeed obtained in a related setting, and detailed study of the spectral prop-
erties of stationary braids will most likely reveal a similar property. We conjecture that
# Critg ([X] rel Y) > length(HB*([X rel Y])), where length(HB,) equals the number of mono-
mial terms in Py ([X rel Y])).

12. Homology shifts and Garside’s normal form

In this section we show that composing a braid class with full twists yields a shift in braid
Floer homology. Consider the symplectic twist S : [0, 1] — Sp(2, R) defined by S(¢) = >/,
which rotates the variables counter clock wise over 2w as ¢ goes from 0 to 1. On the product
R? x --- x R?2 = R?" this yields the product rotation S(t) = 27 /ot in Sp(2n, R). ~

Lifting to the Hamiltonian gives SX € Critg,, where the rotated Hamiltonian SH € ¢ is
given by SH(t, 5X) = H(t,X) 4+ 7 (]Sx|> — 1). Substitution yields the transformed Hamilton
equations (by using that ST = §—1):

(SX); — SJVH (1, X) — 2w JoSX = 0, (12.0.2)

which are the Hamilton equations for the Hamiltonian SH . This twisting induces a shift between
the Conley—Zehnder indices @ (X) and w(Sx):

12.1. Lemma. For X € Crity, u(SX) = u(X) 4 2n, where n equals the number of strands in X.

Proof. In Definition 8.5 the Conley—Zehnder index of a stationary braid X € Crity was given as
the permuted Conley—Zehnder index of the symplectic path W : [0, 1] — Sp(2n, R) defined by

—o o’ H x@)¥ =0, w(0)=1d (12.0.3)

In order to compute the Conley—Zehnder index of SX we linearize Eq. (12.0.2) in SX, which
yields

d(S(H)W)

T S(t)Jod>H (t, X))V — 27 ToS(HHW =0, S0)W(0) =1d.

From Lemma 7.1(ii) it follows that

1(SX) = 11g (SW, 1)
= 11 (W, 1) + 1(S) = o (W, 1) 4 nju (e
= u(X) +2n,
which proves the lemma. O
We relate the Floer homologies of [X rel Y] with Hamiltonian H and [SX rel SY] with Hamil-

tonian SH via the index shift in Lemma 12.1. Since the Floer homologies do not depend on the
choice of Hamiltonian we obtain the following:
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12.2. Theorem (Shift Theorem). Let [X rel Y] denote a braid class with X having n strands. Then

HB, ([(X rel Y) - A%]) = HB,—2, ([X rel Y]).

Proof. It is clear that the application of S acts on braids by concatenating with the full posi-
tive twist A2, As A? generates the center of the braid group, we do not need to worry about
whether the twist occurs before, during, or after the braid. It therefore suffices to show that
HB..([SX rel SY]) & HB,—2, ([X rel Y]).

The Floer homology for [X rel Y] is defined by choosing a generic Hamiltonian H. From
Lemma 12.1 we have that u(SX) = u(X) 4 2n and therefore

Cr([SX]rel SY, SH:; Zo) = Cr_on (X rel Y, H; Zy).
Since the solutions in .#/*SH are obtained via S through (12.0.2), it also holds that
W(J, SH) = 20 (J, H),

and thus HF; ([SX] rel SY) = HF,_»,([X]rel Y). O

Recall that a positive braid is one that has all its crossings of the same (‘left-over-right’) sign;
equivalently, in the standard (Artin) presentation of the braid group B,,, only positive powers of
generators are utilized. Positive braids possess a number of remarkable and usually restrictive
properties. Such is not the case for braid Floer homology.

12.3. Corollary. Positive braids realize, up to shifts, all possible braid Floer homologies.

Proof. It follows from GARSIDE’S THEOREM [17,7] that every braid 8 € B, has a unique pre-
sentation as the product of a positive braid along with a (minimal) number of negative full twists
A~28 for some g > 0. From Theorem 12.2, the braid Floer homology of any given relative braid
class is equal to that of its (positive!) Garside normal form, shifted to the left by degree 2gn,
where n is the number of free strands. O

This reduces the problem of computing braid Floer homology to the subclass of positive braid
pairs. We believe this to be a considerable simplification.

13. Cyclic braid classes and their Floer homology

In this section we compute examples of braid Floer homology for cyclic type braid classes.
The cases we consider can be computed by continuing the skeleton and the Hamiltonians to a
Hamiltonian system for which the space of bounded solutions can be determined explicitly: the
integrable case.

13.1. Single-strand rotations and symplectic polar coordinates

Choose complex coordinates x = p + ig and consider Hamiltonians of the form

H(x) = F(Ix]) + ¢5(Ix]) G (arg(x)), (13.1.1)
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where arg(x) = 6 is the argument and G (6 +27) = G (0). The cut-off function ¢s is chosen such
that ¢s (Jx|) =0 for |x| <§ and |x| > 1 — 6, and ¢s(|x|) = 1 for 26 < |x| < 1 — 24. In the special
case that G(6) =0, then the Hamilton equations are given by

/(IXI)

x;=iVHx)=i
|x]

Solutions of the Hamilton equations are given by x(¢) = rexp( LGy ) where r = |x|. This

gives the period T = 2”: Since H is autonomous all solutions of the Hamilton equations occur

as circles of solutions. The Cauchy—Riemann equations are given by

ug —iu; — VH@u) =0. (13.1.2)

Consider the natural change to symplectic polar coordinates (I,¢) via the relation p =
V21 cos(0), g = /21 sin(0), and define H(I 0) = H(p, q). In particular, H(I 0)=F(/2I)+
¢s(v21)G (). The Cauchy—Riemann equations become

I+ 216, —21H;(1,0) =0,
1 1 A
0y — —1, — —Hp(I,0) =0.
s 27 t 27 0( )
If we restrict x to the annulus Ays = {x € D?:28 < |x| <1 — 26}, the particular choice of H
described above yields

I+ 216, — V21 F'(v/21) =0,
1 1
Oy — —1I, — —G'(9)=0.
s =57l = 5760
Before giving a general result for braid classes for which X is a single-strand rotation we employ
the above model to get insight into the Floer homology of the annulus.

13.2. Floer homology of the annulus
Consider an annulus A = A with Hamiltonians H satisfying the hypotheses:

(al) H € C®[R x R%; R);
(@2) H(t+1,x)=H(t,x) forall t € R and all x € R?;
(@a3) H(t,x)=0forall x € 0A and all r € R.

This class of Hamiltonians is denoted by JZ°(A). We consider Floer homology of the annulus in
the case that H has prescribed behavior on dA. The boundary orientation is the canonical Stokes
orientation and the orientation form on dA is given by A = inw, with n the outward pointing
normal. We will consider the Floer homology of the annulus in the case that H has prescribed
behavior on dA:

(@4%) ix, A >0on dA;
(a47) ix, A <0on dA.



J.B. van den Berg et al. / J. Differential Equations 259 (2015) 1663—1721 1715

The class of Hamiltonians that satisfy (al)—(a3), (a4™) is denoted by s#* and those satisfying
(al)—(a3), (a4™) are denoted by .7~ . For Hamiltonians in .7+ the boundary orientation induced
by Xp is coherent with the canonical orientation of dA, while for Hamiltonians in J#~ the
boundary orientation induced by X g is opposite to the canonical orientation of 9 A.

For pairs (J,H) € 7 x T(A) let HF: (A; J, H) denote the Floer homology for con-
tractible loops in A, which can be constructed analogously to HF, ([X] rel Y, J, H). Similarly,
for H € s~ the Floer homology is denoted by HF, (A; J, H). For Hamiltonians of the
form (13.1.1) it can also be interpreted as the Floer homology of the space of single strand
braids X that wind zero times around the annulus, i.e. any constant strand is a representative. One
difference compared to the construction of HF, ([X] rel Y, J, H) is that isolation of the invari-
ant sets involved in HFE (A; J, H) follows from a variant of properness in which the hypothesis
(a4™) forces the invariant set to be away from the boundary of the annulus.

13.1. Theorem. The Floer homology HF} (A; J, H) is independent of the pair (J, H) € ¢ x
AT (A) and is denoted by HF} (A). There is a natural isomorphism

Zo fork=0,1

HF (A) = Hy 1 (A, 9A) =
A kr1(A, 04) {0 otherwise.

Similarly, the Floer homology HF  (A; J, H) is independent of the pairs (J, H) € 7 x 7€~ (A)
and is denoted by HF_ (A) and there is a natural isomorphism

Zo fork=-—1,0

HE, (A) = Hip1 (A) = { 0  otherwise,

where H, denotes the singular homology with coefficients in Zj.

Proof. Let us start with Hamiltonians in the class .. Consider A = As and choose H =
2 2

F + ¢sG, with F(r) = % (r — %) — % (6 — %) and G(0) = € cos(9). Using symplectic polar

coordinates we obtain that

n _ 1 /A7 ,

Vo H(I,0)= <2I p) 216+6V21¢5_W21)cos(9)) _
—27¢s(~/21) sin(0)

For 362 < I <262 and for §(1—28)% <1 < 5(1—8)? itholds that |v/21 — }| > } — 25 and thus

if we choose sufficiently small € < % — 1 all zeroes of Vgﬁ lie in the annulus set Axs C As. The

zeroes of VgI:I are found at / = % and 6 = 0, w, which are both non-degenerate critical points.
Linearization yields

. 10 5 10
dng(1/8,0)=<0_46), dVgH(l/&”)=<o4e>’

i.e. a saddle point (index 1) and a minimum (index 0) of H respectively. For 7 < 1 it follows
from Remark 8.6 that the Conley—Zehnder indices of the associated symplectic paths defined
by V; = JodVgﬁ\Il are given us (W, 1) =1—ug =0, 1 for (1, 60) equal to (%,O) and (%,n),
respectively.
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Next consider Hamiltonians of the form v H and the associated Cauchy—Riemann equations
us — Jou; — tVH(u) =0. Rescale ts — s, tt — ¢ and u(s/t,t/t) — u(s, t); then u satisfies
(13.1.2) again with periodicity u(s,t + ) = u(s, t). The 1-periodic solutions of the Cauchy—
Riemann equations with v H are transformed to t-periodic solutions of (13.1.2). Note that if T is
sufficiently small then all t-periodic solutions of the stationary Cauchy—Riemann equations are
independent of ¢ and thus critical points of H.

If we linearize around ¢-independent solutions of (13.1.2), then ddT —dV H (u(s)) is Fredholm
and thus also

with K = dV H(u(s)), is Fredholm, see [35]. We claim that if 7 is sufficiently small then all
contractible t-periodic bounded solutions u(s, t + t) = u(s, t) of (13.1.2) are ¢-independent, i.e.
solutions of the equation u; = VH (u), see [35].

Note that A is an isolating neighborhood for the gradient flow generated by us = tVH (u) =
f(u), and for H € 5 the exit set is dA. Using the Morse relations for the Conley index we
obtain for any generic H € 5 that

D MO =P A+ (1+0Q,
x€eFix(f)

where ind(x) = dim W¥(x). Using [33] the Poincaré polynomial follows, provided we choose the
appropriate grading. By the previous considerations on the Conley—Zehnder index in Remark 8.6
we have that u,(¥,7) =1 — ug(x) =1— (2 —ind(x)) = ind(x) — 1. This yields ind(x) =
k41, where k is the grading of Floer homology and therefore Hy (C, 9; Jo, tH) = Hyy1(A, 04),
which proves the first statement.

As for Hamiltonians in H{~ we choose F(r) = —% (r — %)2 + % (8 — %)2 The proof is iden-
tical to the previous case except for the indices of the stationary points. The Morse indices of
(%,0) and (%,7‘[) are 1 and 2 and u,(W,7) =1—ug =0, —1 for (1,0) equal to (%,O) and
(é, ) respectively. As before A is an isolating neighborhood for the gradient flow of t H and
for H € 77~ the exit set is &. This yields the slightly different Morse relations

Y O = pA) + (1400

x€Fix(f)

By the same grading as before we obtain that Hy(C, 9; Jo, TH) = Hy1(A), which proves the
second statement. O

13.3. Floer homology for single-strand cyclic braid classes
We apply the results in the previous subsection to compute the Floer homology of families of

cyclic braid classes [X rel Y]. The skeletons Y consist of two braid components v! and 2, which
are given by (in complex notation)

2nn 27n . 27n’ . 2xn’
yh={nem e e Ly e e D (13,30
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where 0 <ry <rp <1,m,m’' €N,n,n" € Z and n # 0, m > 2. Without loss of generality we take
both pairs (1, m) and (n’, m’) relatively prime. In the braid group B,, the braid y! is represented
by the word B L= (o1 om_1)",m>2,andn € Z, and similarly for ¥2. In order to describe the
relative braid class [X rel Y] with the skeleton defined above we consider a single strand braid
X = {x1(#)} with

xl (t) — reZnZit
where r; <r < r; and £ € Z. We now consider two cases for which X rel Y is a representative.

13.3.1. The case ;- <€ < r’:l—/,
The relative braid class [X rel Y] is a proper braid class since the inequalities are strict.

13.2. Lemma. The Floer homology is given by

Zo fork=20,20+1

HBi([x rel Y], Zp) = { 0  otherwise

The Poincaré polynomial is given by P,([X rel Y]) = 3¢ + ¢2¢+1,

Proof. Since HB,([X rel Y], Z,) is independent of the representative we consider_ the class
[x]rel Y with X and Y as defined above. Apply —¢ full twists to X rel Y: (X, ¥) = S7¢(X, Y).
Then by Theorem 12.2

HBy ([X rel Y1) = HBj2¢([X rel Y]). (13.3.2)

We now compute the homology HFy ([X rel Y]) using Theorem 13.1. The free strand X, given by
7! (t) =r,in X rel Y is unlinked with the yl. Consider an explicit Hamiltonian H (x) = F(|x|) +
o (|x])G(arg(x)) and choose F such that F'(r;) = F(r2) =0 and

F'(r)) n F'(rp) n
=——¢<0, and =— —¢>0. (13.3.3)
27ry m 27y m'

Clearly Y € Crity and the circles |x| = r; and |x| = rp are invariant for the Hamiltonian
vector field X . For t > 0 sufficiently small it holds that .Z /07 H ([X] rel Y) = .4 70 TH (A).
This follows from the arguments developed in [35] (all solutions are f-independent). From
the boundary conditions in Eq. (13.3.3) it follows that H € 5#*. From Theorem 13.1 we de-
duce that HFy([X] rel ¥) = HF{ (A) = Z, and HF;([X] rel ¥) = HF{ (A) = Z,. This proves,
using Eq. (13.3.2), that HF»,([X] rel Y) = Z, and HF»¢41 ([X] rel Y) = Z,, which completes the
proof. O

13.3.2. The case ;- > £ > ;‘l—/,
The relative braid class [X rel Y] with the reversed inequalities is also a proper braid class. We
have

13.3. Lemma. The Floer homology is given by

Zy fork=20—1,2¢

HBy([X rel Y], Z ={
K((xrel Y], Z2) 0  otherwise.

The Poincaré polynomial is given by P;([X rel Y]) = P21y f26
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Proof. The proof is identical to the proof of Lemma 13.2. Because the inequalities are reversed
we construct a Hamiltonian such that

F'(r) _n
=——¢>0, and
2mry m 2wy m

F/ /
) _m 4

/

This yields a Hamiltonian in .72~ for which we repeat the above argument using the homology
HF_(A). O

13.4. Applications to disc maps

We demonstrate how these simple computed examples of HB, yield forcing results at the level
of dynamics. The following results are not so much novel (cf. Franks’ work on rotation sets) as
illustrative of how one uses a Floer-type forcing theory.

13.4. Theorem. Let f : D> — D? be an area-preserving diffeomorphism with invariant set
A cD? having as braid class representative Y, where [Y] is as described in Eq. (13.3.1), with
o 7 r"'l—/, relatively prime. Then, for each | € 7 and k € N, satisfying

!/

S

I n n 1
<-<—, o —>->
k m m k

’

3=
3

there exists a distinct period k orbit of f. In particular, f has infinitely many distinct periodic
orbits.

Proof. By Proposition 2.1 there exists a Hamiltonian H € 7 (]Dz) such that f = y; g, where
Yy, g is the Hamlitonian flow generated by the Hamiltonian system x; = X g (£, x) on (D2, wp).
Up to full twists A2, the invariant set A generates a braid ¥, i (A) of braid class [y, g (A)] =
[Y] mod A? with

Yru(A) =% = (¥, 9%}

We begin with the case k = 1. There exists an integer N (depending on the choice of H)
such that the numbers of turns of the strands 7' and 72 are % =+ N and ".:l—,, = ,’:l—,, + N
respectively. Consider a free strand X such that X rel ¥ ~ (X rel Y) - A%V, with [X rel Y] as in
Lemmas 13.2 and 13.3, and with [ satisfying the inequalities above. By Lemmas 13.2 and 13.3
the Floer homology of [X rel Y] is non-trivial, and Theorem 12.2 implies that HBj ([f( rel ?]) =
HBy_2,n ([X rel Y]). Therefore the Floer homology of [X rel Y] is non-trivial. From Theo-
rem 1 1.1 the existence of a stationary relative braid X follows, which yields a fixed point for f.

For the case k > 1, consider the Hamiltonain k H ; the time-1 map associated with Hamiltonian
system x; = Xyp is equal to f¥. The fixed point implied by the proof above descends to a
k-periodic point of f. O

13.5. Remark. As pointed out in Section 11, we conjecture that the Floer homology
HB. ([X rel Y]) = Z, & Z, implies the existence of at least two fixed points of different indices.
This agrees with the generic setting where centers and saddles occur in pairs.
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14. Remarks and future steps

In this section we outline a number of remarks and future directions. The results in this paper
are a first step to a more in depth theory.

14.1. Floer homology, Morse homology and the Conley index

The perennial problem with Floer homologies is their general lack of computability.* We
outline a strategy for algorithmic computation of braid Floer homology.

(1) Use Garside’s Theorem and Theorem 12.2 to reduce computation to the case of positive
braids.

(2) Prove that braid Floer homology is isomorphic to the Conley braid index of [18] in the case
of positive braids.

(3) Invoke the computational results in [18].

Steps 1 and 3 above are in place; Step 2 is conjectural.

To be more precise, let [X rel Y] be a proper relative braid class. It follows from the Garside
theorem that for g > O sufficiently large, the braid class [P rel Q] = [X rel Y] - A% s positive
— there exist representatives of the braid class which are positive braids. Given such a positive
braid, its LEGENDRIAN REPRESENTATIVE (roughly speaking, an image of the braid under a
certain planar projection, lifted back via a 1-jet extension) captures the braid class. From [18],
one starts with a Legendrian braid representative and performs a spatial discretization, reducing
the braid to a finite set of points which can be reconstructed into a piecewise-linear braid in
[P rel QJ.

There is an analogous HOMOLOGICAL INDEX for Legendrian braids, introduced in [18]. This
index, HC, ([P rel Q]), is defined as the (homological) Conley index of the discretized braid class
under an appropriate class of parabolic dynamics. This index has finite-dimensionality built in
and computation of several classes of examples has been implemented using current computa-
tional homology code.

This index shares some features with the braid Floer homology. Besides finite dimensionality
of the index, there is a precise analogue of the Shift Theorem for products with full twists.
Even the underlying dynamical constructs are consonant. For Legendrian braid classes the same
construction as in this paper can be carried out using a nonlinear heat equation instead of the
nonlinear Cauchy—Riemann equations. Consider the scalar parabolic equation

ug —uy —gt,u) =0, (14.1.1)
where u(s, t) takes values in the interval [—1, 1]. Such equations can be obtained as a limiting
case of the nonlinear Cauchy—Riemann equations, see [32]. For the function g we assume the

following hypotheses:

(gl) g € C*R x R; R);

4 Much excitement in Heegaard Floer homology surrounds recent breakthroughs in combinatorial formulae for (still
challenging!) computation of examples.
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(g2) gt +1,9)=g(t,q) forall (t,q) e R x R;
(g3) gt,—1)=g(,1)=0fors eR.

This equation generates a local semi-flow * on periodic functions in C*°(R/Z; R). For a braid
diagram P we define the intersection number 7 (P) as the total number of intersections, and since
all intersections in a Legendrian braid of this type correspond to positive crossings, the total in-
tersection number is equal to the crossing number defined above. The classical LAP-NUMBER
PROPERTY [4] of nonlinear scalar heat equations states that the number of intersections between
two graphs can only decrease as time s — 00. As before let [P]7 rel Q be a relative braid class
fiber with skeleton Q; we can choose a nonlinearity g such that the skeletal strands in Q are solu-
tions of the equation g;; 4+ g(¢, ¢) = 0. Let v(s) rel Q denote a local solution (in s) of Eq. (14.1.1),
then I (v rel Q)|so—e > I(vrel Q)ly,+e, Whenever u(so, 1p) = uF (s, 19) for some k, and as before
we define the sets of all bounded solutions in [P]; rel Q, which we denote by .Z ([P] rel Q).
Similarly, . ([P]. rel Q) C C*®°(R/Z; R), the image under the map u — u(0, -), is compact in
the appropriate sense. We can now build a chain complex in the usual way which yields the
Morse homology HM, ([P rel QJ).

14.1. Conjecture. Let [X rel Y] be a proper relative braid class with X having n strands. Let
[Prel Q] = [X rel Y] - A28 be sufficiently twisted so as to be positive. Then,

HB,_2¢ ([X rel Y]) = HM, ([P rel Q]) = HC, ([P rel QJ). (14.1.2)

A result of this type would be crucial for computing the Floer and Morse homology via the
discrete invariants.
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