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1. Introduction

The main motivation of this paper is to introduce a canonical functional analytic
framework for a class of variational equations which can be seen as generalizations of
Hamiltonian systems. We consider the following system of semilinear equations

T"v = Hy(u,v), (1.1)
(Z) { Tu = Hy(u,v), (1.2)

where T : D(T) C Hy — H3 is a closed and densely defined operator and Hy, Hy are
real Hilbert spaces. The functional H is called the Hamiltonian and is a C''-function on
an appropriate Banach space X. Observe that the equations (1.1) and (1.2) can formally
be viewed as Euler equations of the functional

L(z)=(Tu,v)g, — H(z) = (v, T"v)g, — H(z), (1.3)

where z = (u,v)" and (-,-)y, are the innerproducts in H;, i = 1,2. We want to find
Hilbert spaces on which £ is a C''-function. It will appear that the quadratic part of £
is well-defined on the 1-parameter family of Hilbert spaces E, = [Ey, Ei]a, o € [0,1],
where Ey = Hy x D(T*) and E1 = D(T) x H;. The spaces [Ey, E1]qa, a € [0,1], are the
real (p = 2) or complex interpolations between Ey and E;. The choice of a particular
space E, for some « € [0, 1] will depend on the Hamiltonian H, which, in general, is only
well-defined for a subset of parameters a.
In the Sections 2, 3 and 4 we study the quadratic form @), which can be written as

1
Q(Z) = 5(8T272)H = (TU,U)H2 = (uvT*v)Hm (14)
with

or = (; %) D(T)x D(T*) CH — H

and we examine the extensions of () to the 1-parameter family of Hilbert spaces FE,,
a € [0,1].

In the Sections 5 and 6 we shall give an abstract existence theorem for critical points
of £ and we discuss some examples of Jp-systems. The example about reaction-diffusion
systems that we give in Section 6 extends results of [FF,HV1] in the case that 2 = Bpg.
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Let us now give some examples of physical systems which can be discribed by Problem
(I). Consider the equations of electrostatics:

—div D = p, in €, (1.5)
E = in € 1.6
e e (16)
Vo =FE, inQ, (1.7)
é =0, on 0f, (1.8)

where  C R? is a bounded domain, ¢ the electric potential, E the electric field intensity,

D the displacement flux density, € the diélectric constant and p the charge density. Setting
E=¢1'D and

e~ ! 1
H(6.0) = 5 [ 1DPde+ 3 [ pod. (1.9)

Problem (II) is of the same type as Problem (I), by taking T'=V, u = ¢, v = D and the
Hamiltonian as in (1.9). The precise formulation of this problem is carried out in Section
6 in the example about multiparameter Hamiltonian systems. In that particular example
more general Hamiltonians are considered and an existence and non-existence theorem is
given. In magnetostatics a system similar to Problem (II) occurs (see e.g. [A1,A2,0R]).
In that case T' = curl in R3>.

A second example of a Jp-system is given by the Maxwell equations. For simplicity
we set the di€lectric constant € and magnetic permeability p equal to one. We then use
the variables: E the electric field intensity, B the magnetic fields intensity, ¢ the electric
potential, A the magnetic potential, p the charge density and j the current density. The
Maxwell equations are (skipping the boundary data for simplicity)

E
—aa—t—l—curlB:j, in 2 xR, (1.10)
—div E = —p, in xR, (1.11)
(II) 94
curl A=B, inQxR. (1.13)
By taking
(g %) () - ()
= t 5 U = 5 v =
curl 0 ¢ B
and

Ha0.8.8) = [ [ {i-a=po+3(BE = 31EP) faoit.

Problem (IIT) reduces to Problem (I). We do not discuss this example further in the paper.
It is important to observe that in the steady state case, i.e. when the equations are
time independent, the operator T" has again a special form, it has additional symmetries.
In Section 7 we shall discuss this extensively and explain the additional structure these
systems have.



2. J-Selfadjoint operators and the operator Or

Let Hy and H; be real Hilbert spaces equipped with the inner products (-, )y, and
(,-)m, respectively and let T be a linear operator (in general unbounded) from Hy to Hj.
Let D(T) C H; denote the domain of 7', N(T') C H; the null space of T' and R(T) C H,
the range of T. If D(T) is dense in Hy, then the adjoint T is a closed operator from Hs
to Hy, which is densely defined if and only if T" is closable; moreover if T is closed and
densely defined, then T** = T [see e.g. Kato [K] Thm. 5.28, 5.29, p. 168]. The operator
T satisfies the assumption (Hr) if

T: D(T)C HA — Hs is closed, and
(Hp)q ——
D(T) = H,.
Given an operator T satisfying (Hr ), we are interested in the bilinear form
b: D(T) x D(T*) — R,
defined by
b(uvv) = (Tuvv)H2 = (uvT*v)Hm
for w € D(T) and v € D(T*). We introduce several inner products on D(T) x D(T*)

for which the bilinear form b is continuous. It will be useful for later applications to
critical point theory (Section 5 and 6) to consider the bilinear form b as a quadratic form

on D(T) x D(T*) associated with a selfadjoint operator Or, acting on the Hilbert space
H = H1 X Hz.

Definition 2.1. Let H = Hy x Hy (Hilbert space) be equipped with the inner product
() =, )m + (-, )m, and let T be a densely defined operator from Hy to Hy. Then
we define

or = (; %) . D(dr)CH — H, (2.1)

with D(Or) = D(T) x D(T*).
We denote by z = (u,v)" the elements of the cartesian product H. For the sake of
completeness we recall

Proposition 2.2. Let T be a closed and densely defined linear operator from Hy into Hy
and S be a closed and densely defined linear operator from H, into Hy. Further let A be
a linear operator from H into H given by

0 S
=1 0)

with domain D(A) = D(T) x D(S). Then the operator A is closed and densely defined,
moreover A is selfadjoint if and only if S = T*. In particular if S = T* then A = Or and

1
(Tuvv)H2 = (uvT*v)H1 = §(aT272)H7 (2'2)



for all z € D(0r).

Remark 2.3. In the same spirit as before one can introduce the operator 67 : H — H

as follows: D(67) = D(T) x D(T*) and

%:(gﬂ?>@m%MH—eH (2.3)

This operator 67 is skew-adjoint, i.e. 6% = —ép, if T satisfies (Hrp).

Clearly
N(Or)=N(T) x N(T*), R(Or)= R(T)x R(T™)

and R(0r) is closed if and only if R(T) is closed, because the latter is closed if and only if
R(T*) is closed [see Kato [K], Thm. 5.13, p. 234].

It is interesting to characterize selfadjoint operators A in Hilbert space H, which are
of the form A = Or for some operator T satisfying (Hr), with H = H; x H,. For this
purpose let us introduce the operator

~ (In, 0
J = ( 0 —IH2> . (2.4)
Clearly the operator [J satisfies
J=7"'=7g, J'=1I, (2.5)
and the operator Jr anticommutes with 7. We have
0o T
gor=( 5 ) =on (26)
0o -7
o7 = (g "o ) =-or (27)
or =(Jor)" =0rJ = —or. (2.8)

We shall prove now that these properties of the operator dr, when they are imposed on a
selfadjoint operator A in H, characterize the operators A we seek.

Let (H,(-,-)m ) be a real Hilbert space. An operator J : H — H, satisfying (2.5) will
be called a conjugation on H. We associate with 7 the orthogonal projections

H:%U+j) (2.9)
E:%U—j) (2.10)

and denote by Hy (resp. Hs) the range of Py (resp. Py). We identify H with Hy x Hy by
setting (u,v)" = u 4 v, where u € Hy and v € Hs. Note that if 7 = I, then H = Hy, and
if 7 =—1, then H = H,.



Conversely we can associate a conjugation J with an orthogonal projection P by
setting
J=2P—1. (2.11)

Suppose now that we have an operator A which is selfadjoint in a Hilbert space H equipped
with a conjugation J such that
JA=-ATJ (2.12)

(in particular D(A) = D(JA) = D(AJ)). Set H; = R(P;), t = 1,2, where P; are defined
in (2.9) and (2.10). We want to define an operator T from H; to Hy satisfying (Hr) and
such that A = dr. By definition D(A) = D(JA) = D(AJ) = D(JAJ) and

JAT = —A. (2.13)
Set D(T) = H; N D(A) and D(S) = Hy N D(A). Define

Tu=Au for ue D(T),
Sv=Av for v e D(9).

We have now PiAu = PLAPju = i([—l—j)A(I—l—j)u = i(A—I—jA—I—Aj—I—jAJ)u =0, for
u € D(T); hence R(T) C H,. Similarly one verifies that R(S) C Hy. Clearly the operators
T: D(T)C H — Hy and S: D(S) C Hy — H; are closed. Moreover for z = (u,v)’,
u € D(T); v € D(S) we have

Az = (Sv, Tu) = (; g) (Z)

Finally, since A is selfadjoint it follows from Proposition 2.2 that S = T*. Summarizing
we have proved the following proposition;

Proposition 2.4. Let A be a selfadjoint operator in a Hilbert space H. Then the operator
A is of the form A = Or defined in (2.1), for some operator T from H; to H satisfving
(Hr), if and only if there exists a conjugation J on H which satisfies

JA=-AT, (2.12)
If this is the case we have
H=RI+J), H:=R(I-J),

and D(T) = Hy N D(A), D(T*) = HyND(A); Tu = Au, T*v = Av, for v € D(T), v €
D(T*).

Remark 2.5. Observe that if the conjugation [J is plus or minus the identity and A
satisfies (2.12), then A = 0.



Definition 2.6. A selfadjoint operator A on a Hilbert space H with a conjugation [J is
called J -selfadjoint if (2.12) holds.

Remark 2.7. The relation with supersymmetry. Following Witten [W] (see also [CFKS])
we observe that by the above considerations, J-selfadjoint operators in complex Hilbert
space H posses a simple supersymmetric structure. We can write the Hilbert space H as

H=H, &H,, (2.14)

where we identified H; ~ Hy x {0}, Hy ~ {0} x Hy. Introduce the closed and densely

defined operators;
0 0 « (0 T
d_<TO>,d_<OO>, (2.15)

with D(d) = D(T')x Hy = Ey and D(d*) = Hy x D(T*) = Ey. The J-selfadjoint operators
Or = d+ d* and 67 = i(d — d*), with domain D(0r) = D(ié1) = Eg N Ey, will be called
the supersymmetry operators and they act from H; to Hy and vice versa. The conjugation
J annihilates H,ie. Jz =1z, z € Hy and Jz = —z, z € Hs. Further the supersymmetry
operators satisfy the relations;

jaT + aTj =0 on Eo N El, (216)

Tisy +i6pJ =0 on EyN Ey. (2.17)

Next we introduce the Laplacian;

Ar =d*d+ dd* = |8T|2.

Then
OrAr — Apdr = 0, (2.18)
o7 A — Aptép = 0. (2.19)

Also
0% = Ar, (2.20)
(id67)* = Ar. (2.21)

Finally

10701 + Oridr = 0, on D(T*T) X D(TT*) (2.22)

The above described supersymmetry algebra is characteristic for the class of J-selfadjoint
operators.

3. Polar decomposition of 7-selfadjoint operators

Let T be an operator satisfying (Hr), then the operator T*T is non-negative selfad-
joint in Hy and |T| = (T*T)"/? is also non-negative selfadjoint in H; and satisfies

D(T|) = D(T), N(T|)=N(T), and R(T|)= R(T"). (3.1)
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The operator |T'| is called the absolute value of T. There exists an unique operator U &
B(H,, H,) satistying:

The decomposition T = U|T| is called the polar decomposition of T (see e.g. Kato [K]).
The operator U is a partial isometry, more precisely

Uru :PN(T)J- 3 U™ = PN(T*)J_, (33)

where Py (rys (respectively Pyr«yr) denotes the orthogonal projection onto N(T)t (re-
spectively N(T*)+). We recall that the polar decomposition of T* is

T = U*|T*|; |T* = (TT*)"2 (3.4)

If A is selfadjoint in H and A = Z|A| is the polar decomposition of A, then Z is selfadjoint
and commutes with A and [A]. The operators Py, = I — Z*, Py = 4(Z? 4+ Z) and
P = %(Z2 — Z) are projections, mutually orthogonal, decomposing the space H into
three subspaces:

H=H"9oH '@ H, (3.5)

being orthogonal to one another. Finally, we define the positive and negative part of A by
Ay =AP,, A_=-AP_. (3.6)

We now consider the case in which the operator A is [J-selfadjoint. By Proposition
2.4, A = Or for some operator T satisfying (Hr) and J as given in (4.2.4). An easy
computation shows that

|A|=<|€| |19*|>, Z:<8 %) (37)

Observe that Z = 9y and is also J-selfadjoint. Furthermore 9% = I|Nn(opyr and Oy = 0
on N(Or). On the other hand |A| commutes with 7. It follows that JZ = —ZJ and
JZ? = 72 7. Therefore we obtain

TPy =J(I—-2*)=(I-2)J =PRJ, (3.9)

TP, = %j(z2 + 2 =Xz —zng-P.7, (3.10)
1 1

JP_ = §j(z2 ~7)= §(22 +2)J =Py J, (3.11)

JA, =JAP; = —AJP, = —AP_-J=A_J, (3.12)

JA_ = —JAP_ = AJP_ = AP, J = A, J. (3.13)

Consequently a J-selfadjoint operator A is completely determined by its positive part and
by the conjugation J:
A=A, —TJALT, (3.14)
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Ap(TALT) = (T AL T)A4 = 0. (3.15)

Conversely if a selfadjoint operator A in a Hilbert space H with conjugation J satisfies

(3.12) (equivalently (3.13)) or
A_=JTJALT, (3.16)

the operator A is J-selfadjoint. Indeed we have:

JA=J(A  —A )=JA, —JA_
— A J—A,J=—-AJ.

Summarizing we obtain yet another characterization of 7-selfadjoint operators.

Proposition 3.1. Let (H,J) be a Hilbert space with a conjugation. A selfadjoint oper-
ator A is J-selfadjoint if and only if Ay = JA_J, where Ay and A_ denote the positive
and negative parts of A.

Remark 3.2. It follows from the previous considerations that the spectrum of a [J-
selfadjoint operator is symmetric with respect to the origin. Because of Proposition 2.4,
A = Or for some T satisfying (Hr) and therefore we have the following identity for the
spectrum:

o(A) U {0} = 0(dr) U {0} = +o(|T]) U {0} = +o(|T*]) U {0}. (3.17)

Example: Let Q be a smooth bounded domain in RY and let —A be Laplace operator
in L*(Q), with domain D(—A) = H2 N H (Q). We consider the operators

Ay = (_OA _OA>, Ay = (‘0A g), (3.18)

in L2(Q) x L*(Q). See e.g. [BR], [FF], [HV1], [PV]. Then both operators A; and A, are
J-selfadjoint with respect to the conjugations J; and [J; respectively, given by

j1:<é _OI> j2:<? é) (3.19)

Let us now consider the d’Alembertian, i.e. the wave operator,

o o

To be more precise we consider A as an unbounded operator from L*(R?) to L*(R?), with
domain

D(A) = {Z € L*(R?); Az € L*(R?) (in the distributional sense)}. (3.21)
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Clearly A is symmetric and by using the Fourier transform F one deduces that A is
selfadjoint. Furthermore one finds that F(Az(x,t)) = AZ(k,w) = (k? — w?)i(k,w), Z €
L?(R?*), which gives that o(A) = R. Next we define the conjugation J by

Jz(x,t) = 2(t,x), Vze& L*R?), (3.22)
which possesses the additional properties 72 =1, J ' =7, J*=J and FJ = JF. We

have

Ajg(kvw) = (kz - wz)g(ka) = j((wz - kz)g(k7uj)) = _jAg(kvw)v
which clearly proves A is J-selfadjoint with respect to conjugation 7.

4. Normalized extensions of 7-quadratic forms and the Hilbert interpolation
spaces F,

Let (H,J) be a Hilbert space with conjugation J and let A # 0 be a J-selfadjoint
operator in H. We denote by ) the associated quadratic form defined by

Q=) = %(AZ,Z)H, z € D(A) (4.1)

and () 1s called a J-quadratic form. Observe that J-quadratic forms can also be charac-
terized by the relation

Q(Tz) = —Q(z), ¥ =€ D(A). (4.2)

If the operator A is bounded and everywhere defined, then the corresponding quadratic
form @ is continuous on H and if Py, P, and P_ denote the orthogonal projections
corresponding to the decomposition (4.3.5), then

Ql(2) = Q(Py2) — Q(P-=), (4.3)
is a non-negative quadratic form on H. Furthermore,
121G = 21QI(=) + [ Poz % (4.4)

defines a norm on H which is weaker than the original norm. It is well-known that the
norm ||- || is equivalent to the original norm on H if and only if the range of A is closed in
H. Note that the quadratic form |@Q|(z) is the quadratic form associated with the operator
|A| and R(|A|) = R(A). With the quadratic form @ one can associate a partial isometry
Lg as follows

1
Q(Z) = §(LQ272)Q7 S H7 (45)
and
LoPy =0, (4.6)
LoPy = Py,
LoP_=—-P_.
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Such a quadratic form will be called a normalized [J-quadratic form. Equivalently a
normalized J-quadratic form on a Hilbert space (H,J) is completely determined by the
orthogonal projections Py and P, satisfying:

Pf=P, P2=Py; P; =Py, P.=P,, (4.9)
PyP. = P.Py =0, (4.10)
TPy =P J, (4.11)
[-Py—P,=JP.J, (4.12)
since
Q=) = 1Pzl — 1Pz, (413)

In this section we consider J-quadratic forms ) on a Hilbert space (H, J ), associated
with an unbounded J-selfadjoint operator A, i.e. Q(z) = %(AZ, 2)u, 2 € D(A) and study
the normalized extensions of ().

Let us first recall the classical case that A = A* > ¢l, ¢ > 0 (so not J-selfadjoint),
then Q(z) = %(AZ,Z)H can be extended by continuity to D(A'/?) and the extension is
Q=) = %(Al/zz, AY22) . The norm ||-||g = ||A'/?- || is an equivalent norm on D(A'/2).
By taking || - ||o as the new norm on D(A'/?), the quadratic form @ is normalized and is
given by Q(z) = %(Z, z)g. Furthermore, A can be extended to an isometrical isomorphism

between D(A'/?) and D(AY?)* (e.g. [RN], [L], [LM]).

To get a feeling for the case that Q(z) = 1(Az,z)y, with A an unbounded J-
selfadjoint operator, we assume that H is separable and A has a compact resolvent. By
Proposition 2.4, A = Or for some T satisfying (Hr). In this particular case we deduce
from the spectral representation of dr (see eg. [K], Thm 6.29, pg 187) that

1 1 , 1 ,
Q(z) = 5(3T272)H =5 %:/\kzk ~3 %:/\kz—kv

where 2z = (P, 2)y, 2k = (P_k,2)y and P = (i, dk)' Pog = (Vi, —dk)!, with oy
and ¢y the eigenvectors of T*T and TT™ respectively. Furthermore Ay = /,Li/z,
{ur}~ are the positive eigenvalues of T*T and thus also of TT*. Observe that HT, in
decomposition (3.5), is the closure of the linear space spanned by the vectors {®}n and
H~ the closure of the linear space spanned by the vectors {®_;ln. Also Ht = JH™,
where J is given by (2.4). Because Ht and H~ are [J-isomorphic we can rewrite Q(z) as

(change of basis)

where the

Q(z) = % > Nilzk 4 zox) (2 — 2-1)

— Z Mi/zukvk — Z Mz/Zukui/Z_a/zvk,
N N
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where uj, = %(Zk + 2 k), v = %(Zk — z_g) and up = V2(¢r, Wy, vk = V2(k, ) H,-

We can now make the estimate (compare [HV1])

1/2 W 1/2
Q) < (Y mgut) (D mh0d)
N N
= |l T

1 «@ 1 * 11—«
< STl + ST 1=l

This implies that Q(z) can be extended to the domains D(|T|*) x D(|T*|'~*), « € [0, 1].
We show now that this procedure can also be performed in general for arbitrary
operators T which satisfy hypotheses (Hr).

Lemma 4.1. There exist a continuous extensions of Q(z) = %(8TZ, z)p to the family of
domains

D(|T|*) x D(|T*|'~), «€]0,1], (4.14)
which is denoted by Q4(z). Moreover

Qulz) = <|T|“u, |T|1_“U*v>H - <|T*|1—%, |T*|“Uu>H : (4.15)

1 2

where U is defined in (3.2) and
1Qa(2)| < NT1%ullm, 1T 0 &, (4.16)
1 I 1 *|1—o
< §H|T| ully, + §H|T |3, (4.17)

Proof of Lemma 4.1. Take z € D(0r), then by using the polar decomposition of
Or = Z|0r| (Section 3) we rewrite Q(z) as

1 1
Q(z) = 5(0rz,2)n = 5(Z|0r|z,2)n

1 1
= 500|227 2)n = 5(10r]2, Z2) .

For a € [0, 1], we introduce the selfadjoint operator

_ (T 0
Aa - ( 0 |T*|1—a ’ (418)

which satisfies the identity Aj_oAy = |07 ( compare A=\ = X). Using the commuta-
tivity relation [|07]%, Z] = 0, B € [0,1], we deduce
M=o Z2|| 7 = |ITI' U o3, + 11T Uullf,
= |UIT|' = Uo7, + [IU*|T*|*TUullF,
= 1T, + I1T]%u|l%,

= ||[Aaz|3 (4.19)
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As before we rewrite Q(z) as
1 1
Q=) = §(|8T|Z,ZZ)H = §(A1_QAQZ,ZZ)H
1
= §(AQZ,A1_QZZ)H, z € D(0r). (4.20)
Thus
1 1
LAz Ao Z2)al € 3l Aazl | Ar—aZ2]
1 1 o 1 *|l—o
= L1AazlBy = SITIul, + SNTT P

which proves (4.17). Expression (4.16) follows in a similar way, i.e.

_ 1 « l—ayr* 1 *|11—a * o >
Q) = 5 (1Tl TP =out) (T e T T
1 1
= S(ITlu TP o) 4+ S (UIT U, UIT )
= (ITfw =)
H,
which proves (4.15) and (4.16) follows. O

Using Lemma 4.1 we now define the intermediate spaces Eq = D(|T]*) x D(|T*[*~*),
a € [0,1]. Equipped with the graph-norm ||z||% = HZH%{ + H|T|auH%,1 + H|T*|1_O‘UH%2 the
spaces E,, « € [0,1] are again Hilbert spaces. We set

OF = D(|T[*), 0,7 = D(|T*['™*), (4.21)

and introduce the product spaces

Definition 4.2. For a € [0,1]
Eo=D(A,) =07 x 0577, (4.22)

with the norms

1206 = W=l + NT I ullZy + 1T ol (4.23)

The operators |T|* and |[T*|! =% are both closed and therefore we can yet define another
norm on E,. We define

12l = NT1ulla, + 1T 0l + 121 (4.24)

= [ AazllE + 112°1l
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according to the decomposition given in (3.5). It is interesting to observe that the norms
| - ||z, coincide with the real interpolation norms (see [LM], [BL])

4l =2t [ K6 B Byt € (0,1) (4.25)

where
- . 2 2 o \/?
K(t.z2 Eo, By) = _inf (|20, +#2lzl1%,)
and
ool S201—1 1

Ca = /0 T2 ds = §F(Q)T(1 —a), a€(0,1).
We have
Lemma 4.3. The norms || - ||(a) and || - ||, coincide on the domains E, for all a € (0,1).

Proof of Lemma 4.3. From definition (4.24) of the norms of Ey and E; we have

K(t= B, By = ot (I8 + 21005
1

-0

+ inf <Aziz—|—t2Aziz>.
(e 2

Evaluating the first minimum we deduce that z) satisfies the Euler equation

and the identity (14 #%)]|z0]|3; = t*(2°,20) . Substitution of the latter yields

I((t, Z, Eo, E1)2 =

t? 012 : +
£ <A 2 t2Ai2>.
Tl g (el + 21

0

We shall denote the latter term by Kt(t,z,Ey, E\)?, where E; = E; © N(dr), i = 1,2 (
E;, = E; & N(0r) denotes the othogonal complement of N(9r) in E;). We have

I(J_(tv 2 E~0 7E~1)2
= _inf(Jluolid, + 1T Trlly, + NT ool + )01l )

z=zo+21

inf <HuOHfm + TN = wo)ll3r, + T woll 7, +¢*[lv — vlo)

zo€ o

Evaluating the minimum above, we obtain

K (b2, Bo B0)? = ([ TROTE + 4727 10) o+ (o 21T (T +#) 7o)
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and the norm becomes
oWy = 10 e [ T POTE + 672 ) dife 426)
4t /Oot_za(v,t2|T*|2(|T*|2 +12) 7 ) di/t.
0
Using the spectral representation of the selfadjoint operators |T'| and |T*| we get
/00 2 TR T)? +t72) udt/t = co|T*“u, Yu € D(|T|?), (4.27)
0
/OO t7292 | T2 (| T + t3) " Lodt [t = co|[T* P, Vo € D(|T*)?). (4.28)
0

We obtain from (4.26), (4.27) and (4.28)

I=llEay = 111 + (TP w, w)m, + (1T, 0)m,
= 1125 + T ull, + 11T ]E,

= |2l + [Aazllf = lI21l%, V2 € D(O7).
Since D(0%) is a core of A,, the proof is complete.? O

On the vector space E,, the norm || - ||g, is a weaker than the norm || - ||, and the
normed linear space (Eq, || - || £, ) is not necessarily complete. As well-known (E,, || - ||z, )
is complete if and only if the norms || - ||o and || - ||z, are equivalent.

Proposition 4.4. The norms || - || and || - || g, are equivalent norms on E, if and only if

R(0r) is closed in H, or equivalently R(T) is closed.

Proof of Proposition 4.4. (i) In the case that R(0Jr) is closed we have that R(T),
R(|T)) is closed and thus also R(T*), R(|T*|) is closed. It is well-known that R(T) is
closed if and only if R(|T|%), o € (0,1), is closed (similar for R(|T*|)). Thus R(T) and
R(T*) are closed if and only if

dist(u, N(T)) < C[[|T|u[|r,, Vu € ©OF, and

dist(v, N(T*) < C||T*|*~*v||m,, Vv € O .

Combining the latter estimates we obtain

dist(z, N(9r)) < C||Aazllm, Vz€Of x 0,7 = E,,

3 In the book by Lions & Magenes one can find the analogue of Lemma 4.3 when Ej 1s continuously
embedded in E;. This case is associated with a positive definite operator A such that D(A) = Ey (see
[LM] pages 98-99).
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and

=l < max(C 1) (IAazlf + 121 ). V= € Eo.

This proves that the norms (4.23) and (4.24) are equivalent.
(ii) If the norms (4.23) and (4.24) are equivalent then there exists a constant C' > 1
such that
2%, < lzlla < Cllzllk,. Yz € Ea.

This yields, for z € N(9r)+ N E,,

IAa(™ + 275 = 1= + =" Il

C-1

and
(C =Dl AazlF + 12°1% = ll=11%,

which proves that R(A,) is closed and consequently are R(T) and R(T™*) are closed. O

Remark 4.5. If R(0r) is closed, Proposition 4.4 implies that the embedding

1: Ey — H, (4.29)
is continuous and dense not only with respect to the norms || - ||, but also with respect to
the norms || - ||, -

Assuming from now on that R(T) is closed we take || - ||g, as the norm in E, and

we have the estimate |Q(z)| < £||z]|%, from Lemma 4.1. We now state the main result
concerning normalized extensions of ().

Theorem 4.6. Let ) be a J-quadratic form on a Hilbert space (H,J), corresponding
with an unbounded [J -selfadjoint operator A = Or, having closed range. Then there exists
a family of Hilbert spaces Eo = D(|T|*) x D(|T*|*~), « € [0,1], equipped with the norms
I ls.. satisfying:

(i) Ju, the restriction J to E, (i.e. D(Jo) ={z € Eo; Tz € E,} ), is a conjugation
m F,,

(ii) Q has a continuous extension Qo to E,, which is a normalized [J,-quadratic form
on Eq, given by Qa(z) = 3(Laz,2)E, . where

0 T 1—2aU*
Loz = <|T*|2a—1U | | 0 ) ) (430)

(iii) Lo © Eo — E, is a selfadjoint partial isometry, with closed range, inducing the
decomposition

E,=FEt@E'@9E, (4.31)

on E,, where
Et = {z € B, © N(0r); |T|'~°U*v = |T|“u}, E- = J.ET, (4.32)
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(iv) the spectrum o(Ly) = {—1,1} if 0 € p(0r) and o(Ly) = {—1,0,1} if 0 € o(Or).
Furthermore, E* and E~ are the eigenspaces of L, corresponding to the eigenvalues 1
and —1.

Proof of Theorem 4.6. Clearly (i) holds. As for (ii)-(iv) we argue as follows. Because
Qa(z) is a continuous quadratic form on E,, there exists a unique bounded selfadjoint
operator L, such that Q.(z) = %(LQZ,Z)EQ. By Lemma 4.1 the extension of %(aTZ,Z)H
to E is given by %(Aaz,Al_aZz)H. Thusif z € E, & N(0r)

Qul2) = %(Aaz,Al_aZz)H _ %(Aaz,AaAglAl_aZz)H
1
= §(A;1A1—QZ272)EQ-

Therefore
Lo =A'AN_oZ = AJ?0r

and from (4.18), ||Laz||E, = ||z]|E, for all z € E, & N(Or). This shows L, is a selfadjoint

partial isometry on E,. Let us consider the eigenvalue problem L,z = Az in E,:

IT|'2°U*v = \u, (4.33)
| T*** 1 Uu = Av. (4.34)

Because u € O, (4.33) yields
U*|T*|' =% o = [T~ U* o = A?|T|%u, (4.35)

where we used the commutation relation [|0r|%, Z] = 0. Substituting the equation (4.34)
in (4.35) we obtain
U*|T*|*Uu = N*|T|“u,

and by the commutativity of |0p|* and Z
IT1°U*Uu = |T|%u = \*|T|u,

which gives A2 = 1 and consequently A = £1, with the eigenspaces ET and E~ as given
by (4.32). Furthermore, because R(L,) is closed and L, maps R(Ly) onto R(Ly), Lo is
unitairy on R(Ly). The spectrum of L, on E, & N(9r) consists only of the eigenvalues
—1 and 1. We already concluded that the values —1,1 are eigenvalues of L, and therefore
E,NN(9r)t = E* @ E~. If the kernel N(9r) is non-trivial, also 0 is an eigenvalue of L,
and then E, = ET ¢ E° @ E~. This completes the proof. ]

By means of Theorem 4.6 we can also decompose an element z € F, as z = 2zt +
2% 4+ 27, with 2 € E* and 2° € E° = N(9r). This yields a decomposition of Q(z):
Q(z) = Q(z") + Q(z7) and an equivalent expression for the norm || - || g, :

1 1 1
Sl = Q) = Q)+ 512 = 1Q1=) + 5 1=°Iy. (4:36)
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This alternative formulation will be convenient for applications in critical point theory

(e.g. [HV1)).

The family of intermediate spaces E, form a 'diagonal’ of spaces between the ’end-

points’ By = D(T) x Hy and Ey = Hy x D(T*) (see Figure 1):

Fig 1: The ’diagonal’ of intermediate spaces.

Along with the intermediate spaces E, we have the intermediate forms between

(u, T*v) g, and (Tu,v)p,:

(Tu,v)p, = (|7, |T|'~"TU"0)p,
= (|T*|* =0, |T*|*Uu) g, = (u, T*0), . (4.37)
We show now that if R(A) is closed (equivalently when R(T') is closed), the spaces

E, are proper interpolation spaces between Fy and F; and they coincide with the real
interpolation with p = 2 between Ey and FEj.

We recall that, because R(T') is closed, the real interpolation spaces [Ey, E1]q,2 can
be defined by

[Eo, Eilaz = { € Bo + By t7°K(t,2, By, Ey) € L*(0,003dt/)}, (438
with K (t,z, Ey, Eq) as defined before (e.g. [BL,LM]). By Lemma 4.3
Eo = [Ey, Er]a,2, (4.39)
and the norms coincide. The real interpolation functor described above is an exact inter-
polation functor of exponent «, i.e. let Fy and F} be Hilbert spaces and B a bounded
linear operator from F; to F;, 1 = 1,2, with
B: E()—>F107 HBH:M(),
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B: E1—>F117 HBH:M17

then
1Bzl 1] < My~ M7z, (4.40)

This proves that F, are proper interpolation spaces.

Remark 4.7. Form Proposition 2.4 we know that every J-selfadjoint operator A in (H,J )
is of the form A = Or for some operator T satisfying (Hr). However using Remark 2.7
one can also write the operator A = d+ d*, with d> = d** = 0, instead of using the matrix
representation.

Remark 4.8. As in the case of positive definite operators, one can extend the operator
Or in H to
Or: E, — E}, (4.41)

which is a partial isometry. One can even give a more precise statement;
Corollary 4.9. Suppose that T satisfies (Hr). Then the operator
or+Py: E, — E, (4.42)

is an isometric isomorphism between E, and E}, ie. for every f € E¥, the equation

(Or + Py)z = f has a unique solution u € E4, with ||z||g, = || f]| &= .

In the event that R(T) is not closed the domains E, = D(|T|%) x D(|T*|* =) are not
complete with respect to the norms || -||g,. So in order to work with the norms || -|| g, and
Hilbert spaces we have to complete the domains E, with respect to the norms || - ||z, .

Definition 4.10. Assume R(T') is not closed. Then for all a € [0,1],

Ea = completion(Ea; | - HEQ>, (4.43).

Theorem 4.6 is still valid for the spaces &,, which is important for applications to
critical point theory. As for the interpolation property we define

Ea=1{&, &} (4.44)

o
Clearly these spaces satisfy the interpolation property (4.40) by using a density argument.
5. Critical point theorems for J0r-systems

In this section we are interested in finding non-trivial solutions of the semilinear equa-

tion

Orz — h(z) =0, (5.1)

where h(-) is a potential operator associated with the potential H. Formally solutions of
(5.1) are critical points of the functional

L(z)= %(aTZ,Z)H — H(z). (5.2)

18



From the previous sections we already know that the quadratic part of £ is a C'?-function
on the spaces E,, for all « € [0,1]. As mentioned in the introduction the Hamiltonian H
need not be well-defined on E, for all o € [0,1]. A Hamiltonian H is admissible if

H e CY(E,,R), for some a € [0,1]. (5.3)

In the case H is admissible we have that the functional £ is a C'-function on E, for some
« € [0, 1] depending on H.
We shall prove a theorem now which ensures the existence of a non-trivial critical
point of £ (and a thus solution of (5.1)) under certain assumptions on the Hamiltonian H.
In [FF,HV1] the Indefinite Functional Theorem of Benci & Rabinowitz [BR] was use
the find critical points of £. If we assume that also H' is a compact operator on E, this
theorem can also be applied to (5.2). We must however have that in the decomposition

Ea:E—i—@EO@E_y jozE+:E_7

the space EY is finite dimensional. For the applications we have in mind this is too
restrictive. We therefore extend an abstract critical point theorem by Benci & Fortunato
[BF], which enables us to cope with an infinite dimensional kernel N(dr) = E°.

In the previous we assumed that H was everywhere defined on E,,, for some a € [0, 1].
In various situations however H need not be defined on all elements of the kernel N(9r) =

E°. Therefore (5.3) needs to be modified sligthtly. Suppose that H € C'(X,R) for some

real reflexive Banach space X. Furthermore we assume that there is a a € [0, 1] such that*

ET@® E~ — X compactly,

E°NX is closed in X,

ETQE- @ (E°NX) is dense in X,

E'N X is dense in E° (w.r.t. the H — topology).

Define L L
XtT=Et, X =E-, (5.4)

with the closures taken in X and
X)) =(N(T) x{0}))nX, XJ=({0} x N(T*))n X. (5.5)
Using the assumptions (s1)-(s4) we obtain
X=XtTaX aX]eX)],

X, =P XtaX " )a X},
X, =P (XTaX")s X)),

4 We use the decomposition B, = Et & E~ @ E° according to (4.31).
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where P, and P, are the extensions in X of the projections on {(u,0)} and {(0,v)} in
ET @ E~ respectively. In X = X; x X, we employ the equivalent norms

120% = (w, 0)l1% + 110, )%
= |lull%, + v, (5.6)

and similarly for the dual space X*,
[l Xe = lwillxs + llwall%; - (5.7)
On H we impose the hypotheses:

(k1) H e CYX,R), is a strictly convex functional and H' = h, with
h(0) = 0, is a bounded homeomorphism from X to X™*.

(k2) If {zp} C X ,z € X such that < h(z,)—h(z),2, —2 >— 0 as n — oo,
then {z,} has a convergent subsequence converging to z in X.

(k3) There are strictly convex functions ¢1, .., ¢4, positive constants
€1, .., Cq, satisfying

b1(t)/t° = 1, d2(t)/t" = ca, as t — o0, $1(0) = ¢2(0) =0,

1 1
os3(t)/t" — cs, ¢4(t)/tb —cq, as t—0, a,b>0, - + 7 <1,

s.to d1(fullx,) + d2([Jvllx,) < H(z) < os(l[ullx,) + da(llv]lx,), V2 € X.
(k4) 01 < Hulz),u > 462 < Ho(z),0 > —H(z)| — o0 as [|z]|x — oo,
for some 61,605 >0, 6; + 6, = 1.

We have the following critical point theorem (compare Benci & Fortunato [BF]):

Theorem 5.1. Let X be a real reflexive Banach space such that for some « € [0,1]
Hypotheses (s1)-(s4) are satisfied. Suppose that Hamiltonian 'H satisfies (k1)-(k4), then
L(z) has at least one non-trivial critical point z € E, N X.

Proof of Theorem 5.1: From Theorem 4.6 we have that L, = L' € B(E,). Using
the hypotheses (s1)-(s4) we can extend L, to a bounded operator from W to W*, where
W = (E+)* @ (E-)*. Following [BF] we transform the functional £ into the dual setting
in the usual way, i.e.

flw) =blw) — % <w, L7 w >
1
:b(w)—§<w,Law > weWCX, (5.8)

with b(w) = H*(w)|w, where H* is the Legendre-Fenchel transform of H : X — R. From
Section 4.4 (Theorem 4.4.6) we have that o(Ly)|g+ep- = {—1,1} and we consider L,
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here as a operator from W to W*. We shall use the Linking Theorem as given in [BBF]
(Theorem 2.3) in order to obtain critical points of f, which can be translated then to
critical points of £. This version of the Linking Theorem admits a weaker compactness
condition then the usual Palais-Smale condition. We recall

(i) every bounded sequence {wy} C f~1((0,+00)), for which {f(wy)} is
bounded and f'(wg) — 0, possesses a convergent subsequence;

(ii) for all ¢ € (0,40), there are e, R, 3 > 0, such that for all
we Fle—ectd), fwlxe > R: [f ()l lwlx- > 5.

(€)

Proposition 5.2. (Linking Theorem, [BBF]). Suppose that f € C'(W,R) satisfies the
following properties

(f1) f satisfies (C), £(0) =0,
(f2) there exists a closed subset S C W and a Banach manifold Q C W
with boundary 0Q) which fulfil the following properties;
a) there exist two constants ¥ > w > 0 such that
flog Sw,  fls =7,
b) S and 0Q) link,
¢) f(0)=0 and su% flw) < +o0.
we

Then f possesses a non-trivial critical value ¢ > ~.

First we proceed with verifying condition (C) for the functional f on W. The first
part of (C) is identical to the verification in [BF]. As for the second part of (C), let ¢ € R
and consider w € f~!([c—¢,c+¢]). Choose y = (201w1,205wz2)" € W, with 1 > 01,09 > 0,
then

2[fwllx-[[f(w0)llx = lyllx-[If(w)llx = [ <y, f(w)>]
= | < 201wy, by, (W) > + < 202w, by, (w) > — < w, Low > |,

if we set o1 + 02 = 1 and use the special structure of L, given by the dr-operator. Now
set

1
g(w) = blw) — 5 < w,Lqw > —c¢

plw) = 01 < wi, by, (W) > 402 < w2, by, (W) > —b(w) — c.
Then
[yllx= 1l (w)llx = [2(g(w) + p(w)) + 4el,
where |¢(w)| < € by assumption. Clearly, because H*(w) =< w,z > —H(z), with z =
=1 (w), we have b(w) = H*(w) =< w, k™ (w) > —H(h™ (w)), w € W. Thus, setting
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0'1:1—91 aIldO'QZ]_—eQ,

1 1
|§ <y, b (w) > —b(w)| = |§ <y, h Hw) > — <w, h N w) > +H(h™Hw))|
=l(o1 — 1) <wi,u>+(03 — 1) < wz,v > +H(2)|

=101 < Hy(z),u > 402 < Hy(z),v > —H(z)| — oo,

as ||z]|x — oo, by hypothesis (k4). This completes the verification of condition (C).
In order to check condition (f2) of Proposition 5.2 we proceed as follows; as in [BF]
we obtain from (k3)
7 (w) = H(w) = ®5(w),

where ®1(2) = é1([lullx,) + dollvllxa) and @2(2) = dalllullx,) + dallloflx,) and its

Legendre-Fenchel transforms
O7(w) = oi([lwrllxy) + Pa(llw2llx5);
3 (w) = ¢3(lwillx;) + dilllwallxy), we X™
We consider the set (ellipsoid)
S = {(p"Twr, p' )5 w = (wi,w2)' € W, [Jwllx+ = p},

> with @’ and b’ the conjugates of a

Lt
k+1°

2|~

where we choose k and [ such that % >

and b.

_k
k+1°
* L jti—2 2
fls = H"|s — 3° | Lall 2w, w05
* - * - 1
> @5 (p Hwr|) 4+ @5 (p" ||wal|) — §Pk+lHLaH£(W,W*)

Using (k3) and assuming ||w]| x= is small we obtain

a, _ a/ for_ / 1
fls = Cap™ D[+ Cop® Do = S| Lallcowawey
I . a/ ! ! 1
> C1p* Flsing|* + Cyp®llcos d|” — §Pk+lHLaH£(W,W*)
a' : a’ "I—a’ ! 1
> p k(C’1|s1nqb| + Czpbl k|C0S ¢|b ) - _PkHHLaHﬁ(W,W*)

2

assume now p < 1 and b'l < d'k,

/ 1
> Cp* — §Pk+lHLaH£(W,W*) > >0,

for p small enough, because a'k < k+ 1. In the case b'l > a'k we obtain a similar estimate.
Next, using (s1)-(s4), we choose wt € (E+)* with [[w™| = 1. Set

Q = {w = (r*wi,r'wl); r €[0, R},
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If r is sufficiently large we derive from (k3) that

1
f(rkwf',rlw;') = H*(rkwr,rlw;) — §C’rk+l

K sk ]—
< o3 (r*lwi ) + o5 [wi ) — §Crk+l
' ' ' ' 1
< O |7 + Cor | — Lor+!
/ / 1
< Cyrt R 4 Cor®t — §C’rk+l — —00,

as 1 — o0, because a'k < k + [ and ¥l < k + 1. Choosing r = R large we have
f(R*w], R'w}) < 0, which gives that flag < 0 = w, because f(0) = 0. The particu-
lar choices of S and @ provide that S and 9@ link in the usual sense (see [R2], [BBF]). It
is also obvious that (f2) (c) is satisfied. This completes the verification of the conditions
(f1) and (f2) of Proposition 5.2. We refer to [BF] for the completion of the proof, which,
from this point onward, is identical to the proof of Theorem 1.1 in [BF]. ]

6. Applications

In this section we shall exibit two example of Op-systems.
1. Multiparameter Hamiltonian system.

A multiparameter Hamiltonian system is an extensions of the classical Hamiltonian
system and is obtained by introducing the ’time’-variables zq,...,znx, N > 1. In the
case N = 1 we have the classical Hamiltonian system. In the multidimensional case
new phenomena occur, which were absent in the one-dimensional case. It will appear
that the interpolation spaces as introduced in Section 4 will be crucial for the critical
point theory of multiparameter Hamiltonian systems. These Hamiltonian systems can also
serve to describe certain second-order quasi-linear elliptic equations. Also the equations
of electrostatics (see introduction) form a multiparameter Hamiltonian system. We shall
give an existence result for these systems, for a large class of Hamiltonians H(u,v).

Let  C RY be a smooth bounded domain and let z = (u,v)!, with v = (vy,...,vx)"
and

z: QCRY — RVNTL (6.1)

The Eucledian norm in R™ will be denoted by |-|. A multiparameter Hamiltonian system
is given by equations

—div v = Hy(u,v), in £, (6.2)

(IT) Vu= H,(u,v), in £, (6.3)

u =0, on 012, (6.4)

where H € CH{RMTL R) and v € C1(Q) N Co(Q), v € (CHQ))Y N (C(Q))N. As before

the system can be viewed, formally, as the Euler-Lagrange equations of the Lagrangian
L(z)= / v-Vu— / H(u,v). (6.5)
Q Q
3
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First we derive a non-existence theorem for Problem (II), by using variational identities
[Mi,PS,vdV1].
Theorem 6.1. Let z = (u,v)!, with u € C1(Q) N Cy(Q), v € (CHQ)N N (CHQ)Y, be a
solution of Problem (II). Suppose

1) Q is star-shaped,

2) HeCYRMTLR), H(0,0)=0, (6.7)
3) H>0,Vz, a+b=N -1,
auHy(z)+bv-H,(z) — NH(z) >0, ¥z # 0. (6.8)

Then z = (u,v)" = (0,0)" in Q.

Proof of Theorem 6.1. The Lagrangian density for Problem (II) is
L=v-Vu— H(u,v). (6.9)

We apply Theorem 2.1 of [vdV1] taking h'(z) = 2*, ag(z) = ar if k=1=1,..,N + 1 and
ag(x) = 0 if k # . We obtain, using the boundary condition v = 0 on 02,

%99 <<:Ii(v -Vu— H(u,v)) — xj%v>,n>d3 _

X

— ” H(0,v)(x,n)ds =

/<Nv-Vu—NH(u,v)—v-Vu—alv-Vu—l—aluHu(u,v)
Q

N+1 o N+1
— Z akvk_laﬁ —|— Z akvk_lﬂvk_l(u,v)>d:1; =
k=2 t k=2
N+1 A N+1
Z(N —1—a; — ak)/ Vi—1 de + Z / apvi—1Hy,_, (u,v)dx
k=2 Q v ey /0

—I—/ <a1Hu(u,v) — NH(u,v)) dz.

Q

We want the parameters ay,..,an41 to satisfy the following N equations
N-l=a+ar, k=2,..,N+1,

which yields ay = a3 = ... = any41. Setting a; = a, az = b with a +b = N — 1, we finally

obtain the identity

— ” H(0,v)(x,n)ds =

A(auﬂu(u,v)—l—bv-ﬂv(u,v) —NH(u,v))d:L'. (6.10)

Suppose now Problem (II) has a non-trivial regular solution z # 0 in . Clearly by 1) and
3) the left hand side of (6.10) is non-positive. However if z # 0 in 2, there is a measurable
subset Q. C Q of positive measure, where z # 0, and thus by 2) and 3) the right hand side
of (6.10) is strictly positive. Because solutions of Problem (II) satisfy identity (6.10), the
hypotheses of Theorem 6.1 imply that z = 0, which proves the theorem. L
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Example: Consider the case H(u,v) = ]ﬁ|u|p+1 + qj_—1|v|q+1. Then from Theorem

6.1 we deduce a necessary condition on the exponents p and ¢ for existence of solutions of
Problem (II), in the case €2 is star-shaped. On p and ¢ we therefore impose the condition
1 L 1 - N -1

p+1 qg+1 N

N >1, p,g >0. (6.11)

In order to state an existence theorem we proceed as follows.
According to Section 5 we look for non-trivial solutions of Problem (II) as critical
points of £. We now introduce the spaces on which £ is defined:

T=V, with D(T)= Hy(Q) (6.12)

and

H, = L*(Q), Hy=(L*(Q)Y, and H = (L*(Q))NT. (6.13)

In the next lemma we summarize the required properties about the operators T, T* and
their domains.

Lemma 6.2. The operator T, defined by (6.12), satisfies assumption (Hr) and its range
R(T) is closed in Hy. The domain of the adjoint T* is given by

D(T*) = Hj(Q) = {v e (L*(Q)"; dive € L*(Q)}
= {v € (LZ(Q))N; v = vy + vg, dive; = 0 and
vy = Vu, with v € H> N Hy(Q)}.

Moreover T*v = —divv for v € H}(Q).

Proof of Lemma 6.2. The operator T is closed since Hj(Q) is a closed subspace
of H'(Q2) and the graph-norm of T is an equivalent norm on the Sobolev space H!(Q).
The closedness of the range follows directly from the Poincaré-inequality. From Green’s
formulas it follows that H}(Q2) C D(T*) and T*v = —divv for all v € D(T*). Finally, we

prove that D(T*) C H}(Q).
Let v € D(T*), then there is M > 0, such that

1/2
‘/ vVud:L" < M(/ uzd:zj> . Yu € Hy(Q).
Q Q

Since H} () is dense in L%*(2), there exists a function w € L?(Q) by the Riesz representa-
tion theorem, such that

/wud:z; = / vVudz, Yu € Hy(Q).
Q Q
Because 92 € C?, there exists a function ¢ € H? N H} (), such that —A¢ = w. Hence
/ (v — Vqﬁ)Vud:Jc =0, Yu€ Hy(Q),
Q
or equivalently v — V¢ € (L*(Q))" and div(v —V¢) = 0 in the sense of distributions. O
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We have now the operator Op

or = (g _giv> . Hé(ﬂ) X H;(Q) C (LZ(Q))N—H N (LZ(Q))N—H7 (6.14)

which is of course a selfadjoint operator by Proposition 2.2, with domain Hy (Q) x H} ().
Our next step is now to describe the interpolation spaces E,, as defined in (4.22), on which

the quadratic form Q(z) = [, v- Vudz can be continuously extended (see Section 4). Let
Eo = L*(Q) x HY(Q), By = HY(Q) x (L*(Q))", then by (4.39) and Definition 4.2 we have

Eo = [L*(), Hy(W)]a,2 x [Hi(2), (L (2)V]a2 = [Eo, Eila2 (6.15)
—0%(Q) x O17Y(Q), a<c0,1].

In the next lemma we characterize these interpolation spaces.

Lemma 6.3. The interpolation spaces E, are

E,=0%(Q) x0,7%(Q), ac]l0,1],

where
H*(Q), 0<a<1/2,
OT(Q) =< Hi(Q), a=1/2, (6.16)
Hy(Q), 1/2<a<1,
and

@%_Q(Q) = {v € (LZ(Q))N; v = vy + vg, such that dive; =0

and vy = Vu with u € H*>~* N Hé(Q)} (6.17)

Proof of Lemma 6.3. We have Ey = L*(Q) x H}(Q), E1 = Hy(Q) x (L*(Q))N and
by (4.39) E, = [Ey, E1]a. From [LM] we obtain (6.16) and from [Gr,HV1] we obtain
(6.17). O

The interpolation spaces E, can also be expressed in terms of convergent series us-
ing the fact that (—A)~! : L%*(Q) — L*(Q) is compact. Thus let {¢r}, {t)r} be the
eigenfunctions of respectively T*T and TT* and {u;} the non-negative eigenvalues. We
have:

OF(Q) = {u=">) urdr; Y piui < oo} (6.18)
k=1 k=1
11—« _ _ G v_m - 11—« 2 *
0, (Q)—{U—ka T o vk<oo}®N(T ) (6.19)
k=1 Mg k=1
= {v=> vkVér > pi %’ < oo} & N(T*).
k=1 k=1

26



From Lemma 6.3 and the Sobolev embeddings (using the interpolation property) it follows
that the spaces E, & N(0r) are embedded in L~-%= (Q) x (L oy )N where N(0r) =

Y

{0} x N(T*). If N > 1, then dim N(T*) = co. One deduces directly from (6.18) and
(6.19) that the embedding

E,oN@Or)— Eq_. 5 N(Ov), VYacl(el), >0, (6.20)

1s compact. Summarizing we have

Lemma 6.4. Let a € (0,1). Then the embedding

E,OE"=FE" @ E™ « [Pt x (Le=THY, (6.21)
is compact, if
+1< +1< 2N
P N _—2a ™ N_-2+2a

In order to apply Theorem 4.5.1 we take
X = LPetl 5 (LtHN o €(0,1). (6.22)

Now we are in a position to consider Problem (II) as a Op-system in ((Lz)N'H,X) with
Lagrangian (6.5). On the Hamiltonian density H(z) we impose the following hypotheses:

(91) erful” < |Hu(u, )| < eoful” +e5 ) Jul™ ol H(0,0) =0,
k

calvil” < [Hy(u,0) < o5y Jul* o)™~ 4 elol?, i=1,..,N,
k

1 1 N -1
Withp+1+q—|-1> N , p.qg > 1, pa—|-kl qﬁflzl, ok, B > 1,
(¢92) H.(z) is strictly monotone,
1
(93) 5z Hi(z) - H(z) 2 crlulP* 4 es o] T — cq.

Remark 6.5. Clearly in the case of the pure powers as stated above the hypotheses
(g1)-(¢3) on H are met. Even if we consider a more general form, i.e.

1
H(z) = ulPt 4 e uakvﬂ’“—l——vq""l, 6.23
(= gl e Xl (6.29
the conditions (¢1)-(¢3) are satisfied whenever
1 1 N -1 a B
+ > and + =1, ag, > 1. 6.24
p+1 qg+1 N p+1 qg+1 b Ok ( )

In the complementary case Ll + qj_—l < %, a non-existence result follows from
Theorem 6.1, which reveals the ’sharpness’ of these conditions especially in the pure power

case.

27



Theorem 6.6. Consider Problem (II) and let H(-) satisfy (¢1)-(¢3). Then Problem (II)
has at least one non-trivial solution solution z € E, N X for some appropriate o € (0,1)
depending on p and q.

Proof of Theorem 6.6. We start off verifying conditions (s1)-(s4) of Propostion 5.1
in the case of Problem (II). Condition (s1) follows directly from Lemma 6.4. Conditions
(s2) and (s3) are easily checked. In order to verify (s4) we consider v € N(T*) and 0, €
(C2(Q)N converging to v in (L*(Q))N. Set ¢, = —divd, and let w, € HY%Tt N H}(Q)
satisfying

—Aw, = ¢p.
Finally we define v, = 9, — Vw,. Clearly we have v, € (L4%*1(Q))V, divv, = 0 in the
sense of distributions and since ¢,, = —divd,, converges to —dive = 0 in H~1(Q), we also

have that w, — 0 in H}(Q). Therefore the sequence {v,} converges to v in (L?(Q))Y,
which completes the veriﬁcation of condition (s4).

We recall that H(z) = [, H(z)dx. If we take a suitable a € (0,1) it follows from (g1)
that H € C1(X,,R). From (g1)- (g2) we derive that

di|ulPT - dofo|TT < H(2) < dsfulPT 4 dafol™T, 0 pog > 1, (6.25)

To see this one argues as follows. For any z € RV 1! we have the identity

H(z) = /O 1 diﬂ(sz)ds - /O 1(VH (s2) / H.(s2) 32—

S

Using the strict monotonicity of H, (condition (¢2)) one can easily derive that H,(z)u > 0
and H,,(2)v; > 0 for all z € RYT!. Using this we derive from the previous identity

[ e d‘9+§N:/1H< poui

= u(82)su— vi(82)sv; —
s : ' s
/ |Hy(sz |3u|——|—§ / | Hy, (52 |3vl|—.

Using (¢g1) now we obtain

1 N o 1
cl/ lu|PTsPds + ¢y Z/ lo; |7 s%ds < H(z) < 03/ lu|Ptls? ds+
0 — Jo 0
! ds al ! ds iy
042/ |3U|ak|sv|ﬁk——|—c522/ |3u|ak|3v|ﬁk—+c62/ ;|71 s2ds.
0 S . 0 S . 0
k =1 k =1

Working out the integral over [0, 1] and using Young’s inequality on the mixed terms we

get
N N

arfuP b ap Y o T < H(z) < aglulPt b ag Y ol
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Using the equivalence of norms in RY, (6.25) immediately follows. By taking ¢(¢) =
P $a(t) = dalt|TT, Ga(t) = ds|tPT, ga(t) = dalt|?, (k3) follows by setting
a=p+1>2b=qg+1>2 Hypotheses (k1) and (k4) follow directly from (¢1), (¢2) and

(93).
Suppose that there exists a zg € X, such that

/Q(HZ(ZH) - HZ(ZO)> : <Zn — Zo)dl‘ — 07

along a subsequence. Then, since h(z) = H,(z) is strictly monotone, we have
(HZ(an) — HZ(20)> . (an — 20> — 0, a.e in{) (6.26)
and
(HZ(an) — HZ(20)> . (an — 20> <gq1, VYng, (6.27)

where ¢; is a fixed non-negative function in L'(2). From (6.26) we deduce that z,, — zo
a.e. in €. Finally, by using (6.27) and (¢g1), one can prove that

[tp, [T < go € L', v, |77 < g3 € L' (fixed functions). (6.28)

Combining the pointwise limit z,,, — zo and (6.28) and using Lebesgue’s dominated con-
vergence theorem we obtain

Zn, — 20, in X. (6.29)
So it remains to derive (6.28) from (6.27), (¢g1) and (¢2). We have
N N
crlunlP ' 4 ea Y Jon T < THu(z0) Jun] + D [Ho, (z0)||onil = Hul(za) - 2
=1 =1

Sgl‘l’Hz(ZO)'Zn‘l’Hz(Zn)'ZO_HZ(ZO)'ZO
< g1+ Ho(20) zn + Ho(20) - 20

N
= g1+ |Hu(20) ||un|+z (z0)[|vn,i

N
+ [ Hulza)lluol + ) [He, (z0)l[vo,

=1

< g1+ caluollun| + s D [uo|** ™ fun][vo] 7
k

N

+esN Y fuol ool T onil + e > vol*on,il
k =1

+ calun|P|uo + €5 > Jun| ™ fug vy |
k

N
+ C5NZ || ** [0 |7 Hvo,il 4 cs Z v |?]vo,il
=1
<g1+ elunlerl + €v | 4 Celug[PT! + Celug|H

(6.30)
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Taking e small enough in (6.30) easily yields, after some rearrangements,
|unPT 4 Jon| T < Cgy 4 CMug [P+ C [ |1

The latter inequality now proves (6.28). This shows that also (k2) is satisfied.
Applying Theorem 5.1 finally gives a solution z € E, N X, for some fixed o € (0,1),
satisfying the equation

aTZZHZ(Z)v in (EamX)*7
which proves the theorem. ]

If the Hamiltonian is H(u,v) = =2L|v

T4 F(u), with F(u) ~ |u[PT! and X7 <
p+1< Jév_rr, Problem (II) is equivalent to the quasilinear r-Laplace equation —A,u = f(u).

T

The above example applies when 225 < r < 2.

N+2
2. A reaction-diffusion system.
Consider the system
— Av=Hy(u,v), in £, (6.31)
(III) — Au= Hy(u,v), in €, (6.32)
u=ruv=0, on 012, (6.33)

where @ C R” is a bounded domain with a smooth boundary 9Q and (u,v) € (CZ(Q) N

C’l(ﬁ))z. This system was studied in [FF,HV1] using variational techniques. The La-
grangian associated with Problem (III) is

L(z) = /Q Vo - Vudz — /Q H(u,v)dx. (6.34)

In [FF.HV1] system (III) was considered in L?(Q)?, with T = T* = —A, D(-A) =

Y

H?>NH;(Q) and E, = D((=A)%) x D((=A)'=%). For these spaces one has the continuous
injections

i: B — LPoTl 5 [l (6.35)

with
1 1 N =2

—I_ == )
pa‘l‘l QQ—I_]. N

The embeddings (6.35) will not be valid if we extend the curve of critical exponents (6.36)

up to its asymptots at p = ﬁ and ¢ = ﬁ However for applications one would also

like to consider Hamiltonians H(z) which are not necessarily superquadratic in both terms

Pasqa = 1. (6.36)

u and v. The goal of this example is therefore to show that our general theory developped
in Section 4 and 5 enables us to formulate £ on a different family of spaces E,, which has
embeddings in LPet! x L1 for all positive elements of the hyperbola (6.36) (i.e. up to
its asymptots).
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We assume that @ = Br C RY, R < co. We consider the quadratic form Q(z) =
Jo Vu - Vodz, which is properly defined on C§°(Q2) x C§°(£) and we restrict ourselves to
radially symmetric functions, denoted by C’OO’OT(BR). The estimate

1Q(2)] < (/Q |Vu|2|:1;|N_2d:1;>1/2</Q |Vv|2|:1;|2_Nd:1;>1/2, (6.37)

indicates that ) can be extended by continuity to Hilbert space G = Hj(dun—z) X
H}(dus—n), where H} (dun—2) and Hy(dua—n) are the closures of C()Of’r(Q) in respectively
H'Y(dun_2) and H'(dps—n)°. In H} (dun—2) and Hy (dpa—n) we use the equivalent

1/2 1/2
norms <fQ |Vu|2|:1:|N_2d:1;> and <fQ |Vu|2|:1:|2_Nd:1;> . Notice that if one interchanges

u and v the quadratic form @ can be extended to the space F = Hj(duz—n)x Hy(dun—2).
In order to apply our theory we would like to find an operator 7', with closed range and
spaces Hy, Hy such that 2|Q|(z) can serve as an equivalent norm. Because the quadratic
form @ is symmetric on C§5.(2) x C§5.(2) we can give a simple precedure to find 7. We
set H1 = H2 = H&(d/,LN_Q) and H = H1 X Hz.

Let us denote by [-,-]g, 8 € [0,1] the real (p = 2) and complex interpolation between
Hilbert spaces. We have [G, Flg = [Hi (dun—2), H (dpua—n)]ex [Hg (dpa—n ), Hy (dun—2)]e-

For these interpolation spaces one has the following lemma:

Lemma 6.7. Let N > 2 and Q ¢ RY a smooth bounded domain. Consider the inter-
polation between Hj(dps—y) and Hy(dpun—2), i.e. [Hy(duz—n), Hy(dun—2)]g. We have

that the interpolation norms || - || are equivalent to the norms
1/2
(/ v |2|:1;|(29_1)(N_2)d:1;> . (6.38)
Q
Furthermore
[Hy (dpz—n), Hy (dpn—2)lo = Hy(dp2g-1)(n-2)), (6.39)
where Hg (dpi29—1y(N—2)) is the closure of C5o(2) in H'(di29—1)(N—2)), using the equiv-
alent norms given in (6.38). O

We notice now that the space Hy(dpa—y) is densely and continuously embedded in
H}(dun—2) if N > 2. From the procedure described in for example [LM] we can find an
unbounded positive selfadjoint operator T, with closed range, acting from H{(dua—n) C
Hy to Hy, with D(T) = H}(dus—n) and lullz2(apsw) = 1Tull2(apy ) Using Lemma
6.7 we have that [H&(dug_N),Hé(d/,LN_g)]l/z = H}(Q) = D(Tl/z) and

/ Vu - Vodr = (u,v)Hé = (Tl/zu,Tl/zv)Hl. (6.40)
Q

> For B < N, L*(dug) C L{  and H'(dug) = {u € L*(dpug); Du € L*(dug), (in the distributional

loc
sense) }.
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We see from (6.40) that
Q(z) = (Tu,v)g, = (u,Tv)m,, (6.41)
for z = (u,v)' € Hy(dpa—n) x Hi (duz—n) C H.
From (4.22) and (4.39) we have that E, = D(|T|*) x D(|T|'=®) = [Ey, E1]a, where
Ey = G and E; = F. One also derives from Section 4 that 2|Q|(z) can serve as an

equivalent norm on E,. From Lemma 6.7, Theorem 4.6, (4.24) and (4.36) one obtains
that

120, = 1T ullZ, + 1T 0l
= / |V |? || 17200 N =2) —I—/ |Vo|?|z|2e= DN =2) gy (6.42)
Q Q
We set
0% = 0f = 05 = [Hy(dp2—n), Hy (dpn—2))1-a- (6.43)

For the spaces Hy(dun—2) and H}(duz— ) one has the following embeddings in L?-spaces
(see eg. [MS], [M], [HL])
Lemma 6.8. Let N > 3 and 0 < R < oco. Then, for v € (2 — N, N — 2) the embeddings
. 2N
i+ Hg(dpy) — LYBr), 1<g¢< Niy_2

are compact.

For the sake of completeness we shall give a proof of Lemma 6.8. Before going to the
proof we need a general Hardy-Littlewood inequality:

Lemma 6.9. (Hardy-Littlewood inequality [HL]) Let u € C>(R¥), such that u(r) = 0
for r > rg, for some ry > 0. Then

</0°° |u|qraqdr>1/q < C</O

provided p, q,a and b satisfy the relations
1 1 1
———+4+b—a=1, a+->0, p>1, 0<b—a<1.
p ¢ q

(e @)

1
! Prtdr ) g (6.44)

Proof of Lemma 6.9: We set s = eV, r = ¢* and v(z) = e(lFTot1/Oey /()

</ |U(T)|qr“qdr / / “qdr> !
0 0

Ve dy ean efd:zj>

1/
/ qu> q
/ clat1/a)e Ly (1+a+1/q)yv(y)dy‘qu>l/q

qu>1/q‘

88

(e @)

elatl/az y u'(e)

3"

88

(e @)

elat1/q)(z—y) ( )

\\\

=
()
()
(]
()
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We now set
elatl/De x <0,

0, x > 0.

This yields / e(a"i'l/q)(f_y)v(y)dy =(Exv)(z)= / E(x —y)v(y)dy. Using the hy-

x

potheses on a, b, p and ¢ one has that 1/d =1/¢ — 1/;)—|— 1=0b—aand thus 1 <d < 0.

Therefore
e 1/
/ |(E *v)(y)|? d:z;) !

</ |u(r)|qraqdr
0
1/d o [0 1/
/ dd:z; </ |v(:1;)|pd:1;> p, l<p<o

a—l—l/q d>1/d</_ |v(x)|1’d:1;>1/p, a—|—$>0

o 1/q >1/d </Oo |u/(r)|prp(1+a+1/q)_1dr>l/P
0

- <m>l/d </O°° |ul(7“)|prbpalr>l/p7

with bp = p(1 4+ a + %) — 1, where we used Young’s inequality for convolutions and the
hypotheses on a, b, p and ¢. This concludes the proof. O

IN

=
(
(
ol (cesvrr

Now we are in a position to prove Lemma 6.8.

Proof of Lemma 6.8: In order to prove this lemma it suffices to prove the inequality

</ |u|qu_1dr> ! <Ckgr </ |u'|2rN_1+7dr> p, (6.45)
0 0

for all u € Coo(ﬁ) with u(r) = 0 for r > rg, for some 0 < ro < R. To prove the latter
inequality we distinguish two cases;
LO<y< N—-2: Letl <p<2 a¢g=0bbp=N —1, then we have from Lemma 6.9

that "
1/
</ |u|qu_1dr> ! < C</
0 0
with ¢ = pN . We proceed as follows
R 1/ R 1/
</ |u|qu_1dr> ! < C</ |u'|pr‘sr_6rN_1dr> p, 0>0
0 0
R 1/2 R 2 =
<C / w285 N =1y / r 0 TN gy
() 1 ) () )

R 1/2
S CR(/ |ul|2rN—1+’Ydr> ,
0
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where we chose (52 =~ and 1 —i——]g\f For fixed v € (0, N — 2) this yields that one

can choose p such that q (NL 2N — ). Using Holder’s inequality once more we obtain

_|_
(6.45) for all ¢ € (1, N-I-v 2)
2N

II. 2— N < v < 0: It is enough to prove (6.45) for ¢ = ~Ni,—3- By choosing

a=(N-1)¢g b=(N+~vy-1)/2 and p = 2 in Lemma 69 We obtain (6.45). This
choice of p,¢,a and b is possible since ]3 — —I—b—a =1, a—l— LN ~50,p=2>1and

5 <b—a= 2N2]3+7 < 2]2VN2 < 1. Using Holder s inequality proves then that also (6.45)

1s satisfied in case II.

The compactness of the embedding (6.45) easily follows from the compactness of
standard Sobolev embeddings. 0

For the spaces E, we now have the embeddings

Lemma 6.10. Let o € (0,1), then
i1 Eo — LPetl s Ot compactly,

with

l<patl< l<ga+1< (6.46)

(1—a)(N —2) a(N —2)
Remark 6.11. Another way of constructing a family of interpolation spaces E, in the
radially symmetric case could be achieved by considering the non-selfadjoint operator
T = —oMa)A acting from H; = L?(c}) to Hy = L*(6~?*), where o(z) is a proper radially
symmetric weightfunction on Bg. In this particular case A is fixed and the interpolation
spaces E, vary the order of differentiation, while in the above construction the interpolation
spaces E, have fixed order of differentition (i.e. 1) and the power of the weightfunction
varies as « goes from 0 to 1.

Moreover our choice of the weightfunctions in the above treatment is not unique. If for
example @ = R our choice of the weightfunction would require a more careful analysis,
since the choice would depend on the Hardy-inequalities as given in [M].

Remark 6.12. From the above considerations one can easily derive that the space HJ ()
can be seen as ’espace pivot’ and then HJ(dun_2) is the dual space of HJ(duz—n) with
respect to the duality in Hj(2). We have the scheme

Hy(dpa-n) C Hy(Q) = (Hy(2))" C (Hy(dpz—n))" = Hy(dpin-2).

This now clearly indicates the subtile difference between the spaces E,, in [FF,HV1], where
H} () was employed as ’espace pivot’, with T = —A.

If Hy = H, and one has a J-quadratic form which is also an innerproduct on a linear
subspace of D(Q)) C Hy, one can always perform the above procedure. When the weaker
norm 2|@Q|(z) is not equivalent one can pass to completion in this norm as described in
section 4.

At this stage we can give an existence result for critical points of the functional (6.34),
which are also weak solutions of the equations (6.31)-(6.33). The spaces introduced in this
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example enable us to extend results of [FF| and [HV1] in the radially symmetric case
(2 = Bgr). In order to find solutions of Problem (III) on can apply an abstract critical
point theorem due to Felmer, which is an extension of the Indefinite Functional Theorem
of Benci & Rabinowitz [F,FF]. In that case one can treat general Hamiltonians H. In this
example we shall restrict ourselves to convex Hamiltonians and we apply Theorem 5.1.

Theorem 6.13. Let Q = Bp C RY and N > 5. Consider Problem (III) with H(z) =

|p+1 + qi_1|v|q—|—1 and

1
pl
1 1 N -2

1> + > ,
p+1 qg+1 N

p,q > 0. (6.47)

Then L(z), given by (6.34), has at least one non-trivial radially symmetric critical point
z=(u,v)' € E,.

Proof of Theorem 6.13. We use the interpolation spaces E,, o € (0,1), as introduced
above. In order to prove this theorem we shall apply Theorem 5.1 with the Hamiltonian

H(z) = /Q H(2)da. (6.48)

Because of (6.47) it is automatically clear that (k1) is satisfied for H. As in Example 1 (k2)
is also satisfied here. Choosing ¢1(t) = ]ﬁ|t|p+1 = ¢3(t) and ¢2(t) = q_}_—1|t|q'|'1 = ¢u(t),

witha=p+1,b=¢qg+1 and ]ﬁ + qj_—l < 1, we have that the conditions of (k3) are met.

Finally, if we set 6, = ]ﬁ 4+ €, and 65 = qj_—l + €9, such that 6; + 6, =1,

01 < Hy(2),u > +6; < Hy(z),v > —H(z) =

61/ |u|p+1d:1;—|—62/ v de — 0o, as ||z]x — oo,
Q Q

where X = LPeTt! x [4at1 for some appropriate a € (0,1) depending on p and ¢. Finally,
because E° = {0}, (s1)-(s4) are satisfied. Notice that E, N X = F,. This completes the
verification of the hypotheses of Theorem 5.1, which then yields the existence of a critical
point of £ and the equations (6.31) and (6.32) are satisfied in E!, = (©0%)' x (0'~%)"| where
E! is the dual of E, with respect to L? x L? duality (identifying L* x L? with its dual
instead of the identification of H with its dual). 0

Remark 6.14. In remains an open question how one should deal with the case of an arbi-
trary domain €. As in the radially symmetric case one would like to introduce weightfunc-
tions associated with the support of the functions on €2, such that the proper embeddings
hold.
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7. Refined structures and multiparameter interpolation spaces

In Section 2 we introduced J-selfadjoint operators A in a Hilbert space H and they
are of the form A = Op for some T : Hy — H,, with H = Hy; x H,. For applications it is
also interesting to consider the operator 07, where T has the following specific structure

T:(% %), (7.1)

with Ty : Hi — Hy, Ty : Hy — Hs, Ty : Hy — Hy and T : Hy — Hy. We have
0 0
0 0
0

o = . D(T) x D(T*) C H — H, (7.2)

oow'jo

iy
0
0
0

o 53

I

where H = H1 X H2 X H3 X H4, D(T) = D(Tl) X D(Tz) C H1 X H2 and D(T*) =
D(Ty) x D(Ty) C Hs x Hy. As before we require that T satisfies (Hr), this is true if
and only if T; satisty (Hr,), ¢ = 1,2. Furthermore, because 0r has a refined structure, we
consider the mappings

Iy, 0 0 0
B o 0 I, 0 o0
jO_IH7 jZ_j_ 0 0 _IHS 0 7
Iy, 0 0 0 Iy, 0 0 0
(0 Iy, 0 0 _| 0 —Iw, O 0
=10 0 o oo 0BTl o 0 o
0o 0 0 —Ip, 0 0 0 —Ip,
Then
J = ji_l = Ji, jiz = Iy and [jiajj] =0 Vi,j. (7.3)
and
JiOr = =0rJa—i, 1=1,2,3. (7.4)

Notice that J1,J2, J3 are generators of a group of reflections on H = Hy x Hy x Hy x Hy,
isomorphic to Z3. As before we reverse the question now.

Let (H,(-,-)m) be a real Hilbert space and let G3 ~ Z3 be an abelian group of
isomorphisms on H, with generators Ji,J2,Js. Clearly (7.3) is satisfied then. Suppose
now that A is a selfadjoint operator in H such that

JiAd=—ATi_;, =123 (7.5)
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Definition 7.1. Let (H,(-, )y ) be a real Hilbert space and G3 ~ Z3 is an abelian group

of i1somorphisms on H, with the generators [J1,J2,J3. Then a selfadjoint operator A in H
is called G5-selfadjoint if (7.5) holds.

We introduce the projections

Q=3I+ ) Q=5(I-%) (7.6)

which coincide with the projections as defined in (2.9) and (2.10). Using the operators J;
and J3 one can introduce four additional orthogonal projections

P = %(Ql + T3Q1), P = %(Ql — J3Q1),

1

P = 5(@2 +J1Q2), Py = %(Qz - J1Q2)

and H; are the ranges of P;, 1 = 1,..,4. We indentify H with Hy x Hy X H3 x Hy by setting
(ul,u2,u;;,U4)t = uy + ug + uz + Ug, Uy € Hi, = 1, ,4

As in Section 2 one proves the following proposition, which gives a necessary and
sufficient condition for A to be of the form (7.2).

Proposition 7.2. Let A be a selfadjoint operator in a Hilbert space H. Then A = Or,
defined in (7.2) for some T;, satisfying (Hr,) if and only if A is Gs-selfadjoint. In this case
we have

Hy = R(Q1+ T3Q1), H;=R(Q1 —T3Q1),
H; = R(Q: + 71Q2), Hy=R(Q:—T1Q2),

and D(Ty) = Hy N D(A), D(Ty) = Hy N D(A), D(T}) = Hs 0 D(A),
T1u1 = Aul, T2u2 = AUQ, Tz*u;; = AU3, Tl*U4 = AU4, for Uy €

(T7) = Hy N D(A);
(Th), ug € D(T3),

o S

As before we call a quadratic form G3-quadratic if
B(j127t73w) = _B(va)v B(j327t71w) = _B(va)v vsz € D(Q)v

Q(J2z) = —Q(z), Vze€ D(Q),
where B(z,w) = Q'(z)w, the derivative of (). Summarizing the above conditions gives
B(Jiz, Ji—iw) = =B(z,w), Vz,w e D(Q), (=1,2,3.

Because of the G3-symmetry of these quadratic forms we can formulate a theorem con-
cerning normalized extensions of G3-quadratic forms, similar to Theorem 4.6.

As Section 4 we introduce a family of spaces on which Q(z) can be extended canoni-
cally. As in Lemma 4.1 Q(z) can extended by continuity to the domains

D(|T1|") x D(|T21") x D(|T5]'~%) < D(TY[' ™), (a, ) € [0,1] x [0,1],
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and

Qas(=) = (1T un T U us)  + (1127w, |1~ U5 us )

1 2

(17w 50w )+ (1B s |5 P U) (727

4 3

Thus we set
@? = D(|Ty|), (7.8
D(|Tx|%), (7.9
D(|Ty'7), (7.10
@1 * = D(|Ty' ™), (7.11

and so we introduce the product spaces (assuming R(T) is closed)

Definition 7.3. For («,3) € [0,1] x [0,1]

Eop=0%%x08x0l™" <ol (7.12)
with the norms
2%, , = T ®usllyy, + T2 uall i, +
T Puslr, + 1T~ “uallF, + 112°1% (7.13)

We have

Theorem 7.4. Let () be a G3-quadratic form on a Hilbert space H, corresponding with
an unbounded Gj-selfadjoint operator A = Op, with R(T) closed. Then there exists a
2-parameter family of spaces E g, (a, ) € [0,1] x [0, 1], given in (7.12), satisfying:

(i) J* ’6 the restrictions of J; in Eqo 3 (i.e. D(J ’6) ={z € Eyp3,Jiz € Eq 3} ), are
the generators of a group of isomorphisms in E, 3 isomorphic to Z3,

(ii) () has a continuous extension Qo3 to Eq 3, which is a normalized G3-quadratic
form on E, g given by Q4 (%) = 1(La 3%,%2)E, 5, Where

0 0 0 |Ty |t ~2eUy
B 0 0 T, =280 0
La,ﬁ - 0 |T2*|26—1U2 0 0 ) (7.14)
T 21ty 0 0 0

(iii) Or : Eap — EJ 5 is a partial isometry,
(iv) Lo g : Ea3 — Eqo p is a selfadjoint partial isometry, with closed range, inducing
the decomposition

Ews=EtoE @ E, (7.15)
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on E, 3, where

E+:{26EW%MW%m|EPWUM4:HH%M|EP%@myﬂEWW}

E~ =g ET, (7.16)
(v) the spectrum o(Ly g) = {—1,1} if0 € p(Or) and o(Lq,3) = {—1,0,1} if 0 € o(O7).

Furthermore, ET and E~ are the eigenspaces of L, g corresponding to the eigenvalues 1
and —1.

If one takes a closer look at the definition of the spaces E, g one can give another
intrinsic definition of E, g, using a 'multiparameter’ interpolation functor. We set

Ey=FEy 1, E\=Ey, Ey=~FEy FE;==FE,
the ’endpoints’ of the interpolation. Let X E; = Ey + E| + Fs + E3 and define the function
K:R’xYE, — R, (7.17)

given by

(st 2, SE) = inf (||l + 5 lalh, + 2l + o=l

i

and
R R ds dt d
HZH%e 85,03) :C_l/ / / 32(91_1)t2(92_1)t2(93_1)K(S,t,:z;,z,ZEi)z—S——x, (7.18)
1,V2,V3 0 0 0 S t T
where

—26 —26 —26 1

1—-261 ,1—265 1—206g

C = Co, 9, 05 = S t T dsdtdzx
b /0 /0 /0 1452 12 + 22 ’

with (61,62,63) € T? = {(91,92,93) € [0,1]%; 2 < 0, + 60, + 65 < 3} We define the

tetrahedral interpolation spaces by

[Eo, E1, E2, Ese, 6,.6, = {Z € 0B s 11T K (st 2, 2, D E;)
ds dt d
€ L*((0, 00)?; —3——“’)}.

s t x

(7.19)

It appears that with the particular choice of the spaces Ey, .., E5 the number parameters
automatically reduce to two parameters and we obtain:
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Lemma 7.5. Let 1—6; =(1—a)p,1—0; =(1—3)a, 1 — 03 = (1 —«)(1 — ). Then the

norms || - |((g,,6,,6,) and || - ||g, , coincide on Eq g.

Proof of Lemma 7.5. As in the proof of Lemma 4.3 and the definition of the spaces
Ey, E\, Ey, E5 we have

(st s SE) = jint (1515 + 05 + #1805 + 118 1% )+

0
7

zizzé?éN(aT)mZO 1% + 27 + 21231 + 223 H?{)

Evaluating the first minimum we obtain

2
0 € 0
)

= A
14 22872 4 g2¢72 4 2277

which yields

. . + + + +
K(stw s BB = ok (g, + 100 + 2R + o)
1’2

02
+ 14 22572 4 22¢72 4 22 121l

We denote the latter function by I&’J‘(s,t,x,z,ZEi)z and z; = (U(1)5, U(2)i> U(3)i> U(a)i)
E;=E; 5 N(dr),1=0,1,2,3. Then

t
I&’J‘(s,t,x,z,ZEi)z =

éfxlfjg <H|T|u(1)0H2ﬁ1 + 32”“(1)1’\%1 + t2H|T|U(1)2HZ}11 + 51?2”“(1)3”%{1
+ H|5|u(2)0H2ﬁ2 + 32H|5|u(2)1H2ﬁ2 + tzf\u(z)zf\%2 + 51?2”“(2)3”?{2

+ Hu(s)OHZ}JS + 32”“(3)1’\2}{3 + 1sz|5*|u(z’>)2H2ﬁ3 + 51/'2H|5*|U(3)3H2}13

+llugayollz, + 5" NT fuean e, + w2, + 1‘2H|T*|U<4>3Hfrf4>-

By setting z3 = z — 29 — 21 — 22 and taking the infimum over all z; € E~i, 1 =0,1,2 in the

40



above expansion of K1(s,t,z,2, 2 F;)? one is led to twelve Euler equations:

(IT1? + 2*)ugyo = 2* (uy — uayn — uq)e)

(s* + 2*)uay = a* (uy = wo — uq)e)

(|71 + «®)uqye = 2* (u) = uayo — )

(ISP + 2 )u(zyo = 2 (we) — wen — w@)2)

(s*ISI* + 2 )ugz) = 2 (we) — w@p — u(2)2)

(% + 2% )uga)e = 2* (ugz) — u@p — ue))
(14 225" )ugsyo = 2%1S™* (uesy — u) — ugs)2)
(82 + $2|5*|2>U(3)1 = 2|S | (U(S) — U(3)o — U(3)2>
<t2|5*|2 + $2|5*|2>U(3)2 = 2|5 | (U (3) — U(3)o — U(3)1>
(1+ 22T ugayo = | T* [ (ugay — wayr — ugay2)
(|7 + 2|7 Jugayn = T (uga) — ugayo — uays)
(4 2| T Jugayz = @ | T (ugay = wayo — wan)

Solving these equations and substitution into K1 (s,t,z, 2, $E;)? gives

K (s, 0,2, BB ) = (un, [T ((1 4 5722) [T + (14 472)%) "y )

1

+ <u2,:1;2|5|2<(1 + t_2:1:2)|5|2 + (14 3_2):1;2>_1u2>

2

+ <U3,:1;2<:1;2(1 +s72)S 4+ (14 t_2x2)>_1|5*|2u3>H
n <U4,:1;2<:1;2(1 TR (1 3_2:1;2)>_1|T*|2u4>
Hy
We recall the constant

O O O 1
_ 1-26, 4,126, 1-20
CO,.,0,,05 = /0 /0 /0 S 14 24 3 B B dsdtdzx, (7.22)

which can be seen to be finite by using polar coordinates in R?. Indeed

O 1
Chy.0y.05 < C/ eIt L L Cp— N
) ) 1 _I_ T.2
0

if 2 < 61 + 62 + 63 < 3, which is exactly the case if (0;,62,63) € int(T?). For the norm
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(7.18) we now obtain

HZH%91,92,93) / / / 2(91 1)t2(92 1) 2(93 1)><

ds dt dx

0
1—|—:1;23_2—|—:1;2t 240 2” HHS t x

e /Oo /Oo /Oo §2(61=1)42(6>—1) . 2(85—1)
0 0 0

_ _ - ds dt dx
(s TP (4 =20 T (1 pr72e) ) SO
IS /Oo /Oo /Oo G201=1)42(8,-1) .2(85—1)
0 0 0
_ _ - ds dt dx
(s 2?ISP((1 + 72| + (1 4+ 572)a?) 1u2>H2?7?
_1 /Oo /Oo /Oo (2001-1),2(8,-1) 2(05-1)
0 0 0
— « _ — ds dt dx
O R R P
_1 /Oo /Oo /Oo (2001-1),2(8,-1) 2(05-1)
0 0 0
# — " _ -1 ds dt dx
(AT P2 TP+ (1572 ) B

As before using the spectral representation of the operators |T,|S|, |S*|,|T*| we obtain
using (7.22)

(|T|2(91—|—93—1) |S|2(92—|—93 1)

wi,uy)m, + ( U2, U2) H,

|T>k |2(2 91 93)

1211Co, 0200) = 112" +
+ (|S*|2(2_92_93)U3, u3)H3 + ( Uy u4)H4
= [[2°0F + TP e, + 115175 s ),
S0 g a1 || T i | (7.23)
Now we take 1 —0; = (1 —a)f, 1 =6, = (1 — Bla, 1 — 63 = (1 — a)(1 — ), with
(a,3) € [0,1] x [0,1]. Then 6 + 65 — 1 =a, 62+ 03 —1 =3 and we deduce from (7.23)
that

HZH(91,92,93) - HZHEOA,ﬁ7

which proves the lemma. ]
Theorem 7.6. Let 1 — 6, = (1 —a)B, 1 -6, =(1—p)a, 1 =05 = (1 —«a)(1 — 3). Then

Eop = [Eo, Er, B2, E3le, 9,.6,, (o,3)€10,1] x[0,1], (7.24)
and if B is a bounded operator from E; to F;, with |B|| = M;, ¢ =1, ..,4, then

o 11—« 1— o 1—a)(1—
1B]la,s < MgP M~ Mg =D a0 g (7.25)

a,8?
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with H ) Ha,ﬁ = H ) H[FO,F1,F2,F3]91,92,93‘

Proof of Theorem 7.6. The first part of the theorem follows from Lemma 7.5. As for
the second part we proceed as follows:

K(s,t,x,Bz, ¥ F;)

1/2
< it (I1B=olf, + 1B, + 2Bz, + | Basl, )

. 1/2
< inf (MFla0llh, + M, + MEE =2l + MGzl )

S MofX’(Mls/Mo,Mzt/Mo,M3$/M0,Z,ZEZ‘).
Using s’ = Mys/My, t' = Myt/M,, and =’ = Msx/M;, we obtain
|B2]la,p < Mgt 002 M= MG = M™% |2 0, 05,60 -

Substitution of #y, 6, and €5 then proves the theorem. OJ

Remark 7.7. Setting o, =1 —6;, 1 = 1,2, 3, we deduce that the parameters o; are in the
tetrahedron given by o; > 0 and 0 < o1 + 02 + 03 < 1.

Example: Consider the Lagrangian

L(z)= VuiVuy + VusVus —/ H(uy,ug,us,uy). (7.26)
Br Br Q

Clearly the quadratic part of (7.26) is a G3-quadratic form. As in Example 2 of Section 6
we consider the G3-quadratic form on the Hilbert space G = 1T176(d/,u\7_2)2 X H&(dug_N)z C
H}(dun—2)*. Without going into the details (see Section 6) we obtain that the Gj-
quadratic form Q(z) = fBR Vuy - Vuy + fBR Vug - Vug can by continuously extended
to the interpolation spaces

Eop3=0%x07 x0F <o~

where
0% = [Hy(dpz—~), Hy (dun—2))1—a- (6.43)

We consider now the Hamiltonian

1
H(uy,ug,us,uyg) = lus |7+ ugug + , g [P (7.27)

g+1 +1

Clearly the Euler equations of (7.26) with the Hamiltonian H as given by (7.27), give
rise to a system of four second order partial differential equations, which are equivalent
with the equation AZ ((Azul)l/q> = u! and the boundary conditions uy = Auy = A?uq =
A*uy = 0. From the embeddings of the spaces E, g we deduce that for the proper choices
of the parameters a, 8 € (0,1) we obtain the relation
1 N 1 - N —4

p+1 qg+1 N

For the case ¢ = 1 we refer to [vdV1].

N > 8. (7.28)
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